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SPECIAL TOPIC — Moiré physics in two-dimensional materials
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We theoretically investigated the chiral phonons of honeycomb-type bilayer Wigner crystals recently discovered in
van der Waals structures of layered transition metal dichalcogenides. These chiral phonons can emerge under the inversion
symmetry breaking introduced by an effective mass imbalance between the two layers or a moiré potential in one layer, as
well as under the time-reversal symmetry breaking realized by applying a magnetic field. Considering the wide tunability
of layered materials, the frequencies and chirality of phonons can both be tuned by varying the system parameters. These
findings suggest that bilayer honeycomb-type Wigner crystals can serve as an exciting new platform for studying chiral
phonons.
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1. Introduction
In 1934, Eugene Wigner first predicted the existence of

a crystalline phase of electrons, namely the Wigner crystal.[1]

He pointed out that when the Coulomb potential between elec-
trons is much greater than their kinetic energy which can be
realized under a sufficiently low density, electrons will spon-
taneously break the continuous translational symmetry and ar-
range in a crystal-like configuration to minimize their overall
energy. Following the prediction, many theoretical and ex-
perimental studies about Wigner crystals have been carried
out by physicists over the next several decades. In 1979, the
presence of Wigner crystals was successfully observed on the
surface of liquid helium,[2] where the nearest-neighbor sepa-
ration or wavelength is on the order of µm. Later in GaAs-
based semiconductor quantum well systems, strong magnetic
fields are used to quench the electron kinetic energy, which
thus facilitate the realization of Wigner crystals with much
smaller wavelengths (∼ 30 nm).[3] In the last decade, lay-
ered semiconducting transition metal dichalcogenides (TMDs)
have been proven to be an exciting new platform for studying
correlated phenomena,[4,5] where the reduced screening of the
layered geometry largely enhances the Coulomb interaction
between electrons. As a result, signatures for the formation of
Wigner crystals without the assistance of magnetic fields have
been observed in monolayer TMDs recently, with wavelengths
∼ 30 nm.[6] In the true two-dimensional limit, the Wigner
crystal forms in a triangular lattice configuration. However,

theories have predicted that in systems with two vertically
separate electron layers, the formed bilayer Wigner crystals
can be in other lattice configurations including the staggered
rectangular, staggered rhombic and honeycomb lattice types,
etc.[7–9] Recently in bilayer TMDs without magnetic fields,
experiment has observed a series of bilayer Wigner crystals
under various doping density ratios between the two layers,
which are believed to consist of two interlocked triangular-
type Wigner crystals located in opposite layers.[10] Under the
ratio 1:1, the bilayer Wigner crystal forms a honeycomb-type
lattice, with a wavelength as small as 5 nm due to the enhanced
stability by the strong interlayer Coulomb interaction.[11] Be-
sides, the formation of moiré patterns in layered TMDs van der
Waals structures can introduce moiré superlattice potentials on
the electrons, which can significantly change their correlated
properties. A weak moiré potential can renormalize the elec-
tron effective mass and thus affect the formation of the Wigner
crystal. A strong moiré potential can localize the electrons to
its minima, which can then be described by an extended Hub-
bard model. Combined with the strong on-site and inter-site
Coulomb interactions, a series of correlated electron crystals
including the Mott insulators under integer fillings and gen-
eralized Wigner crystals under certain fractional fillings have
been detected in experiments.[12–22]

