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Squeezed reservoir engineering is a powerful technique in quantum information that combines the features of squeez-
ing and reservoir engineering to create and stabilize non-classical quantum states. In this paper, we focus on the previously
neglected aspect of the impact of the squeezing phase on the precision of quantum phase and amplitude estimation based
on a simple model of a two-level system (TLS) interacting with a squeezed reservoir. We derive the optimal squeezed
phase-matching conditions for phase φ and amplitude θ parameters, which are crucial for enhancing the precision of quan-
tum parameter estimation. The robustness of the squeezing-enhanced quantum Fisher information against departures from
these conditions is examined, demonstrating that minor deviations from phase-matching can still result in remarkable pre-
cision of estimation. Additionally, we provide a geometric interpretation of the squeezed phase-matching conditions from
the classical motion of a TLS on the Bloch sphere. Our research contributes to a deeper understanding of the operational
requirements for employing squeezed reservoir engineering to advance quantum parameter estimation.

Keywords: quantum parameter estimation, squeezed reservoir, phase-matching conditions, quantum Fisher
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1. Introduction
Quantum parameter estimation is a critical area in quan-

tum information science.[1,2] It serves as the foundation for the
precise measurement of physical quantities, which is essential
for a range of applications including quantum computing[3]

and quantum sensing.[4] The importance of quantum param-
eter estimation lies in its potential to surpass classical lim-
its of measurement precision, known as the standard quan-
tum limit, by utilizing quantum phenomena such as entan-
glement and squeezing.[5] Recent developments have shown
that quantum entanglement and squeezed states can be used
to achieve measurement precisions that approach or even ex-
ceed the Heisenberg limit, which represents the ultimate quan-
tum limit of precision.[6,7] Notwithstanding these advances,
two significant challenges remain. One is the practical real-
ization of highly entangled and squeezed states in a scalable
manner because the greater the number of entangled particles,
the larger the increase in precision. Fortunately, the entan-
gled state of more than 10000 spin-1 atoms has been realized
by employing the techniques of quantum phase transition.[8]

The other is the mitigation of noise, since any realistic quan-
tum system interacts with its surrounding environment leading
to unwanted noise that significantly reduces the precision of
quantum parameter estimation.[9] Overcoming environmental
noise is essential for the continued development and imple-
mentation of quantum-enhanced technologies.

Over the past decade, researchers have put forth a number
of techniques aimed at mitigating environmental noise and im-
proving the precision of quantum parameter estimation. These
methods include dynamical decoupling,[10,11] quantum error
correction,[12,13] continuous non-demolition measurement[14]

and the use of decoherence-free subspaces,[15,16] which col-
lectively demonstrate advances and ongoing challenges in
the field of quantum parameter estimation. However, these
methods also have disadvantages that restrict their capabil-
ities. For example, dynamical decoupling may be less ef-
fective against high-frequency noise or noise with a broad
spectrum, while quantum error correction requires a signifi-
cant overhead in terms of additional physical qubits and com-
plex error-detection circuits. Squeezing is well-established
as a mechanism that enhances atom–field coupling and sur-
passes traditional limits by improving the signal-to-noise ra-
tio in measurement.[17,18] This capability is crucial for the ad-
vancement of quantum technologies, as it enables more precise
qubit readouts and paves the way for innovative approaches
to efficient quantum information processing.[19] The technol-
ogy of squeezed reservoir engineering has gradually emerged
in recent years as a means to counteract the detrimental ef-
fects of noise.[20–27] The essential concept is that the squeezed
reservoir imprints its squeezing feature onto the quantum sys-
tem, thereby enabling the latter to reduce quantum fluctuations
in certain quadratures and enhance precision in the presence
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of environmental interactions. Squeezed reservoir engineering
has been employed to maintain high levels of spin squeezing,
generate stable entangled states[21–26] and enhance quantum
phase synchronization.[30]

