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We derive the transport equations from the Vlasov—Fokker—Planck equation when the velocity space is spherically
symmetric. The Shkarofsky’s form of Fokker—Planck—Rosenbluth collision operator is employed in the Vlasov—Fokker—
Planck equation. A closed-form relaxation model for homogeneous plasmas could be presented in terms of Gauss hyperge-
ometric oF; functions. This has been accomplished based on the Maxwellian mixture model. Furthermore, we demonstrate
that classic models such as two-temperature thermal equilibrium model and thermodynamic equilibrium model are special
cases of our relaxation model and the zeroth-order Braginskii heat transfer model can also be derived. The present relax-
ation model is a nonequilibrium model based on the hypothesis that the plasmas system possesses finitely distinguishable
independent features, without relying on the conventional near-equilibrium assumption.

Keywords: finitely distinguishable independent features hypothesis, Maxwellian mixture model, Fokker—
Planck—Rosenbluth collision operator, spherical symmetry
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1. Introduction

In fusion plasmas, the transport processes between differ-
ent plasmas species, as well as the wave—particles interactions,
are crucial in shaping the evolution of the non-equilibrium and
nonlinear plasmas system.!!! Transport, since it involves col-
lisions, has traditionally been modeled using Vlasov—Fokker—
Planck (VFP) equation. However, simulations for these pro-
cesses usually not only face challenges in conserving mass,
momentum, and energy in discrete,!’l but also satisfying
higher-order moment convergence!>* to effectively capture
the inherent nonlinearity of plasmas system. Additional dif-
ficulties arise from the significant differences in thermal ve-

locities due to mass or energy discrepancies>~!

in collisions,
which typically leads to a conventionally chosen linearized
model.[6-8]

Transport equations for high order velocity moments of
Boltzmann’s equation'®! or VFP equation!!! can address these
challenges, and have demonstrated superior effectiveness in
solving problems of plasmas physics. However, difficulties!!"]
arise in two aspects: (i) The resulting set of equations lack

closure because the /™

-order moment equation contains the
moment of order [+ 1. (ii) The dissipative terms originat-
ing from the collision operator are typically nonlinear func-
tions of moments. Consequently, it is necessary to truncate the

set of transport equations based on certain assumption about
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the form of velocity distribution function. Traditionally, near-
equilibrium assumption!!" is widely adapted in space physics,
physics of fluid, plasmas physics, and other related fields.
The relaxation process of a system of particles with
Coulomb interactions towards a Maxwellian distribution func-
tion was initially presented by MacDonald and Rosenbluth. ']
Subsequently, Tanenbaum!!3! derived the transport equations
based on the isotropic Maxwellian distribution function. The
general form of transport equations under near-equilibrium

assumption are derived by Chapman!'¥ (151

and Enskog,
and extended by Burnett.!'®! Another approach proposed by
Grad, " utilizing the Hermite polynomial expansion method,
also yields the transport equations. Additionally, Mintzer!!%]
derive the transport equations by introducing a generalized or-
thogonal polynomial method, which are capable of describ-
ing highly nonequilibrium system. These advancements have
been comprehensively reviewed by Schunk.!!'”l However, as
highlighted by Schunk,!!”! both the Chapman-Enskog and
Grad procedures exhibit inadequate convergence in highly
non-Maxwellian system due to expanding the distribution
function into an orthogonal series around a local Maxwellian.
These limitations arise from the underlying near-equilibrium
assumption.

Recently, various nonlinear simulations!!®!°1 of heat
transport in tokamak plasmas have been invested. We aim
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to develop a novel framework!?’! for addressing the nonlin-
ear simulation!'*2 for fusion plasmas, under the hypothe-

22.231 features (for

sis of finitely distinguishable independent!
details, see Subsection 3.2) rather than relying on the con-
ventional near-equilibrium assumption. This framework is a
higher-order moment convergent method, encompassing both
a meshfree approach®! and a moment approach. This paper
is more directly concerned with introducing the moment ap-
proach to derive the transport equations from the 0D-1V VFP
equation and novel closure relations for this transport equa-
tions. The Shkarofsky’s form of Fokker—Planck—Rosenbluth
(FPRS) collision operator>*2>! is employed to solve the VFP
equation, specifically focusing on the scenario with spheri-
cally symmetric velocity space. In this situation, we pro-
pose a relaxation model based on Maxwellian mixture model
(MMM) that effectively captures both near-equilibrium and
far-from-equilibrium states.

The remaining sections of this paper are arranged as fol-
lows. Section 2 provides an introduction to the VFP equation,
RFPS collision operator, and their key properties. In the case
of spherical symmetry in velocity space, Section 3 discusses
the relaxation model based on MMM. Finally, a summary of
our work is presented in Section 4.

2. Theoretical formulation
2.1. Vlasov-Fokker-Planck equation

The physical state of plasmas is characterized by distri-
bution functions of position vector 7, velocity vector v, and
time ¢, for species a, f = f(r,v,t). In this paper, we as-
sume that function f is continuous and exhibits smoothness.
The evolution of the system state can be described by the
VFEP equation.!!! For a homogeneous plasmas system, the VFP
equation reduces to the Fokker—Planck collision equation

d
Ef(v,f) =C 6]

The term € on the right-hand side of Eq. (1) represents the
Coulomb collision effect on species a, encompassing both its
self-collision effect of species a and the mutual collision effect
between species a and background species (details in Subsec-
tion 2.2).

