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We derive the transport equations from the Vlasov–Fokker–Planck equation when the velocity space is spherically
symmetric. The Shkarofsky’s form of Fokker–Planck–Rosenbluth collision operator is employed in the Vlasov–Fokker–
Planck equation. A closed-form relaxation model for homogeneous plasmas could be presented in terms of Gauss hyperge-
ometric 2F1 functions. This has been accomplished based on the Maxwellian mixture model. Furthermore, we demonstrate
that classic models such as two-temperature thermal equilibrium model and thermodynamic equilibrium model are special
cases of our relaxation model and the zeroth-order Braginskii heat transfer model can also be derived. The present relax-
ation model is a nonequilibrium model based on the hypothesis that the plasmas system possesses finitely distinguishable
independent features, without relying on the conventional near-equilibrium assumption.

Keywords: finitely distinguishable independent features hypothesis, Maxwellian mixture model, Fokker–
Planck–Rosenbluth collision operator, spherical symmetry
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1. Introduction
In fusion plasmas, the transport processes between differ-

ent plasmas species, as well as the wave–particles interactions,
are crucial in shaping the evolution of the non-equilibrium and
nonlinear plasmas system.[1] Transport, since it involves col-
lisions, has traditionally been modeled using Vlasov–Fokker–
Planck (VFP) equation. However, simulations for these pro-
cesses usually not only face challenges in conserving mass,
momentum, and energy in discrete,[2] but also satisfying
higher-order moment convergence[3,4] to effectively capture
the inherent nonlinearity of plasmas system. Additional dif-
ficulties arise from the significant differences in thermal ve-
locities due to mass or energy discrepancies[3–5] in collisions,
which typically leads to a conventionally chosen linearized
model.[6–8]

Transport equations for high order velocity moments of
Boltzmann’s equation[9] or VFP equation[1] can address these
challenges, and have demonstrated superior effectiveness in
solving problems of plasmas physics. However, difficulties[10]

arise in two aspects: (i) The resulting set of equations lack
closure because the lth-order moment equation contains the
moment of order l + 1. (ii) The dissipative terms originat-
ing from the collision operator are typically nonlinear func-
tions of moments. Consequently, it is necessary to truncate the
set of transport equations based on certain assumption about

the form of velocity distribution function. Traditionally, near-
equilibrium assumption[11] is widely adapted in space physics,
physics of fluid, plasmas physics, and other related fields.

The relaxation process of a system of particles with
Coulomb interactions towards a Maxwellian distribution func-
tion was initially presented by MacDonald and Rosenbluth.[12]

Subsequently, Tanenbaum[13] derived the transport equations
based on the isotropic Maxwellian distribution function. The
general form of transport equations under near-equilibrium
assumption are derived by Chapman[14] and Enskog,[15]

and extended by Burnett.[16] Another approach proposed by
Grad,[11] utilizing the Hermite polynomial expansion method,
also yields the transport equations. Additionally, Mintzer[10]

derive the transport equations by introducing a generalized or-
thogonal polynomial method, which are capable of describ-
ing highly nonequilibrium system. These advancements have
been comprehensively reviewed by Schunk.[17] However, as
highlighted by Schunk,[17] both the Chapman-Enskog and
Grad procedures exhibit inadequate convergence in highly
non-Maxwellian system due to expanding the distribution
function into an orthogonal series around a local Maxwellian.
These limitations arise from the underlying near-equilibrium
assumption.

Recently, various nonlinear simulations[18,19] of heat
transport in tokamak plasmas have been invested. We aim
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to develop a novel framework[20] for addressing the nonlin-
ear simulation[19,20] for fusion plasmas, under the hypothe-
sis of finitely distinguishable independent[22,23] features (for
details, see Subsection 3.2) rather than relying on the con-
ventional near-equilibrium assumption. This framework is a
higher-order moment convergent method, encompassing both
a meshfree approach[3] and a moment approach. This paper
is more directly concerned with introducing the moment ap-
proach to derive the transport equations from the 0D-1V VFP
equation and novel closure relations for this transport equa-
tions. The Shkarofsky’s form of Fokker–Planck–Rosenbluth
(FPRS) collision operator[24,25] is employed to solve the VFP
equation, specifically focusing on the scenario with spheri-
cally symmetric velocity space. In this situation, we pro-
pose a relaxation model based on Maxwellian mixture model
(MMM) that effectively captures both near-equilibrium and
far-from-equilibrium states.

The remaining sections of this paper are arranged as fol-
lows. Section 2 provides an introduction to the VFP equation,
RFPS collision operator, and their key properties. In the case
of spherical symmetry in velocity space, Section 3 discusses
the relaxation model based on MMM. Finally, a summary of
our work is presented in Section 4.

2. Theoretical formulation
2.1. Vlasov–Fokker–Planck equation

The physical state of plasmas is characterized by distri-
bution functions of position vector 𝑟, velocity vector 𝑣, and
time t, for species a, f = f (𝑟,𝑣, t). In this paper, we as-
sume that function f is continuous and exhibits smoothness.
The evolution of the system state can be described by the
VFP equation.[1] For a homogeneous plasmas system, the VFP
equation reduces to the Fokker–Planck collision equation

∂

∂ t
f (𝑣, t) = C. (1)

The term C on the right-hand side of Eq. (1) represents the
Coulomb collision effect on species a, encompassing both its
self-collision effect of species a and the mutual collision effect
between species a and background species (details in Subsec-
tion 2.2).