This manuscript delves into the utilization of squeezed
reservoir engineering to enhance the precision of quantum pa-
rameter estimation. In contrast to prior investigations that
primarily focussed on the relationship between the squeezing
strength of the reservoir and quantum entanglement or spin
squeezing,[20–29] our work underscores the significance of the
squeezing phase of the reservoir in quantum parameter esti-
mation. The phase-matching condition plays a pivotal role in
quantum parameter estimation, providing the potential to sur-
pass the standard quantum limit.[31–33] This condition facili-
tates the optimization of quantum Fisher information (QFI),
which is essential for improving phase sensitivity in quan-
tum metrology. In Ref. [32], Liu et al. discussed the phase-
matching condition as a mechanism for enhancing sensitivity
in a Mach–Zehnder interferometer when one of the inputs is
in an odd/even state. Furthermore, the phase-matching condi-
tion was also investigated within the framework of squeezed-
state interferometry, which incorporates finite photon-number
resolution.[33] In Refs. [32,33], the phase-matching condition
not only improved the sensitivity of phase measurements but
also sustained this advantage in scenarios characterized by
photon losses or restricted photon-number resolution at de-
tectors. Such robustness makes the phase-matching condition
indispensable for practical applications in quantum-enhanced
sensing and metrology.

In this paper, we identify the optimal squeezed phase-
matching conditions for the estimation of the parameters φ

and θ in a two-level system (TLS) as 2φ − Φ = ±π and
2φ −Φ = 0 or 2π , where Φ is the squeezing phase. Our anal-
ysis reveals that the enhancement of precision in quantum pa-
rameter estimation through squeezed reservoir engineering is
contingent on meeting these squeezed phase-matching condi-
tions; otherwise, it could potentially compromise the estima-
tion precision. To this end, we also investigated the robustness
of squeezing-enhanced quantum parameter estimation against
deviations from the squeezed phase-matching conditions. Fi-
nally, by examining the classical motion of the TLS on the
Bloch sphere, we present a geometric picture to illustrate the
distinction between these two squeezed phase-matching con-
ditions. This study contributes to a deeper understanding of
the operational requirements for employing squeezed reser-
voir engineering in advancing quantum parameter estimation,
thereby offering valuable insights for experimental realization.

2. Theoretical model
We consider a model of a TLS coupled to a squeezed

reservoir. Note that our model is not limited to specific phys-

ical systems. An example is that a natural atom is embedded
in a waveguide which acts as a squeezed reservoir when it is
driven by a broadband squeezed field. In the interaction pic-
ture, the Hamiltonian is (h̄ = 1)[34]

Hint = σ−(t)ℬ†(t)+σ+(t)ℬ(t), (1)

with TLS operators σ±(t) = σ± exp(±iω0t) and a reservoir
operator ℬ(t) = ∑k gkbk exp(−iωkt). ω0 is the transition fre-
quency of the TLS, and gk is the coupling strength. bk is the
annihilation operator of the kth mode of the reservoir with fre-
quency ωk.

The squeezed reservoir centered around the TLS transi-
tion frequency ω0 is characterized by the bath correlation func-
tions

⟨ℬ†(t)ℬ(t ′)⟩= γ0Nδ (t − t ′),

⟨ℬ(t)ℬ†(t ′)⟩= γ0(N +1)δ (t − t ′),

⟨ℬ(t)ℬ(t ′)⟩= γ0χ e−iΦ−2iω0t
δ (t − t ′),

⟨ℬ†(t)ℬ†(t ′)⟩= γ0χ e iΦ+2iω0t
δ (t − t ′), (2)

where γ0 is the spontaneous emission rate of the TLS. N =

ncosh2r + sinh2 r is the effective photon number with n =

1/[exp( h̄ωk
kBT )− 1)]. Here, T represents the temperature of the

squeezed reservoir. χ =−(1/2)(2n+1)sinh2r is the squeez-
ing parameter with r and Φ being the squeezing strength and
phase.

With the previously mentioned correlation functions in
mind, we can derive the master equation for the TLS under
the Born–Markov approximation. The time evolution of the
reduced density matrix operator for the TLS is described by

dρ

dt
= −γ0(N +1)

2
(σ+σ−ρ +ρσ+σ−−2σ−ρσ+)

−γ0N
2

(σ−σ+ρ +ρσ−σ+−2σ+ρσ−)

−γ0χ e iΦ
σ+ρσ+− γ0χ e−iΦ

σ−ρσ−. (3)

We assume the initial state of the TLS to be a pure state

|ψ⟩in = cos
θ

2
|g⟩+ e iφ sin

θ

2
|e⟩, (4)

where 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π . The state at time t can be
obtained by solving the master equation

ρ(t) =
(

ρee ρeg
ρge ρgg

)
, (5)

where

ρee =
N

2N +1
+

(
1− cosθ

2
− N

2N +1

)
d2,

ρeg =
1
2

d sinθ e iφ
[
cosh(χγ0t)− sinh(χγ0t)e−i(2φ−Φ)