The first few moments of the distribution function, such
as the mass density p,(¢) (zero-order moment), momentum
I,(¢) (first-order moment), and energy K, () respectively are

Pa (t) = ma<laf(v7t)>v7 2)
I, (t) = Mg <v,f('v,t)>v, (3
Ka(t) = 5 (0 f(0.0)),, )

where operator (g,h),, represents the integral of the function
g - h with respect to v. The temperature at time ¢ is defined as

T.(t) = = {(v—ua)* f(v,1)), . 5)

" 3n,

mg

Among them, the average velocity u,(t) = I,/p,, number
density n4(f) = pa/ms, momentum amplitude 1,(r) = v/ I,%.
The thermal velocity vun(t) = /2T, /m,, which depends on
Pa, 1y, and K, can be expressed as

2 (2K, [(I,\?
Vath(t) = g ( P - (P) > 6)

2.2. Fokker-Planck—Rosenbluth collision operator

Without sacrificing generality, the scope of this paper is
limited to the case of a two-species plasmas system. In this
particular scenario, the collision operator in VFP equation rep-

resented by Eq. (1) will be
Q('U?l) = Cup + €, @)

where €, and €, represent the FPRS 24231 collision operator.
The mutual collision operator between species a and species b
denoted as €, is given by

Cup (U,l‘) =1, [47TmMFf—|— (1 —mM)VvH~V,Uf

1
+§VvVvG: Vvv'vf:|7 (8)
where
Qs
Iy =4m <47rzoma> InAgp, my =mg/my,.

Here, m, and my, represent the mass of species a and b respec-
tively. g, and g;, denote the charge numbers of species a and b.
The parameters &) and In A, correspond to the dielectric con-
stant of vacuum and the Coulomb logarithm.?! The function
F = F(vp,t), representing the distribution function of back-
ground species b. Functions H and G are the Rosenbluth po-
tentials, which are integral functions of distribution function
F, reads

1
H(’U,l) = /mF(vbvt) dwp, )

G(v,t) = /\v—vb|F(vb,t) dvy,. (10)

By replacing b, F, and v, in Eq. (8) with a, f, and v, re-
spectively, we can derive the FPRS self-collision operator in
Eq. (7):

Coa(v,1) = Iy <477:ff+ %VDVUG : VUV,,f> . D

The present study exclusively focuses on the scenario
where the velocity space exhibits spherical symmetry. When
expressing the velocity space in terms of spherical-polar coor-
dinates v(v,8,¢), one can obtain the (1,m)"-order amplitude
of distribution function by employing a spherical harmonic
expansion!’! (SHE)

oo [

flo) =Y Y oY (u,e), (12)

=0 m=—1
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where speed v = |v|, u = cos@, and Y}" is the spheri-
cal harmonic?”! without the normalization coefficient, N =
2041 (I—m)!

4m (I+m)!”
f7" (v,1) can be obtained through the inverse transformation of
Eq. (12) as follows:

1 1 2m ] m\ *
frwn = g [ )5 (77) s dodn
m>0. (13)

The calculation for the ["-order amplitude

Therefore, for spherically symmetric velocity space, the am-
plitude function can be represented as

[l (ve) = 8780 f(v,1), (14)

where 510 is the Kronecker symbol. That implies that the am-
plitude function f(()) is non-negative, and higher-order ampli-
tudes f}", where [ > 1 or |m| > 1, are all zeros when velocity
space is spherically symmetric. From now on, we will omit
the superscripts of amplitudes due to m = 0 for scenarios with
spherically symmetric velocity space. For example, we will
utilize fy instead of f(()) .

We will normalize the velocity—space quantities with the
local thermal velocity v, for species a, © = v/vy, and the
zeroth-order normalized amplitude function of species a will
be

3

Fo(91) = Lath iy gy, (15)

a
Similarly, the Rosenbluth potentials represented by Eqs. (9)-
(10) can be expressed as
H(V,t) = 4717ﬁ1:[0, G(V,t) = 47mbvbthéo, (16)
Vbth

where the zeroth-order amplitudes of Rosenbluth potentials
are

o 1

Ho(Vap,t) = — (lop+J10), (17)
Vab

A .~ (DhotJio

Go (Papst) = Vap <3 +Io,o+J1,o>- (18)

The functions I; o and J; o represent integrals of the normalized
background distribution function £ (¥, 1), following a similar
approach as Shkarofsky er al.,[>>28]

1 ﬁab . A
Ii,O(ﬁabJ) = Ai/ ﬁ;}+2F0dﬁb, i=L,L+2,(19)
(Yap)" Jo
Wy
J,'ﬁo (\7,,,},71‘) = (\7“/,)1/ T,-Fod\% i=L+1, 20)
Vab Vb

where Vap = Vapth P, Vabth = Vath/ Vb, ¥ = V/Vamn, and

3
LN Vbth
Fo(vb,t) =2

F(vp,t). 1)
np

Therefore, the FPRS collision operator represented by
Eq. (8) can be reformulated as

n, -
Cap(n1) = 8 5Tl (22)

ath

The ["-order normalized amplitude of the mutual FPRS colli-
sion operator can be expressed as follows:

& (D A2 0H df,
Clap (9,1) = §P4xLe mMFofo-ﬁ-CﬁWZ(%)
a
Ca 8@0 Lfo ) aZGO a2f0 -
Vap? IVgp AV G o0z, 997 |
The coefficients
1— mmy 1
“a = » =g 4)
T vann 2 (vam)?

