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We construct the quantum fields presentation of the generalized universal character and the generalized B-type uni-
versal character, and by acting the quantum fields presentations to the constant 1, the generating functions are derived.
Furthermore, we introduce two integrable systems known as the generalized UC (GUC) hierarchy and the generalized B-
type UC (GBUC) hierarchy satisfied by the generalized universal character and the generalized B-type universal character,
respectively. Based on infinite sequences of complex numbers, we further establish the multiparameter generalized univer-
sal character and the multiparameter generalized B-type universal character, which have been proved to be solutions of the

GUC hierarchy and the GBUC hierarchy, respectively.
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1. Introduction

Symmetric functions!!! attract much attention in mathe-
matics and physics due to their applications in combinatorics,
representation theory, and integrable systems. >3 Schur func-
tions and Schur Q-functions are two significant symmetric
functions that serve as the irreducible characters of the sym-
metric groups. The Kyoto School established a fundamen-
tal connection between the Schur functions, the Schur Q-
functions, and the Kadomtsev—Petviashvili (KP) hierarchy, as
well as the Kadomtsev—Petviashvili sub-hierarchy of B-type
(BKP hierarchy).[*%! Kac er al.l’#! demonstrated the poly-
nomial tau-functions of the KP and BKP hierarchies can be
expressed by Schur functions and Schur Q-functions.

Koike proposed the universal character, which is an ex-
tension of the Schur function.”! Tsuda!'"! established a gen-
eralized KP hierarchy called the UC hierarchy characterized
by the universal character. Moreover, the relations between
the UC hierarchy and Painlevé equations have been exten-
sively investigated. Ogawal'!l constructed an integrable UC
hierarchy of B-type (BUC hierarchy) characterized by the
generalized Q-function expressed as a Pfaffian. By using
the vertex operators realizations of the symplectic universal
character and orthogonal universal character, the authors!'>!3!
constructed the symplectic UC (SUC) hierarchy and orthog-
onal UC (OUC) hierarchy. Huang et al.l'¥l presented a
novel symmetric functions called symplectic Grothendieck
universal character which are proved as the polynomial tau-
functions of the symplectic UC hierarchy. Furthermore, the
7-type Boson—Fermion correspondence and fermions expecta-
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tion values have been emplyed to study the z-type KP and UC
hierarchies.['>~191 Recently, Li et al.*! developed the vertex
operator realizations and generating functions of generalized
universal characters and generalized B-type of universal char-
acters, leading to the analysis of the corresponding integrable
systems called generalized UC (GUC) hierarchy and general-
ized B-type of UC (GBUC) hierarchy. Quantum fields presen-
tation plays a crucial role in studying the representation theory
of infinite-dimensional algebras and integrable systems. By
utilizing the quantum fields of operators, the twisted quan-
tum fields presentation of Hall-Littlewood polynomials has
been derived.>! It is showed the generalized Hall-Littlewood
functions can be reduced to the universal characters with t =0
and generalized Q-functions with = —1.1??) Additionally, by
developing the quantum fields presentation of symplectic and
orthogonal universal characters, the corresponding integrable
systems have been investigated. >3-24]

Multiparameter symmetric functions are a wider class of
symmetric functions that provide a rich set of approaches in
the representation theory and integrable systems.>>-%1 Mul-
tiparameter Schur functions s, of the form s, with lower
terms lead to the classical Schur functions when a; = 0.127]
Here a = (a;);ez is an arbitrary doubly infinite sequence of
parameters. By using the interpolation analogs for Schur
Q-functions, Ivanov!?3! introduced the multiparameter Schur
Q-functions.  Korotkikh®! presented dual multiparameter
Schur Q-functions with a multiparameter Cauchy identity.
Later, Rozhkovskayal**! presented the multiparameter Schur

Q-functions, including specializations of factorial Schur Q-
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functions and classical Schur Q-functions, which showed the
solutions of the BKP hierarchy. Furthermore, the multiparam-
eter B-type universal characters have been constructed, prov-

ing the tau-functions of BUC hierarchy.!!

Our goal is to con-
struct the multiparameter generalized universal characters and
B-type ones by using quantum fields presentation, satisfying

the GUC and GBUC hierarchies, respectively.

2. Preliminaries

We review some facts about symmetric functions, includ-
ing universal characters, B-type universal characters, the UC
hierarchy and the BUC hierarchy. [1-10:11:311

2.1. Symmetric functions

Let A(x) be a ring of symmetric functions in variables
« = (x1,x2,...). The definition of r-th elementary symmetric

function e,, complete symmetric function 4, and power sum

Dy are
er(x) = XiyXiy .. .%i,, for r>1,
i1 <ip <+ <ip<oo
he(x) = XiyXiy .. .Xi,, for r>1,
i1 <iy<...<iy<eo
Y
i
with the convention &, (x) = e,(x) = p,(x) =0 for r < 0 and

ho = €0 =po— 1.
The generating functions of e,(x), h,(x), and p,(x) are
defined as