]
,

ρge =
1
2

d sinθ e−iφ
[
cosh(χγ0t)− sinh(χγ0t)e i(2φ−Φ)

]
,
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ρgg =
N +1

2N +1
−
(

1− cosθ

2
− N

2N +1

)
d2, (6)

with d = e−(2N+1)γ0t/2.
This analytical expression allows us to estimate any pa-

rameter included in Eq. (4). According to the theory of quan-
tum parameter estimation, the ultimate precision of estimat-
ing a parameter is limited by the quantum Cramér–Rao bound
(QCRB)[35]

∆ϑ̂ ≥ 1√
νFϑ

, (7)

where ν is the number of repetitions and Fϑ is the QFI. Cal-
culation of the QFI typically requires solving the eigenvalues
and eigenstates of the density matrix. Fortunately, for a single-
qubit mixed state, Watanabe et al. proposed a method for di-
rectly calculating the QFI using the Bloch vector 𝑚[36,37]

Fϑ =

{
|∂ϑ𝑚|2 + (𝑚·∂ϑ𝑚)2

1−|𝑚|2 , if |𝑚|< 1,

|∂ϑ𝑚|2, if |𝑚|= 1,
(8)

where 𝑚= (mx,my,mz)
T satifies ρ = (1/2)(1+𝑚 · σ̂). Note

that this method can be generalized to calculate the quantum
Fisher information matrix (QFIM) in the Bloch representation
of a d-dimensional density matrix.[38]

3. Phase-matching enhanced quantum phase es-
timation
In this section, we discuss how to enhance the precision

of the phase parameter φ through squeezed reservoir engineer-
ing. The QFI Fφ can be calculated as

Fφ = d2 sin2
θ(A+B)

−d4 sin4
θ sinh2(2χγ0t)sin2(2φ −Φ)

4ρ2
ee −4ρee +d2 sin2

θ(A−B)
, (9)

where A = cosh(2χγ0t) and B = sinh(2χγ0t)cos(2φ −Φ).
The numerical results in Fig. 1 demonstrate the dynamic

evolution of Fφ under varying reservoir temperatures and
squeezing strengths. As expected, in the absence of squeez-
ing, the interaction between the system and the thermal reser-
voir leads to a rapid decay of Fφ , as depicted in Fig. 1(a).
Conversely, with the introduction of a squeezed reservoir, the
decay of the QFI can be significantly mitigated. Figure 1(b)
shows that the stronger the squeezing effect of the reservoir,
the more pronounced the effect becomes. The underlying
mechanism could be attributed to the fact that the squeez-
ing reservoir transfers the squeezing characteristics to TLS,
thereby diminishing the influence of environmental noise on
TLS. This can be validated through the discussion in Eq. (11).

A more detailed analysis reveals that enhancement of the
QFI is not only related to the squeezing strength but also to

the squeezing phase Φ . Figure 2(a) illustrates that even un-
der significant squeezing effects, if the squeezing phase is not
chosen appropriately the enhancement of the QFI is actually
less effective than in the case without squeezing. According
to Eq. (9), we conjecture that the optimal squeezing phase
should satisfy cos(2φ −Φ) = −1 and sin(2φ −Φ) = 0. This
could be confirmed by solving the equations ∂Fφ

∂ (2φ−Φ) = 0 and
∂ 2Fφ

∂ (2φ−Φ)2 < 0. Then we can obtain that the squeezed phase-
matching condition for Fφ is

2φ −Φ =±π. (10)

Then Eq. (9) yields

Fφ = sin2
θ exp

[
−(2n+1)e−2r

γ0t
]
. (11)

It is evident that the squeezing parameter significantly influ-
ences the dynamical behavior of the QFI within the frame-
work of the TLS. When r = 0, the QFI is entirely governed
by thermal noise, exhibiting a rapid decay characterized by
exp [−(2n+1)γ0t]. In contrast, the introduction of a phase-
matched squeezed reservoir mitigates the impact of thermal
noise, leading to a modification in the decay rate of the QFI
from (2n+1)γ0 to (2n+1)e−2rγ0.

0 2 4 6
0

0.2

0.4

0.6

0.8

1.0
(a)

n/

n/.

n/.

n/.

0 10 20 30
0

0.2

0.4

0.6

0.8

1.0
(b)

r/

r/.

r/.

r/.