The FPRS collision operator represented by Eq. (23) is
a special instance of the scenario with axisymmetric velocity
space as described in Ref. [3]. Similarly, the /"-order normal-
ized amplitude of the self-collision operator can be expressed
as

@laa (97t)

L s 106G dfy 136G 9],
= §P4nl;, (fofo+2 = a?+°f°). (25)

Applying Eq. (7), the I'"-order normalized amplitude of FPRS
collision operator will be

A nb A n, A
< (V,l) = Tclab+ Tae:laa' (26)
Vbth Vath

Therefore, when velocity space exhibits spherical symmetry,

the VFP equation represented by Eq. (1) can be rewritten as

P o
S fint) = 00 g, @7

ath

The equation mentioned above will be referred to as 0D-1V
VFP spectrum equation.

2.3. Elementary properties of FPRS collision operator

Firstly, we give the definition of (j,/)"-order kinetic mo-
ment:

M (t) = 47tpa(vath)j/ p2fd, > —2—1. (28)
' 0

Specially, the mass density (given in Eq. (2)) and energy (given
in Eq. (4)) can be expressed as

1
Pa(t) = Moo, Ku(t) = EMz,o (29)

and the momentum will always be zero in spherically symmet-
ric velocity space. Therefore, the thermal velocity (6) can be
rewritten as

2 Mz
3 ./\/l()_y().

Vath (t> = (30)
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Similar to Eq. (28), the (j,1)"-order kinetic dissipative
force is defined as

Ry (1) = 47Pa(vVan)! /O §28do, j> 21 (31)

Please note that R o = 0 for all elastic collisions and R ;>1 =
0 in the scenario of spherically symmetric velocity space.
The FPRS collision operator theoretically ensures the
conservation of mass, momentum, and energy during the col-
lision process between two species. When the velocity space
exhibits spherical symmetry, it can be expressed as follows:

Rav0,0 = Rpavo = 0, (32)
1 1
gRabl,l = _gRbal,l =0, (33)
1 1
ERabZ,O = _E’bezﬂ,o- (34)

Here, function Rab(}[ represents the (j,/)M-order kinetic dissi-
pative force exerted on species a during mutual collisions with
species b.

3. Relaxation model for homogeneous plasmas

The starting point for the derivation of transport equations
for plasmas is VFP equation (1). These equations can be ob-
tained by multiplying the both side of VFP equation by an
appropriate function of velocity g = g(v) and then integrating
over all velocity space.

3.1. Transport equations

In the spherical coordinate system, by multiplying both
sides of Eq. (27) by 4wm,/*>dv and integrating over the
semi-infinite interval v = [0,00), and then applying Egs. (28)-
(31), we obtain the (j,1)"-order transport equation (or kinetic

moment evolution equation) as follows:
d
ot
where the normalized kinetic dissipative force,

Rj1/1Pa(van)’], is given by
np
'leo (t) = 371"

M (1) = 8 pa(van) Rjo, j>-2-1, (35

Rji =

~ n, A
abRabj,O + TFaaRaaj,O- (36)
bth Vath

Regard Eq. (36) as the kinetic dissipative force closure rela-
tion, representing the inherent nonlinear relation between ki-
The first few
orders of transport equations (35) associated with conserved
moments can be expressed as

netic moments and kinetic dissipative forces.

0 N

Epa (t) = paRO,Oa (37)
0 1 N

Ela (1) = gpavathRu, (38)
0 1 N

5 Ka() = 5pa(vam)27ez,o. (39)

The transport equation (35) can be solved by a Runge—Kutta
solver, such as trapezoidal [291 scheme, similar to the meshfree
approach in Ref. [3].

3.2. Finitely distinguishable independent features hypoth-
esis
Boltzmann! proved that in a thermodynamic equilib-
rium, the velocity space exhibits spherical symmetry and the
distribution function follows a Maxwellian distribution,

2
o exp l Y 2]. (40)

w32 (Vam)? (Vath)

f(’U,t) -

According to Eq. (14) and Eq. (15), the above equation can be
expressed in normalized form in a spherical-polar coordinate
system as

A A 1 7‘;2
fi(or) = & 5" @1

Let equation (41) represent the Maxwellian model (MM).

In the more general case, the velocity space of the system
exhibits spherical symmetry but may not be in a state of ther-
modynamic equilibrium. Under this circumstance, the one-
dimensional amplitude function fy can be approximated by a
linear combination of King functions Ky, named as King func-
tion expansion (KFE)

la,, Vatn, ) , (42)

where Ng, € NT. The parameters, g, = ng, /g, fla, = Ua, /Vath
and Vg, = Vath, /Vath, are the characteristic parameters of pib
sub-distribution of f.
lows:

The King function is defined as fol-

. 210
X sinh <62> 43)

Let equation (42) represent the zeroth-order King mixture
model (KMMO), indicating that the plasmas are in a quasi-
equilibrium state. Similarly, the normalized amplitudes of

background distribution function can be approximated as

\/27r Nk,

FL (Vb, = 3/2 Z b ICO ‘,}\ ﬁ S;‘/}bths)' (44)

If two known groups of characteristic parameters, (11,07 )
and (1, 07), each with respective weights 7, and Ai,, satisfy

Rl

we claim that the King function K; (v;11,07) and K; (v;12,07)

—— 1‘ < rtol, 45)

are identical with parameters (19, 0p). Here, rtol is a given rela-
tive tolerance with a default value, rtol = 107!, The weight of
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K (v;10,00) is given by Ay, = i, + Aa,. Equation (45) serves
as the indistinguishable condition of the King function.

