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SPECIAL TOPIC — Quantum communication and quantum network

Established conversions for hybrid entangled states assisted by
error-predicted parity-discriminated devices
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Hybrid entangled states are crucial in quantum physics, offering significant benefits for hybrid quantum communica-
tion and quantum computation, and then the conversion of hybrid entangled states is equally critical. This paper presents
two novel schemes, that is, one converts the two-qubit hybrid Knill–Laflamme–Milburn (KLM) entangled state into Bell
states and the other one transforms the three-qubit hybrid KLM state into Greenberger–Horne–Zeilinger (GHZ) states as-
sisted by error-predicted and parity-discriminated devices. Importantly, the integration of single photon detectors into the
parity-discriminated device enhances predictive capabilities, mitigates potential failures, and facilitates seamless interaction
between the nitrogen-vacancy center and photons, so the two protocols operate in an error-predicted way, improving the
experimental feasibility. Additionally, our schemes demonstrate robust fidelities (close to 1) and efficiencies, indicating
their feasibility with existing technology.
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conversion
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1. Introduction
Quantum entanglement, as a cornerstone of quantum the-

ory, plays an essential role in a variety of advanced quan-
tum information processing (QIP).[1–6] This phenomenon un-
derpins numerous functionalities in quantum networks, in-
cluding distributed quantum computation,[7–11] quantum key
distribution,[12–15] quantum teleportation,[16–20] and quantum
secure direct communication.[21–33] The foundational nature
of quantum entanglement underscores its importance in both
theoretical and practical aspects of these technologies. The
Bell state, Greenberger–Horne–Zeilinger (GHZ) state,[34] W
state,[35] and Knill–Laflamme–Milburn (KLM) state[36] are
commonly studied forms of quantum entangled states and the
direct preparations of these entangled states are of great sig-
nificance for QIP. In multi-qubit systems utilizing KLM and
W states, the loss of a single qubit does not necessarily com-
promise the entanglement of the remaining qubits, which may
retain entanglement with a certain probability.[37,38] This char-
acteristic helps to reduce the bit error rate and provides unique
benefits for linear optical quantum information processing. In
contrast, the GHZ state displays properties that underscore the
differences between quantum mechanics and classical theo-
ries of local hidden variables, deteriorating completely upon
the loss of any single qubit.[39–45] The direct preparation and
conversion of entangled states are paramount in the realm of
quantum engineering.

The KLM and GHZ entangled states represent two
distinct categories of multi-qubit entanglement, which are
not interconvertible via local operations and classical
communication.[46–48] This has sparked considerable interest
in their direct conversion. Furthermore, since KLM and GHZ
states can perform different QIP tasks, this raises the question
of how to convert one entangled state into the other, which
is the motivation behind the development of our conversion
protocol. Prior studies have demonstrated the feasibility of
transforming KLM states into W states and W states into GHZ
states.[49–51] However, the conversion efficiency through the
intermediary W state remains notably low. In recent years,
protocols for directly converting KLM states into GHZ states
have undergone significant development.[52–54] Nevertheless,
existing methods for direct conversion from KLM to GHZ
states are confined to either purely photonic or solid-state
qubits, without addressing general hybrid states. The hy-
brid system we designed, consisting of photons and solid-state
quantum qubits, offers a pioneering platform for QIP. It en-
ables an innovative and efficient conversion scheme designed
specifically for hybrid entangled states, and can be regarded as
a valuable addition to entangled state preparation.

Solid-state spin systems have emerged as a promising ex-
perimental platform for quantum qubit encoding.[55–58] Elec-
tron spin in the negatively charged nitrogen-vacancy (NV−)
center is particularly noteworthy within this context.[59–62]
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The NV− center facilitates easier optical initialization, en-
ables single-qubit operations, and provides high-fidelity read-
out at room temperature.[63,64] Moreover, it manages the
millisecond coherence times of NV− center electron spins
through spin echo techniques. The NV− centers have been in-
strumental in developing various applications, including dis-
tributed quantum computing and hybrid quantum gates that
influence both electron spins and nearby nuclear spins.[65,66]

They have also been used to create geometric single qubit
gates,[67–69] CNOT gates,[70–72] and universal multi-qubit
gates encoding on both electron and photon qubits of NV−

centers.[73–78] Recent advances have proposed entanglement
and hyper-entanglement purification techniques using NV−

center emissions.[79] Building upon this groundwork, we in-
tend to utilize hybrid photon-NV− center for converting KLM
state to GHZ states.

