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SPECIAL TOPIC — Computational programs in complex systems
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Livestock transportation is a key factor that contributes to the spatial spread of brucellosis. To analyze the impact of
sheep transportation on brucellosis transmission, we develop a human–sheep coupled brucellosis model within a metapop-
ulation network framework. Theoretically, we examine the positively invariant set, the basic reproduction number, the
existence, uniqueness, and stability of disease-free equilibrium and the existence of the endemic equilibrium of the model.
For practical application, using Heilongjiang province as a case study, we simulate brucellosis transmission across 12 cities
based on data using three network types: the BA network, the ER network, and homogeneous mixing network. The simu-
lation results indicate that the network’s average degree plays a role in the spread of brucellosis. For BA and ER networks,
the basic reproduction number and cumulative incidence of brucellosis stabilize when the network’s average degree reaches
4 or 5. In contrast, sheep transport in a homogeneous mixing network accelerates the cross-regional spread of brucellosis,
whereas transportation in a BA network helps to control it effectively. Furthermore, the findings suggest that the movement
of sheep is not always detrimental to controlling the spread of brucellosis. For cities with smaller sheep populations, such
as Shuangyashan and Qitaihe, increasing the transport of sheep outward amplifies the spatial spread of the disease. In con-
trast, in cities with larger sheep populations, such as Qiqihar, Daqing, and Suihua, moderate sheep outflow can help reduce
the spread. In addition, cities with large livestock populations play a dominant role in the overall transmission dynamics,
underscoring the need for stricter supervision in these areas.

Keywords: brucellosis, metapopulation network, basic reproduction number, sheep transport
PACS: 89.75.Hc, 05.90.+m, 92.20.jp, 02.70.–c
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1. Introduction
Brucellosis is a zoonotic infectious disease that can man-

ifest in acute and chronic forms. Cattle and sheep serve as the
primary hosts for brucella bacteria in livestock, while humans
and other susceptible individuals are usually infected by direct
contact with infected animals or exposure to brucella bacte-
ria in contaminated environments.[1] Examining the data on
the incidence of human brucellosis in China over the past 20
years (see Fig. 1), a noticeable decline in the number of cases
began around 2015–2016. The data in Fig. 1 comes from
the Chinese Center for Disease Control and Prevention Infor-
mation System, with the link https://www.chinacdc.cn/. This
trend suggests that efforts to prevent and control brucellosis
have achieved initial success. However, the number of cases
rebounded in 2019 and has since remained at a high level.
Spatially, brucellosis has spread to all provinces in China,
showing a trend from east to west, south to north, and from
traditional pastoral and semi-pastoral areas to non-pastoral ar-
eas. Based on their prevalence, they are divided into severely
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Fig. 1. Number of human brucellosis cases in China from 2004 to 2023.

epidemic areas, generally epidemic areas, and sporadic epi-
demic areas. The cross-regional transportation of animals has
led to the spread of brucella in urban and other spatial areas,
thus increasing the number of cases of brucellosis and its spa-
tial spread.[2,3] In recent years, although China has introduced
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many measures to control brucellosis, the continuous increase
in animal breeding and frequent animal transport have resulted
in an upward trend in brucellosis cases, which has severely
impacted the health of the Chinese people and caused signifi-
cant disruptions to the livestock industry.[4,5] For example, Ge,
Suo and Yin et al. have studied the situation of brucellosis
in Heilongjiang province, finding that the incidence of human
brucellosis in Heilongjiang has shown a downward trend in
recent years, but further strengthening of prevention and con-
trol efforts is still necessary.[6–8] Therefore, considering the
transportation of animals between regions, studying the inter-
regional transmission of brucellosis becomes an urgent task.

Patch dynamics models are essential tools for studying
the spatial transmission of brucellosis, and significant progress
has been made in this field. These models have contributed
to a deeper understanding of how the disease spreads across
different spatial regions. For example, Zhang et al.[4] pro-
posed a n-patch dynamic model to investigate the impact of
the dispersal of cows in Zhejiang province on the transmis-
sion of brucellosis in 2014. They found that the dispersal of
susceptible populations and the centralization of infected cat-
tle to areas with a large breeding scale were beneficial for the
control of the epidemic. In 2017, Yang et al.[9] established
a nonlinear modeling framework based on spatial simulation
of patch structure to study the spread of brucellosis, empha-
sizing the importance of spatial heterogeneity in brucellosis
prevention and control. In 2022, Guo et al.[10] explored the
impact of sheep transportation on brucellosis transmission us-
ing a multi-patch model, with a case study focusing on the
spread of the disease between Ulanhot City and Jalad Ban-
ner. Their findings indicated that regulation of sheep trans-
port was an effective measure for preventing and controlling
brucellosis. Qin et al.[11] developed a human–sheep coupled
brucellosis model based on patch dynamics and examined the
impact of sheep movement on the transmission of brucellosis.
Their study was based on human brucellosis data from Shanxi
and Hebei provinces between 2010 and 2018. From the per-
spective of the transmission process and contact patterns of
diseases, the above models are all homogeneous mixing dy-
namics models, which means that livestock transport between
regions is equally possible. However, livestock transport ex-
hibits spatial heterogeneity due to differences in breeding vol-
umes and socio-economic conditions in reality. To more ef-
fectively control the spread, complex network theory provides
new perspectives and approaches for studying the mechanisms
of epidemic transmission.[12–14] The metapopulation model,
an essential tool in this context, divides a single population
into n spatially discrete subpopulations or patches based on ge-
ographical areas. Within each subpopulation, individuals are
homogeneously mixed, while the subpopulations themselves
are connected heterogeneously.[15–17] This model is particu-

larly advantageous as it allows for the study of how individual
movements influence the transmission of diseases across spa-
tially separated populations.