F
φ

F
φ

γt γt

Fig. 1. The Fφ as a function of γ0t with (a) r = 0 and (b) n = 0.1. The
other parameters are θ = π/2, φ = π/2 and Φ = 0.

In order to demonstrate the importance of squeezed
phase-matching in enhancing the precision of phase parameter
estimation, we introduce F imp

φ

F imp
φ

= Fφ −Fφ (r = 0), (12)

which represents the improvement of QFI with squeezed reser-
voir engineering. The behavior of F imp

φ
as a function of r and

(2φ −Φ) is plotted in Fig. 2(b). It has been observed that the
enhancement of QFI due to squeezing is notably pronounced
in the vicinity where the squeezed phase-matching condition
holds, for example (2φ −Φ)/π =±1, while the blank regions
indicate that the squeezed reservoir has not resulted in any en-
hancement if the phase-matching condition is not satisfied.

According to Eq. (9), it seems that the Fφ is dependent
on the specific values of φ . It is natural to ask whether the
achievable phase precision is consistent for different values
of φ . Equation (11) indicates that when the squeezed phase-
matching condition is satisfied, the achievable QFI is the same
for any value of φ , and its precision improves with increasing
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squeezing strength r, as shown in Fig. 2(c). It is well known
that achieving perfect squeezed phase-matching is quite chal-
lenging. Consequently, an additional pertinent question arises:
what is the resilience of the squeezing-enhanced Fφ with re-
spect to the squeezed phase-matching condition? Figure 2(d)
addresses this question. As shown in this figure, even when the
squeezed phase-matching condition is not strictly met, such
as (2φ −Φ) ∈ [0.9π,1.1π], the estimated phase precision re-
mains very good. The range of phase-matching error is en-
tirely achievable in practice. For instance, in Refs. [39–42],
the authors were able to control the phase deviation of the
squeezed light to within 1.5 mrad through an ultra-low resid-
ual amplitude modulation control loop for the lengths and rel-
ative phase stabilizations of the degenerate optical parametric
amplifiers.

0 1 2 3
0

0.2

0.4

0.6

0.8

1.0
(a)

r=1.5, Φ=0
r=1.5, Φ=π/2
r=1.5, Φ=π
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0 0.5 1.0 1.5 2.0
0
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0.4

0.6

0.8 (c)
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0

0.2

0.4

0.6

0.8 (d)

r=0.5
r=1.0
r=1.5

F
φ

F
φ

F
φ

γt

φ/π (2φ−Φ)/π

0

0.5
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r

0 0.5 1.0 1.5 2.0

(b)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

F
 imp
φ

(2φ−Φ)/π

Fig. 2. The behaviors of Fφ in different cases: (a) Fφ as a function of γ0t
for different squeezing phases Φ ; (b) F imp

φ
as a function of r and (2φ −Φ)

at γ0t = 3; (c) Fφ as a function of φ at γ0t = 3 on the squeezed phase-
matching condition (Eq. (10)); (d) Fφ as a function of the deviation from
squeezed phase-matching condition at γ0t = 3. The other parameters are
θ = π/2 and n = 0.1.

4. Phase-matching enhanced quantum ampli-
tude estimation
In this section, we consider estimation of the amplitude

parameter θ . The QFI Fθ boils down to

Fθ = d2 cos2
θ(A−B)+d4 sin2

θ

−d4 sin2
θ [cosθ(A−B)−2ρee +1]2

4ρ2
ee −4ρee +d2 sin2

θ(A−B)
. (13)

The expression for Fθ is rather intricate and lacks in-
formativeness. For a better understanding of how squeez-
ing strength r and phase Φ affect the precision of amplitude
parameter estimation, we present some numerical results in
Fig. 3. Figure 3(a) first confirms that, under the condition of
selecting an appropriate squeezing phase, the squeezed reser-
voir is beneficial for enhancing Fθ . To find the optimal squeez-

ing phase, we similarly derived the phase-matching condi-
tion for the amplitude parameter by solving the equations

∂Fθ

∂ (2φ−Φ) = 0 and ∂ 2Fθ

∂ (2φ−Φ)2 < 0. The squeezed phase-matching
condition for Fθ is

2φ −Φ = 0 or 2π. (14)

When the phase-matching condition (14) is satisfied, Fθ

can be approximated as (neglecting the fourth-order term of d)

Fθ ≈ cos2
θ exp

[
−(2n+1)e−2r

γ0t
]
. (15)

We once again observe that the phase-matched squeezed reser-
voir affects Fθ by reducing the decay rate to (2n+ 1)e−2rγ0.
Figure 3(b) illustrates the variation of F imp

θ
with respect to r

and (2φ −Φ)/π . It can be observed that when the squeezed
phase-matching condition is satisfied, an increase in squeez-
ing can significantly enhance the precision of amplitude esti-
mation.