The above model is under the finitely distinguishable
independent?>23] features (FDIF) hypothesis. This hypoth-
esis posits that given indistinguishable condition (45), a
finite-volume, finite-density, finite-temperature, and finite-
component fully ionized plasmas system has a finite number
of distinguishable independent characteristics. This hypothe-
sis indicates that Ny, is a finite-size number in KMMO (42).

The velocity shell structure3%! is a typical characteristic
feature for o particle distribution function*!! in burning plas-
mas. When ¥,.(|dig,|?) in KMMO (42) is greater than zero, we
call that the distribution function described by KMMO has ve-
locity shell structure. This structure can be observed in Fig. 1,
particularly when i, > 1.

0
0
-

o
—
ot
N W/
NEHOO @,
S

ouom

(1+a2)% ]
o
=
o

[\
. KMMO when @, = 5.0
W,
0.05 \\\‘ Shell structure, =
\\ e AN
Ot—————= Nt e e =
0 2 4 6 8

Fig. 1. Illustration of the velocity distribution functions multiplied by a
factor (1+42) for Nk, = 1 and various normalized average velocity .

When there is no shell structure in velocity space for
the distribution function, we can simplify Eq. (42) using

¥l 1)) =0 as

R 1 N | g 92
A 0 ar
fi(h,1) = § Py l‘73 exp (— > )] . (46)

r=1 | Vath, Vath,

The Maxwellian mixture model (MMM), denoted by Eq. (46),
represents a shell-less distribution, which indicates that the
plasmas are in a shell-less quasi-equilibrium state. Figure 1
illustrates velocity distribution functions described by KMMO
(including MMM) as a function of ¥, along with various nor-
malized average velocity i, when Nk, = 1. To examine
the details of cases where i, > 1, the distribution function
is multiplied by a factor of (1 +42). The convergence of
KMMO and MMM can be proved based on Wiener’s Taube-
rian theorem. 3273 The proof is provided in Appendix A.
The various advantages and disadvantages of KFE are
outlined in a topic review!”®! of NLVFP code for solving
the OD-2V nonlinear VFP equation. Here, we represent the
ones for scenarios with spherically symmetric velocity space,
comparing to the conventional methods, such as finite dif-
ference method!®! (FDM), particle-in-cell>* (PIC) method,
Laguerre polynomial expansion (LPE) method, and Hermite

polynomial expansion*®! (HPE) method.

3.2.1. Some advantages of KFE

(1) Coulomb collisions lead to rapid convergence for the
amplitudes in speed coordinate. As demonstrated in Ref. [3],
the KFE is a moment convergent technique that has been
demonstrated to achieve up to order 16, making it significantly
faster than FDM which typically achieves convergence order
of no more than 5.

(i1) The King function, serving as a one-dimensional (1D)
continuous smooth function, ensures that KFE produces re-
sults without noise over a PIC method and more stable than
LPE method. Additionally, achieving higher-order moment
convergence remains a challenge for the PIC method.

(iii) KFE effectively captures the complete nonlinear ef-
fects of the VFP equation by employing adaptive values of N,
and Nk, , typically no more than 20 for a weakly anisotropic
plasmas,B! due to the rapid convergence of KFE. In contrast,
HPE methods typically depict effects where not far from the
thermodynamic equilibrium state, which is usually based on
the near-equilibrium assumption.

(iv) KFE ensures the symmetry of the collision operator
in discrete[®! due to its rapid convergence.

(v) KFE has the capability to naturally capture the
Addition-
ally, the resulting solution exhibits robustness comparing to
FDM/PIC/LPE methods.

isotropic Maxwellian state in velocity space.

3.2.2. Some disadvantages of KFE

(i) The presence of full nonlinearity in speed coordinate
results in a nonlinear algebraic dependencies between the de-
sired moments and kinetic dissipative forces.

(i1) The characteristic parameters in KFE should be deter-
mined using alternative methods, 3! such as solving the char-
acteristic parameter equations as described bellow.

(iii) The entire solution process depends on numerical so-
lutions and appears complex.

The above challenges are inherent outcomes of the non-
linearity and have not been observed to pose significant is-
sues individually, as evidenced in a more complex scenario in-
volving the solution of 0D-2V VFP equation.*! However, the
benefits is obvious that KFE can effectively handle scenarios
where near-equilibrium assumption fails.

Expansion in King function might seem complicated, but
in fact the equations turn out to be fairly straightforward and
robust due to the following two reasons:

(A) Many natural statistical systems, including plasmas
system, are independent and identically distributed systems
that often adhere to the central limit theorem.3”) This allows
their probability density functions to be described utilizing
Gaussian functions.

(B) Gaussian function is simple and King function de-
noted by Eq. (42) is the zeroth-order amplitude of the Gaus-
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sian function in spherical-polar coordinate system, which can
be obtained by employing SHE.