Given the significant impact of livestock transportation
on the spatial spread of brucellosis and the current state of
research, we construct a human–sheep coupling brucellosis
model in the metapopulation network[18,19] to study the ef-
fect of goat transportation on brucellosis transmission. The
structure of the paper is as follows. In Section 2, we construct
a human–sheep coupling brucellosis model on a metapopula-
tion network for sheep transportation between nodes (cities).
In Section 3, we perform a theoretical analysis of the model,
including the basic reproduction number, the positively invari-
ant set, the existence and global asymptotic stability of the
disease-free equilibrium point, and the existence of the en-
demic equilibrium point. In Section 4, taking the 12 regions in
Heilongjiang province as examples, numerical simulations are
carried out. In Section 5, a brief conclusion is made.

2. Model formulation

To study the impact of livestock transportation on the
spread of brucellosis, we propose a human–sheep coupling
brucellosis model on a metapopulation network. In the model,
sheep are divided into three classes, that is, susceptible sheep
(S), exposed sheep (E), and infected sheep (I), the human pop-
ulation can be divided into two categories, that is, susceptible
humans (Sh) and infected humans (Ih). In addition, the sheep
and humans within each subpopulation are homogeneously
mixed, and the edges between subpopulations represent the
transportation of sheep between them, with these edges being
heterogeneous as shown in Fig. 2. We show the state change
of the model in Fig. 3, and the details of the model are shown
below.

(i) Brucella-infected sheep, including both exposed and
infected sheep, release the bacteria into the environment dur-
ing illness. Since infected sheep show clinical symptoms and
are culled, they are not considered for animal transport.

(ii) Susceptible sheep can become infected by contact
with exposed or infected sheep during the latent period or by
encountering brucella in the environment. Assuming equal
pathogenicity between exposed and infected sheep, the infec-
tion rate remains consistent for both susceptible humans and
sheep when they come into contact with them.

(iii) Humans can only be infected through contact with
brucella in the environment, exposed sheep, or infected sheep.
Infected humans do not transmit the disease but may experi-
ence natural death. Due to the low mortality rate associated
with brucellosis, disease-related mortality is not considered in
this context.
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Susceptible sheep

Susceptible human

Exposed sheep Infected sheep

Infected human

Fig. 2. Schematic diagram of the metapopulation network. Each sub-
population contains homogeneous mix of sheep and humans, and the
edges between subpopulations represent the transportation of sheep be-
tween them.

Fig. 3. Flow chart of the brucellosis coupled metapopulation model of
humans and sheep.

According to Fig. 3, the model can be described as fol-
lows:

dSk
dt = Ak −βk(SkEk +SkIk)−αkSkWk −dkvSk −δkSk

+ k
m
∑

k′=1
P(k|k′)dk′kSk′ ,

dEk
dt = βk(SkEk +SkIk)+αkSkWk −δkEk −θkEk

−dkvEk + k
m
∑

k′=1
P(k|k′)dk′kEk′ ,

dIk
dt = θkEk −µkIk −dkvIk,

dWk
dt = γk(Ek + Ik)−ωWk,

dShk
dt = Ahk −βhk(EkShk + IkShk)−αhkWkShk −dShk + pIhk,

dIhk
dt = βhk(EkShk + IkShk)+αhkWkShk −dIhk − pIhk,

(1)

where m represents the maximum value of node degree. Sk, Ek,
Ik, and Wk denote the average numbers of susceptible sheep, la-
tent sheep, infected sheep, and brucella bacteria in subpopula-
tions of degree k. Shk and Ihk represent the average numbers of
susceptible humans and infected humans in subpopulations of
degree k. Ak and Ahk indicate the average births of susceptible
sheep and susceptible individuals in subpopulations of degree
k. P(k′|k) denotes the conditional probability that a node with
degree k connects to a node with degree k′. dk′k represents the

migration rate of sheep from a subpopulation of degree k′ to a
subpopulation of degree k in a unit of time. The meaning of
parameters involved in system (1) is shown in Tables 1 and 2.

3. Dynamic analysis of model
Since the first four equations of system (1) are indepen-

dent of the last two equations, we only study the following
system for the dynamic analysis of system (1):

dSk
dt = Ak −βk(SkEk +SkIk)−αkSkWk −dkvSk

−δkSk + k
m
∑

k′=1
P(k|k′)dk′kSk′ ,

dEk
dt = βk(SkEk +SkIk)+αkSkWk −δkEk −θkEk

−dkvEk + k
m
∑

k′=1
P(k|k′)dk′kEk′ ,

dIk
dt = θkEk −µkIk −dkvIk,

dWk
dt = γk(Ek + Ik)−ωWk.

(2)

Theorem 1 Let dv = min{dkv,1 ≤ k ≤ m}, γ =

max{γk,1 ≤ k ≤ m}, N* = A/dv, where A = ∑
m
k′=1 Ak′ . Every

set of solution G of system (2) satisfies {(S,E, I,W ) ∈ R4m
+ :

∑
m
k′=1(Sk+Ek+ Ik)≤ N*,∑m

k′=1 Wk ≤ γN*/ω}, which is a pos-
itive invariant set of system (2).

Proof Firstly, summing the first three equations of sys-
tem (2) over nodes of degree k yields

N′
k = (Sk +Ek + Ik)

′

= Ak −dkvNk −µkIk −δk(Sk +Ek)

+k
m

∑
k′=1

P(k|k′)dk′k(Sk′ +Ek′).

According to the migration relationships between the
nodes, the following relationships can be derived:

δk =
m

∑
k′=1

k′P(k′|k)dkk′ , 1 ≤ k ≤ m. (3)

Combining Eq. (3), and summing the first three equations
of V nodes yields

N′ =
m

∑
k′=1

N′
k =

m

∑
k′=1

(Sk +Ek + Ik)
′

=
m

∑
k′=1

(Ak′ −dk′vNk′ −µk′ Ik′)

≤ A−dvN.