Due to the long-range nature of the Coulomb interac-
tion, the low-energy excitations of the above-mentioned elec-
tron crystals are given by the collective vibration of the lat-
tice sites (i.e., phonon modes). In previous studies about
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Wigner crystals, their phonon dispersions have been used to
analyze the stability, dynamic and melting properties of the
crystals.[7,8,23–26] For various electron crystals in monolayer
and moiré-patterned bilayer TMDs (including the triangular-,
stripe-, and honeycomb-type lattice configurations), our pre-
vious work has also studied their phonon properties.[27] In
these different electron crystals, the honeycomb-type is par-
ticularly interesting as it can host chiral phonons with finite
angular momenta and large Berry curvatures.[28] These chi-
ral phonons can give rise to the phonon Hall effect and have
potential applications in novel phononic devices.[29] For ex-
ample, they can be used to transport information encoded on
the phonon chirality or magnetic moment, similar to the role
played by the electron spin/valley in spintronic/valleytronic
devices. In experiments, chiral phonons have been detected
indirectly through their interaction with optically bright ex-
citons in two-dimensional semiconductors.[30–35] It has been
pointed out that chiral phonons of electron crystals can cou-
ple efficiently to external fields as well as magnetic spin or-
ders through the spin–orbit interaction due to the small effec-
tive mass of the crystal sites.[27] This can facilitate the con-
trolled generation, manipulation and direct observation of chi-
ral phonons through their finite angular momenta and magne-
tizations, implying that electron crystals in bilayer TMDs can
serve as an exciting new platform to study chiral phonons.

In this work, we theoretically analyze chiral phonons in
the recently observed honeycomb-type bilayer Wigner crys-
tals, taking into account the difference between the intralayer
and interlayer Coulomb interactions due to the vertical layer
separation and wide tunability of TMDs bilayers. The rest of
the work is organized as follows. Section 2 gives the phonon
dispersions of honeycomb-type bilayer Wigner crystals and
discusses their dynamical stability. Section 3 analyzes the
phonon chirality from the inversion and/or time-reversal sym-
metry breaking. Section 4 is a brief summary.

2. Phonon dispersions in honeycomb-type bi-
layer Wigner crystals
We consider bilayer Wigner crystals in TMDs/hBN/TMDs

van der Waals structures with equal doping densities in the
two TMDs layers, with hBN standing for hexagonal boron
nitride layers. Such structures are usually encapsulated by
thick hBN layers in experiments. In such a system, the doped
electrons can crystallize into a honeycomb-type Wigner crys-
tal at a low temperature, with the A and B sublattice sites
located in opposite TMDs layers (denoted as layer A and
layer B, see Fig. 1(a)). We write the interlayer distance as D,
and the Wigner crystal wavelength as λ . The in-plane equi-
librium positions of electrons are denoted as 𝑅A,n≡𝑅n and
𝑅B,n≡𝑅n−𝑅AB for A and B sites, respectively, with n the
index of the primitive cell. Two electrons in the same layer
(opposite layers) with an in-plane displacement 𝑅 interact

through the intralayer Coulomb potential Vintra (𝑅) (interlayer
Coulomb potential Vinter (𝑅)), which is affected by the 2D
screening effect of the atomically thin layers. Here we treat
the hBN spacer between the two TMDs layers and the en-
capsulating hBN as the dielectric environment with a dielec-
tric constant ε ≈ 4.5 (the average dielectric constant of bulk
hBN). The dielectric screening of monolayer TMDs is charac-
terized by its screening length r0 ≈ 4.5/ε nm.[36,37] Following
Refs. [38,39], we use the following forms of the Coulomb
potentials:

Vintra (𝑅) =
1
ε

∫
∞

0

J0 (qR)
1+2r0q

dq,

Vinter (𝑅) =
1
ε

∫
∞

0

e−qDJ0 (qR)
1+2r0q

dq. (1)

Here J0 is the Bessel function of the first kind. We note that
more complicated Coulomb potential forms have been used
in other literatures,[40,41] which lead to quantitative different
Coulomb potential strengths. Such changes, however, should
not affect our qualitative conclusions about chiral phonons.