It is a well-established fact that plasmas problems can be
described by various reduced models,?! including the tradi-
tional VFP approach,! particle approach,*! and traditional
moments approach such as Grad’s moment method.'!! A di-
rect numerical code can effectively address the VFP equa-
tion (1) or VFP spectrum equation (27) for isotropic velocity
distribution of homogeneous plasmas when nonlinearity is not
strong or important, and may be more effective than KFE ap-
proach. However, plasmas are typically a complex system at
multi-time and multi-space scales. Phenomena such as turbu-

18,191 and ¢ particles heating!*”! are general non-

lent transport!
linear and affected by the higher-order moments. Preserving
the inherent nonlinearity and ensuring the higher-order mo-
ments convergence with conservation laws simultaneously are
crucial for simulating the evolution of these plasmas systems.
This poses a challenge for traditional approaches, but can ef-
fectively addressed by the KFE approach under the FDIF hy-
pothesis, particularly in multi-dimensional and multi-velocity

plasmas systems. ]

3.3. Characteristic parameter equation

Determining the unknown characteristic parameters in
KFE (42) based on the values of /] in the meshfree approach !
or directly using kinetic moments M ;; are both intermedi-
ate parameters methods. Under FDIF hypothesis, we utilize a
parametric equation approach to characterize the intrinsic non-
linear correlation between kinetic moments and kinetic dissi-
pative forces represented by Eq. (36). The intermediate pa-
rameters can be obtained by solving the following characteris-
tic parameter equations (CPEs). Substituting Eq. (42) into the
definition of kinetic moment (28), and simplifying the result
yields the CPEs when velocity space of the system exhibits
spherical symmetry, namely,

.NK” .
M (t) = 510CM9Pa van)” Y, a, (Pan, )’
r=1
/2 N 28
B Uq, )
x |14+ ) Cyl = ,
ﬁgl 70 (Vathr 1
j€{Q2jp—=2)|jpeN"}. (47)
The coefficient
/2
o (j+D! B B Cp
Oy ="%m 0 Co=2 2B+ 1)1 (48)

where Cé/ ? is the binomial coefficient. Similarly, substituting
Eq. (46) into the definition of kinetic moment represented by
Eq. (28) gives

.NKa .
MJ'J (t) = 5[0CM?Pa (Vath)j Z ﬁa, (ﬁath,)ja

r=1

JE {(2jp_2)|jp€N+}' (49)
In particular, when j = 2, we obtain
Mo (t) = 2K,. (50)

Generally, the CPEs (47) typically are a set of nonlinear
algebraic equations, encompassing a total of 3Nk, unidentified
parameters or 2Nk, unidentified parameters in Eq. (49). If we
have knowledge of 3Ny, kinetic moments M, solving the
well-posed CPEs can provide us with all the characteristic pa-
rameters in Eq. (42) or Eq. (46). The updated values of M o
can be determined by solving the transport equations (35) uti-
lizing Runge—Kutta method. However, there will be discrete
errors in time due to a finite timestep, and equation (47) will
not be exactly satisfied. To show this, we consider an implicit
Euler scheme for simplicity, which gives

0
Mo(tis1) = Mj,O(tk)+AtkEMj,0(tk+l)
+0((An)?P), (51

where 1, represents the k-level of time step and Aty = ;| —
tr, denoting the current time-step size. Since equation (47)
represents a set of nonlinear algebraic equations, the order of
time-discrete errors, p, must be no less than 2 in an Euler
scheme according to Taylor expansion. While a higher-order
time integration scheme can mitigate the time-discrete errors,
it cannot completely eliminate them. This paper specifically
concentrates on error reduction in the velocity space of the
VFP equation using a moment approach. A future study will
investigate the convergence of time-discrete order within this
framework.

An optimization technique utilizing least squares
method?! (LSM) is presented in Ref. [3] for solving the
CPEs with a specified collection of j, denoted as [j] and the
updated values of the kinetic moments, denoted as M ; (i1 ).
The relative deviation between M;;(t1) and the target ki-
netic moment at (k+ 1)® time level, M o(t¢11), is referred
to

Mo(ter1) = Mjo(tei1)
M;o(tes1)

Note that the value of M| o(fx+1) is numerically approximated

SMo(ter1) = (52)

with time discrete errors utilizing Eq. (51), while M o (1)
exactly satisfies the form of Eq. (49), representing the desired
kinetic moment at (k+ 1) time level under the FDIF hypoth-
esis. The collection [j] is not unique, which can be composed
by any order theoretically. Two schemes for [j] are provided in
Ref. [3], and a general scheme will be published in our future
work.

Additionally, the adaptivity of Nk, is crucial for captur-
ing nonlinear effects, and it should be noted that the scheme is
also not exclusive. Here, we present a brief overview of the ap-
proach utilized in Ref. [3], which has been demonstrated to be
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effective for weakly anisotropic plasma. If Y ; 6 M o(tx11) >
Rtol, j € [j] at the initial stage of (k+ 1) time level in an
implicit Euler scheme, the number of King functions at the
(k+1)™ time level, Nk, (t+1), will increase by one until reach-

The key to utilizing an adaptive Nk, lies in the charac-
teristic parameters that encompass all information for kinetic
moments of any order under the FDIF hypothesis. Therefore,
when Nk, (tx+1) > Nk, (t), we can include new independent

Here, Rtol is a pre-
defined relative tolerance, for example, Rtol = 107°. Then
Nk, (t;.+1) will be determined at the following stage of (k+1)™

ing a specified maximum value, Ng“*. kinetic moments to establish a new well-posed CPEs, obtain-
ing M (1) according to Eq. (47) and R j o (t+ 1) according to
Eq. (55). When N, (t+1) < Nk, (), we can eliminate higher-

time level by utilizing the following strategy: order transport equations, which are typically more intricate,
Nk, (tr1) = Nk, (t) — dNk, (1),

_ [ —1, Eq. (45) == false,
dNKa (tk) - { 1 Eq (45) == true.

(53)  toobtain a new effective well-posed CPEs. The procedures for

determining Nk, (tx+1) and optimizing the target kinetic mo-

54 ment M (1) are outlined in Algorithm 1.