Therefore, limsup
t→∞

N ≤ A/dv. Additionally,

m

∑
k′=1

W ′
k′ =

m

∑
k′=1

(γk′Ek′ + γk′ Ik′ −ωWk′)

≤ γ

m

∑
k′=1

(Ek′ + Ik′)−ω

m

∑
k′=1

Wk′

≤ γ
A
dv

−ω

m

∑
k′=1

Wk′ .
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Thus, limsup
t→∞

m
∑

k′=1
Wk′ ≤ γA

dvω
.

In conclusion, G is a positively invariant set of system (2).

Theorem 2 The system (2) has a unique disease-free
equilibrium point.

Proof Let the right-hand side of system (2) be zero and
choose E0

k = I0
k =W 0

k = 0, we obtain the following system:

Ak −dkvS0
k −δkS0

k + k
m

∑
k′=1

P(k|k′)dk′kS0
k′ = 0, 1 ≤ k ≤ m. (4)

The above equation can also be expressed in the following
form:


−d1v −δ1 P(1|2)d21 . . . P(1|m)dm1
2P(2|1)d12 −d2v −δ2 . . . 2P(2|m)dm2

...
...

. . .
...

mP(m|1)d1m kmP(m|2)d2m . . . −dmv −δm


(m×m)

×


S0

1
S0

2
...

S0
m

=


−A1
−A2

...
−Am

 .

Observing the coefficient matrix and combining with
Eq. (3), the coefficient matrix of system (4) is strictly diago-
nally dominant. According to Appendix A in Ref. [20], the
negative of the coefficient matrix of system (4) is an irre-
ducible Metzler matrix. By the Perron–Frobenius Theorem,
system (4) has a unique non-trivial positive solution. Hence,
the disease-free equilibrium point of system (2) exists and is
unique, which can be denoted as

P0 = (S0
1, . . . ,S

0
m,0, . . . ,0,0, . . . ,0).

3.1. The basic reproduction number

We calculate the basic reproduction number of sys-
tem (2) in this section. Based on the definitions of the
basic reproduction number and the next-generation matrix
in Refs. [20,21], only a set of vectors representing in-
fectious compartments must be considered, denoted x =

(E1, . . . ,Em, I1, . . . , Im,W1, . . . ,Wm)
T. Therefore, we consider

the following auxiliary system:



dEk
dt = βk(SkEk +SkIk)+αkSkWk

−δkEk −θkEk −dkvEk + k
m
∑

k′=1
P(k|k′)dk′kEk′ ,

dIk
dt = θkEk −µkIk −dkvIk,

dWk
dt = γk(Ek + Ik)−ωWk.

(5)

By the method outlined in Ref. [20], we define

ℱ =



β1(S1E1 +S1I1)+α1S1W1
...

βm(SmEm +SmIm)+αmSmWm
0
...
0
0
...
0


,

𝒱 =



θ1E1 +d1vE1 +δ1vE1 −
m
∑

k′=1
P(1|k′)dk′1Ek′

...

θmEm +dmvEm +δmvEm −m
m
∑

k′=1
P(m|k′)dk′mEk′

µ1I1 +d1vI1 −θ1E1
...

µmIm +dmvIm −θmEm
ωW1 − γ1(E1 + I1)

...
ωWm − γm(Em + Im)



.

The partial derivatives of the above column vector with respect
to Ek, Ik and Wk at the disease-free equilibrium yield

F =

F1 F2 F3
0 0 0
0 0 0


(3m×3m)

, V =

V1 0 0
V2 V3 0
V4 V5 V6


(3m×3m)

,

where

F1 = F2 = diag(βkS0
k)(m×m), F3 = diag(αkS0

k)(m×m),

V1 = diag(θk +dkv)(m×m)−B,

V2 =−diag(θk)(m×m), V3 = diag(µk +dkv)(m×m),

V4 =V5 =−diag(γk)(m×m), V6 = diag(ω)(m×m),

B =


−δ1v P(1|2)d21 · · · P(1|m)dm1

2P(2|1)d12 −δ2v · · · 2P(2|m)dm2
...

...
. . .

...
mP(m|1)d1m mP(m|2)d2m · · · −δmv

 .

After computation, we obtain

V−1

=

 V−1
1 0 0

−V−1
3 V2V−1

1 V−1
3 0

V−1
6 (V5V−1

3 V2V−1
1 −V4V−1

1 ) −V−1
6 V5V−1

3 V−1
6


(3m×3m)

.

(6)

Then,

FV−1 =

∆ F2V−1
3 −F3V−1

6 V5V−1
3 F3V−1

6
0 0 0
0 0 0


(3m×3m)

, (7)
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where ∆ = F1V−1
1 − F2V−1

3 V2V−1
1 + F3V−1

6 (V5V−1
3 V2V−1

1 −
V4V−1

1 ). So, the basic reproduction number of system (2) is

R0 = ρ(FV−1) = ρ(F1V−1
1 −F2V−1

3 V2V−1
1

+F3V−1
6 (V5V−1

3 V2V−1
1 −V4V−1

1 )), (8)

where ρ(FV−1) represents the spectral radius of the matrix
FV−1.

In particular, without considering migration between pop-
ulations, the basic reproduction number of the subpopulation
with degree k is

Rk0 =
S0

k(θk +µk +dkv)(βkω +αkγk)

ω(θk +dkv)(µk +dkv)
. (9)

3.2. The global stability of the disease-free equilibrium

Theorem 3 When R0 < 1, the disease-free equilibrium P0

of system (2) is globally asymptotically stable in G.
Proof First, we will prove that P0 is locally asymptoti-

cally stable. Define

M = F −V =

F1 −V1 F2 F3
−V2 −V3 0
−V4 −V5 −V6


(3m×3m)

, (10)

and let s(M) be the maximum real part of the eigenvalues of
M. According to Theorem 2 in Ref. [20], we have

R0 < 1 ⇔ s(M)< 0, R0 > 1 ⇔ s(M)> 0. (11)

Clearly, it is evident that it suffices to prove the condi-
tions (A1)–(A5) from Ref. [20]. Conditions (A1)–(A4) are
obviously satisfied, therefore, it remains to demonstrate that
matrix

J|P0 =

(
J1 J2
0 M

)
(4m×4m)

(12)

has all eigenvalues with negative real parts, where

J1 =


−δ1v P(2|1)d21 · · · P(m|1)dm1

2P(1|2)d12 −δ2v · · · 2P(m|2)dm2
...