The vibration of electrons leads to a small deviation of
the in-plane separation from the equilibrium value 𝑅n or
𝑅n +𝑅AB. The corresponding Coulomb interactions with
r� λ can be expanded as

Vintra (𝑅n +𝑟)

≈ Vintra (𝑅n)+𝑟·∂Vintra (𝑅n)

∂𝑅n
+

1
2

(
𝑟· ∂

∂𝑅n

)2

Vintra (𝑅n) ,

Vinter (𝑅n +𝑅AB +𝑟)

≈ Vinter (𝑅n +𝑅AB)+𝑟·∂Vinter (𝑅n +𝑅AB)

∂𝑅n

+
1
2

(
𝑟· ∂

∂𝑅n

)2

Vinter (𝑅n +𝑅AB) . (2)

We also consider a TMDs/TMDs/hBN/TMDs van der
Waals structure, where the two TMDs layers in direct con-
tact form a triangular-type moiré pattern. A moiré potential
Umoiré can thus apply on electrons in layer-A, but not on those
in layer-B, see Fig. 1(b). We assume that the moiré wavelength
λ is the same as that of the Wigner crystal. Near the equilib-
rium position 𝑅n, Umoiré can be approximated by a harmonic
trap

Umoiré (𝑅n +𝑟)≈ γ

2λ 2 r2. (3)

Here γ is the moire confinement strength, which is expected to
be on the order of ∼ 0.1–1 eV.[27]

Below we analyze the collective vibration or phonon
modes of honeycomb-type bilayer Wigner crystals under var-
ious system parameters. We also consider the effect of an ex-
ternally applied out-of-plane magnetic field B, as the small ef-
fective electron mass (comparable to the free electron mass
m0) results in the sensitive dependence of its motion on the
magnetic field. Following the standard treatment of the lattice
phonon,[23–25,27] the frequency ωl,𝑞 of the l-th phonon branch
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as a function of the wave vector 𝑞 can be obtained from the
following dynamical equation:[

↔g
(
ωl,𝑞B

)
−ω

2
l,𝑞

]
⇀
ψ l,𝑞 = 0. (4)

Here we use l = 1 to 4 to denote phonon branches from low

to high frequencies. The dynamical matrix ↔g
(
ωl,𝑞B

)
has the

form

↔g
(
ωl,𝑞B

)
=



g+
γ

λ 2 −ωl,𝑞B

mA

g+
mA

gAB
√

mAmB

gAB
+√

mAmB

g−
mA

g+
γ

λ 2 +ωl,𝑞B

mA

gAB
−√

mAmB

gAB
√

mAmB

gBA
√

mAmB

gBA
+√

mAmB

g−ωl,𝑞B
mB

g+
mB

gBA
−√

mAmB

gBA
√

mAmB

g−
mB

g+ωl,𝑞B
mB


, (5)

where mA (mB) is the effective mass of electrons at A (B) sites,
and

g ≡ 1
2 ∑

𝑅n 6=0
(1− cos(𝑞 ·𝑅n)) ∇

2Vintra (𝑅n +𝑟)
∣∣
𝑟=0

+
1
2 ∑

𝑅n

∇
2Vinter (𝑅n +𝑟)

∣∣
𝑟=𝑅AB

,

g± ≡
1
2 ∑

𝑅n 6=0
(1− cos(𝑞 ·𝑅n)) ∂

2
±Vintra (𝑅n +𝑟)

∣∣
𝑟=0

+
1
2 ∑

𝑅n

∂
2
±Vinter (𝑅n +𝑟)

∣∣
𝑟=𝑅AB

,

gAB ≡ 1
2 ∑

𝑅n

e i𝑞·(𝑅n+𝑅AB) ∇
2Vinter (𝑅n +𝑟)

∣∣
𝑟=𝑅AB

=
(
gBA)∗ ,

gAB
± ≡ 1

2 ∑
𝑅n

e i𝑞·(𝑅n+𝑅AB) ∂
2
±Vinter (𝑅n +𝑟)

∣∣
𝑟=𝑅AB

=
(
gBA
∓
)∗
, (6)

with ∇2 ≡ ∂ 2
x + ∂ 2

y and ∂± ≡ ∂x± i∂y. Here the summation
involving Vintra with a finite r0 can be calculated using a mod-
ified Ewald method developed in Ref. [27].