The first few moments of the distribution function, such
as the mass density ρa(t) (zero-order moment), momentum
𝐼a(t) (first-order moment), and energy Ka(t) respectively are

ρa (t) = ma ⟨1, f (𝑣, t)⟩𝑣 , (2)

𝐼a (t) = ma ⟨𝑣, f (𝑣, t)⟩𝑣 , (3)

Ka (t) =
ma

2
〈
𝑣2, f (𝑣, t)

〉
𝑣
, (4)

where operator ⟨g,h⟩𝑣 represents the integral of the function
g ·h with respect to 𝑣. The temperature at time t is defined as

Ta (t) =
ma

3na

〈
(𝑣−𝑢a)

2, f (𝑣, t)
〉
𝑣
. (5)

Among them, the average velocity 𝑢a(t) = 𝐼a/ρa, number
density na(t) = ρa/ma, momentum amplitude Ia(t) =

√
𝐼a

2.
The thermal velocity vath(t) =

√
2Ta/ma, which depends on

ρa, Ia, and Ka, can be expressed as

vath(t) =

√√√√2
3

(
2Ka

ρa
−
(

Ia

ρa

)2
)
. (6)

2.2. Fokker–Planck–Rosenbluth collision operator

Without sacrificing generality, the scope of this paper is
limited to the case of a two-species plasmas system. In this
particular scenario, the collision operator in VFP equation rep-
resented by Eq. (1) will be

C(𝑣, t) = Cab +Caa, (7)

where Cab and Caa represent the FPRS[24,25] collision operator.
The mutual collision operator between species a and species b
denoted as Cab, is given by

Cab (𝑣, t) = Γab

[
4πmMF f +(1−mM)∇𝑣H ·∇𝑣 f

+
1
2

∇𝑣∇𝑣G : ∇𝑣∇𝑣 f
]
, (8)

where

Γab = 4π

(
qaqb

4πε0ma

)2

lnΛab, mM = ma/mb.

Here, ma and mb represent the mass of species a and b respec-
tively. qa and qb denote the charge numbers of species a and b.
The parameters ε0 and lnΛab correspond to the dielectric con-
stant of vacuum and the Coulomb logarithm.[26] The function
F = F(𝑣b, t), representing the distribution function of back-
ground species b. Functions H and G are the Rosenbluth po-
tentials, which are integral functions of distribution function
F , reads

H(𝑣, t) =
∫ 1

|𝑣−𝑣b|
F (𝑣b, t) d𝑣b, (9)

G(𝑣, t) =
∫

|𝑣−𝑣b|F (𝑣b, t) d𝑣b. (10)

By replacing b, F , and 𝑣b in Eq. (8) with a, f , and 𝑣, re-
spectively, we can derive the FPRS self-collision operator in
Eq. (7):

Caa (𝑣, t) = Γaa

(
4π f f +

1
2

∇𝑣∇𝑣G : ∇𝑣∇𝑣 f
)
. (11)

The present study exclusively focuses on the scenario
where the velocity space exhibits spherical symmetry. When
expressing the velocity space in terms of spherical-polar coor-
dinates 𝑣(v,θ ,φ), one can obtain the (l,m)th-order amplitude
of distribution function by employing a spherical harmonic
expansion[7] (SHE)

f (𝑣, t) =
∞

∑
l=0

l

∑
m=−l

f m
l (v, t)Ym

l (µ,φ) , (12)
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where speed v = |𝑣|, µ = cosθ , and Ym
l is the spheri-

cal harmonic[27] without the normalization coefficient, Nm
l =√

2l+1
4π

(l−m)!
(l+m)! . The calculation for the lth-order amplitude

f m
l (v, t) can be obtained through the inverse transformation of

Eq. (12) as follows:

f m
l (𝑣, t) =

1
(Nm

l )
2

∫ 1

−1

∫ 2π

0

1
2

(
Y|m|

l

)*
f (𝑣, t) dφ dµ,

m ≥ 0. (13)

Therefore, for spherically symmetric velocity space, the am-
plitude function can be represented as

f m
l (v, t) = δ

0
l δ

0
m f (𝑣, t), (14)

where δ 0
l is the Kronecker symbol. That implies that the am-

plitude function f 0
0 is non-negative, and higher-order ampli-

tudes f m
l , where l ≥ 1 or |m| ≥ 1, are all zeros when velocity

space is spherically symmetric. From now on, we will omit
the superscripts of amplitudes due to m ≡ 0 for scenarios with
spherically symmetric velocity space. For example, we will
utilize f0 instead of f 0

0 .
We will normalize the velocity–space quantities with the

local thermal velocity vath for species a, 𝑣̂ = 𝑣/vath and the
zeroth-order normalized amplitude function of species a will
be

f̂0 (v̂, t) =
v3

ath
na

f0 (v, t) . (15)

Similarly, the Rosenbluth potentials represented by Eqs. (9)–
(10) can be expressed as

H(v, t) = 4π
nb

vbth
Ĥ0, G(v, t) = 4πnbvbthĜ0, (16)

where the zeroth-order amplitudes of Rosenbluth potentials
are

Ĥ0 (v̂ab, t) =
1

v̂ab
(I0,0 + J1,0) , (17)

Ĝ0 (v̂ab, t) = v̂ab

(
I2,0 + J1,0

3
+ I0,0 + J−1,0

)
. (18)

The functions Ii,0 and Ji,0 represent integrals of the normalized
background distribution function F̂0 (v̂b, t), following a similar
approach as Shkarofsky et al.,[25,28]

Ii,0 (v̂ab, t) =
1

(v̂ab)i

∫ v̂ab

0
v̂i+2

b F̂0 dv̂b, i = L,L+2, (19)

Ji,0 (v̂ab, t) = (v̂ab)
i
∫

∞

v̂ab

v̂2
b

v̂i
b

F̂0 dv̂b, i = L±1, (20)

where v̂ab = vabthv̂, vabth = vath/vbth, v̂ = v/vath, and

F̂0 (v̂b, t) =
vbth

3

nb
F(vb, t). (21)

Therefore, the FPRS collision operator represented by
Eq. (8) can be reformulated as

Cab(v, t) = δ
0
l

na

v3
ath

Ĉl ab. (22)

The lth-order normalized amplitude of the mutual FPRS colli-
sion operator can be expressed as follows:

Ĉl ab (v̂, t) = δ
0
l 4πΓab

[
mMF̂0 f̂0 +CĤ

∂ Ĥ0

∂ v̂ab

∂ f̂0

∂ v̂

+2
CĜ
v̂abv̂

∂ Ĝ0

∂ v̂ab

∂ f̂0

∂ v̂
+CĜ

∂ 2Ĝ0

∂ v̂2
ab

∂ 2 f̂0

∂ v̂2

]
. (23)