Inspired by prior researches, we introduce two innovative
protocols in this paper, that is, the first one converts two-qubit
hybrid KLM state into hybrid Bell states, while the second
one transforms three-qubit hybrid KLM state into hybrid GHZ
states via the error-predicted parity-discriminated devices (EP-
PDD). The implementation of EPPDD in these conversion
processes enhances accuracy by monitoring and rectifying er-
rors from photon–NV− interactions. Our analytical evalua-
tions suggest that these conversions achieve nearly perfect fi-
delities and high efficiencies, substantially enriching our un-
derstanding of hybrid entanglement properties. What is more,
the robust fidelities and efficiencies suggest potential feasibil-
ity with existing technology.

2. NV− center configuration
In the advancement of quantum information, it is imper-

ative to establish the relationship between a single photon and
individual spins.[80] As illustrated in Fig. 1, the charged NV−

center system in a single-sided optical cavity establishes this
connection. The NV− center system is comprised of a va-
cancy, a substituted nitrogen atom, and six electrons from both
nitrogen and carbon atoms. The intricate interplay between
electron–nuclear coupling and optical transitions renders the
energy level structure of this system exceptionally complex.

As shown in Fig. 1, under the influence of spin–spin in-
teractions, there exists a zero-field splitting of 2.88 GHz in the
ground states between |0〉 (ms = 0) and | ± 1〉 (ms = ±1) of
the NV− center. Furthermore, upon applying a specific mag-
netic field along the symmetry axis, which allows for optical
transitions of the spin states, the degeneracy of the spin states
ms = ±1 is lifted, and the energy levels of the ground states
|0〉 and |+1〉 (simplified as |1〉) split, represented by ∆ as the
energy difference between states |0〉 and |1〉 at this time.[81–85]

When state |0〉 absorbs a photon with the resonant frequency
ω0 and transitions to the excited state |M3〉, since the cavity

mode frequency ωc is close to resonance, the reflection prop-
erties of the cavity are completely altered. In contrast, when
state |1〉 absorbs a photon with the resonant frequency ω0 and
transitions to the excited state |M5〉, due to significant detuning
between the cavity mode frequency ωc and its transition fre-
quency, the cavity’s reflection properties remain unchanged.
Consequently, when photons with input frequency ω are intro-
duced, the reflective behavior of the photons within the cavity
depends on the state of the negatively charged NV− center.

According to the rotating wave approximation, the
Hamiltonian of the NV− center system is expressed as

H = ωsσ̂+σ̂−+ωcâ†â+ ig(σ̂+â− â†
σ̂−), (1)

where ωs refers to the frequency related to the NV− center.
The operators σ̂+ and σ̂− facilitate the elevation and reduction
of energy levels in the NV− center, respectively. The operator
â (or its adjoint â†) acts as the annihilation (creation) opera-
tor for the cavity field. Moreover, g measures the interaction
strength between the single-sided cavity and the NV− center.

ω

ω

|1>

|0>NV

|M3>

|M5>

Fig. 1. The coupling system involved an NV− center and an optical
cavity and the structural arrangement of energy levels and optical tran-
sitions within the NV− center.

By solving the dynamics equations of the system and us-
ing the standard input–output relations, the reflection coef-
ficient of the NV−–cavity system can be determined,[86–88]

which can be represented as

dâ
dt

=−
[

i(ωc−ω)+
κ

2

]
â−gσ̂−−

√
κ âin + N̂,

dσ̂−
dt

=−
[

i(ωs−ω)+
γ

2

]
σ̂−−gσ̂zâ+ N̂′,

âout = âin +
√

κ â. (2)

Noise operators are represented by N̂ and N̂′, while âin and
âout correspond to the input and output field operators, respec-
tively. The decay rates of the cavity field and the excited states
of the NV− center are denoted by κ and γ , respectively. Addi-
tionally, σ̂z = σ̂+σ̂−− σ̂−σ̂+ serves as the population operator
for the NV− center.