L) = Y (~D'er(@)d*, M(u) =Y Iy(a)u",
k=0

h i +l'*j(y)a
SA (w7y — det( Him—it1
[A.u] ) ha, . _is (@),

Define the operators R), A and Dy,

Rigy Mo iy Ay )

:(ll,...,l,'-‘r1,...,)4—1,...,11),
Djuuatia ) (@53) = sy (2,9),
where [A p] = [(AM,..., A A, (e e —

Lo tm)]s g ) (8, 9) = hy () hy (y) and by = hy hy, - hy,.
In terms of two operators Ry, A and D, ,,, the universal
characters S, ,j(x,y) can also be written as

Sp(®y) = [T (0-Rua) T1 (0—Ru)
1<i<j<l I<a<b<m
< TT (1=Day ) (@, y). (5)
1<l

1<a<m

= Zpk(w)”k

k>1

The following relations hold

L(w) = [T (1 —xw)

—exp< Pnyy ) $))

i>1 >1

M(u) = H = exp (Z I;"u”) . 2)
n>1

i1
The adjoint of a symmetric function f can be defined as

N

1 —x;u

The adjoint operators of L(«) and M (u) are

L (u) = Z( D¥etur, M*(u) = Zh,fuk
k=0 k=0

Then, we get

M*(u) = exp <Z uka> . 3)

2.2. Universal characters and the UC hierarchy

(A1,A2,...) is a sequence of non-negative
in decreasing order A; > A, > --- > 0and A; =0 for i > 0.
The number of non-zero 4; is the length of A denoted by /(A4).
The sum [A| = A1 + A2 + -+ A3 is called the weight of 1.
For two partitions A = (A1,42,...,4) and u =

A partition A =

(M1, M2, .-, tn), the universal characters Spy, ,j(x,y) are de-
fined as
1<i<m
+1<i<l+ ' “)
m SIS m 1<i,j<I+m
\
Let A(z,y) = Clpi(), p2(x),-...p1(y), p2(y),-. ] be

the symmetric polynomial ring. We consider the bononic Fock
space B = C[z,z5] ® A(x,y), which can be decomposed by

B= P B,

m,nez

where BU"") = 172 A (2, y).
Define the operators R (u), R (u) : B — B as

R(u) (' f) =2 umH £,

R ) (s f) = auu ™ f,
R (u)(Z1Af) = ut f,
RN u) (B f) =2'dy u™"f. ©)

Introduce the quantum fields of the universal characters

010203-2
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) = w 'R HM L (V)L (u)
-y Py i1,
i€Z+1/2
¥ (u) = R L )M ()M ()
— Z %71/[71 1/2
i€Z+1/2
() = uw 'R (u M (L (L (u)
— Z lf/iJrufifl/Z,
i€Z+1/2
P (u) = R "L w YM (" YM (0)
i€Z+1)/2

Definition 1 For an unknown function 7 = 7(x,y), the
bilinear equation

Quc(t®71) = Que(t@ 1) =0, (8)

is called the UC hierarchy, where

Que= Y ¥ ovh, Que= Y % o¥. O
keZ+} keZ+}

Proposition 1 All the universal characters S| ) (,y) are
solutions of the UC hierarchy.

2.3. B-type universal characters and the BUC hierarchy
Let

r+s s (6(i)ys

d
MJ‘ u"
<n>1 a””)
1)
>1

Et(u) =L (— —exp( )y 1"8‘;) (10)
>1 n

The generating function of symmetric functions {Q; =

pul
=
I
:
H

=

=

Ok (x1,x2,...)Jk=0,1,2,...} is given by
Ok u+x;
o) =Y £k = , (11)
() k;) uk Hu—xi
Then, we obtain
O(u) = R*(u)

Q" (u)=E"

= (R*

L(u) = ex u J
e <”€§odd ap") ’
O(u)Q(—u) =1, (12)

where Nogg = {1,3,5,...}.

Definition 2 Let (x,y) = (x1,-..,%M,¥1,---
dependent variables and A = (A1,...,4;), & = (U1,..., ) be
strict partitions. The symmetric functions called B-type uni-

,yn) be in-

versal characters are defined as

Clen@®¥) = Gr v =)t

oceSyi=1

o ()5 )yt + S (o) — 2001y, — 20,

<11

i<j O'(i)c(j))’o(i) -

where d, = d/dx.

Let B[way] 3 V1,Y2,¥3, -
nomial ring of infinitely many variables. Let us consider
Bodd = Bodd[x17x37x5,7 < Y1,Y3,)5,--
of Blx,y]. It is known that the B-type universal characters
forms a linear basis of Bygq.

= Blx1,x2,x3,... .] be the poly-

., which is subalgebra

{0deez  and  {Pi}rez

of generating functions:

Introduce two operators

acting on the coefficients

O(uy,... up,vi,...,vy) as follows:

Om Q) > Ql(ma).u)»
On Q) = Qi (np)]s
PP (O ) = Opa ) > QlmA),(npo)]- (14)

Definition 3 For an unknown function 7 = 7(x,y), the

0(i)o(/)ye(j) —20())0xy,

(2

oSy i

Hf‘“”) (13)

) T20(i)0x i<j Xo(i) ~ %o (j)

bilinear identities
Qpuc(t®1) =191 (15)

1)"¢-n

Qpuc(T®7T) =
are called the BUC hierarchy, where Qpuc =Y. ¢, ® (—
n

and Qpuc = ¥ 0, ® (—1)"9_.
Proposition 2 The B-type universal characters are the
solutions of the BUC hierarchy.