In Eq. (4), the four-component vector

⇀
ψ l,𝑞 ≡

[√
mAA+

l,𝑞,
√

mAA−l,𝑞,
√

mBB+
l,𝑞,
√

mBB−l,𝑞
]T

describes the circular polarization of the corresponding
phonon mode, with A+

l,𝑞 and A−l,𝑞 (B+
l,𝑞 and B−l,𝑞) the left-

and right-handed circular vibration amplitudes, respectively,
for electrons at A (B) sites. The angular momentum of the
phonon is thus proportional to

(
mA
∣∣A+

l,𝑞

∣∣2 +mB
∣∣B+

l,𝑞

∣∣2)ωl,𝑞−(
mA
∣∣A−l,𝑞∣∣2 +mB

∣∣B−l,𝑞∣∣2)ωl,𝑞 . We can then define the phonon
chirality as

Pl,𝑞 ≡
mA
(
|A+

l,𝑞|
2−|A−l,𝑞|

2
)
+mB

(
|B+

l,𝑞|
2−|B−l,𝑞|

2
)

mA
(
|A+

l,𝑞|2 + |A
−
l,𝑞|2

)
+mB

(
|B+

l,𝑞|2 + |B
−
l,𝑞|2

) . (7)

The Pl,𝑞 ∈ [−1, 1] can be viewed as the normalized angu-
lar momentum of the phonon. Since the crystal site carries a

charge, its circular vibration can give rise to an experimentally
observable magnetization proportional to Pl,𝑞 .

We first analyze the phonon dispersion ωl,𝑞 and the dy-
namical stability of the bilayer Wigner crystal when the mag-
netic field is absent. It is known that in the monolayer limit
(D= 0) without the moiré potential (γ = 0), the Wigner crystal
can only be in the triangular lattice form and the honeycomb-
type Wigner crystal is dynamically unstable.[27] With the in-
crease of the interlayer distance D, Vinter weakens whereas
Vintra is not affected. In the large D limit, electrons in the
two layers will form two triangular lattices, which are inter-
locked by the residue interlayer Coulomb interaction to form
a honeycomb-type bilayer Wigner crystal. We thus expect
that the honeycomb-type Wigner crystal is stable only above a
critical interlayer distance Dc. The dynamical stability of the
honeycomb-type Wigner crystal can be analyzed from the cal-
culated phonon dispersion, which requires all phonon frequen-
cies to have real values (i.e., ω2

l,𝑞 > 0). Figures 1(c) and 1(d)
show our calculated phonon dispersions of honeycomb-type
bilayer Wigner crystals with several different D values, all un-
der mA =mB = 0.5m0, λ = 5 nm and γ = 0. For D= 1 nm, the
whole lowest-energy branch has imaginary ωl,𝑞 values, indi-
cating that the Wigner crystal is dynamically unstable against
in-plane site fluctuations. When the interlayer distance in-
creases, a crossover from imaginary to real for ωl,𝑞 happens
first near the high-symmetry point K, and then at other wave
vectors, see the dispersion under D = 1.2 nm in Fig. 1(c) as
an example. With the further increase of D, ωl,𝑞 is imaginary
only in a small region near Γ when D reaches 2.1 nm, and
becomes fully real under D = 2.5 nm (see Fig. 1(d)). This
implies that above a critical value Dc, all phonon frequencies
become real and the honeycomb-type bilayer Wigner crystal
is dynamically stable. The crystal stability can be further en-
hanced by adding a moiré potential with γ 6= 0. Figure 1(e)
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shows the phonon dispersions under λ = 5 nm, D = 1 nm,
γ = 0.15 and 0.1 eV. ωl,𝑞 is imaginary only in a small re-
gion near M under γ = 0.1 eV, but becomes fully real under
γ = 0.15 eV. It should be emphasized that in this case the low-
est frequency of the phonon is located at M, which is different