When a photon enters and interacts with the unidirec-
tional cavity–NV− anion system, under the weak excitation
condition (〈σ̂z〉 = −1), the reflection coefficient rs(ω) can be
accurately expressed as[89]

rs(ω) = 1− 2(1+ i∆s)

(1+ i∆s)(1+ i∆c)+C
, (3)
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where subscript s = 1 (or s = 0) indicates the interaction of a
polarized photon with the NV−–cavity system. The param-
eter C = 4g2/(κγ) quantifies the cooperativity. The terms
∆s = 2(ωs −ω)/γ and ∆c = 2(ωc −ω)/κ represent the ef-
fective detunings of the dipole and cavity modes, respectively,
from the frequency of the input field. Therefore, the interac-
tion between the photon and the unidirectional cavity–NV−

center system can be described as

|R〉|0〉 → r0(ω)|R〉|0〉, |R〉|1〉 → r1(ω)|R〉|1〉,
|L〉|0〉 → r1(ω)|L〉|0〉, |L〉|1〉 → r0(ω)|L〉|1〉. (4)

3. An error-predicted parity-discriminated de-
vice
The transformation from two-qubit hybrid KLM state to

hybrid Bell states and that from three-qubit hybrid KLM state
into hybrid GHZ states discussed below require the EPPDD
illustrated in Fig. 2. Thus, a comprehensive and detailed ex-
planation of the fundamental principle of EPPDD is necessary,
which comprises three critical steps.

EPPDD

′

′

OutIn

L>

NV

Fig. 2. Schematic diagram of the error-predicted parity-discriminated
device (EPPDD). VBS represents a non-equilibrium beam splitter with
a transmission coefficient of (1 + M6)−1/2 and a reflection coefficient
of M/[(1+M6)−1/2]. WFC is a wave-form corrector that performs the
transformations |R〉 (|L〉)→ 1

2 [r1(ω)− r0(ω)]|R〉 (|L〉). Hi (i = 1,2,3,4)
is a half-wave plate that performs Hadamard operation on the polarized
photon. CPBSi (i = 1,2,3) represents a circular polarization beam split-
ter, which transmits the right-polarized photon |R〉 and reflects the left-
polarized photon |L〉. BS is a 50:50 beam splitter. X is a half-wave plate,
which performs bit-flip operation on the photon σ

p
x = |R〉〈L|+ |L〉〈R|.

Delay line (DL) represents a time-delay device, which can make the pho-
ton in two spacial modes output from the device simultaneously. D j
( j = 1,2,1′,2′) is a single-photon detector.

Assume that the initial electron-spin state of the NV−–
cavity system is either |1〉 or |0〉, and the state of the input
photon is either |R〉 or |L〉. In the first step, once the photon
is introduced into the EPPDD circuit in path “In”, it reaches
the first circular polarization beam splitter (CPBS1), which
transmits |R〉-polarized photon and reflects |L〉-polarized pho-
ton. When the photon is in the |R〉 state, it passes through a
wave-form corrector (WFC) that performs the transformation

|R〉 → 1
2 [r1(ω)− r0(ω)]|R〉. Correspondingly, when the |L〉-

polarized photon input, it goes through a series of processes:
H1 → NV−–cavity system→ H2. Hi (i = 1,2,3,4) is a half-
wave plate that performs Hadamard operation Hp on the pho-
ton, i.e., |R〉 H1−→ (|R〉− |L〉)/

√
2, |L〉 H1−→ (|R〉+ |L〉)/

√
2, and

|R〉
H2,3,4−−−→ (|R〉+ |L〉)/

√
2, |L〉

H2,3,4−−−→ (|R〉− |L〉)/
√

2. Notably,
the electron spin of the NV−–cavity system needs to execute
the Hadamard operation He, i.e., |1〉 → (|1〉+ |0〉)/

√
2 and

|0〉 → (|1〉− |0〉)/
√

2, both before and after it interacts with
the photon. Finally, the photon in different polarized states |L〉
or |R〉 merges at CPBS2. Hence, prior to the response of a
single-photon detector D1, the hybrid state of the photon and
the electron spin evolves into

|L〉|1〉 →M|L〉|0〉+N|R〉|1〉,
|L〉|0〉 →M|L〉|1〉+N|R〉|0〉,
|R〉|1〉 →M|R〉|1〉,
|R〉|0〉 →M|R〉|0〉, (5)