3. Generalized universal characters and GUC
hierarchy

In this section, we construct the quantum fields presenta-
tion of the generalized universal character and define the gen-
eralized UC (GUC) hierarchy satisfied by the generalized uni-

010203-3
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versal characters. In terms of infinite sequences of complex
numbers, we propose the multiparaeter generalized universal
characters and prove these symmetric functions are tau func-
tions of the GUC hierarchy.

3.1. Quantum fields presentation of the generalized uni-
versal character and the GUC hierarchy

For n partitions Ay = (1171,1172, oty ) Ap =
(AZ 1,/12 200y A2 12) /,L[n] = (A,n 1, An, 25 A, ln) define the
operatorsR;L iy and Dy g, (1 <a,b,m<n;a+#b)

R i iAo M) (T 5 )

- h[k ..... le}’[m] ..... A[n]]( | "axn)a
Dt b ) (15, )
= Apseees )L[a]m.ﬁi[b], ,)L[n]](ml’ 7-’13n)7
where
Rij-(Amis- s Mmis s lmjs s Aty
= (z'm‘l""’}'mvi—’_1""’)""»]_17 "7A'I‘ﬂylm)7
)L[a] :()La,lw--;la.i_17---7)La,lu),
A[b] = (Ab’l,...,lb’j— ,’A,th)’

i) (1 s n) = By, (1), (2) - hy ().
Definition 4 For the variables x; = (x;1,xi2,...) (i =
1,...,n), in C[z1,...,2,] and n partitions [Ajj),..., 4], the
function
S[l[l]-w-w/l[n]] (wl, ceey :l:n)
n
= H H (1 _ka,ilm.j> H H (1 _Dxa,ilb,j)
m=11<i<j<ly 1<apsn 15i<ly
azb  1<j<l
X A e Ay (B 15 ) (16)

are called generalized universal characters. Introduce

an :I:, n>

n>1

LMZZUWMM—W(

k>0

M;(u thwlu—exp<zpnm’ ”)

k=0 n=1

kol (ol — ex y
ex(ziu’ =e p( r; 8pn(:ci)>’

satisfying

LE(u)M;(v) = (1 — uv) M;(v) L (). (18)

If i # j, we have

where [A,B] = AB — BA.
We consider the bosonic Fock space

E = C[Zit, . 7z$] ®A(CL’],. .. 7mn) — @ B(mh...,}’mz)
m;€Zl
where A(zy,...,x,) = Clpi(z1), p2(x1), ..., pi(x2),
p2(x2), ..., pi(xn), pa(xy),...] is a symmetric polynomial
ring and Bl - A (.. ).
Let R:I: . B(mlv-wmiv-"vmn) N E(mlr":mij:lr-"mn) act on

. f f € Aly,...,z,) by the rule
Ri(u) : Z}inl .. mnf — Zml . .Z;”H‘l . 'Zm"M’ni+1f,
Rl-_l(u):zl ...Zn fHZI]...Z;"i_l_ mn lef‘7
where i € {1,2,...,n}.
Define the formal distributions {@:"(u)};—1 _ , as

o () = u 'R M) T Ly (DL (w)
1<j<n
J#i
_ Z (p+ —j— 1/2
j€Z+2
o () = R Li(u™") [T My (u")M; (w)
I<jsn
JFi
= Y qu i (20)
jez+}i

Proposition 3 The following relations of charged free
fermions hold

(05, 0l =0, [0, 0]+

[0, 0% = [0, 0] =0,

s

= 6j+k,07
(i#1), (21
where j k€ Z+1/2.

Proof
A(ZBI,...

For any m; € Z (i = 1,...,n) and f €

, &), we have

(0 (1) @] (u2) + @ (u2) 9" (w1)) f

I
N
/N

—

|

:"S
NS
"

5\
3
W
<
[\
3
[\

= (w2 —w1)+ (wy —w2)) 2y -+ 2"
T VA (T VA (o)