0 10 20 30
0

0.2

0.4

0.6

0.8

1.0
(a) (b)

r=0
r=0.5
r=1.0
r=1.5

r=0
r=0.5
r=1.0

r=0
r=1.0
r=1.5

r=1.5

0 0.2 0.4 0.6 0.8 1.0
0

0.2

0.4

0.6

0.8

1.0
(c)

-0.1 0 0.1
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
(d)

F
θ

F
θ

F
θ

θ/π (2φ−Φ)/π

γt

0

0.5

1.0

1.5

r

0 0.5 1.0 1.5 2.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

F
 imp
θ

(2φ−Φ)/π

0 2 4 60

0.2

0.4

0.6

0.8

1.0(a) n/n/.n/.n/.

0 10 20 300

0.2

0.4

0.6

0.8

1.0 (b) r/r/.r/.r/.

F φ F φ

γt γt

Fig. 3. The behaviors of Fθ in different cases: (a) Fθ as a function of
γ0t for different squeezing strengths r with θ = 0.1π and 2φ −Φ = 0;
(b) F imp

θ
as a function of r and (2φ −Φ) with θ = 0.1π at γ0t = 3; (c) Fθ

as a function of θ at γ0t = 3 on the squeezed phase-matching condition
(Eq. (14)); (d) Fθ as a function of the deviation from squeezed phase-
matching condition with θ = 0.1π at γ0t = 3. The other parameter is
n = 0.1.

Similarly, Fθ also depends on the specific value of θ .
Therefore, it is necessary to discuss whether the estimation
precision is the same for any θ when the squeezed phase-
matching condition is satisfied. As can be seen from Fig. 3(c),
the answer is negative, which is different from the results in
Fig. 2(c) where the achievable Fφ is the same for any φ . This
could be explained as follows. The amplitude parameter θ

is a parameter related to the populations of the excited and
ground states. Its estimation precision primarily depends on
the population difference between the excited state and the
ground state. When the population difference between the
excited state and the ground state is at its maximum (θ = 0
or π), the estimation precision is highest, and vice versa. If
the populations of the excited state and the ground state are
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equal it indicates that the system is in an equal superposition
state (θ = π/2), and the estimation precision for the parame-
ter θ is at its lowest. Fortunately, the squeezing-enhanced Fθ

is robust against deviation from the squeezed phase-matching
condition, as shown in Fig. 3(d).

5. Geometric picture of the squeezed phase-
matching conditions
Understanding the different squeezed phase-matching

conditions required to estimate parameters φ and θ is not an
easy task since QFI is a relatively subtle concept. In this
study, we endeavor to understand this by tracking the ‘clas-
sical motion’ of the TLS in phase space. In order to ob-
tain the ‘classical trajectories’, we choose the coherent-spin
state representation {|θ ,φ⟩} and use the approximation ⟨σi⟩=
Tr(σi|θ ,φ⟩⟨θ ,φ |) with i = x,y,z. Subsequently, we can de-
duce the following relationships:[43]

⟨σx⟩ → ⟨sinθ cosφ⟩, ⟨σy⟩ → ⟨−sinθ sinφ⟩,
⟨σz⟩ → ⟨cosθ⟩. (16)

This indicates that one can obtain the dynamical evolutions of
θ and φ from the dynamical equations of the Pauli operators.
The dynamical equations of the Pauli operators in the Heisen-
berg picture are written as

d⟨σx⟩
dt

= (ω0 − γ0χ sinΦ)sinφ sinθ

−γ0

[
1
2
(2N +1)+χ cosΦ

]
cosφ sinθ , (17)

d⟨σy⟩
dt

= (ω0 + γ0χ sinΦ)cosφ sinθ

+γ0

[
1
2
(2N +1)−χ cosΦ

]
sinφ sinθ , (18)

d⟨σz⟩
dt

= −γ0 − γ0(2N +1)cosθ . (19)

With the relations (16) in mind, it is easy to find that the
time evolutions of θ and φ are determined by

dθ

dt
= γ0 cscθ + γ0(2N +1)cotθ , (20)

dφ

dt
= −ω0 + γ0χ sin(2φ −Φ). (21)