where the parameters M and N represent 1
2 [r1(ω)−r0(ω)] and

1
2 [r1(ω)+ r0(ω)], respectively. As shown in Eq. (5), we can
obtain that regardless of the electronic state, the photon state
|L〉 consistently displays two different output modes. In de-
tail, when the state of the output photon is |R〉, it triggers de-
tector D1, marking a failure event that diminishes efficiency
but the electron-spin state of the NV−-cavity system remains
unaltered, readying for reuse in subsequent iterations, which
efficiently mitigates errors due to imperfect photon–spin inter-
actions. Conversely, if the photon state |L〉 does not change, it
indicates a qubit-flip operation |1〉 ↔ |0〉 in the electron-spin
state of the NV−–cavity system. Therefore, when the detector
D1 is not activated, the system becomes

|L〉|1〉 →M|L〉|0〉, |L〉|0〉 →M|L〉|1〉,
|R〉|1〉 →M|R〉|1〉, |R〉|0〉 →M|R〉|0〉. (6)

In the second step, we consider an auxiliary photon ini-
tially in the left-polarized state |L〉0 that enters the EPPDD.
The photon passes through a variable beam splitter (VBS),
which acts as a non-equilibrium optical element with a trans-
mission coefficient of (1+M6)−1/2 and a reflection coefficient
of M/[(1+M6)1/2]. Subsequently, the photon in path 1 passes
through the time-delay device, meanwhile the photon in path 2
progresses through a series of operations: H3 → NV−–cavity
system→ H4. The system states are evolved into

|L〉10⊗M|L〉|0〉 → M2
√

1+M6
|L〉10|L〉|0〉,

|L〉10⊗M|L〉|1〉 → M2
√

1+M6
|L〉10|L〉|1〉,

|L〉10⊗M|R〉|1〉 → M2
√

1+M6
|L〉10|R〉|1〉,

|L〉10⊗M|R〉|0〉 → M2
√

1+M6
|L〉10|R〉|0〉,
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|L〉20⊗M|L〉|0〉 → − M2
√

1+M6
|R〉20|L〉|0〉

+
MN√
1+M6

|L〉20|L〉|0〉,

|L〉20⊗M|L〉|1〉 → M2
√

1+M6
|R〉20|L〉|1〉

+
MN√
1+M6

|L〉20|L〉|1〉,

|L〉20⊗M|R〉|1〉 → M2
√

1+M6
|R〉20|R〉|1〉

+
MN√
1+M6

|L〉20|R〉|1〉,

|L〉20⊗M|R〉|0〉 → − M2
√

1+M6
|R〉20|R〉|0〉

+
MN√
1+M6

|L〉20|R〉|0〉, (7)

where the superscripts 1 and 2 denote the reflection and trans-
mission paths, respectively. Like the first step, the photon state
|L〉20 consistently displays two different output modes. The
left-polarized state |L〉20 reflected by the CPBS3 is detected by
the detector D2, which indicates the occurrence of an error.
In such cases, the polarization states of the photon and the
electron spin remain unchanged. Conversely, if the detector
D2 does not respond, it suggests that the photon successfully
passes through the CPBS3. This observation can be utilized
to predict potential error occurrences. Ultimately, the auxil-
iary photon in state |R〉20 passes through the half-wave plate X,
which executes bit-flip operation on the photon, |R〉↔ |L〉. Af-
ter all operations, when the detector D2 remains inactive, the
entangled state of the photon in the transmission path evolves
into

|L〉20⊗M|L〉|0〉 → − M2
√

1+M6
|L〉20|L〉|0〉,

|L〉20⊗M|L〉|1〉 → M2
√

1+M6
|L〉20|L〉|1〉,

|L〉20⊗M|R〉|1〉 → M2
√

1+M6
|L〉20|R〉|1〉,

|L〉20⊗M|R〉|0〉 → − M2
√

1+M6
|L〉20|R〉|0〉. (8)

Next the two components |L〉10 and |L〉20 converge at the beam
splitter (BS). The BS executes specific operations

|L〉10→ (|L〉10 + |L〉20)/
√

2, |L〉20→ (|L〉10−|L〉20)/
√

2. (9)