...
. . .

...
mP(1|m)d1m mP(2|m)d2m · · · −δmv


(m×m)

−diag(dkv)(m×m), (13)

J2 =
(
−F1 −F2 −F3

)
(m×3m)

. (14)

According to Eq. (3), the matrix (13) is strictly diago-
nally dominant by columns, and −dkv − δkv < 0. Similarly to
Theorem 2, all eigenvalues of J1 are negative. When R0 < 1,
s(M) < 0, which implies s(J|P0) < 0. Therefore, the equilib-
rium P0 of system (2) is locally asymptotically stable.

Next, we will prove that p0 is globally attractive when
R0 < 1, that is, for any k, when 1 ≤ k ≤ m, the following in-
equality holds:

lim
t→∞

(Sk(t),Ek(t), Ik(t),Wk(t)) = (S0
k ,0,0,0). (15)

From system (2), it can be deduced

dSk

dt
≤ Ak −dkvSk −δkSk + k

m

∑
k′=1

P(k′|k)dk′kSk′ ,

1 ≤ k ≤ m. (16)

Considering the following linear system:

dSk

dt
= Ak −dkvSk −δkSk + k

m

∑
k′=1

P(k′|k)dk′kSk′ ,

1 ≤ k ≤ m. (17)

The Jacobian matrix of system (17) is
−d1v −δ1v P(2|1)d21 · · · P(m|1)dm1
2P(1|2)d12 −d2v −δ2v · · · 2P(m|2)dm2

...
...

. . .
...

mP(1|m)d1m mP(2|m)d2m · · · −dmv −δmv


(m×m)

. (18)

Clearly, Jacobian matrix (18) is strictly diagonally dom-
inant. Moreover, the main diagonal elements −dkv − δkv < 0
of matrix (18), implying that system (17) has a unique positive
equilibrium S0 = (S0

1, · · · ,S0
m)

T. Since system (17) is linear,
the disease-free equilibrium S0 is globally asymptotically sta-
ble. For any η > 0, there exists a sufficiently large t such that
Sk(t) ≤ S0

k +η , 1 ≤ k ≤ m. Therefore, for sufficiently large t,
the following auxiliary system holds:

dEk
dt ≤ βk(Ek + Ik)(S0

k(t)+η)+αk(S0
k(t)+η)Wk

−δkEk −θkEk −dkvEk + k
m
∑

k′=1
P(k′|k)dk′kEk′ ,

dIk
dt = θkEk −µkIk −dkvIk,

dWk
dt = γk(Ek + Ik)−ωWk.

(19)

Next, we prove that the positive solutions of the auxiliary
system (19) tend to zero as t → ∞. We define

Mη =

M1 M2 M3
0 0 0
0 0 0


(3m×3m)

, (20)

M1 = M2 = diag(βkS0
kη)(m×m), (21)

M3 = diag(αkS0
kη)(m×m). (22)

According to Ref. [20], when R0 < 1, s(M) < 0. For suffi-
ciently small η , s(M + Mη) is continuous. Taking a small
η > 0 such that s(M + Mη) < 0. Based on the Perron–
Frobenius theorem, all eigenvalues of the matrix M+Mη have
negative real parts when s(M+Mη)< 0. Therefore, for any k,
when 1≤ k ≤m, system (19) satisfies the following inequality:

(E ′
k(t), I

′
k(t),W

′
k(t))→ (0,0,0), t → ∞. (23)
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It implies that the zero solution of system (19) is globally
asymptotically stable. For any k, when 1 ≤ k ≤ m, using the
comparison principle,[22] we obtain

(Ek(t), Ik(t),Wk(t))→ (0,0,0), t → ∞. (24)

For any k, when 1 ≤ k ≤ m, by the theory of asymptotic au-
tonomous systems,[23] we can conclude

(Sk(t),Ek(t), Ik(t),Wk(t))→ (S0
k ,0,0,0), t → ∞. (25)

In other words, when R0 < 1, the disease-free equilibrium P0 is
globally attractive. Furthermore, considering the local asymp-
totic stability of the disease-free equilibrium, we conclude that
P0 is globally asymptotically stable when R0 < 1. This com-
pletes the proof.

3.3. The existence of endemic equilibrium

This section proves that system (2) has at least one posi-
tive equilibrium point when R0 > 1. We define

X = {(S1,E1, I1,W1, . . . ,Sm,Em, Im,Wm) :

Sk > 0,Ek ≥ 0, Ik ≥ 0,Wk ≥ 0,1 ≤ k ≤ m},

X0 = {(S1,E1, I1,W1, . . . ,Sm,Em, Im,Wm) :

(S1,E1, I1,W1, . . . ,Sm,Em, Im,Wm) ∈ X ,

Ek > 0, Ik > 0,Wk > 0,1 ≤ k ≤ m},

∂X0 = X∖X0 = {(S1,E1, I1,W1, . . . ,Sm,Em, Im,Wm) :

(S1,E1, I1,W1, . . . ,Sm,Em, Im,Wm) ∈ X ,

for some k ∈ {1, . . . ,m},Ek = 0, or Ik = 0, or Wk = 0}.