The coefficients

CĤ =
1−mM

vabth
, CĜ =

1

2(vabth)
2 . (24)

The FPRS collision operator represented by Eq. (23) is
a special instance of the scenario with axisymmetric velocity
space as described in Ref. [3]. Similarly, the lth-order normal-
ized amplitude of the self-collision operator can be expressed
as

Ĉl aa (v̂, t)

= δ
0
l 4πΓaa

(
f̂0 f̂0 +

1
v̂2

∂ Ĝ0

∂ v̂
∂ f̂0

∂ v̂
+

1
2

∂ 2Ĝ0

∂ v̂2
∂ 2 f̂0

∂ v̂2

)
. (25)

Applying Eq. (7), the lth-order normalized amplitude of FPRS
collision operator will be

Ĉl (v, t) =
nb

v3
bth

Ĉl ab +
na

v3
ath

Ĉl aa. (26)

Therefore, when velocity space exhibits spherical symmetry,
the VFP equation represented by Eq. (1) can be rewritten as

∂

∂ t
fl (v, t) = δ

0
l

na

v3
ath

Ĉl . (27)

The equation mentioned above will be referred to as 0D-1V
VFP spectrum equation.

2.3. Elementary properties of FPRS collision operator

Firstly, we give the definition of ( j, l)th-order kinetic mo-
ment:

ℳ j,l (t) = 4πρa(vath)
j
∫

∞

0
v̂ j+2 f̂l dv̂, j ≥−2− l. (28)

Specially, the mass density (given in Eq. (2)) and energy (given
in Eq. (4)) can be expressed as

ρa (t) = ℳ0,0, Ka (t) =
1
2
ℳ2,0 (29)

and the momentum will always be zero in spherically symmet-
ric velocity space. Therefore, the thermal velocity (6) can be
rewritten as

vath(t) =

√
2
3
ℳ2,0

ℳ0,0
. (30)
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Similar to Eq. (28), the ( j, l)th-order kinetic dissipative
force is defined as

ℛ j,l (t) = 4πρa(vath)
j
∫

∞

0
v̂ j+2Ĉl dv̂, j ≥−2− l. (31)

Please note that ℛ0,0 ≡ 0 for all elastic collisions and ℛ j,l≥1 ≡
0 in the scenario of spherically symmetric velocity space.

The FPRS collision operator theoretically ensures the
conservation of mass, momentum, and energy during the col-
lision process between two species. When the velocity space
exhibits spherical symmetry, it can be expressed as follows:

ℛab0,0 =ℛba0,0 = 0, (32)
1
3
ℛab1,1 =−1

3
ℛba1,1 = 0, (33)

1
2
ℛab2,0 =−1

2
ℛba2,0. (34)

Here, function ℛab
0
j,l represents the ( j, l)th-order kinetic dissi-

pative force exerted on species a during mutual collisions with
species b.

3. Relaxation model for homogeneous plasmas
The starting point for the derivation of transport equations

for plasmas is VFP equation (1). These equations can be ob-
tained by multiplying the both side of VFP equation by an
appropriate function of velocity g = g(𝑣) and then integrating
over all velocity space.

3.1. Transport equations

In the spherical coordinate system, by multiplying both
sides of Eq. (27) by 4πmav j+2 dv and integrating over the
semi-infinite interval v = [0,∞), and then applying Eqs. (28)–
(31), we obtain the ( j, l)th-order transport equation (or kinetic
moment evolution equation) as follows:

∂

∂ t
ℳ j,l (t) = δ

0
l ρa (vath)

j ℛ̂ j,0, j ≥−2− l, (35)

where the normalized kinetic dissipative force, ℛ̂ j,l =

ℛ j,l/[ρa(vath)
j], is given by

ℛ̂ j,0 (t) =
nb

v3
bth

Γabℛ̂ab j,0 +
na

v3
ath

Γaaℛ̂aa j,0. (36)

Regard Eq. (36) as the kinetic dissipative force closure rela-
tion, representing the inherent nonlinear relation between ki-
netic moments and kinetic dissipative forces. The first few
orders of transport equations (35) associated with conserved
moments can be expressed as

∂

∂ t
ρa (t) = ρaℛ̂0,0, (37)

∂

∂ t
Ia (t) =

1
3

ρavathℛ̂1,1, (38)

∂

∂ t
Ka (t) =

1
2

ρa (vath)
2 ℛ̂2,0. (39)

The transport equation (35) can be solved by a Runge–Kutta
solver, such as trapezoidal[29] scheme, similar to the meshfree
approach in Ref. [3].

3.2. Finitely distinguishable independent features hypoth-
esis

Boltzmann[9] proved that in a thermodynamic equilib-
rium, the velocity space exhibits spherical symmetry and the
distribution function follows a Maxwellian distribution,

f (𝑣, t) =
1

π3/2

na

(vath)3 exp

[
− 𝑣2

(vath)
2

]
. (40)

According to Eq. (14) and Eq. (15), the above equation can be
expressed in normalized form in a spherical-polar coordinate
system as

f̂l (v̂, t) = δ
0
l

1
π3/2 e−v̂2

. (41)

Let equation (41) represent the Maxwellian model (MM).
In the more general case, the velocity space of the system

exhibits spherical symmetry but may not be in a state of ther-
modynamic equilibrium. Under this circumstance, the one-
dimensional amplitude function f̂0 can be approximated by a
linear combination of King functions 𝒦0, named as King func-
tion expansion (KFE)

f̂l (v̂, t) = δ
0
l

√
2π

π3/2

NKa

∑
r=1

n̂ar𝒦0 (v̂; ûar , v̂athr) , (42)

where NKa ∈N+. The parameters, n̂ar = nar/na, ûar = uar/vath

and v̂athr = vathr/vath, are the characteristic parameters of rth

sub-distribution of f̂0. The King function is defined as fol-
lows:

𝒦0 (v̂; ι ,σ) =
1√
2π

1
σ3

σ2

2ι v̂
exp
(
− v̂2 + ι2

σ2

)
× sinh

(
2ι v̂
σ2

)
. (43)