)

Algorithm 1: for determining N, (f;+1) and optimizing the target kinetic moment M (tx+) at the (k+ 1) time level.
1 Update %M_,’)O (tx+1) according to Eq. (35)
2 Fory=1,2,--- Nj,*
3 Calculate M o(t41) according to Eq. (51), update ng (tx+1) and v (fk+1)
4y=1
5 Nk, (feer) = Nig, (1) +1
6  Let Mjo(tr1) = Mjo(tir1)
7  Compute the new characteristic parameters by solving CPEs (47)
8
9

If SM o (tx41) < Rtol

Break
10 End
11 Else

12 Compute dNg, () and update N, ()

13 Let M, o(txr1) = Mjo(txs1), updated CPEs by adjusting the collection [ /]

14 Compute the new characteristic parameters by solving the updated well-posed CPEs (47)
15 I£O6M;o(trr1) < Rtol

16 Break

17  End

18  If Ng, > Ng**

19 Warning: Checking the effective of timestep A, , or parameters (Ng**, Rtol)
20 Reduce the timestep, 4, = 4, /2, go back to step 1

21  End

22 End

23 End

#Notes: The symbol “Ni,” represents the maximum number of iterations in the implicit Euler scheme.

3.4. Kinetic moment-closed model based on MMM

The analytical expression of the (j,/)™-order normalized kinetic dissipative force (36) can be obtained by substituting
Egs. (42)-(46) into Eq. (23), and then applying Eq. (31). When the velocity space exhibits spherical symmetry without shell

=0and Zs(|ﬁb;‘2) =

N, N,
3 b Ka
() B R

athr

0, this expression will be

[ A < 1+ Vabth2> —(3+i)/2
mmVath, | —5——

ath,

2
_ VabthVath, )
2
Vith,

structure, which means ¥,.(|tig, |*)

ﬁabj,l (t) =

D2 —myv3, D2 1 3+ 3
_(9ath )3+j bthg abth” ath, F ( +] -

r 4 ~ ) I )
vabthvbthx 2 2 2
~ ~2 2 —(3+))/2
Vpth Vath, 1 14 .
*(’"Ml : ) < o+ gt iz, (55)
Vabth / VapthVbths \Vam,  Vth,

where ,F| (a,b, c,7) represents the Gauss hypergeometric ,F; function of the variable z.!?’! Similarly, in a self-collision process
with my = 1 and v = 1, the normalized dissipative force can be obtained as

8 [(3+)\ e ; ;
Raaj_yl (t) = 610;1—‘ < > Z Nag Znat 7 7 |:2(3+])/2(ﬁmhr)4+j

r=s ath vath
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134)
2 b

A

2 2
.V —V
3+ "ath, ath
— (V)™ ———0F

A b
Vathg 2

The combination of the transport equation (35), kinetic
dissipative force closure relation (36), characteristic parame-
ter equations (49), and the analytical expression of the nor-
malized kinetic dissipative force represented by Egs. (55)—(56)
constitutes a set of nonlinear equations. These nonlinear equa-
tions, for the situation when velocity space exhibits spherical
symmetry without shell structure, will be referred as kinetic
moment-closed model. The moment-closed model for homo-
geneous plasmas is a relaxation model. The flowchart to solve
this nonlinear model is provided in Appendix B.

Specially, the transport equations of mass density (37),
momentum (38), and energy (39) of spices a will be

d d

Epa (t) = Ela (t) =0, (57)
a 1 2 np A
5; Ka (t) = 3 PaVan (Vbth3 Lo Rapz 0
n A
+ 3(1 EzaRaGZ,O)- (58)
Vath

Applying the relation, K, = %na T,, and mass conservation rep-
resented by Eq. (57) results in a temperature relaxation equa-
tion
d
ot

where the characteristic frequency of temperature relaxation

T.(1) = —vila, (59)

p 2/(n L n N
V() = == | T Rapro + +TaaRaazo ) - (60)
3\ v
bth ath

Due to the numerous advantages of KFE, the current re-
laxation model, serving as a moment approach of NLVFP, also
offers several benefits:

(I) The relaxation model explicitly provides the analyti-
cal forms of nonlinear kinetic dissipative closure relations (36)
based on arbitrary order kinetic dissipative forces (55)—(56).

(II) The relaxation model is founded on the conserved
moments and high-order kinetic moments to describe the sys-
tem evolution (35). Therefore, it is more suitable for con-
structing numerical algorithms with high-order moment con-
vergence.

(IIT) The relaxation model adaptively determines the op-
timal number of sub-distribution functions at each time level,

3

27

(2 -(3+))/2

v . 1 1 .

Aczlthr) — Dath, <A2 + A2> :| , Jj> 2. (56)
vaths vuthr vuths

based on the CPEs (47), enabling a more precise solution of
the corresponding VFP equation.

The kinetic effects are depicted by the higher-order ki-
netic moments in this relaxation model. The advantages of this
model make it suitable for steady-state homogeneous fusion
plasmas which may be far from thermodynamic equilibrium
state. Obviously, it is a well-established fact that the presence
of fast & particles in fusion plasmas leads to abundant nonlin-
ear interactions between itself with electrons and fusion fuel
ions. This is particularly evident when considering multi-time
scales relaxation problems of homogeneous plasmas, which
are typically nonlinear, dominating by lower-order kinetic mo-
ments and influencing by higher-order kinetic moments. The
proposed model can easily capture the inherent nonlinearity of
these plasmas system with higher efficiency and stability.