After completing the two aforementioned steps, the overall
system is evolved into

|L〉0|L〉|1〉 →
√

2M2
√

1+M6
|L〉20|L〉|0〉,

|L〉0|L〉|0〉 →
√

2M2
√

1+M6
|L〉10|L〉|1〉,

|L〉0|R〉|1〉 →
√

2M2
√

1+M6
|L〉10|R〉|1〉,

|L〉0|R〉|0〉 →
√

2M2
√

1+M6
|L〉20|R〉|0〉. (10)

In the third step, the output photon from the first step re-
enters the “In” path and repeats the operation of the first step,
the system transforms into

|L〉0|L〉|1〉 →
√

2M3
√

1+M6
|L〉20|L〉|1〉,

|L〉0|L〉|0〉 →
√

2M3
√

1+M6
|L〉10|L〉|0〉,

|L〉0|R〉|1〉 →
√

2M3
√

1+M6
|L〉10|R〉|1〉,

|L〉0|R〉|0〉 →
√

2M3
√

1+M6
|L〉20|R〉|0〉. (11)

Finally, the auxiliary photon in state |L〉10 (|L〉20) is detected by
the detector D1′ (D2′ ).

We have now presented all the operational steps necessary
for executing the EPPDD. The four hybrid Bell states, formed
by one input photon and one electron spin, can be depicted as
follows:

|φ±〉= 1√
2
(|R1〉± |L0〉),

|ψ±〉= 1√
2
(|R0〉± |L1〉). (12)

After completing the EPPDD operation, the entire sys-
tem, with the auxiliary photon initially in the left-polarized
state |L〉0 and the input photon and electron spins initially in
the hybrid Bell state, undergoes the following transformation:

|L〉0|φ±〉
EPPDD−−−−→ µ|L〉10|φ±〉,

|L〉0|ψ±〉
EPPDD−−−−→ µ|L〉20|ψ±〉, (13)

where µ = [(2M6/(1+M6)]
1/2. If D1′ (D2′ ) responds, the hy-

brid states are even (odd) parity.

4. The conversion from two-qubit KLM state to
Bell states
To start with, we examine the transformation of two-qubit

hybrid KLM state into Bell states. The conversion process en-
ables us to comprehensively understand the relationship be-
tween the two types of entangled states. The hybrid KLM
state, involving an input photon and an electron spin of the
NV−–cavity system, can be articulated as follows:

|Ψ0〉=
1√
3
(|R1〉+ |L0〉+ |R0〉). (14)

Initially, the input photon and the auxiliary photon |L〉1
undergo interaction with the EPPDD, as depicted in Fig. 2.
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If neither detector D1 nor D2 triggers, the system transitions
from |Ψ0〉⊗ |L〉1 into

|Ψ1〉 =
µ√
3
[(|R1〉+ |L0〉)|L〉11 + |R0〉|L〉21]. (15)

When detector D1′ responds, the Bell state |φ+〉 can be ob-
tained with the probability of 2µ2/3. Correspondingly, when
detector D2′ responds, the state µ√

3
|R0〉 is generated with the

probability of µ2/3. Converting the entangled state µ√
3
|R0〉

into Bell states is our next goal, which can significantly en-
hance the utilization of hybrid qubits.

Furthermore, before proceeding with the subsequent state
conversion operations, Hadamard operation Hp is performed
on the input photon and Hadamard operation He is applied to
the NV−–cavity system using a π/2 microwave pulse, result-
ing in the desired transformation

µ√
3
|R0〉 Hp and He

−−−−−→ µ

2
√

3
[(|R1〉− |L0〉)− (|R0〉− |L1〉)]. (16)

After two Hadamard operations, the entangled state enters the
EPPDD with the assistance of |L〉2. If neither detector D1 nor
D2 responds, the system subsequently evolves as follows:

|Ψ2〉=
µ2

2
√

3
[(|R1〉− |L0〉)|L〉12− (|R0〉− |L1〉)|L〉22]. (17)

Through the analysis of Eq. (17), we can determine that when
D1′ is triggered, the Bell state |φ−〉 is obtained with the prob-
ability of µ4/6. Conversely, when D2′ is triggered, the Bell
state |ψ−〉 is produced with the probability of µ4/6. The
protocol efficiently converts the two-qubit hybrid KLM state
into Bell states |φ+〉, |φ−〉 and |ψ−〉 with the probabilities of
2µ2/3, µ4/6 and µ4/6 using two auxiliary photons and EP-
PDD, achieving our anticipated goal.