from Fig. 1(d) with γ = 0 where the lowest frequency is at
Γ . In Fig. 1(f), we summarize the calculated critical interlayer
distance Dc as a function of the 2D screening length r0, at sev-
eral different values of λ and γ . Under a fixed λ , Dc decreases
with the increase of r0 and γ .
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Fig. 1. (a) The top view of a honeycomb-type bilayer Wigner crystal with lattice constant λ . Electrons at A and B sublattice sites are
denoted as solid and empty dots, respectively. The red dashed line denotes the vertical mirror plane σ̂v of the crystal in the absence of a
magnetic field. The inset shows the Brillouin zone with high-symmetry points Γ , K, M and K̄. (b) The top pattern shows a side view of
the crystal in a TMDs/hBN/TMDs van der Waals structure, with A and B sites located in opposite layers. D is the interlayer distance, Vintra
(Vinter) is the Coulomb interaction between electrons in the same layer (opposite layers). The bottom pattern is a side view of the crystal in a
TMDs/TMDs/hBN/TMDs structure, with the two TMDs layers in direct contact forming a triangular-type moiré pattern. Electrons in the moiré
pattern thus experience a moiré potential Umoiré (green curves). (c) The calculated phonon dispersions under λ = 5 nm, D = 1 nm and 1.2 nm,
in the absence of the moiré potential (γ = 0). (d) The phonon dispersions under λ = 5 nm, D = 2.1 nm and 2.5 nm, and γ = 0. (e) The phonon
dispersions under finite moiré potentials γ = 0.1 eV and 0.15 eV, when λ = 5 nm and D = 1 nm. (f) The critical interlayer distance Dc as a
function of the screening length r0, under several values of wavelength λ and moiré confinement strength γ . The effective masses in (c)–(f) are
mA = mB = 0.5m0.

3. Chiral phonons under time-reversal or/and
inversion symmetry breaking

Next we analyze the phonon chirality of the honeycomb-
type bilayer Wigner crystal. In TMDs bilayers with mA = mB,
γ = 0 and B = 0, the angular momentum or chirality vanishes
for every non-degenerate phonon mode because of the parity-
time symmetry. Setting mA 6= mB and/or γ 6= 0 break the

inversion symmetry, applying an out-of-plane magnetic field
(B 6= 0) breaks the time-reversal symmetry, both can give rise
to the emergence of chiral phonons. The 2π/3-rotational (Ĉ3)
symmetry of K and Γ wave vector positions implies that the
corresponding vibrational patterns of A and B sites are both
circularly polarized for non-degenerate phonons, where max-
imum chirality magnitudes ±1 can be reached. Thus, wave
vectors near K and Γ are the focus of our analysis.
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denoting the chirality value. (b) The chirality values Pl,𝑞 in (a) shown as curves. (c) Black dashed lines are the phonon dispersion of two
decoupled monolayer Wigner crystals obtained from artificially setting Vinter = 0, under a large mass imbalance (mA = 0.5m0, mB = 2m0)
and γ = 0. Colored lines show the corresponding phonon dispersion and chirality when the two layers are coupled by the finite Vinter. (d) The
chirality values Pl,𝑞 in (c) shown as curves. (e) The phonon dispersion and chirality under mA = 0.5m0, mB = 0.6m0 and a finite moiré potential
γ = 0.3 eV. (f) The phonon dispersion and chirality under mA = 0.6m0, mB = 0.5m0 and a weak moiré potential γ = 0.05 eV. Other parameters
in (a)–(f) are λ = 5 nm and D = 2.5 nm.

Figures 2(a)–2(d) show the phonon dispersion and chiral-
ity when the system is inversion asymmetric but time-reversal
symmetric, where ωl,𝑞 = ωl,−𝑞 and Pl,𝑞 = −Pl,−𝑞 . Note that
the two intermediate phonon branches (l = 2 and 3) at K are
doubly degenerate when the inversion symmetry is present, as
illustrated in Figs. 1(c) and 2(d). Figure 2(a) indicates that
breaking the inversion symmetry by a small mass imbalance
(mA = 0.5m0 and mB = 0.6m0) lifts this degeneracy slightly.
The resultant splitting ∆ω23,K combined with the Ĉ3 symme-
try at K leads to the fully chiral nature of the two intermediate
branches, with |P2,K |= |P3,K |= 1 and P2,K =−P3,K . The val-
ues of Pl,𝑞 along the path Γ KMΓ K̄ are shown as curves in
Fig. 2(b), indicating that