Theorem 4 When R0 > 1, there exists a positive constant
ε such that when ‖(Ek(0), Ik(0),Wk(0))‖< ε for all initial val-
ues (Sk(0),Ek(0), Ik(0),Wk(0)) ∈ X0 and for 1 ≤ k ≤ m, the
following holds:

limsup
t→∞

max
k

‖ (Ek(t), Ik(t),Wk(t)) ‖> ε. (26)

Proof Considering an auxiliary system

dSk

dt
= Ak −2βkSkε1 −αkSkε1 −dkvSk −δkSk

+k
m

∑
k′=1

P(k′|k)dk′kSk′ , 1 ≤ k ≤ m, (27)

where ε1 is a positive number to be determined. Sim-
ilarly to system (17), system (27) has a unique global
asymptotically stable positive equilibrium point S0(ε1) =

(S0
1(ε1), . . . ,S0

m(ε1))
T. According to the implicit function the-

orem, S0(ε1) is continuous. Therefore, further restricting ε1

small enough ensures Sk(ε1) > S0
k − η for 1 ≤ k ≤ m. For

t > T1, there exists T1 > 0 such that Sk(t)> S0
k −η . Therefore,

when t > T1 +T , we have

dEk
dt ≥ βk(Ek + Ik)(S0

k −η)+αk(S0
k −η)Wk −δkEk

−θkEk −dkvEk + k
m
∑

k′=1
P(k′|k)dk′kEk′ ,

dIk
dt = θkEk −µkIk −dkvIk,

dWk
dt = γk(Ek + Ik)−ωWk.

(28)

Consider the following system:

dEk
dt = βk(Ek + Ik)(S0

k −η)+αk(S0
k −η)Wk −δkEk

−θkEk −dkvEk + k
m
∑

k′=1
P(k′|k)dk′kEk′ ,

dIk
dt = θkEk −µkIk −dkvIk,

dWk
dt = γk(Ek + Ik)−ωWk.

(29)

According to R0 > 1 ⇔ s(M) > 0, we can find a sufficiently
small η such that s(M − Mη) > 0, where Mη is defined as
shown in Eqs. (20)–(22). Because s(M − Mη) > 0, when
1 ≤ k ≤ m:

(E ′
k(t), I

′
k(t),W

′
k(t))→ (∞,∞,∞), t → ∞. (30)

Using the comparison principle,[22] we obtain

(Ek(t), Ik(t),Wk(t))→ (∞,∞,∞), t → ∞. (31)

This leads to a contradiction, which establishes the validity of
Eq. (26). Thus, the proof is complete.

Theorem 5 When R0 > 1, system (2) has at least one pos-
itive equilibrium, and there exists a constant ε such that every
solution of system (15) with respect to X0 satisfies

min
{

lim
t→∞

inf
k

Ek(t), lim
t→∞

inf
k

Ik(t), lim
t→∞

inf
k

Wk(t)
}
≥ ε, 1 ≤ k ≤ m.

Proof Firstly, we establish the uniform persistence of
system (2) with respect to (X0,∂X0). Clearly, X and X0

are positively invariant and ∂X0 is relatively closed in X0.
By theorem 1, system (2) is point dissipative. Let M∂ =

{(S1(t),E1(t), I1(t),W1(t), . . . ,Sm(t),Em(t), Im(t),Wm(t)) :
(S1(t),E1(t), I1(t),W1(t), . . . ,Sm(t),Em(t), Im(t),Wm(t)) ∈
∂X0,∀t ≥ 0}. Next, we proceed to prove the following equa-
tion:

M∂ = {(S1(t),0,0,0, . . . ,Sm(t),0,0,0) : Sk(t)≥ 0,

1 ≤ k ≤ m}. (32)

Clearly, {(S1(t),0,0,0, . . . ,Sm(t),0,0,0) : Sk(t) ≥ 0,1 ≤
k ≤ m} ⊂ M∂ , Next, we need to prove that M∂ ⊂
{(S1(t),0,0,0, . . . ,Sm(t),0,0,0) : Sk(t) ≥ 0,1 ≤ k ≤ m}. As-
suming (S1(t),E1(t), I1(t),W1(t), . . . ,Sm(t),Em(t), Im(t),Wm(t))∈
M∂ , thus, for 1 ≤ k ≤ m, we have Ek(t) = Ik(t) = Wk(t) =
0,∀t ≥ 0. If this assumption does not hold, then there exists
a k and a t0 such that either Ek(t0), Ik(t0), or Wk(t0) is greater
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than 0. We divide (1, . . . ,m) into sets Q1 and Q2, where Q1

and Q2 satisfy the following conditions:

(Ek(t0), Ik(t0),Wk(t0))ᵀ = (0,0,0)ᵀ, ∀k ∈ Q1, (33)

Ek(t0)> 0, or Ik(t0)> 0, or Wk(t0)> 0, ∀k ∈ Q2. (34)

From the definition of M∂ , it is evident that Q1 is not
empty. The earlier assumption stated that there exist a k and a
t0 such that Ek(t0), Ik(t0), or Wk(t0) is greater than 0, hence Q2

is not empty.
For k ∈ Q2, we assume Ek(t0) > 0, Ik(t0) = Wk(t0) = 0.

According to the system (2), we have I′k(t0) = θkEk(t0) > 0,
W ′

k = γkEk(t0) > 0. Therefore, there exists a relatively small
positive number ε0 such that Ek(t) > 0, Ik(t) > 0,Wk(t) > 0,
k ∈ Q2 for t0 < t < t0 + ε0.

For k ∈ Q1, E ′
k(t0) ≥ P(k′|k)dk′kEk(t0) > 0. There-

fore, there exists a positive number ε1 such that
Ek(t) > 0 for t0 < t < t0 + ε1. Similarly, there
exists ε1 such that Ik(t) > 0, Wk(t) > 0. This
implies that if we take εm = min{ε0,ε1,ε2}, then
(S1(t),E1(t), I1(t),W1(t), . . . ,Sm(t),Em(t), Im(t),Wm(t)) /∈ ∂X0

for t0 < t < t0 + εm. This contradicts the assumption; hence,
equation (32) holds true.