5. The conversion from three-qubit KLM state
to GHZ states
In addition, we will investigate the conversion of the

three-qubit hybrid KLM state into GHZ states. The hybrid
GHZ state is established by encoding photon A as the first
qubit, photon B as the second qubit, and the electron spin as
the third qubit. Eight distinct GHZ states are described as fol-
lows:

|φ±〉000 =
1√
2
(|RR1〉± |LL0〉),

|φ±〉001 =
1√
2
(|RR0〉± |LL1〉),

|φ±〉010 =
1√
2
(|RL1〉± |LR0〉),

|φ±〉100 =
1√
2
(|LR1〉± |RL0〉). (18)

The three-qubit hybrid KLM state is defined as follows:

|Φ0〉=
1
2
(|RR1〉+ |RR0〉+ |RL0〉+ |LL0〉). (19)

During the conversion process, we assume that D1 and D2

do not respond. Initially, the input photon A and the auxiliary
photon |L〉1 interact with the EPPDD, resulting in the entan-
gled state becoming

|Φ1〉 =
µ

2
[(|RR1〉+ |LL0〉)|L〉11

+(|RR0〉+ |RL0〉)|L〉21]. (20)

When detector D1′ is triggered, the GHZ state |φ+〉000 is pro-
duced with the probability of µ2/2. Similarly, when detector
D2′ activates, the entangled state µ

2 (|RR0〉+ |RL0〉) is gen-
erated with the probability of µ2/2. To convert the KLM
state completely into the GHZ state, it is imperative to convert
the remaining states µ

2 (|RR0〉+ |RL0〉) into the GHZ states.
The Hadamard operation Hp is performed on the input pho-
ton A, and Hadamard operation He is applied to the NV−–
cavity system via a π/2 microwave pulse. The entangled state
µ

2 (|RR0〉+ |RL0〉) undergoes the following transformation:

µ

2
(|RR0〉+ |RL0〉)

Hp and He

−−−−−→ µ

4
[(|RR1〉− |LL0〉)− (|RR0〉− |LL1〉)

+(|RL1〉− |LR0〉)+(|LR1〉− |RL0〉)]. (21)

Afterwards, the input photon B and auxiliary photon |L〉2
interact with the EPPPD, causing the system to evolve into

|Φ2〉 =
µ2

4
[(|RR1〉− |LL0〉+ |LR1〉− |RL0〉)|L〉12

+(|RL1〉− |LR0〉− |RR0〉+ |LL1〉)|L〉22]. (22)

From Eq. (22), we can deduce that if detector D1′ is triggered,
the state µ2

4 (|RR1〉− |LL0〉+ |LR1〉− |RL0〉) is obtained. Al-

ternatively, if detector D2′ activates, the state µ2

4 (|RL1〉 −
|LR0〉− |RR0〉+ |LL1〉) is acquired.

Then the input photon B and auxiliary photon |L〉3 (|L〉4)
interact with the EPPDD, during which the equation evolves
into |Φ3〉(|Φ4〉) as follows:

|Φ3〉=
µ3

4
[(|RR1〉− |LL0〉)|L〉13 +(|LR1〉− |RL0〉|L〉23],

|Φ4〉=
µ3

6
[(|RL1〉− |LR0〉)|L〉14− (|RR1〉− |LL0〉)|L〉24]. (23)

After analyzing Eq. (23), it can be determined that if detector
D1′ is triggered, the GHZ state |φ−〉000 (|φ−〉010) is obtained
with the probability of µ6/8, alternatively, if detector D2′ ac-
tivates, the GHZ state |φ−〉100 (|φ−〉001) is acquired with the
probability of µ6/8. Up to this point, the hybrid KLM state
is fully converted to GHZ states |φ+〉000, |φ−〉000, |φ−〉001,
|φ−〉010 and |φ−〉100 with the probabilities of µ2/2, µ6/8,
µ6/8, µ6/8 and µ6/8 using four auxiliary photons and EP-
PDDs.
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6. Discussion
Within the framework of photons described as |R〉 or |L〉

at frequencies close to resonance, where ω ≈ωc (hence ∆c≈ 0
indicating trivial detuning), the expression for the reflection
coefficient rs(ω) simplifies to rs = (C− i∆s− 1)/(C+ i∆s +