Let equation (42) represent the zeroth-order King mixture
model (KMM0), indicating that the plasmas are in a quasi-
equilibrium state. Similarly, the normalized amplitudes of
background distribution function can be approximated as

F̂L (v̂b, t) = δ
0
L

√
2π

π3/2

NKb

∑
s=1

n̂bs𝒦0 (v̂; ûbs , v̂bths) . (44)

If two known groups of characteristic parameters, (ι1,σ1)

and (ι2,σ2), each with respective weights n̂a1 and n̂a2 , satisfy∣∣∣∣σ1

σ2
−1
∣∣∣∣+ ∣∣∣∣ ι1

ι2
−1
∣∣∣∣ ≤ rtol, (45)

we claim that the King function 𝒦l (v; ι1,σ1) and 𝒦l (v; ι2,σ2)

are identical with parameters (ι0,σ0). Here, rtol is a given rela-
tive tolerance with a default value, rtol= 10−10. The weight of
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𝒦l (v; ι0,σ0) is given by n̂a0 = n̂a1 + n̂a2 . Equation (45) serves
as the indistinguishable condition of the King function.

The above model is under the finitely distinguishable
independent[22,23] features (FDIF) hypothesis. This hypoth-
esis posits that given indistinguishable condition (45), a
finite-volume, finite-density, finite-temperature, and finite-
component fully ionized plasmas system has a finite number
of distinguishable independent characteristics. This hypothe-
sis indicates that Nka is a finite-size number in KMM0 (42).

The velocity shell structure[30] is a typical characteristic
feature for α particle distribution function[31] in burning plas-
mas. When ∑r(|ûar |2) in KMM0 (42) is greater than zero, we
call that the distribution function described by KMM0 has ve-
locity shell structure. This structure can be observed in Fig. 1,
particularly when ûa > 1.
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Fig. 1. Illustration of the velocity distribution functions multiplied by a
factor (1+ û2

a) for NKa ≡ 1 and various normalized average velocity ûa.

When there is no shell structure in velocity space for
the distribution function, we can simplify Eq. (42) using
∑r(|ûar |2)≡ 0 as

f̂l (v̂, t) = δ
0
l

1
π3/2

NKa

∑
r=1

[
n̂ar

v̂3
athr

exp

(
− v̂2

v̂2
athr

)]
. (46)

The Maxwellian mixture model (MMM), denoted by Eq. (46),
represents a shell-less distribution, which indicates that the
plasmas are in a shell-less quasi-equilibrium state. Figure 1
illustrates velocity distribution functions described by KMM0
(including MMM) as a function of v̂, along with various nor-
malized average velocity ûa when NKa ≡ 1. To examine
the details of cases where ûa > 1, the distribution function
is multiplied by a factor of (1 + û2

a). The convergence of
KMM0 and MMM can be proved based on Wiener’s Taube-
rian theorem.[32–34] The proof is provided in Appendix A.

The various advantages and disadvantages of KFE are
outlined in a topic review[20] of NLVFP code for solving
the 0D-2V nonlinear VFP equation. Here, we represent the
ones for scenarios with spherically symmetric velocity space,
comparing to the conventional methods, such as finite dif-
ference method[8] (FDM), particle-in-cell[2,35] (PIC) method,
Laguerre polynomial expansion (LPE) method, and Hermite
polynomial expansion[36] (HPE) method.

3.2.1. Some advantages of KFE

(i) Coulomb collisions lead to rapid convergence for the
amplitudes in speed coordinate. As demonstrated in Ref. [3],
the KFE is a moment convergent technique that has been
demonstrated to achieve up to order 16, making it significantly
faster than FDM which typically achieves convergence order
of no more than 5.

(ii) The King function, serving as a one-dimensional (1D)
continuous smooth function, ensures that KFE produces re-
sults without noise over a PIC method and more stable than
LPE method. Additionally, achieving higher-order moment
convergence remains a challenge for the PIC method.

(iii) KFE effectively captures the complete nonlinear ef-
fects of the VFP equation by employing adaptive values of NKa

and NKb , typically no more than 20 for a weakly anisotropic
plasmas,[3] due to the rapid convergence of KFE. In contrast,
HPE methods typically depict effects where not far from the
thermodynamic equilibrium state, which is usually based on
the near-equilibrium assumption.

(iv) KFE ensures the symmetry of the collision operator
in discrete[3] due to its rapid convergence.

(v) KFE has the capability to naturally capture the
isotropic Maxwellian state in velocity space. Addition-
ally, the resulting solution exhibits robustness comparing to
FDM/PIC/LPE methods.

3.2.2. Some disadvantages of KFE

(i) The presence of full nonlinearity in speed coordinate
results in a nonlinear algebraic dependencies between the de-
sired moments and kinetic dissipative forces.

(ii) The characteristic parameters in KFE should be deter-
mined using alternative methods,[3] such as solving the char-
acteristic parameter equations as described bellow.

(iii) The entire solution process depends on numerical so-
lutions and appears complex.

The above challenges are inherent outcomes of the non-
linearity and have not been observed to pose significant is-
sues individually, as evidenced in a more complex scenario in-
volving the solution of 0D-2V VFP equation.[3] However, the
benefits is obvious that KFE can effectively handle scenarios
where near-equilibrium assumption fails.

Expansion in King function might seem complicated, but
in fact the equations turn out to be fairly straightforward and
robust due to the following two reasons:

(A) Many natural statistical systems, including plasmas
system, are independent and identically distributed systems
that often adhere to the central limit theorem.[37] This allows
their probability density functions to be described utilizing
Gaussian functions.

(B) Gaussian function is simple and King function de-
noted by Eq. (42) is the zeroth-order amplitude of the Gaus-
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sian function in spherical-polar coordinate system, which can
be obtained by employing SHE.