This relaxation model, as a moment approach in
NLVFP,[29 is a further advancement of the meshfree
approach,®! which is based on expanding the distribution
function in spherical harmonics in angle coordinate and in
King basis in speed coordinate of velocity space. Both of these
higher-order moment convergent method in NLVFP can be
extended to two-dimensional (2D) or three-dimensional (3D)
velocity space by introducing new special functions, namely
(associate) King function®! and R function.*! The extended
transport equations can be applied for conventional magnetic
confinement fusion (MCF) simulations by including the terms
of spatial convection and mean-field effects in VFP equation.
As noted by Bell,!”] the rotating effect of a magnetic field is
easily and accurately represented in SHE approach. As a con-
sequence, coupling SHE with KFE, this moment approach has
significant advantages for studying the fusion plasmas with
strong magnetic fields.

3.4.1. Special case: Two-temperature thermal equilib-
rium model

The numbers of sub-distribution are both equal to 1,
Nk, = Nk, = 1, when the two species are in thermal equilib-
rium at different temperatures. Consequently, 7, = 7ip, = 1
and ¥y, = Ppm, = 1, leading to the simplification of Eq. (55),
reads

0, J=0,

Cj? .

> +Vapn ) arctan(vepn) — 1|, j=1,

Vabth
R pio(t) = i/2 . (61)
“h ct 1+k22(vabth)2"cj[k] : Jj €2NT,

CR|,F —1'13—2 -1 € 2NT +1

j |2t 27 a2a Vabth ) J
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Operator ¢; [k] in Eq. (61) represents the k" element of the vector c;, and satisfies the following recursive relationship:

i — 2k _
c;lk] = ékch[k—l], cillj=1, 2<k<j/2 (62)
Parameter
dr jGHDN 1T T—maviy, IN*
3/2 \/7 2 N 17 J )
g V2 Vann V(1 +2)" "
cf = . ) (63)
§(]/2+1/2)‘ l_vaabth ]€2N++1
4 — :
T Yo V (1 +V§bm)ﬁl

Equation (61) reveals that the arbitrary order normalized
kinetic dissipative force solely depends on my; and v, indi-
cating that the high-order normalized kinetic dissipative force
is not an independent quantity when the two species are in
thermal equilibrium respectively.

Similarly, equation (56) reduces to

A

Raaj,O (t) = 07 J

Y

—2. (64)

In other words, any order normalized kinetic moments dur-
ing self-collision process remain constant over time when the
distribution function of species a is in thermodynamic equilib-
rium. In this case, the transport equation (35) will be

0 .
*Mj,l (t) = 510pa (Vath)j ’;b

TR 65
ot Ve ababj 1y (65)

where function 7@“;, ;.1 satisfies Eq. (61).

3.4.2. Special case: Braginskii heat transfer model

In particular, the (2,0)"-order transport equation, when
the two species are in thermodynamic equilibrium at different
temperatures, will be

EMz,O (t) =

—= gV
3 zpa ath~3
all Vith

Iy
2
1— MMV pth

2 2 )3
Vabth (1 + Vabth)
Substituting Eq. (50) into the above equation yields

(9 1 4m 2 Np

=T, (t) = 5 —=MaVen——
3/2 ath 3
ot 3 3/ Vith

X

(66)

Iy

2
1 —mmvgm,
2 2 )3
Vabth (1 + Vabth)

Substituting the expression of I, into the above equation and

X

(67)

applying the following relation:

l—vaﬁbth _ ivith (mamb)3/2
by o) 3 23/2 m V2
Vapn\/ (1+ V) >%ath
T, — 1T,
#3/27 (68)
(maTb + mbTa)

we can obtain
P 1 2 \2
2, (t) _ 61 qe
ot 321 \ 4mey

% N/ Mgy (Zqu)z nblnAab
(ma Ty, +mypT, ) 3/2

(T —Ta). (69)

The above equation can be simplified and expressed as
follows:

T.(t) = VP (T.—Tp). (70)

ot
The characteristic frequency of temperature relaxation is con-
sistent with the result obtained by Huba,?®! which can be ex-

pressed as
ab 8V21 qg 2 N/ Mgy, (ZaZb)z np
vp = 3 InAgp. (71)
3 4me (ma Ty +myT,)

In above equation, ¢, is the charge of the positron; Z, and Z,
are the particle charge number of species a and b, respectively.
Equation (70) exhibits the same form as the Braginskii heat
transfer model,[*!! which serves a benchmark model for VFP
simulation.[®! We denote this heat transfer model as zeroth-
order Braginskii model. This model ignores the deviation of
background specie distribution function from the Maxwellian
one under the near-equilibrium assumption. However, this is
a nature consequence of our relaxation model represented by
Eq. (59) when both the distribution functions during Coulomb
collision are Maxwellian.

3.4.3. Special
model

case: Thermodynamic equilibrium

Furthermore, in the state of thermodynamic equilib-
rium for the plasmas system, where the numbers of sub-
distributions are both equal to 1 and both species have the
same temperature (7; = Tj, especially when my = vgp = 1),
it follows that the factor in Eq. (63) becomes 1 —myv2,, = 0.
Consequently, equation (61) can be expressed as follows:

Rabjo(t) =0, Vj. (72)
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Substituting Eq. (72) into Eq. (65) yields the transport
equation for homogeneous plasmas system in thermal equi-
librium, reads

d

gMj,O ()

In other words, if both species are in thermodynamic equilib-

0, Vj. (73)

rium and have the same temperature during Coulomb collision
process, any order of the system’s kinetic moment does not
spontaneously change with time.