x T Ly DLy (uy L ()L (wa) f

1<j<n
J#
=0, (22)
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u u) + u up \ " _ _
((P ( 1)(pz 2) o ( 2)(P1 (u1))f — 5(1/{1,142)(;) Zrlnl"'zzrznnMi(ul I)Li(uzl)
12 7mlfl ml 1
X H LJ‘ (uy YMF (uy VYL (uy ) MG () f
1<j<n
—m;—2 m,+1 my my JF#i
Z; %
( > ) " = O(ur,u)z)" -2 f,
x M;(uy ") Li( LL (uy M (uy )L () M- (w2) f
il 1</II<n where 8(u,v) = ¥ v Ut is a formal delta distribution
J# rez
( 1 1 ) R with property 6 (u,v)a(u) = 6(u,v)a(v). Hence, we obtain
= Zp e zptuy
Uy —uj Uy —up
o o ¢ (1)@, (u2) + ¢ (u1) ;" (u2) =0,
Al () 0 (0)0; (1) + 97 ()9} (1) = (). 23)
x T L Gy )M G L )M () f P Fe
1?;5" If i # 1, we get
|
o ()@ (u2) = uy RiCuy WMi(ur ') [T Ly (o L o)y 'RiCy Ly ') TT Mg (g MG ()
1<j<n 1<k<n
J# kAL
= @ () p;" (ur). (24)
From Egq. (20), taking the coefficient of u, Sim12y, k V2 in Egs. (23) and (24) yields the proposition.
Let w; = (ui1,ui2,...,uy) (i=1,..., ), we have the following statement.
Theorem 1 Let a series of quantum fields act on the constant function 1, we obtain
HH(PZ i) HHz,u” 6w, ), (25)
i=1j= i=1j=
where
. n
G, ... uy) = H <1 ”’"> T 11 (1 >HHM, (26)
m=11<i<j<ln Um.j /) 1<ab<n 1<i<la Ua,il,j /) =1 j=1
a#b  1<j<lp
is a generating function of the generalized universal characters S (At (x1,...,2,)
Proof
“ Um,i 1 n —Aij
G(ula"'?un) = 1 - ] H I_I 1 - hllj(wl)ulj :
m=11<i<j<ly Um.j / 1<ab<n 1<i<ly Uaillh.j /) i=1j=1 \ 3 ;>0
atb  1<j<ly
n n a
- (1 a R?Lm.i,lm,j) (1 o Dzra.i-,lb«,j) hl[l] (x1),... ’hl[n] () H H Ui v
m=11<i<j<ln 1<a,b<n 1<i<l, i=1j=1
atb  1<j<ly
= i) (@15 @ HH 5"
i=1j=
Corollary 1 By Egs. (20) and (25), we have
n I
HH¢11171/2 = HZ'M SM 77777 ;L[n]](azl,...,:cn). (27)
i=1j= i=1j=1
|
Definition 5 For any unknown function 7 =  iscalled the generalized UC hierarchy, where
T(x1,...,x,), the system of bilinear equations
Y PLOQ , i=1,...,n (29)

Qren)=0ron = =0)(ter)=0 3 el
010203-5
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Let X; = Y Cj(plfri,Cj € C,M € Z. Tt is easy to get
>M h
X? =0.
Proposition 4 The following relations hold.
[Q,X;®X]=0, i=1,... 30)

.
Proof Form Eq. (21), we have

QXeX) = Y o Xi0e X

keZ+ 4

)»

(Z CiOktj0 _Xi(P,'J(> ® <_Xi(»0;r_k)
kez+1 \j>0

(X; @ X;) ;.

Corollary 2 t; = X;7 is a solution of the GUC hierarchy
if T =t(xy,...,z,) satisfies Eq. (28).
Proof If T = 7(xy,...,x,) satisfies Eq. (28), we get

Q1) = QXTRXT)=Q(X;®X)(T®1T)
= (Xl' ®X,')Q,'(T® T) =0.

Proposition 5 All the generalized universal characters
are solutions of the GUC hierarchy.

Proof Obviously, 7 =1 is a solution. From Eq. (27), we
obtain

li
_ =i, 2—j+li ,+ .
S[l[l]wu,/l[n]](wl’ ') = ql—[lzi U j (pli,j—l/z 1
i=1j=
o
_ 2t
- Zi ’ui’j D¢ i . 17
=1 =1

where Xy, = (p;t_.jil /2

3.2. Multiparameter generalized universal characters

For a fixed infinite sequence a; = (a0, 41,42, ..) (ai; €
C), we consider the following power of a variable x:
(x\ai)k = (x—ajp)(x— aj,| ) (= ai,kfl)-
Using the shift operation 7 : a; x — a; 41, we obtain
(x| Tai)t = (x—ai1)(x—ain) - (x — aig).

Definition 6 Let o)) = (g ai,l,-) (i=1,...,n, o ;€
Z>0) be n partitions. The multiparameter generalized uni-

versal character in variables x| = (x1,1,...,X1n,),---,%p
(Xn1s--- %0 n,) With [; < N; is defined by