∣∣Pl,𝑞
∣∣ decays fast when moving away

from K. Note that Pl,𝑞 = 0 for 𝑞 along the MΓ line, which orig-
inates from the presence of σ̂v symmetry in the Wigner crystal
when B = 0 (see Fig. 1(a)). The lowest-energy (l = 1) and
highest-energy (l = 4) branches at K are also chiral, but with
small chirality values. Figures 2(c) and 2(d) show the results

under a large mass imbalance (mA = 0.5m0 and mB = 2m0),
where the two intermediate branches have a large splitting at
K with ω2,K close to ω1,K and ω3,K close to ω4,K . In fact, the
large mass imbalance leads to nearly decoupled vibrations of
the two layers. We show the phonon dispersion under Vinter = 0
as dashed black curves in Fig. 2(c), which is simply the super-
position of phonon branches from the two monolayer Wigner
crystals. The calculated phonon dispersion under Vinter 6= 0 is
close to the black curves, implying that the A and B sites in op-
posite layers are nearly decoupled. Note that the two phonon
branches of each monolayer Wigner crystal are degenerate at
K. When taking into account the residue effect of Vinter, the
degeneracy is lifted and chiral phonons emerge at K. Now
P1,K = −P4,K ≈ −1 and P2,K = −P3,K = +1, see Fig. 2(d).
Introducing a moiré potential with γ 6= 0 also breaks the inver-
sion symmetry, which plays a similar role as the mass imbal-
ance. When both the mass imbalance and moiré potential are
present, their interplay can quantitatively change the phonon
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chirality values near K. Since the moiré potential is applied on
A sites only, it always enhances the splitting ∆ω23,K between
the two intermediate branches when mA < mB (Fig. 2(e)). For
the mA >mB case, when increasing γ from 0, ∆ω23,K decreases
first (Fig. 2(f)) and becomes zero at a critical value γc. After
reaching γc, ∆ω23,K again increases with γ . The signs of P2,K

and P3,K are switched when changing γ from < γc to > γc.
For long-wavelength phonons with 𝑞 close to Γ , they

correspond to transverse acoustic (TA), longitudinal acoustic
(LA), transverse optical (TO) and longitudinal optical (LO)
modes from low to high frequencies. The acoustic and opti-
cal modes are doubly degenerate at Γ due to the time rever-
sal symmetry. Under γ = 0, the long-wavelength TA mode
has a standard dispersion relation ω1,𝑞 ∝ q, whereas the dis-
persion of the long-wavelength LA mode is ω2,𝑞 ∝

√
q. This

can be understood from the following analysis. When γ = 0,
the center-of-mass motion of the whole Wigner crystal is in
a plane-wave form, resulting in a homogeneous charge distri-
bution for the ground state without phonons. The vibrational
pattern of the long-wavelength LA mode introduces a macro-

scopic charge modulation, which can be viewed as a plasmon
oscillation in a homogeneous charge background. Thus, ω2,𝑞

is simply the frequency of the 2D plasmon oscillation deter-
mined by Maxwell’s equations. On the other hand, the long-
wavelength TA mode doesn’t introduce charge modulations,
which thus has a standard dispersion. The above analysis
doesn’t apply to the γ 6= 0 case, as the Wigner crystal sites
are now pinned to the moiré potential minima and the ground
state charge distribution is no longer homogeneous. Although
the two lowest-frequency modes have ω1,Γ = ω2,Γ >0 under
γ 6= 0, but we still denote them as TA and LA since they corre-
spond to all sites oscillating in phase. The dispersion relations
now become ω1,𝑞−ω1,Γ ∝ q2 and ω2,𝑞−ω2,Γ ∝ q. Due to the
fast increase of ω2,𝑞 with q, avoided crossings between LA
and optical modes can occur near Γ , resulting in significant
Pl,𝑞 values for the corresponding phonon modes (see Figs. 2(b)
and 2(d)). Such chiral phonons, however, are accidental and
not protected by symmetries. The corresponding 𝑞 positions
and chirality values depend sensitively on the system parame-
ters, thus are not the focus of this work.
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Fig. 3. (a) The phonon dispersion and chirality of an inversion symmetric bilayer Wigner crystal under a relatively weak magnetic field
B = 10 T. (b) An enlarged view of (a) near Γ . The magnetic field introduces a splitting B/mA to the phonon frequencies at Γ . (c) The chirality
values in (a) for 𝑞 along the path Γ KMΓ K̄. (d) The phonon dispersion and chirality under a strong magnetic field B = 70 T. (e) An enlarged
view of (d) near Γ . (f) The chirality values Pl,𝑞 in (d). Other parameters in (a)–(f) are λ = 5 nm, D = 2.5 nm, mA = mB = 0.5m0 and γ = 0.
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Fig. 4. (a) The phonon dispersion and chirality of a bilayer Wigner crystal without the inversion and time reversal symmetries, under mA =
mB = 0.5m0, γ = 0.1 eV and B = 10 T. (b) An enlarged view of (a) near Γ . (c) The total chirality Ptotal,𝑞 ≡ ∑