When given the initial values of θ and φ , we can plot the ‘clas-
sical trajectories’ of the TLS on the Bloch sphere, as shown in
Fig. 4. It is important to clarify that Fig. 4 does not repre-
sent the evolution trajectory of the TLS governed by the mas-
ter equation; rather, it illustrates the ‘classical motion’ of a
qubit within phase space, derived from Eqs. (20) and (21).
Intuitively, this process can be likened to tracking the direc-
tional coordinates (azimuthal angle φ and polar angle θ ) of a

classical spin. Consequently, the Bloch vector remains nor-
malized and is consistently projected onto the surface of the
Bloch sphere throughout its evolution. Based on these ‘clas-
sical trajectories’, we attempt to understand the difference be-
tween two squeezed phase-matching conditions from a geo-
metric perspective.

Preceding this analysis, it is imperative to furnish sup-
plementary elucidation regarding the physical intuition behind
QFI. The QCRB indicates that a greater QFI corresponds to
enhanced precision in parameter estimation. Nonetheless, an
alternative interpretation of QFI can be obtained from its con-
nection to Uhlmann fidelity[44,45]

Fϑ = lim
ε→0

8(1− f [ρ(ϑ),ρ(ϑ + ε)])

ε2 , (22)

where f [ρ(ϑ),ρ(ϑ + ε)] = [Tr
√√

ρ(ϑ)ρ(ϑ + ε)
√

ρ(ϑ)]2.
It is noteworthy that the Uhlmann fidelity quantifies the close-
ness or similarity between two quantum states. An Uhlmann
fidelity of 1 indicates that the states are identical (fully over-
lapped), whereas a fidelity of 0 denotes that the states are or-
thogonal (completely distinguishable). Equation (22) demon-
strates that the QFI is equivalent to the capability of distin-
guishing two adjacent states.

In Section 3, we demonstrated that the squeezed phase-
matching condition for enhancing the phase precision Fφ is
determined by the relation 2φ −Φ = ±π . In scenarios where
the squeezed phase is not matched, such as 2φ −Φ = 0, the
value of Fφ will be reduced. As is well established, Fisher
information quantifies the sensitivity of an observable quan-
tity to infinitesimal variations in a parameter.[46] For example,
given a measurement of the observable M̂ whose outcomes de-
pend on a parameter φ , the associated error can be expressed as
δφ =∆M̂/|∂φ ⟨M̂⟩| with ∂φ = ∂/∂φ and ⟨M̂⟩ an average value.
From a geometric perspective, the denominator |∂φ ⟨M̂⟩| repre-
sents the slope of ⟨M̂⟩ with respect to φ . A steeper tangent at
this point indicates a more precise estimation of the parameter
φ . The QFI serves as a direct generalization of the classical
Fisher information, thereby retaining a similar geometric in-
terpretation. From this observation, we can infer that when
squeezed phase-matching is satisfied, the squeezed reservoir
will make the ‘classical trajectory’ of TLS on the Bloch sphere
more sensitive to the azimuthal angle φ .

These physical insights can be validated through numer-
ical simulations, as shown in Fig. 4. Specifically, in compari-
son to the scenario without a squeezed reservoir represented by
the green line in Fig. 4(a), the slope of the curve correspond-
ing to the estimation of parameter φ will be steeper under the
condition of phase-matched squeezing, as shown by the blue
line in Fig. 4(a). Consequently, the precision of estimating
the parameter φ will be higher, whereby even minor changes
in φ will lead to a significant deviation. This leads to an in-
creased distinguishability between adjacent quantum states,
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corresponding to lower Uhlmann fidelity and higher QFI. Con-
versely, if the squeezed phase-matching condition is not met,
the squeezed reservoir will make the curve on the Bloch sphere
very insensitive to changes in azimuthal angle. In this context,
as depicted by the red line in Fig. 4(a), the slope of that curve
corresponding to parameter φ diminishes. This insensitivity
results in difficulties in distinguishing between adjacent quan-
tum states, which corresponds to higher Uhlmann fidelity and
reduced QFI.