(ay s sttn) _ n—l li ((G,'(j)xi,cr,-(j) - axl.ﬁi(j) - axi.o',-(j) - axn,o'i(j))‘ai)aij
S[a Y ](.’131, ’m”) - Z )%
(1 i=1 6;€8N; j=1 (O-i(])) N
<1 (1= 0oy = =9z =~ In)oy)
<k (w,_aml ami a:l:,,)cg(]) (wl_aml amt e amn)gi(k)
l’l [0 ] xn',o-n(j>
< Y, [TGwe,plan)®™ [ ——==—, 30
GnESN, j=1 <k *n,00(j) ~ *n,00(k)
~ Jd 1 d 1 0 =~ ..
where d. stands for = , = ,-.. | and dy, represents the absence of this item.
! 8x,',1 2 ax,g 3 8x,~73 !
\
Remark 1 The multiparameter generalized universal « 1 (32)
characters can be reduced to generalized universal characters (—aiy)---(u—aix)
with ¢; = (0,0,...) and v are strict partitions. where 1 € N
Lemma 1 For any sequence a; = (0,4i1,ai2,...), Lemma 2 For any sequence a; = (0,4;1,4,2,...),
(u—aiy)--(u—ain)
- i in (x\a,-)’" B i X" (33)
= Z(_l)n_ken—k(ai,la"'7ai,n)uka m—0 (u|’L’al~)m m—0 u™

k=0
1

(M_ai,l) cee (u—a,-y,,)

Z hkfn(al'?l 3 7ai,n)uika
k=0

W'=Y hy (i, aip)(u—ain) - (u—aig),
=0

oo

Z (—1)"7}(61{7,,(61[71 N 7Cll"k,])

k=0

ul’l

Considering the positive values of A;; in Eq. (26), we
have

G+(’u/1,...

up) = . (34

) n.ln

A1
=Y i

Theorem 2 For sequences a; = (0,4a;1,4di2,...) (i
L,...,n),

010203-6
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(al,...,an)
+ S[lm WA [n]](wl’
G (ul,...,ul): 2 M 2 PR
Aij€Z0 (”171|Ta1) L1 «--(u1’11|1a1) N (1| Tan) "'(”n,lnhan) o

-vwn)

(35)

Proof From Egs. (32) and (33), we have

(al,...7an)
S[l“],...’}L[n]] (:L'l g ,mn>

Do (.1 Tar )Mt (g g [ Tan ) (1| Tan Y0t (g, | T Yot

hij€Zg i=1 G;ESN; j=1 (ui j|Ta;)"i
« (Ti— Oy — = Oy — = Oy) ()
]<k(:1:l—(9wl—... awl —amn)o.l(/> (ml—awl—... awl_..._amn)o_l(k>
<), i (X0, ) lan) Xn.6,())
O-"ESNn j=1 (un‘j|Tan)A’n‘j Jj<k xn,G,,(j) 7xn~,6n(k)
) ~ Aij
= Y ﬁ )y IZI (G‘ Yi0i() " Fgy " Py ‘9xn.c,-<j>)
A j€2Zs0 i=1 G;ESN, j=1 (ui,jci(j))li‘j
p) 5 3 A‘)1.'
(:Eifam 7"'782'*’”*8:%)0 . L ™
1 i(J)

Il = = el Y [ e

<k (@ — Oy =+ — Oy — = O ) () — (Ti— Oy =+ — Oy —*++ — Oy )ay(t) O J=1 Mnj}'j i<k Xn,6u(j) — Xn,0n(k)
Corollary 3 For n partitions oj; = (1, ..., @;;) and sequences of complex numbers a; = (0,a; 1,2, -..),

1

Sfil[i']:(-l‘":i[n]l(wl"“’w") = L (*1)%(&"’!7%'])60:111711,1(al,lw-wal?a.,lfl)
ki‘jeZ>0
Xoeqy, iy (ar1,...,a1 a, —1) o 4, (@n1,- - ana, 1)
Xl A (@ns G, 1) Sy ) (B15 - Tn). (36)
Proof By Eq. (35), we obtain
S A] (@15 ) st (@, )

yeees [ ... ,00)
L G e An A L s : (37)

w0 €lsg (ur ] Tan) - (uy gy [Tan) 0 (g1 Tan) %t - (g, | Tan) i
tn

1 — 2 1
= — )M _ )
M;l]il (XMZ,:O( ) €ay M,l(al-,lv »a1,00,-1) (uy1|Tay) %’

the corollary can be proved by taking the coefficients of

—On1 ..

(u11]|7ar) (ug g | Tar) O (| Tag )T (g, | Tay ) T

in Eq. (37).
Theorem 3 For n partitions o) = (& 1, ..., 0y;) (& j € Z>o) and sequences of complex numbers a; = (0,4;1,d;2,. . .), the
multiparameter generalized universal characters S Ea" »an) ](ml ,...,&y) are solutions of the GUC hierarchy.

1] [n)

Proof By means of Egs. (31) and (36), we have

n I
:Bn Z;
i=1 1

Jj=
010203-7
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where

v Ai =0 . ' +
X)Li,j_ Z (—1) i.j ljeai,jfli,j(alJ’...’al‘ral'-j_l)(pll"j+l/2.
(X,’7.,'€Z>()

According to Corollary 2, we find that multiparameter generalized universal characters satisfy the GUC hierarchy.