4
l=1 Pl,𝑞 of the four branches as a

function of 𝑞 under γ = 0. (d) An enlarged view of (c) near Γ . (e) Ptotal,𝑞 under γ 6= 0. (f) An enlarged view of (e) near Γ .

Below we analyze the effect of applying an out-of-plane
magnetic field B on an inversion symmetric bilayer Wigner
crystal with mA = mB = 0.5m0 and γ = 0. Figure 3(a) shows
the result under a relatively weak magnetic field B = 10 T.
Compared to the inversion asymmetric but time-reversal sym-
metric case in Fig. 2, Fig. 3(a) shows similar dispersion and
chirality patterns near K with |P2,K |= |P3,K |= 1. The most sig-
nificant differences are: (1) the emergence of finite Pl,𝑞 values
for 𝑞 along the MΓ line, which is a result from the breaking of
σ̂v symmetry by the magnetic field; (2) the degeneracy lifting
and emergence of chiral phonons at Γ , where the two acous-
tic/optical modes exhibit a splitting B/mA (≈ 2 meV under
B = 10 T and mA = 0.5m0). Figure 3(b) is an enlarged view
of the phonon dispersion and chirality near Γ , which indicates
that the three branches with ωl,Γ >0 now become chiral. The
absolute values of the chirality are |P2,Γ |= |P3,Γ |= |P4,Γ |= 1,
which decay to∼0 when slightly away from Γ (Fig. 3(c)). P1,𝑞

of the lowest-frequency branch, however, is close to zero in the
entire Brillouin zone. The result under a strong magnetic field
B = 70 T is presented in Fig. 3(d), and Fig. 3(e) corresponds
to its enlarged view near Γ . Figure 3(f) shows the Pl,𝑞 values
in Fig. 3(d) as curves. Compared to Fig. 3(c) under B = 10 T,
we can see that the strong field substantially changes the chi-

rality. In Fig. 3(f),
∣∣Pl,𝑞

∣∣ values for l = 2, 3 and 4 are large
in the entire Brillouin zone. For the lowest-frequency branch,
P1,𝑞 also becomes rather significant near K and K̄, but ω1,𝑞 ≈
0 and P1,𝑞 ≈ 0 for 𝑞 near Γ are not affected even when the
magnetic field is very strong.

When the system lacks both the inversion and time-
reversal symmetries, phonons with wave vectors 𝑞 and−𝑞 are
no longer related by ωl,𝑞 = ωl,−𝑞 and