Combining the global asymptotic stability of the disease-
free equilibrium point P0 of system (2), the set M∂ contains
only one equilibrium point P0, which is an isolated invariant
set in X , meaning W S(P0)∩X0 = ∅. Every trajectory in M∂

converges to P0, and P0 is non-cyclic in M∂ . According to The-
orem 4.6 in Ref. [24], system (2) is uniformly persistent with
respect to (X0,∂X0).

According to Theorem in 2.4 in Ref. [25], system (2) has
an equilibrium (S*,E*, I*,W *) ∈ X0, where S* = (S*1, . . . ,S

*
m),

E* = (E*
1 , . . . ,E

*
m), I* = (I*1 , . . . , I

*
m), W * = (W *

1 , . . . ,W
*
m).

Assuming S*k = 0 for 1 ≤ k ≤ m, from the first equa-
tion of system (2), we obtain 0 = −δkEk − θkEk − dkvEk +

k
m
∑

k′=1
P(k′|k)dk′kEk′ . This leads to I*k = 0, a contradiction.

Therefore, by the irreducibility of the coefficient matrix and
the first equation of system (2), we conclude S*k > 0 for 1 ≤
k ≤ m. Hence, (S*,E*, I*,W *) is a positive equilibrium of sys-
tem (2). This completes the proof.

4. Numerical simulation
We choose Heilongjiang province as an example to in-

vestigate the transmission of brucellosis based on sheep move-
ment among 12 administrative regions including Harbin, Qiqi-
har, Shuangyashan, Daqing, Jiamusi, Qitaihe, Mudanjiang,
Heihe, Suihua, Daxing’anling, Jixi, and Yichun, as Hei-
longjiang province is a high-risk area for brucellosis.[3] First,
the parameters are given by fitting the actual data to the model
based on the BA network, the ER network, and homogeneous

mixing network. Then, we simulate the impact of the network
average degree on the transmission of brucellosis and the im-
pact of parameters on R0.

4.1. Parameter estimation and fitting results

In this section, system (1) is applied to fit the cumula-
tive cases of human brucellosis in Heilongjiang province from
2010 to 2020. The data comes from the Chinese Center for
Disease Control and Prevention Information System, with the
link https://www.chinacdc.cn/. The unknown parameters in
the model are estimated using the least squares method, and
all parameter values are expressed as units of year, as shown
in Table 1. According to the results of the 6th population
census, population data for the 12 regions of Heilongjiang
in 2010 are obtained. Based on data from the brucellosis
outbreak in these regions in 2010, initial data from the sus-
ceptible human population and infected human data are ob-
tained. Since there is no data available for infected sheep,
estimates are made of the numbers of exposed and infected
sheep during the incubation period. Regarding the quantity
of brucella in the environment, it is assumed to range from
1 × 106 to 1.2 × 106. Twelve values are randomly selected
within this range to represent the initial quantity of brucella
in the environment. The data mentioned earlier all come from
the Heilongjiang Provincial Bureau of Statistics, with the link
https://tjj.hlj.gov.cn/tjjnianjian/2020/zk/indexch.htm.

Table 1. Parameter variable values and descriptions.

Parameter Description Value Source

θk the rate of clinical outcome of
exposed sheep within a sub-
population of degree k

1 [26]

µk disease-related culling rate of
infectious sheep within a sub-
population of degree k

0.25 [27]

γk the amount of brucella per unit
time emitted by exposed and
infected sheep within a sub-
population of degree k

15 [26]

ω brucella decay rate 3.6 [26]

p the recovery rate of the infected
population

0.6 [28]

d the natural mortality rate of hu-
mans

0.0065 [29]

dkv the sale rate of sheep within a
subpopulation of degree k

0.4508 [30]

αk brucella in environment-to-
susceptible sheep transmission
rate within a subpopulation of
degree k

1.7×10−10 [26]

αhk brucella in environment-to-
susceptible human transmis-
sion rate within a subpopula-
tion of degree k

1×10−11 [26]

For the 12 cities in Heilongjiang province, we construct a
BA network with an average degree of 5 and an ER network

018904-7

https://www.chinacdc.cn/
https://tjj.hlj.gov.cn/tjjnianjian/2020/zk/indexch.htm


Chin. Phys. B 34, 018904 (2025)

with an average degree of 4.833, and the network schematic
diagram is shown in Fig. 4. The sheep are transported in these
two heterogeneous networks. In order to compare with tradi-
tional dynamics, we also consider the case of homogeneous
mixing network.[32] According to the parameter values shown
in Table 1, the model solutions are adapted to the cumula-
tive human brucellosis cases reported from 2010 to 2020 in
the 12 Heilongjiang regions using Matlab in these three net-
works. The parameter values are obtained as follows. βk are
5.267× 10−7, 5.746× 10−7 and 6.091× 10−7, respectively,
βhk are 1.437× 10−7, 1.322× 10−7 and 1.31× 10−7, respec-
tively; δk are 0.15, 0.1712 and 0.1926, respectively.

Figure 5 presents the numerical fit and 95% confidence
interval for the cumulative cases of human brucellosis reported

in the 12 regions of Heilongjiang from 2010 to 2020. As
shown, the model solution aligns well with the actual data,
demonstrating that the model is relatively reasonable. Fur-
thermore, based on parameter estimates, the basic reproduc-
tion numbers under sheep transport scenarios for BA network,
ER network, and homogeneous mixing network are 1.7594,
1.8477, and 1.8586, respectively, all of which exceed 1. This
consistently suggests that as long as sheep transport occurs,
brucellosis will continue to spread between regions. Further-
more, the comparison shows that the basic reproduction num-
ber is highest in the homogeneous mixing network, which fa-
cilitates the spread of brucellosis, whereas it is lowest in the
BA network, which can mitigate the spread of brucellosis be-
tween regions.

(a) BA network (b) ER network

Fig. 4. The network diagram of the 12 cities in Heilongjiang province.