It is a well-established fact that plasmas problems can be
described by various reduced models,[2] including the tradi-
tional VFP approach,[5] particle approach,[38] and traditional
moments approach such as Grad’s moment method.[11] A di-
rect numerical code can effectively address the VFP equa-
tion (1) or VFP spectrum equation (27) for isotropic velocity
distribution of homogeneous plasmas when nonlinearity is not
strong or important, and may be more effective than KFE ap-
proach. However, plasmas are typically a complex system at
multi-time and multi-space scales. Phenomena such as turbu-
lent transport[18,19] and α particles heating[39] are general non-
linear and affected by the higher-order moments. Preserving
the inherent nonlinearity and ensuring the higher-order mo-
ments convergence with conservation laws simultaneously are
crucial for simulating the evolution of these plasmas systems.
This poses a challenge for traditional approaches, but can ef-
fectively addressed by the KFE approach under the FDIF hy-
pothesis, particularly in multi-dimensional and multi-velocity
plasmas systems.[3]

3.3. Characteristic parameter equation

Determining the unknown characteristic parameters in
KFE (42) based on the values of f̂l in the meshfree approach[3]

or directly using kinetic moments ℳ j,l are both intermedi-
ate parameters methods. Under FDIF hypothesis, we utilize a
parametric equation approach to characterize the intrinsic non-
linear correlation between kinetic moments and kinetic dissi-
pative forces represented by Eq. (36). The intermediate pa-
rameters can be obtained by solving the following characteris-
tic parameter equations (CPEs). Substituting Eq. (42) into the
definition of kinetic moment (28), and simplifying the result
yields the CPEs when velocity space of the system exhibits
spherical symmetry, namely,

ℳ j,l (t) = δ
0
l CM

0
jρa (vath)

j
NKa

∑
r=1

n̂ar (v̂athr)
j

×

[
1+

j/2

∑
β=1

Cβ

j,0

(
ûar

v̂athr

)2β
]
,

j ∈
{
(2 jp −2)| jp ∈ N+

}
. (47)

The coefficient

CM
0
j =

( j+1)!!
2 j/2 , Cβ

j,0 = 2β
C j/2

β

(2β +1)!!
, (48)

where C j/2
β

is the binomial coefficient. Similarly, substituting
Eq. (46) into the definition of kinetic moment represented by
Eq. (28) gives

ℳ j,l (t) = δ
0
l CM

0
jρa (vath)

j
NKa

∑
r=1

n̂ar (v̂athr)
j ,

j ∈
{
(2 jp −2)| jp ∈ N+

}
. (49)

In particular, when j = 2, we obtain

ℳ2,0 (t) = 2Ka. (50)

Generally, the CPEs (47) typically are a set of nonlinear
algebraic equations, encompassing a total of 3NKa unidentified
parameters or 2NKa unidentified parameters in Eq. (49). If we
have knowledge of 3Nka kinetic moments ℳ j,0, solving the
well-posed CPEs can provide us with all the characteristic pa-
rameters in Eq. (42) or Eq. (46). The updated values of ℳ j,0

can be determined by solving the transport equations (35) uti-
lizing Runge–Kutta method. However, there will be discrete
errors in time due to a finite timestep, and equation (47) will
not be exactly satisfied. To show this, we consider an implicit
Euler scheme for simplicity, which gives

ℳ j,0(tk+1) = ℳ j,0(tk)+∆tk
∂

∂ t
ℳ j,0(tk+1)

+𝒪((∆ tk)p), (51)

where tk represents the kth-level of time step and ∆ tk = tk+1 −
tk, denoting the current time-step size. Since equation (47)
represents a set of nonlinear algebraic equations, the order of
time-discrete errors, p, must be no less than 2 in an Euler
scheme according to Taylor expansion. While a higher-order
time integration scheme can mitigate the time-discrete errors,
it cannot completely eliminate them. This paper specifically
concentrates on error reduction in the velocity space of the
VFP equation using a moment approach. A future study will
investigate the convergence of time-discrete order within this
framework.

An optimization technique utilizing least squares
method[40] (LSM) is presented in Ref. [3] for solving the
CPEs with a specified collection of j, denoted as [ j] and the
updated values of the kinetic moments, denoted as M j,l(tk+1).
The relative deviation between M j,l(tk+1) and the target ki-
netic moment at (k + 1)th time level, ℳ j,0(tk+1), is referred
to

δℳ j,0(tk+1) =

∣∣∣∣ℳ j,0(tk+1)−M j,0(tk+1)

M j,0(tk+1)

∣∣∣∣ . (52)

Note that the value of M j,0(tk+1) is numerically approximated
with time discrete errors utilizing Eq. (51), while ℳ j,0(tk+1)

exactly satisfies the form of Eq. (49), representing the desired
kinetic moment at (k+1)th time level under the FDIF hypoth-
esis. The collection [ j] is not unique, which can be composed
by any order theoretically. Two schemes for [ j] are provided in
Ref. [3], and a general scheme will be published in our future
work.

Additionally, the adaptivity of NKa is crucial for captur-
ing nonlinear effects, and it should be noted that the scheme is
also not exclusive. Here, we present a brief overview of the ap-
proach utilized in Ref. [3], which has been demonstrated to be
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effective for weakly anisotropic plasma. If ∑ j δℳ j,0(tk+1)≥
Rtol, j ∈ [ j] at the initial stage of (k + 1)th time level in an
implicit Euler scheme, the number of King functions at the
(k+1)th time level, NKa(tk+1), will increase by one until reach-
ing a specified maximum value, Nmax

K . Here, Rtol is a pre-
defined relative tolerance, for example, Rtol = 10−6. Then
NKa(tk+1) will be determined at the following stage of (k+1)th

time level by utilizing the following strategy:

NKa(tk+1) = NKa(tk)−dNKa(tk), (53)

dNKa(tk) =
{
−1, Eq. (45) == false,
1, Eq. (45) == true. (54)

The key to utilizing an adaptive NKa lies in the charac-
teristic parameters that encompass all information for kinetic
moments of any order under the FDIF hypothesis. Therefore,
when NKa(tk+1) > NKa(tk), we can include new independent
kinetic moments to establish a new well-posed CPEs, obtain-
ing ℳ j,0(tk) according to Eq. (47) and ℛ̂ j,0(tk+1) according to
Eq. (55). When NKa(tk+1)< NKa(tk), we can eliminate higher-
order transport equations, which are typically more intricate,
to obtain a new effective well-posed CPEs. The procedures for
determining NKa(tk+1) and optimizing the target kinetic mo-
ment ℳ j,0(tk+1) are outlined in Algorithm 1.