∣∣Pl,𝑞
∣∣ = ∣∣Pl,−𝑞

∣∣. Below
we focus on the case that the inversion symmetry breaking is
induced by γ 6= 0, as when γ = 0 and B 6= 0 the phonon chi-
rality under mA 6= mB is qualitatively the same as those with
mA = mB. Figure 4(a) shows the phonon dispersion and chi-
rality under mA = mB = 0.5m0, γ = 0.1 eV and B = 10 T,
and an enlarged view near Γ is presented in Fig. 4(b). Com-
pared to Figs. 3(a) and 3(b) with γ = 0, the most significant
change in Figs. 4(a) and 4(b) is the emergence of the chiral-
ity P1,Γ =+1 for the TA mode. Note that all long-wavelength
LA, TO and LO modes become chiral when B 6= 0, which can
be understood as a result from the strong coupling between
the introduced spatial charge modulations and the magnetic
field. On the contrary, long-wavelength TA modes under γ = 0
are always non-chiral, as they don’t introduce charge modula-
tions. However, the ground state charge distribution is not ho-
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mogeneous when γ 6= 0, and vibrational patterns of TA modes
can also introduce spatial charge modulations. As a result, in
Figs. 4(a) and 4(b) all four branches at Γ are chiral with Pl,Γ

being either +1 or −1.
Lastly, we consider the chirality sum Ptotal,𝑞 ≡ ∑

4
l=1 Pl,𝑞

as a function of the wave vector 𝑞. Under B = 0, Ptotal,𝑞

vanishes for any 𝑞, because
⇀
ψ l,𝑞 and

⇀
ψ l′,𝑞 with l 6= l′ cor-

respond to different eigen-vectors of the same dynamical ma-
trix ↔g

(
ωl,𝑞B = 0

)
thus are orthogonal to each other. However,

⇀
ψ l,𝑞 and

⇀
ψ l′,𝑞 under B 6= 0 become generally non-orthogonal,

since they now correspond to eigen-vectors of different dy-
namical matrices (↔g

(
ωl,𝑞B

)
and ↔g

(
ωl′,𝑞B

)
). As a result,

Ptotal (𝑞) is generally nonzero. Figures 4(c) and 4(e) show our
calculated Ptotal (𝑞) under γ = 0 and γ 6= 0, respectively. Away
from Γ , Ptotal,𝑞 varies smoothly with 𝑞, whose absolute value
increases with B. For the wave vector at Γ , Ptotal,Γ = −1 for
γ = 0 but Ptotal,Γ = 0 for γ 6= 0, which originates from the dis-
tinct responses of the corresponding TA modes to the mag-
netic field. In the vicinity of Γ , Ptotal,𝑞 appears as a sharp dip
for γ = 0 but a sharp peak for γ 6= 0, as can be seen from the
enlarged views in Figs. 4(d) and 4(f), respectively. A stronger
moiré confinement strength γ leads to a larger width of the
dip/peak. It should be noted that the above conclusion P1,Γ = 0
under γ = 0 is based on the assumption that the center-of-mass
motion of the whole Wigner crystal has the continuous trans-
lational invariance, which only applies to ideal cases without
disorder potentials. In realistic experiments, Wigner crystal
sites are always pinned due to the inevitable disorders even
when the moiré potential is absent. In this case, TA modes
near Γ are also chiral under B 6= 0 and γ = 0.

4. Conclusion
In this work, we have analyzed the chiral phonons in

honeycomb-type bilayer Wigner crystals, which can connect
the two active research fields of strongly correlated physics
and chiral phonons. The inversion symmetry of the system can
be broken by introducing an effective mass imbalance to the
two layers or a moiré potential to one layer, which can give rise
to chiral phonons near K and K̄. Meanwhile, applying an out-
of-plane magnetic field can break the time-reversal symmetry
and result in the emergence of chiral phonons near K, K̄ and
Γ . Considering the wide tunability of the layered TMDs sys-
tem, the dynamical stability of the bilayer Wigner crystal, the
frequency and chirality of the chiral phonon can all be tuned
by varying system parameters like the interlayer separation,
mass imbalance, moiré confinement strength and magnetic
field strength. These discoveries imply that honeycomb-type
bilayer Wigner crystals can act as an exciting new platform
with unprecedented opportunities to explore chiral phonons
and the related phononic devices. For example, a topological
transition can happen when the phonon bandgap at K experi-
ences a close–open–close process by tuning the external mag-

netic field strength. As a result, the phonon bands can become
topologically nontrivial with nonzero Chern numbers,[27] and
topologically protected edge phonon modes can emerge. This
can have potential applications in novel topological phononic
devices.[42]
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