4. Generalized B-type universal characters and Qi (u) = EF(u)H (u) = (R (u))?,
GBUC hierarchy P
Rll(u) =exp Z u" ,
In this section, based on quantum fields representation, nENgyg Ipn(zi)

the generalized B-type UC (GBUC) hierarchy is proposed.
Meanwhile we construct the generalized B-type universal
characters to its multiparameter form with infinite sequences
of complex numbers. It can be proved that both of them are ( u

) ) 8) = O (o),

Furthermore, we also obtain

solutions of the GBUC hierarchy. v
4.1. Quantum fields presentation of generalized B-type (1 - Z)E,L (WE;(v) = E;(v)E;" (),
universal character and GBUC hierarchy
u
Le B ) = (142 BHE W),
Hi(u) = Mi(u™) = exp ( ""“’””) , B ) = (142 ) BB ()
5 nu v
+u
H* (u -v:v 'VH-LM,
Hl_lw)_MiL(u)_eXp( s a@)) Qi) = S Qi vH; ()
>1 Pn\Zi v4+u
AP EFWQi) = R0 E (),
— —1)"" pu(x;
Ei(u) = Li(—u") = ex ASLPAN < ASei2Ay I v+u
G =G P(,,>1 ) RH)0i() = 10 (R w),

1

E(u) = L (—u) = exp ( (—1)" Ly J > .(38)  these operators can exchange freely if i = j.
nz

—

Obviously, we have lowing definition.

where Nogqg = {1,3,5,...}. Besides, we get Q;(u)Q;(—

u)=1.

(40)

By use of the Corollary in Ref. [20], we present the fol-

5 Definition 7 For n strict partitions f; = (Ki1,- -, Mir)
Qi(u) = Ei(u)Hi(u) = R; (), (i =1,...,n), the generalized B-type universal characters
Ri(u) = exp Z Pn(ﬂnfi) ’ in independent variables y; = (y'171,y1,3,...,ylyMl),..wyn =
neNegg (Y, 15Yn35 -+ s Ynm,) (Mi € Noga) is defined by
Q[[J[l] ,,,,, I.J.[n]](y17 7yl’l)
_ nd Z di (Gl(]))’z,o'l(l) 23)’1.0 - 2(9},6,(1) =20y, 1(1)>“i‘j
i=1 (M; —ri) Gi€Sm; j=1 (oi(j))Hei
(31— 2y, — =203~~~ 23 )+ (81~ 2y~ =29y~ 2ot
J (g =20y, — -+ =20y, — -+ =20y, ) () — (Ui — 20y, =+ — 20y, — - — 20y, ) k)
27 d U Yn,64(j) T Yn,04(k)
X y n,j n n , (41)
(Mn_Vn)! G,lgMndJI 1,0n(j >J13{yn0'n( i) — ynO'n( )
~ d 1 0 1 0
where d,;, stands for ( , = ,= ,)
dyi1 3 dyi3’ 5 dyis
Setv; = (vi1,...,viy) (i=1,...,n). The generating function of Q """" ](yl, . Yn) for M; > r; is
L Vik —Vi,j VijVmk —1 £ =
Q(vlv"'avn):H H — H H HHQl Vz,j (42)

i=11<j<k<r; lk+V1] 1<i<n 1<j<r; v,jv,nk+1

1<m<n 1<k<ry,

i=1j=

010203-8
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where
Vik — Vi j
L = 1+2Z(_1) vzkvzj
Vik + Vi r>1
—H11 —H 1 —Hn,1 —Hn,rp
Taking the coefficientof v; {7 - vy o "oy, 50wy

in Eq. (42), we get generahzed B-type universal characters.
That is

Q[u ](yla 7yn)

_ -

Q(vl,---7vn)— Z M1 IJl.rl My, 1 Ian,rn' (43)
Hi,j Z7“}11 UV T Ve T Y

Let Bodd = Bodd[X1,1,X13,%1,5,--,  X2,1,X2,3,X25,. .-,

Xn,1,%n3,%5,-..] be a subalgebra of Blxy,...,x,|, which is
the polynomial algebra of infinitely many variables.

Define the quantum fields y;(v) = ¥ y;,mv™ (i =
meZ

l,...,n) acting on Q(vy,...,v,) by rule
v;(v)Q(v1,- -,y 0) = OV, .. TGy, V),
ﬁl': (Vavi,lavi,za"'avi,r,’)' (44)
By Eq. (43), we also have
w””Q JoeeesMgi] oM ) Q[Mm [+ sHp)
nu[z] _(mmul,]a"'mui,ri)' (45)
Proposition 6 The quantum fields y;(v) (i = 1,...,n)
satisfy
Vi) Y] =280 —w), (i) y ()] =0, (46
which are equivalent to
[Wi,nu IVi,n]+ = 2(_l)m5m+n,07 [Wi,my V’j,n] = 0, (47)
where [A,B]+ = AB+ BA.
Proof It is easy to derive [yj(u),yj(v)] =0 . From

Eq. (44), we get

(Vi) wi(v) + wi(v) wi(u)) Q(vr, ...

5 vn)

v—u u—v
= C
<V+M+M+V> (M,V/Ul, avn)
= 2(1+ Z(—l)rurv_r+ Z(1)rvru_r)C(u,v,'v1,...,v,,)
r=1 r=1
= 2v8(v,—u)C(u,v,v1,...,v,)
x2v0 (v, —u)Q(v1,- .., V), (48)
where
C(u,v,v1,...,v,)
i Vii—Uuv i —V
= Qi(w) Qi) [[ 22— "L—=0(v1,...,v,).