Algorithm 1: for determining NKa (tk+1) and optimizing the target kinetic moment ℳ j,0(tk+1) at the (k+1)th time level.
1 Update ∂

∂ t ℳ j,0(tk+1) according to Eq. (35)
2 For γ = 1,2, · · · ,Nin

a

3 Calculate M j,0(tk+1) according to Eq. (51), update na(tk+1) and vath(tk+1)

4 If γ = 1
5 NKa (tk+1) = NKa (tk)+1
6 Let ℳ j,0(tk+1) = M j,0(tk+1)

7 Compute the new characteristic parameters by solving CPEs (47)
8 If δℳ j,0(tk+1)≤ Rtol
9 Break
10 End
11 Else
12 Compute dNKa (tk) and update NKa (tk)
13 Let ℳ j,0(tk+1) = M j,0(tk+1), updated CPEs by adjusting the collection [ j]
14 Compute the new characteristic parameters by solving the updated well-posed CPEs (47)
15 If δℳ j,0(tk+1)≤ Rtol
16 Break
17 End
18 If NKa ≥ Nmax

K

19 Warning: Checking the effective of timestep ∆tk , or parameters (Nmax
K , Rtol)

20 Reduce the timestep, ∆tk = ∆tk/2, go back to step 1
21 End
22 End
23 End
aNotes: The symbol “Nin” represents the maximum number of iterations in the implicit Euler scheme.

3.4. Kinetic moment-closed model based on MMM

The analytical expression of the ( j, l)th-order normalized kinetic dissipative force (36) can be obtained by substituting
Eqs. (42)–(46) into Eq. (23), and then applying Eq. (31). When the velocity space exhibits spherical symmetry without shell
structure, which means ∑r(|ûar |2)≡ 0 and ∑s(|ûbs |2)≡ 0, this expression will be

ℛ̂ab j,l (t) = δ
0
l

8
π

Γ

(
3+ j

2

)NKb

∑
s=1

n̂bs

NKa

∑
r=1

n̂ar

1
v̂7

athr

[
mMv̂athr

(
1+ vabth

2

v̂2
athr

)−(3+ j)/2

−(v̂athr)
3+ j v̂2

bths
−mMv2

abthv̂2
athr

v4
abthv̂bths

2F1

(
1
2
,

3+ j
2

,
3
2
,−

v2
abthv̂2

athr

v̂2
bths

)

+

(
mM −1− v̂bths

v4
abth

)
v̂2

athr

v2
abthv̂bths

(
1

v̂2
athr

+
v2

abth

v̂2
bths

)−(3+ j)/2]
, j ≥−2, (55)

where 2F1(a,b,c,z) represents the Gauss hypergeometric 2F1 function of the variable z.[27] Similarly, in a self-collision process
with mM ≡ 1 and vabth ≡ 1, the normalized dissipative force can be obtained as

ℛ̂aa j,l (t) = δ
0
l

8
π

Γ

(
3+ j

2

)NKa

∑
s=1

n̂as

NKa

∑
r=s

n̂ar

1
v̂7

athr

1
v̂7

aths

[
2−(3+ j)/2(v̂athr)

4+ j
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− (v̂athr)
3+ j v̂2

aths
− v̂2

athr

v̂aths
2F1

(
1
2
,

3+ j
2

,
3
2
,−

v̂2
athr

v̂2
aths

)
− v̂aths

(
1

v̂2
athr

+
1

v̂2
aths

)−(3+ j)/2]
, j ≥−2. (56)

The combination of the transport equation (35), kinetic
dissipative force closure relation (36), characteristic parame-
ter equations (49), and the analytical expression of the nor-
malized kinetic dissipative force represented by Eqs. (55)–(56)
constitutes a set of nonlinear equations. These nonlinear equa-
tions, for the situation when velocity space exhibits spherical
symmetry without shell structure, will be referred as kinetic
moment-closed model. The moment-closed model for homo-
geneous plasmas is a relaxation model. The flowchart to solve
this nonlinear model is provided in Appendix B.

Specially, the transport equations of mass density (37),
momentum (38), and energy (39) of spices a will be

∂

∂ t
ρa (t) =

∂

∂ t
Ia (t) = 0, (57)

∂

∂ t
Ka (t) =

1
2

ρav2
ath

(
nb

vbth
3 Γabℛ̂ab2,0

+
na

v3
ath

Γaaℛ̂aa2,0

)
. (58)

Applying the relation, Ka =
3
2 naTa, and mass conservation rep-

resented by Eq. (57) results in a temperature relaxation equa-
tion

∂

∂ t
Ta (t) = −ν

a
T Ta, (59)

where the characteristic frequency of temperature relaxation

ν
a
T (t) = −2

3

(
nb

v3
bth

Γabℛ̂ab2,0 +
na

v3
ath

Γaaℛ̂aa2,0

)
. (60)

Due to the numerous advantages of KFE, the current re-
laxation model, serving as a moment approach of NLVFP, also
offers several benefits:

(I) The relaxation model explicitly provides the analyti-
cal forms of nonlinear kinetic dissipative closure relations (36)
based on arbitrary order kinetic dissipative forces (55)–(56).

(II) The relaxation model is founded on the conserved
moments and high-order kinetic moments to describe the sys-
tem evolution (35). Therefore, it is more suitable for con-
structing numerical algorithms with high-order moment con-
vergence.

(III) The relaxation model adaptively determines the op-
timal number of sub-distribution functions at each time level,

based on the CPEs (47), enabling a more precise solution of
the corresponding VFP equation.