A similar interpretation could be used to understand the
squeezed phase-matching condition (2φ − Φ = 0 or 2π) in
order to enhance the amplitude precision Fθ . A squeezed
phase-matching reservoir drives the classical motion of the
TLS along the longitude direction, rendering it highly sensi-
tive to variations in the polar angle θ , as shown by the red line
in Fig. 4(b). On the contrary, the squeezed reservoir with phase
mismatch makes the curve less sensitive to the polar angle, as
shown by the blue line in Fig. 4(b).
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Fig. 4. The ‘classical trajectories’ of the TLS on the phase-matching
and phase-mismatching conditions. (a) An illustration of the trajecto-
ries for estimating the phase with the initial parameters θ = π/2 and
φ = π/2. The three curves respectively represent the cases with a phase-
matching squeezed reservoir (blue line, r = 1.5 and 2φ −Φ = π), a phase-
mismatching squeezed reservoir (red line, r = 1.5 and 2φ −Φ = 0) and
without a squeezed reservoir (green line, r = 0). (b) An illustration of
the trajectories for estimating the amplitude with the initial parameters
θ = π/10 and φ = π/2. The three curves respectively represent the
cases with a phase-matching squeezed reservoir (red line, r = 1.5 and
2φ −Φ = 0), a phase-mismatching squeezed reservoir (blue line, r = 1.5
and 2φ −Φ = π) and without a squeezed reservoir (green line, r = 0).

6. Discussion and conclusion
Before concluding, we would like to address the feasibil-

ity of implementing the squeezed phase-matching conditions.
In the experiment, the squeezing phase is determined by the
relative phase between the pump light and a coherent con-
trol field (CCF).[47] Initially, a CCF with a frequency shift of
+Ω relative to the carrier frequency ω0 is generated using a
frequency-shifting device. Following its passage through an
optical parametric oscillator (OPO) cavity, the quadratures of
the CCF undergo parametric amplification and deamplifica-
tion, resulting in the generation of upper-sideband (ω0 +Ω)

and lower-sideband (ω0 − Ω) optical fields. A single pho-
todetector can be employed to measure the photocurrent out-
put from the OPO cavity. The photocurrent is determined by a
factor cos(2Ω t+2Φ). A demodulated signal at a frequency of

2Ω can be utilized to extract the error signal. By feeding back
the error signal to a piezoelectric transducer (PZT)-mounted
mirror in the path of the pump light, a stable squeezing phase
Φ was locked.[48,49] In order to modulate the squeezing phase
on demand, one can use electro-optic modulators to dynami-
cally control the phase of the CCF relative to the pump light,
allowing real-time adjustment of the squeezed phase-matching
conditions.

In summary, we have explored the role of squeezed reser-
voir engineering in enhancing the precision of quantum phase
and amplitude estimation, focusing on the previously ne-
glected aspect of the impact of the squeezed phase on the
precision of quantum phase and amplitude estimation using
a simplistic model of a TLS coupled to a squeezed reser-
voir. We found that the squeezing angle plays a decisive
role in these estimation processes. We demonstrated that the
squeezed reservoir can significantly enhance the precision of
the phase parameter on the squeezed phase-matching condi-
tion 2φ −Φ = ±π and improve the precision of the ampli-
tude parameter upon meeting the squeezed phase-matching
condition 2φ −Φ = 0 or 2π . Furthermore, we discussed the
robustness of the squeezing-enhanced QFI against deviations
from the optimal phase-matching conditions, finding that the
estimation precision remains high even with moderate mis-
matches. To understand why the phase-matching conditions
required for estimating φ and θ differ, we provided a geo-
metric interpretation based on the classical motion of the TLS
on the Bloch sphere. We observed that the fulfillment of the
squeezed phase-matching condition 2φ −Φ =±π leads to the
squeezed reservoir steering the classical motion of the TLS
along the latitudinal direction, which is conducive to estimat-
ing the phase parameter φ . Conversely, upon satisfying the
squeezed phase-matching condition 2φ − Φ = 0 or 2π , the
squeezed reservoir drives the classical motion of the TLS to
evolve along the longitudinal direction, resulting in an in-
creased sensitivity to the amplitude parameter θ . Our study
advances the understanding of the operational prerequisites for
employing squeezed reservoir engineering to enhance quan-
tum parameter estimation, providing valuable insights for the
utilization of squeezed reservoir engineering in diverse quan-
tum information technologies.
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[17] Qin W, Miranowicz A, Li P B, Lü X Y, You J Q and Nori F 2018 Phys.

Rev. Lett. 120 093601
[18] Qin W, Miranowicz A and Nori F 2022 Phys. Rev. Lett. 129 123602
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