J=1 Vi TUVijty

Expanding [i(), yi(v)]+ = 2v8(v,—u) and [i(u), y;(v)] =

0 into

Z Vimlh

mez

" Z Vit "+ Z Yinld

ne7z nez

n —m
Y, Vimu

meZ

L)
Z ll’i,muim Z Wj,nuin + Z I//j,nu7

mez nez nez

=0,

n —m
Z Yiml

mez
(49)

by taking coefficient of u~"v~" in Eq. (49), we obtain Eq. (47).

For n strict partitions ), ..., lj,, we get
Qlugpyy) (Y15 Yn) H H vij- 1, (50)
i=1 j=
which can be rewritten as
n
O(vi,. Hu/l vij)- (51)

tl/l

Proposition 7 The quantum fields y;(v) (i =1,...,n)
can be expressed by

DR (3 )Rt

J#

VO(v1,...,vp)

=

H Vik — Vi j
:1 <k Vik T Vi 1Zi<n 1<5%n
1<m<n 1<k<ry,

Vi,jVmk — 1 n n ( 1 ) Tj
N AL ri(_1 0y,
Vi,jvm,k‘i’l (]I]l J v tI:]l j( j71‘)
J#

X (Rf(—v)fIlQi(Vi,r))

n
ofT TT S ]
=1 1< j<k<r; Vik TVij 1Zi<n 1<<n
1<m<n1<k<ry,

rj n
Vijvmkfl d ’sz Vi —
- 1 Ql Vt/
Hél
= Q(vi,...,Tiy...,Un),
where U; = (V,vi1,...,Vir)-

Definition 8 For an unknown function 7 = 7(yy, ...
the GBUC hierarchy is given by

7yn)’

Q1(TRT) = (TRT) = =02,(T0T) =17, (52)

where

Ei: Z %,n@(_l

nez
SetY;= ¥ D;y;;,D; € C,M € Z. Obviously, ¥?> = 0.
i>M

)" Wi —n-

Proposition 8 The commutation of ©; and Y; is

Q.Y Y] =0. (53)

010203-9
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Proof Using the definition of Q;, we have

Qi(Y;®Y) = Y yiai®(—

nez
x(
nez

®(=1)" <

D)"Y i

Yﬂ[/i’n +2 Z Dj6j+n,0>

>0

Yiy; n+2 Z Dk5n—k,o>

k>0

= YeY)Q;i— Y 2(-1)/D;& (- 1)Yy;;
j>0
=Y ()i ®2(-1)"Dy
k>0
+4) Y (—=1)/D;8; 100 @ (—1)* D8, 10
neZ j k>0
= (Y, 0Y)Q;.

Corollary 4 If T = 7(yy,...,Ys) € Bodq is a tau-function

archy.
Proof Taking 7; into Eq. (52), we obtain

Q,(797) = QYY) (Te7T)
= (®Y)Q(TT) =T:®7T;.
Since T = 1 satisfies the GBUC hierarchy, we imply that

all B-type generalized universal characters are solutions of the
GBUC hierarchy with Eq. (50).

4.2. Multiparameter generalized B-type universal charac-
ters

Definition 9 Set b, = (O,bi717bi72,...)(b,'7j S (C,i =
1,...,n) be n sequences of complex numbers. For n parti-
tions ﬁ[l] = (Bl,] e 7B1,r1 ), - aﬁ[n] = (ﬁ"hl e 7ﬁ",’n)7 the def-

inition of multiparameter generalized B-type universal charac-

ters in variables y; = (yi1,...,yim,) (i=1,...,n) with r; <M;

of the GBUC hierarchy, T; = Y;7 also satisfies the GBUC hier—‘ is
. 5 Bij
(brob) ot i ((Gi(])yi,o,( )72 g0 T T gy T Zayn‘ci(_,-)ﬂbi)
Q[ﬁ[l] ,,,,, B ](yl, ,yn) = . (M: r) G-EZSMI.E (O-l.(j))lv‘ij
(yi_25y1 _"'_zéyi _"'_2ayn> +(yt _Zayl "'_2§y _"'_2§yn)a,(k)
i<k (yi _ 253/1 e 2§y,~ . zgyn) — (yi— 23 e 253/1 .. 2§yn)cl(k)

By M
Yo (j)|On) ™ : (54)
( ) o',,gMn H "o | ” ]I<Ikyn 6n(j) ~ Yn,0u(k)
Taking the part of y; j > 0in Q(vy,...,v,), we obtain
Q[/Jl H ](yla 7yn)
Q+('U1,--~7/Un): Z m []7H7rn " ) (55)
“i,jGZ>0 vl«,lll e 1,]}’1] a vn il ’ v#rnn
Theorem 4
(B1seeosbn)
Q (yh 7yn)
0t (v1,...,v,) = (K1) Mg (56)

Mi j€Z >0

(vi.1|Thy)Hut ...