The kinetic effects are depicted by the higher-order ki-
netic moments in this relaxation model. The advantages of this
model make it suitable for steady-state homogeneous fusion
plasmas which may be far from thermodynamic equilibrium
state. Obviously, it is a well-established fact that the presence
of fast α particles in fusion plasmas leads to abundant nonlin-
ear interactions between itself with electrons and fusion fuel
ions. This is particularly evident when considering multi-time
scales relaxation problems of homogeneous plasmas, which
are typically nonlinear, dominating by lower-order kinetic mo-
ments and influencing by higher-order kinetic moments. The
proposed model can easily capture the inherent nonlinearity of
these plasmas system with higher efficiency and stability.

This relaxation model, as a moment approach in
NLVFP,[20] is a further advancement of the meshfree
approach,[3] which is based on expanding the distribution
function in spherical harmonics in angle coordinate and in
King basis in speed coordinate of velocity space. Both of these
higher-order moment convergent method in NLVFP can be
extended to two-dimensional (2D) or three-dimensional (3D)
velocity space by introducing new special functions, namely
(associate) King function[3] and R function.[4] The extended
transport equations can be applied for conventional magnetic
confinement fusion (MCF) simulations by including the terms
of spatial convection and mean-field effects in VFP equation.
As noted by Bell,[7] the rotating effect of a magnetic field is
easily and accurately represented in SHE approach. As a con-
sequence, coupling SHE with KFE, this moment approach has
significant advantages for studying the fusion plasmas with
strong magnetic fields.

3.4.1. Special case: Two-temperature thermal equilib-
rium model

The numbers of sub-distribution are both equal to 1,
NKa = NKb ≡ 1, when the two species are in thermal equilib-
rium at different temperatures. Consequently, n̂ar = n̂bs ≡ 1
and v̂athr = v̂bths ≡ 1, leading to the simplification of Eq. (55),
reads

ℛ̂ab j,0 (t) =



0, j = 0,
CR

j

2

[(
1

vabth
+ vabth

)
arctan(vabth)−1

]
, j = 1,

CR
j

[
1+

j/2

∑
k=2

(vabth)
2k𝑐 j[k]

]
, j ∈ 2N+,

CR
j

[
2F1

(
− j

2
,1,

3
2
,−v2

abth

)
−1
]
, j ∈ 2N++1.

(61)

015202-8



Chin. Phys. B 34, 015202 (2025)

Operator 𝑐 j [k] in Eq. (61) represents the kth element of the vector 𝑐 j, and satisfies the following recursive relationship:

𝑐 j[k] =
j−2k
2k+3

𝑐 j[k−1], 𝑐 j[1] = 1, 2 ≤ k ≤ j/2. (62)

Parameter

CR
j =



4π

π3/2

j( j+1)!!

3
√

2 j

1
v2

abth

1−mMv2
abth√(

1+ v2
abth

) j+1
, j ∈ 2N+,

8
π

( j/2+1/2)!
v4

abth

1−mMv2
abth√(

1+ v2
abth

) j+1
, j ∈ 2N++1.

(63)

Equation (61) reveals that the arbitrary order normalized
kinetic dissipative force solely depends on mM and vabth, indi-
cating that the high-order normalized kinetic dissipative force
is not an independent quantity when the two species are in
thermal equilibrium respectively.

Similarly, equation (56) reduces to

ℛ̂aa j,0 (t) ≡ 0, j ≥−2. (64)

In other words, any order normalized kinetic moments dur-
ing self-collision process remain constant over time when the
distribution function of species a is in thermodynamic equilib-
rium. In this case, the transport equation (35) will be

∂

∂ t
ℳ j,l (t) = δ

0
l ρa (vath)

j nb

v3
bth

Γabℛ̂ab j,l , (65)

where function ℛ̂ab j,l satisfies Eq. (61).

3.4.2. Special case: Braginskii heat transfer model

In particular, the (2,0)th-order transport equation, when
the two species are in thermodynamic equilibrium at different
temperatures, will be

∂

∂ t
ℳ2,0 (t) =

4π

π3/2 ρav2
ath

nb

v3
bth

Γab

×
1−mMv2

abth

v2
abth

√(
1+ v2

abth

)3
. (66)

Substituting Eq. (50) into the above equation yields

∂

∂ t
Ta (t) =

1
3

4π

π3/2 mav2
ath

nb

v3
bth

Γab

×
1−mMv2

abth

v2
abth

√(
1+ v2

abth

)3
. (67)

Substituting the expression of Γab into the above equation and
applying the following relation:

1−mMv2
abth

v2
abth

√(
1+ v2

abth

)3
=

2
23/2

v3
bth (mamb)

3/2

mbv2
ath

× Tb −Ta

(maTb +mbTa)
3/2 , (68)

we can obtain

∂

∂ t
Ta (t) =

16π

3
√

2π

(
q2

e

4πε0

)2

×
√

mamb (ZaZb)
2 nblnΛab

(maTb +mbTa)
3/2 (Tb −Ta) . (69)

The above equation can be simplified and expressed as
follows:

∂

∂ t
Ta (t) = −ν

ab
T (Ta −Tb) . (70)

The characteristic frequency of temperature relaxation is con-
sistent with the result obtained by Huba,[26] which can be ex-
pressed as

ν
ab
T =

8
√

2π

3

(
q2

e

4πε0

)2 √mamb (ZaZb)
2 nb

(maTb +mbTa)
3/2 lnΛab. (71)

In above equation, qe is the charge of the positron; Za and Zb

are the particle charge number of species a and b, respectively.
Equation (70) exhibits the same form as the Braginskii heat
transfer model,[41] which serves a benchmark model for VFP
simulation.[5] We denote this heat transfer model as zeroth-
order Braginskii model. This model ignores the deviation of
background specie distribution function from the Maxwellian
one under the near-equilibrium assumption. However, this is
a nature consequence of our relaxation model represented by
Eq. (59) when both the distribution functions during Coulomb
collision are Maxwellian.