1). When C is significantly greater than max(∆s,1), r0(ω) ap-
proximates to 1, and r1(ω) reaches −1 under scenarios where
∆s�max(C,1) or when C nears zero. In a system combining
NV− and a cavity, an R-polarized photon incident at a fre-
quency nearly resonance with ω0 ≈ ωc shows notable scatter-
ing to the output. Particularly when the NV− center is in state
|0〉 or |1〉, leading to phase shifts of 0 and π , respectively, the
reflection coefficients can be approximated as r0(ω) ≈ 1 and
r1(ω)≈−1. These coefficients are influenced by the spin state
of the NV− center. However, factors like the coupling strength
g/κ and various detunings can alter the ideal single-photon
scattering scenario, influencing the accuracy of the protocols.
Fortunately, problems such as photon loss through dissipation
and frequency detuning can be indicated as heralded failure
events by detectors, thus the fidelity of converting KLM state
into Bell states and GHZ state with EPPDDs can be close to
unity.

If we employ superconducting nanowire single-photon
detectors (SNSPDs) with approximately 95% efficiency for
D′1 and D′2, the overall efficiency of the conversion protocol
would decrease to 95% of the ideal efficiency after each detec-
tion event by D′1 and D′2. Nevertheless, the fidelity remains un-
changed, as in our scheme, a non-responsive detector signifies
photon loss, necessitating the reintroduction of an auxiliary
photon. After accounting for the 95% efficiency of detectors
D′1 and D′2, the efficiencies for converting KLM states into Bell
states and GHZ states are detailed as follows: η1 represents
the efficiency of the first step for converting both two-qubit
and three-qubit KLM states into Bell states and GHZ states,
respectively, and is given by η1 = 95%µ2. η2, representing
the efficiency for the second conversion step for both two-
qubit and three-qubit KLM states into Bell states and GHZ
states respectively, is given by η2 = 95%2µ4. The efficiency
η3, applicable only to the third step of converting a three-qubit
KLM state into GHZ states, is η3 = 95%3µ6. The overall effi-
ciencies ηB and ηG for converting two-qubit KLM states into
two-qubit Bell states and three-qubit KLM states into three-
qubit GHZ states are expressed as ηB = (2η1 + η2)/3 and
ηG = (η1 +η3)/2, respectively. These efficiencies are depen-
dent on parameters g/κ , with the conditions γ = 0.01κ and
∆c = ∆s = 0, as shown in Figs. 3. The analysis of Figs. 3
reveals that the efficiencies η1, η2, η3, ηB, and ηG are signif-
icantly affected by the increase in g/κ . For example, increas-
ing g/κ from 0.61 to 1.10 leads to efficiency increasing from
93.07%, 80.61%, 94.02%, 90.92%, and 86.84% to 94.40%,
89.12%, 84.13%, 92.64%, and 89.27%, respectively. The cou-

pling strength must not be too large, otherwise the rotating
wave approximation may not hold true.

In Ref. [90], the dead time of the SNSPD (the time in-
terval following photon absorption during which the detector
cannot reliably register a second photon) is around 10 ns. Ad-
ditionally, the timing jitter of the SNSPD, which refers to the
variation in the time interval between photon absorption and
the generation of an output electrical pulse, is exceptionally
low at 65 ps. Therefore, the time required for the detector to
complete a single measurement is approximately 10 ns. Our
protocol requires a maximum of three single-photon measure-
ments. Given the long coherence time of electron spin in NV
center, the entanglement should remain robust and persist for a
considerable duration (approximately 1 µs). Consequently, the
total measurement time is significantly shorter than the elec-
tron spin’s coherence time, ensuring the successful implemen-
tation of the state conversion protocol. In a practical setting,
our scheme can achieve more robust operation by detecting
output pulses with single-photon detectors. In this way, all
sources of photon loss, including spontaneous emission, cavity
mirror absorption and scattering, imperfections in the photon
source, and insufficient photon collection and detection effi-
ciency, will be flagged by the absence of photon counts. As
a result, photon loss errors in the actual system will not affect
the fidelities of the conversion schemes, but the efficiencies of
the conversion will be impacted.
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Fig. 3. (a) The efficiency η1 (η2 and η3) of the first (second and third) step
of the conversion from KLM to Bell states and GHZ states. (b) The total
efficiency ηB (ηG) of converting KLM state into Bell states (GHZ states) vs.
the coupling strength g/κ with γ = 0.01κ and ∆c = ∆s = 0.