4. Conclusion

It has been demonstrated that a relaxation model is ob-
tained when the velocity space exhibits spherical symme-
try without shell structures. This model comprises a set of
transport equations of arbitrary order (include density, mo-
mentum, and energy) based on Maxwellian mixture model.
These results are typically presented in closed form in term of
Gauss hypergeometric ,F; functions. Furthermore, it has been
demonstrated that our relaxation model encompasses specific
instances such as the two-temperature thermal equilibrium
model, zeroth-order Braginskii heat transfer model, and ther-
modynamic equilibrium model.

It is important to note that our article focuses on propos-
ing a mixture model based on the finitely distinguishable inde-
pendent feature hypothesis rather than traditionally employed
near-equilibrium assumption. We have derived the relaxation
model for a two-species plasmas with spherically symmet-
The re-
sults accurately capture both near-equilibrium and far-from-

ric velocity space using FPRS collision operator.

equilibrium states for spherically symmetric plasmas system.
The analysis of scenarios within more general velocity space,
including those related to axisymmetric systems, has been ac-
complished and will be published in the future. These find-
ings will serve as valuable benchmarks for nonlinear statistical
physics applications such as fusion plasmas and solar plasmas.

Appendix A: Convergence of KMM(0 and MMM

Convergence of KMMO and MMM can be proved based
on the Wiener’s Tauberian theorem. Wiener’s Tauberian theo-
rem is a set of important theorems about smooth function ap-
proximation that was proposed by Norbert Wiener in 1932, [32]
which will be quoted as follows:

Theorem A1 (Wiener’s Tauberian theorem)

Let f € L'(R) be an integrable function. The span of
translations g, (x) = g(x+ a) is dense in L' (R) if and only if
the Fourier transform of function f has no real zeros.

The Fourier transform of Gaussian function is still a
Gaussian function. Therefore, the Gaussian function is obvi-
ously a dense function in the Euclidean space. Gaussian func-
tion serves as a commonly employed non-orthogonal basis for
two primary reasons: Firstly, many natural statistical systems

are independent and identically distributed systems that of-
ten adhere to the central limit theorem.”! Secondly, Gaus-
sian functions offer computational simplicity. By selecting the
basis g(v) as a Gaussian function to approximate the distribu-
tion function f(v), i.e., F(v) = YN wyg(v+cs), where wy is
the weight of basis function. This form represents the one-
dimensional Gaussian mixture model*?! (GMM) with identi-
cal expectation.

GMM with different expectations and deviations is rep-
resented by approximating the function f(v) with a series of
scaled and translated Gaussian functions, g [(v—i—csﬁk) / stk].
With N expectations and N deviations, this approximation can
be expressed as

N
F(v)=1),
k=1

Above equation consists of a total of N x N Gaussian func-

M=

weg [(v+esx) /osk] - (A1)

k

1

tions, which can be reduced by utilizing optimization al-
gorithms, such as the expectation—maximization!**! (EM)
method. After obtaining an optimized set of parameters
{Wsk:Csk, Os ik } Where s = k, equation (A1) can be expressed
as

N

F(v)= I;Wkg [(v4+cx) /o]

(A2)

Specifically, when all deviations are zero (c; = 0,Vk), equa-
tion (A2) will be
N
F(v) =) wig(v/0). (A3)
k=1

Equation (A3) is the form of MMM (46) given in Subsec-
tion 3.2. Function ICy (43) is the form of Gaussian function in
spherical coordinate system when the velocity space is spher-
ically symmetric, which can be obtained by employing the
spherical harmonic expansion.!?’! Hence, KMMO (42) will be
convergent when the velocity space exhibits spherical symme-

try.

Appendix B: Flowchart to solve the relaxation
model based on MMM

The relaxation model based on MMM for scenario with
shell-less spherically symmetric velocity space, described in
detail in Subsection 3.4, generally consists of a set of non-
linear equations that can only be solved numerically. In this
paper, we just present the flowchart to solve these nonlinear
equations, which is provided in Fig. B1. The transport equa-
tion represented by Eq. (35) can be solved by a Runge—Kutta
solver, i.e., trapezoidal [291 scheme which is a second-order im-
plicit method. A general relaxation model based on KMMO
for scenario with general spherically symmetric velocity space
has been provided in Ref. [4] and will be published in the near
future.
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Input fo(v,to) (14) for all species

l

Initial 3Nk, (t;) kinetic moments M o(t =0) = M; o(t =0) (28) and p,(tr) (29), van(tr) (30)

l

Solving the CPEs (49)

l

Updating characteristic parameters g, (tx), Uar (tx) and Vam, (t)

Update kabj,o(tk) according to Eq. (55) and ﬁaaj,o(tk) according to Eq. (56)

l

Compute the kinetic dissipative force closure relation (36) to obtain kj,[)(tk)

l

Update M o(trs1) (28) according to Eq. (51) and renew po(tit1) (29), vacn(trs1) (30)

Renew Ng, (ti+1), update Mjo(tz41) and solve the new well-posed CPEs (49)

)

E]' éMj,O(thrl)SRtOl

Update dNg, (trt1)

{Output Pa(tr); varn(tr) and fo(v, tr) (46)

Fig. B1. Flowchart of the kinetic moment-closed model for plasma when velocity space exhibits spherical symmetry without shell structure.
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