(Vl,rl |Tb1)“l o1 (Vn,l ‘Tbn)”"'l .. (vn,r,, |Tbn)lln‘r,1 ’

Proof In terms of Egs. (33) and (54), we have

Q[u[ly]',”y u[n] (@14
[,li"jEZ>0 ( )”l‘l . (Vl.rl |Tb])“l T e (Vn,l |Tbn):un4,l P (vnﬂ’n ‘Tbn)ﬂn‘rn
> M j
6i()¥i.c() 2%, 0;(j )""’Zayi,a,-(,-)""’2‘9.%,0,-(,-) |b- !
n—1 ori i c;(J) !
WL M=,k 1 e
(Yi =20y, — - =20y, 20y, )oy(j) + (Yi =20y, — -+ =20y, — -+ =20y, ) 6,k
J<k (g — 20y, — -+ — 20y, —"'—23yn) )= (i =20y, — =20y — - 20y ) eit)
2 y H (Yn,00(j) [ o) Hyn,cn(j) + Yn,0,(k)
( ) Cn€Smy, J= an|Tb )Hn; /'<kyn.,0'n(j)_yn,o'n(k)
. ~ Hij
_ Z ﬁ 27 Z IﬁI (Gi(J))’i,Gi(j) _2ay1‘a,-(j) _"'_zaho,(,) yn,o,-(,))
Wi j€2 i=1 (M; —r;)! 08y, j=1 (Vi,jo'l(]))u”

010203-10
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(yl - 25’!11 T zayi T zgyn j + (yi - 25’.1/1 T 25’!!1 T zgyn)ﬁi(k)
j<k (yt - 25?/1 25?/ Z&yn) (yi - 25@/1 - 25% - Zéyn)ci(k)
My, j
2/ 4 yn,dn(j) Yn,6,(5) + Yn, ,0n (k)
o ol . (57)
(Mn_rn)! O'n;Mnjl:[l fj/ ]l;!cyn 6n(j) ~ Yn,0u(k)

Corollary 5 For n partitions ﬁ[i] = (Bi1,.--,Bir) (i=1,...,n) and sequences of complex numbers b; = (0,b;1,bi>2,...),
£X (ki)
by,eosbn A
QEﬁ[Il] ..... ﬁ) ](yla 7y") - Z (_1) ! eﬁltl—ﬂl,l(blvl“'"blyﬁl‘l—l)
Hij€Zx0
Xoeee eﬁl,rl 7/11,r1 (b1717 e 7b1rﬁl.r1 - ) e eﬁn 1—Hn,1 (bn,l rnee 7bn7ﬁn.171)

Roees eBn,ry, —Hn,ry (bnsl [

Proof Using Eq. (56), we get

bn,B,,.[nfl) Q[u oM ](yla 7yn)' (58)

(hlv 7b")
Q[‘u[] 7u’1](y17 ayn)

Z Q[:u[l] ..... u[n]](y1»~~~7yn) _
Hi1 “’Li’l “n,l Hn.r, -
Mij€Zs0 Vi1 " Vigy Va1 T Vn Fn Mi j€Z>0

(1 ebr) P
(Vi |Th1) ~Prm in Eq. (59) with

Taking the coefficients of (v{ 1 |rb1)*ﬁ|,1 o
(Vn,l |Tb1)7ﬁn.l ..

1 o

S = ﬁzO(_l)”l‘l_ﬁl,leﬁl‘lfﬂl.l(blvl""’blaﬁl,lfl)
1,1 1,1=
X;
(u1 1 |1:b1)51~1 ’
we obtain Eq. (58).
Theorem 5 For n partitions By = (Bi1,---,Bir)
(i =1,...,n) and sequences of complex numbers b; =

(0,bi1,b;2,...), multiparameter generalized B-type univer-
sal characters QEII;[IJ.-'-%[) | (y1,...,Yn) are tau functions of the
GBUC hierarchy.

Proof Using Egs. (58) and (46), we can rewrite multipa-
rameter generalized B-type universal characters as

HHYM, :

i=1j=

(b1,e.sbn)
Q[ﬁ[l]v"':ﬁ[n]] Yl Yn)

Y, = ¥ (—1)“"’_&"'913,-,]-7#::,/' (i, ..
ﬁ,"j>0

big 1) Wi j- (60)

According to Corollary 4, it is proved that multiparameter gen-
eralized B-type universal characters are solutions of the GBUC
hierarchy.

5. Summary and discussion

In this paper, we construct the quantum fields presentation
of the generalized universal character and B-type of general-
ized universal character and propose the GUC and GBUC hi-
erarchies. Moreover, two types of multiparameter symmetric

(Vl,l |1b1)#1.1 . (Vl

(59)

" ‘Tbl).ul .. (VVLI |Tbn)“n,l e (Vn,r,, |Tbn>.un.rn :

\
functions are established which satisfy the GUC and GBUC

hierarchies, respectively. It should be pointed out that dual
analogs of symmetric functions have been investigated.?*! We
will concentrate on the dual multiparameter generalized uni-
versal character and B-type of generalized universal character
and the corresponding integrable systems in the near future.
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