7. Conclusion

In conclusion, we introduce two methods for converting
hybrid KLM states to Bell and GHZ states with the aid of pho-
tons. Our approaches utilize quantum circuits implemented by
EPPDD across different conversion stages, ensuring reliability
through the interaction of the NV−–cavity system with a sin-
gle photon. The actual scattering of photons, marked by po-
tential mismatches in the coupling between the NV−–cavity
system and the cavity mode, is identified by single detector
activations. Our analysis indicates that enhancements in cou-
pling strength lead to greater efficiencies in these conversion
processes.
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Imoto N 2009 Phys. Rev. Lett. 102 130502
[52] Shen C P, Xiu X M, Dong L, Zhu X Y, Chen L, Liang E, Yan L L and

Su S L 2019 Ann. Phys. 531 1900160
[53] Chen L, Xiu X M, Dong L, Zhang S, Su S L, Chen S and Liang E J

2021 Ann. Phys. 534 2100365
[54] Du F F, Ren X M, Ma M and Fan G 2023 Appl. Phys. Express 16

102006
[55] Gaebel T, Domhan M, Popa I, et al. 2006 Nat. Phys. 2 408
[56] Fuchs G D, Dobrovitski V V, Toyli D M, Heremans F J and Awschalom

D D 2009 Science 326 1520
[57] Englund D, Shields B, Rivoire K, Hatami F, Vuckovic J, Park H and

Lukin M D 2010 Nano Lett. 10 3922
[58] Zhang J F and Suter D 2015 Phys. Rev. Lett. 115 110502
[59] Robledo L, Childress L, Bernien H, Hensen B, Alkemade P F A and

Hanson R 2011 Nature 477 574
[60] Dutt M V G, Childress L, Jiang L, Togan E, Maze J, Jelezko F, Zibrov

A S, Hemmer P R and Lukin M D 2007 Science 316 1312
[61] Shi F Z, Rong X, Xu N Y, et al. 2010 Phys. Rev. Lett. 105 040504
[62] Du F F, Liu Y T, Shi Z R, Liang Y X, Tang J and Liu J 2019 Opt.

Express 27 27046
[63] Sar T, Wang Z H, Blok M S, et al. 2012 Nature 484 82
[64] Arroyo-Camejo S, Lazariev A, Hell S W and Balasubramanian G 2014

Nat. Commun. 5 4870
[65] Zu C, Wang W B, He L, Zhang W G, Dai C Y, Wang F and Duan L M

2014 Nature 514 72
[66] Togan E, Chu Y, Trifonov A S, et al. 2010 Nature 466 730
[67] Du F F and Ren X M 2025 Opt. Laser Technol. 114 053603
[68] Kosaka H and Niikura N 2015 Phys. Rev. Lett. 180 111440
[69] Ren X M and Du F F 2024 Adv. Quantum Technol. 2400208
[70] Du F F, Fan G and Ren X M 2024 Quantum 8 1342
[71] Bernien H, Hensen B, Pfaff W, Koolstra G, Blok M S, Robledo L,

Taminiau T H, Markham M, Twitchen D J, Childress L and Hanson
R 2013 Nature 497 86

[72] Wu Y M, Fan G and Du F F 2022 Front. Phys. 17 51502
[73] Du F F, Ren X M and Guo J 2024 Opt. Express 32 31633
[74] Wei H R and Long G L 2015 Phys. Rev. A 91 032324
[75] Ren B C and Deng F G 2013 Laser Phys. Lett. 10 115201
[76] Du F F, Wu Y M and Fan G 2023 Adv. Quantum Technol. 6 2300090
[77] Wang T J and Wang C 2014 Phys. Rev. A 90 052310
[78] Du F F, Ren X M, Ma M and Fan G 2024 Opt. Lett. 49 1229
[79] Wang C, Zhang Y, Jiao R Z and Jin G S 2013 Opt. Express 21 19252
[80] Jiang L, Taylor J M, Sørensen A S and Lukin M D 2007 Phys. Rev. A

76 062323
[81] Reiserer A and Rempe G 2015 Rev. Mod. Phys. 87 1379
[82] Nemoto K, Trupke M, Devitt S J, Stephens A M, Scharfenberger B,
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