6

5

4

3

2

1

0

T
h
e
 c

u
m

u
la

ti
v
e
 n

u
m

b
e
r 

o
f 
h
u
m

a
n

  
  
  
 b

ru
c
e
ll
o
si

s 
c
a
se

s 
(1

0
4
)

20
10

20
11

20
12

20
13

20
14

20
15

20
16

20
17

20
18

20
19

20
20

Time (year)

6

5

4

3

2

1

0

T
h
e
 c

u
m

u
la

ti
v
e
 n

u
m

b
e
r 

o
f 
h
u
m

a
n

  
  
  
 b

ru
c
e
ll
o
si

s 
c
a
se

s 
(1

0
4
)

20
10

20
11

20
12

20
13

20
14

20
15

20
16

20
17

20
18

20
19

20
20

Time (year)

6

5

4

3

2

1

0

T
h
e
 c

u
m

u
la

ti
v
e
 n

u
m

b
e
r 

o
f 
h
u
m

a
n

  
  
  
 b

ru
c
e
ll
o
si

s 
c
a
se

s 
(1

0
4
)

20
10

20
11

20
12

20
13

20
14

20
15

20
16

20
17

20
18

20
19

20
20

Time (year)

(a) (b) (c)

Fig. 5. The fitting results of the cumulative human brucellosis cases in Heilongjiang province from 2010 to 2020 are shown. The red line
represents the model’s solution, the dots indicate the actual data points, and the shaded area denotes the 95% confidence interval.

4.2. The impact of network average degree on the trans-
mission of brucellosis

In this section, we conduct simulations on 1000 Barabsi–
Albert (BA) and 1000 Erds–Rnyi (ER) networks to observe
how changes in the average degree of the network affect the
disease transmission threshold and the number of infectious
disease cases, as illustrated in Fig. 6. The data is smoothed us-
ing cubic spline interpolation, and the specific parameter val-
ues are provided in Tables 1 and 2. As shown in Fig. 6(a),
when sheep herds are transported within BA networks, the
basic reproduction number and cumulative cases initially de-
crease, followed by two fluctuations as the average degree
remains below 5. Once the average degree exceeds 5, both

the basic reproduction number and cumulative cases stabilize.
Figure 6(b) demonstrates that in ER networks, the basic repro-
duction number and cumulative cases experience significant
fluctuations when the average degree is below 2, with a peak
occurring at an average degree of 2. As the average degree in-
creases beyond 4, both values tend to stabilize. In summary, in
both BA and ER networks, the basic reproduction number and
cumulative cases tend to stabilize when the average degree is
around 4 or 5. Furthermore, when the average degree reaches
11 in both BA and ER networks — equivalent to a homoge-
neous mixing network — the basic reproduction numbers are
1.7259, 1.8162, and 1.8586, and the cumulative case numbers
are 54385, 54264, and 53135, respectively.
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Table 2. The results of parameter estimation.

Parameter Description BA network ER network Uniform mixing network Source

βk the infectious sheep-to-susceptible sheep transmission rate 5.267×10−7 5.746×10−7 6.091×10−7 fitted
within a subpopulation of degree k

βhk the infectious sheep-to-susceptible human transmission rate 1.437×10−7 1.322×10−7 1.31×10−7 fitted
within a subpopulation of degree k

δk the sheep mobility rate within a subpopulation of degree k per unit time 0.15 0.1712 0.1926 fitted
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Fig. 6. The effect of the network’s average degree on the spread of brucel-
losis is illustrated. The red and blue solid lines represent the influence of
the average degree on the cumulative number of human brucellosis cases
and the basic reproduction number, respectively.

4.3. The impact of parameters on R0

Next, sensitivity analysis of the basic reproduction num-
ber is conducted to study the factors influencing the inter-
regional spread of brucellosis. In this section, we use the par-
tial rank correlation coefficient (PRCC) to analyze the sensi-
tivity of the basic reproduction number R0 to the control pa-
rameters. The control parameters are the sheep mobility rate
within the subpopulation of degree k per unit time δk, the
sale rate of sheep dkv, disease-related culling rate of infectious
sheep µk, the infectious sheep-to-susceptible sheep transmis-
sion rate βk, the infectious sheep-to-susceptible human trans-
mission rate βhk. The higher the PRCC value, the greater the
impact of the parameter on R0. The results of the analysis are
shown in Fig. 7. R0 is more sensitive to the mobility rate δ ,
the sale rate dkv, the culling rate µ , and the infection rate β .
The absolute values of PRCC are all greater than 0.5, and R0 is
negatively correlated with the mobility rate δ , the sale rate dkv,
culling rate µ , but positively correlated with the infection rate
β . Therefore, we will focus on studying the impact of changes
in the four parameters with large absolute PRCC values on R0

in these three types of transport networks.
Based on the conclusions drawn from Fig. 7, we analyze

how the basic reproduction number (R0) is affected by the mo-
bility rate δ , the sale rate dkv, the culling rate µ and the infec-
tion rate β when sheep are transported in networks generated
by different models, that is, the BA network, the ER network,
and the homogeneous mixing network. As shown in Fig. 8(a),
when the sales rate dkv is less than 0.2, R0 increases signifi-

cantly with increasing sales rates, then declines before again
increasing. Above a sale rate of 0.2, R0 decreases as the sale
rate increases. Regardless of the sale rate dkv, R0 is lowest in
BA networks and highest in homogeneous mixing networks.
In Fig. 8(b), the infection rate β also positively affects R0, with
the highest R0 in BA networks and the lowest in homogeneous
mixing networks at equivalent infection rates β . In contrast,
in Figs. 8(c) and 8(d), R0 decreases with a higher culling rate
µ and mobility rates δ , with BA networks minimizing and ho-
mogeneous mixing networks maximizing R0. This indicates
that the transport of sheep under a homogeneous mixing net-
work will accelerate the spread of brucellosis over the region
and the transport of sheep under the BA network can effec-
tively control the spread of brucellosis over the region. In ad-
dition, under these three network mechanisms, R0 decreases
with the increase of the mobility rate δ , which is opposite to
the conclusion drawn by Zhang, Guo, Qin et al.[4,10,11] that the
basic reproduction number increases with the increase of the
mobility rate δ when there is transport of sheep between the
patch. To explore the reasons for this research result, we an-
alyzed the values and changes in basic reproduction numbers
of each subpopulation (cities in Heilongjiang province) under
this transportation mechanism.