3.4.3. Special case: Thermodynamic equilibrium
model

Furthermore, in the state of thermodynamic equilib-
rium for the plasmas system, where the numbers of sub-
distributions are both equal to 1 and both species have the
same temperature (Ta = Tb, especially when mM = vabth = 1),
it follows that the factor in Eq. (63) becomes 1−mMv2

abth ≡ 0.
Consequently, equation (61) can be expressed as follows:

ℛ̂ab j,0 (t) = 0, ∀ j. (72)
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Substituting Eq. (72) into Eq. (65) yields the transport
equation for homogeneous plasmas system in thermal equi-
librium, reads

∂

∂ t
ℳ j,0 (t) ≡ 0, ∀ j. (73)

In other words, if both species are in thermodynamic equilib-
rium and have the same temperature during Coulomb collision
process, any order of the system’s kinetic moment does not
spontaneously change with time.

4. Conclusion
It has been demonstrated that a relaxation model is ob-

tained when the velocity space exhibits spherical symme-
try without shell structures. This model comprises a set of
transport equations of arbitrary order (include density, mo-
mentum, and energy) based on Maxwellian mixture model.
These results are typically presented in closed form in term of
Gauss hypergeometric 2F1 functions. Furthermore, it has been
demonstrated that our relaxation model encompasses specific
instances such as the two-temperature thermal equilibrium
model, zeroth-order Braginskii heat transfer model, and ther-
modynamic equilibrium model.

It is important to note that our article focuses on propos-
ing a mixture model based on the finitely distinguishable inde-
pendent feature hypothesis rather than traditionally employed
near-equilibrium assumption. We have derived the relaxation
model for a two-species plasmas with spherically symmet-
ric velocity space using FPRS collision operator. The re-
sults accurately capture both near-equilibrium and far-from-
equilibrium states for spherically symmetric plasmas system.
The analysis of scenarios within more general velocity space,
including those related to axisymmetric systems, has been ac-
complished and will be published in the future. These find-
ings will serve as valuable benchmarks for nonlinear statistical
physics applications such as fusion plasmas and solar plasmas.

Appendix A: Convergence of KMM0 and MMM
Convergence of KMM0 and MMM can be proved based

on the Wiener’s Tauberian theorem. Wiener’s Tauberian theo-
rem is a set of important theorems about smooth function ap-
proximation that was proposed by Norbert Wiener in 1932,[32]

which will be quoted as follows:
Theorem A1 (Wiener’s Tauberian theorem)
Let f ∈ L1(R) be an integrable function. The span of

translations ga(x) = g(x+ a) is dense in L1(R) if and only if
the Fourier transform of function f has no real zeros.

The Fourier transform of Gaussian function is still a
Gaussian function. Therefore, the Gaussian function is obvi-
ously a dense function in the Euclidean space. Gaussian func-
tion serves as a commonly employed non-orthogonal basis for
two primary reasons: Firstly, many natural statistical systems

are independent and identically distributed systems that of-
ten adhere to the central limit theorem.[37] Secondly, Gaus-
sian functions offer computational simplicity. By selecting the
basis g(v) as a Gaussian function to approximate the distribu-
tion function f (v), i.e., F(v) = ∑

N
s=1 wsg(v+ cs), where ws is

the weight of basis function. This form represents the one-
dimensional Gaussian mixture model[42] (GMM) with identi-
cal expectation.

GMM with different expectations and deviations is rep-
resented by approximating the function f (v) with a series of
scaled and translated Gaussian functions, g

[(
v+ cs,k

)
/σs,k

]
.

With N expectations and N deviations, this approximation can
be expressed as

F(v) =
N

∑
k=1

N

∑
k=1

ws,kg
[(

v+ cs,k
)
/σs,k

]
. (A1)

Above equation consists of a total of N ×N Gaussian func-
tions, which can be reduced by utilizing optimization al-
gorithms, such as the expectation–maximization[43] (EM)
method. After obtaining an optimized set of parameters
{ws,k,cs,k,σs,k} where s = k, equation (A1) can be expressed
as

F(v) =
N

∑
k=1

wkg [(v+ ck)/σk] . (A2)

Specifically, when all deviations are zero (ck ≡ 0,∀k), equa-
tion (A2) will be

F(v) =
N

∑
k=1

wkg(v/σk) . (A3)

Equation (A3) is the form of MMM (46) given in Subsec-
tion 3.2. Function 𝒦0 (43) is the form of Gaussian function in
spherical coordinate system when the velocity space is spher-
ically symmetric, which can be obtained by employing the
spherical harmonic expansion.[27] Hence, KMM0 (42) will be
convergent when the velocity space exhibits spherical symme-
try.

Appendix B: Flowchart to solve the relaxation
model based on MMM

The relaxation model based on MMM for scenario with
shell-less spherically symmetric velocity space, described in
detail in Subsection 3.4, generally consists of a set of non-
linear equations that can only be solved numerically. In this
paper, we just present the flowchart to solve these nonlinear
equations, which is provided in Fig. B1. The transport equa-
tion represented by Eq. (35) can be solved by a Runge–Kutta
solver, i.e., trapezoidal[29] scheme which is a second-order im-
plicit method. A general relaxation model based on KMM0
for scenario with general spherically symmetric velocity space
has been provided in Ref. [4] and will be published in the near
future.
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Solving the CPEs (49)

Y

N

Initial NKa
↼tk↽ kinetic moments Mj↪↼t/0)=Mj↪↼t/0) (28) and ρa↼tk↽ (29), vath↼tk↽ (30)

Input f0↼v↪t0) (14) for all species

Updating characteristic parameters nar ↼tk↽↪ uar ↼tk↽ and vathr ↼tk↽^ ^

^ ^

^

^

Update Rabj↪↼tk↽ according to Eq. (55) and Raaj↪↼tk↽ according to Eq. (56)

Compute the kinetic dissipative force closure relation (36) to obtain Rj↪↼tk↽

Update Mj↪(tk+1) (28) according to Eq. (51) and renew ρa↼tk+1↽  (29), vath(tk+1) (30)

Renew NKa
↼tk⇁), update Mj↪↼tk⇁) and solve the new well posed CPEs (49)

j δMj↪(tk+1↽;Rtol

Update dNKa
↼tk+1)

Output ρa↼tk), vath(tk) and f↼v↪ tk↽ (46)^

Fig. B1. Flowchart of the kinetic moment-closed model for plasma when velocity space exhibits spherical symmetry without shell structure.
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