PRCC

dkv

dkv

dkv

-1.0 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1.0

PRCC

-1.0 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1.0

PRCC

-1.0 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1.0

(a) BA network

(b) ER network

(c) Homogeneous mixing network

Fig. 7. Sensitivity analysis of the basic reproduction number R0 using
partial rank correlation coefficient (PRCC).

Then, we primarily study the impact of transportation rate
on the basic reproduction number of 12 cities in Heilongjiang
under three network structures: BA network, ER network, and

018904-9



Chin. Phys. B 34, 018904 (2025)

homogeneous mixing network. The results of the analysis are
shown in Fig. 9. In these three network structures, the basic
reproduction number of cities such as Qiqihar, Daqing, Jia-
musi, Heihe, and Suihua shows a consistent trend with the ba-
sic reproduction number of the entire Heilongjiang province,
decreasing as the mobility rate increases. Combining actual
data, we found that these cities have significantly higher breed-
ing volume and initial cases compared to other cities. As a re-
sult, when the mobility rate increases, the number of infected
and exposed sheep transferred is higher, and the transmission
of disease in this city is controlled. These cities with a higher
breeding volume are also the main drivers of the overall epi-
demic trend in Heilongjiang province. Similarly, cities such as
Shuangyashan, Qitaihe, Daxinganling, Jixi, and Yichun have
a relatively low breeding volume. When the mobility rate in-
creases, the number of infected and exposed sheep transferred
out is much smaller than those transferred in, increasing the
spread of the disease within the city. That is, the basic re-
production number increases with the mobility rate. In Mu-
danjiang, where the breeding volume is close to the average

level, the basic reproduction number first increases and then
decreases with the mobility rate. This indicates that when
transportation reaches a certain level, reducing transportation
can prevent the spread of brucellosis in the city.

0

0.5

1.0

1.5

2.0

2.5

3.0

3.5
ER network
BA network
Homogeneous
mixing network

ER network
BA network
Homogeneous
mixing network

ER network
BA network
Homogeneous
mixing network

ER network
BA network
Homogeneous
mixing network

(a)

0

0.5

1.0

1.5

2.0

2.5

3.0

3.5
(b)

1.2

1.4

1.6

1.8

2.0

2.2

2.4

2.6
(c)

0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8

(d)

0 0.2 0.4 0.6 0.8 1.0
dkv

0 0.2 0.4 0.6 0.8 1.0

0 0.2 0.4 0.6 0.8 1.0

β ↼↩↽

µ
0 0.2 0.4 0.6 0.8 1.0

δ

R
0

R
0

R
0

R
0
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Fig. 9. The impact of sheep transportation on the spread of brucellosis. The red solid line, black solid line, and blue solid line represent the
impact of the transportation rate on the basic reproduction number for each city during the transportation of sheep in ER network, BA network,
and homogeneous mixing network, respectively.

In summary, in areas with high incidence of the disease, it
is possible to adjust the sheep transportation network to control
the spread of the disease. For areas where the disease spreads
rapidly, the culling rate can be appropriately increased to con-

trol the spread of the disease. Additionally, the transportation
of sheep between subpopulations is not always harmful to the
control of brucellosis. For cities with a large breeding volume,
moving sheep outward can actually control the spread of bru-
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cellosis locally. In addition, the epidemic trend in cities with
a larger breeding volume significantly impacts the overall epi-
demic trend in the province and should be given priority for
monitoring. At the same time, cities with a smaller breeding
volume should be encouraged to expand their breeding scale,
thus reducing the development of their own epidemics during
frequent animal trading.

5. Conclusion
The increase in livestock breeding and the frequent cross-

regional transport of animals have facilitated the spread of bru-
cella between regions, leading to an increase in cases of bru-
cellosis and an expanded spatial transmission range.[4,5] To
analyze the impact of sheep transportation on the spread of
brucellosis, we construct a human–sheep coupled brucellosis
model in metapopulation networks. Theoretically, we explore
the positive invariant set, the basic reproduction number, and
the existence, uniqueness, and stability of disease-free equi-
librium, and the existence of the endemic equilibrium of the
system.

In practical terms, the Heilongjiang province is used as a
case study for numerical simulations. Based on data fitting and
parameter estimation using the least squares method, the ba-
sic reproduction number was calculated to be 1.7594, 1.8477,
and 1.8586 for sheep transportation in the BA network, the ER
network, and the homogeneous mixing network, respectively.
The results show that when sheep are transported in the homo-
geneous mixing network, the basic reproduction number is the
highest, accelerating the spread of brucellosis across regions.
In contrast, transportation in the BA network slows the spread
between regions.

A parameter sensitivity analysis led to the following con-
clusions. First, increasing the sales rate dkv and the culling
rate µ can help control the spread of brucellosis to some ex-
tent. Second, the average degree of the network affects the
transmission dynamics, with transportation in a BA network
with an average degree greater than 5 being particularly ad-
vantageous. Lastly, while sheep transportation can both pro-
mote and mitigate the spread of brucellosis, regional factors
must be considered. In areas with a smaller livestock popula-
tion, such as Shuangyashan and Qitaihe, reducing sheep out-
flow and moderately expanding breeding operations are rec-
ommended. In contrast, in regions with larger populations,
such as Qiqihar, Daqing and Suihua, increasing sheep outflow
with proper monitoring can help control the spread of brucel-
losis.

In summary, the model and simulation results presented
in this article offer valuable insight to livestock farmers, pro-
viding strategies rooted in the dynamics of network transmis-
sion to mitigate the spread of brucellosis during animal trade.
These findings have practical significance for controlling the
disease in livestock populations.
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