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The third-order flow Gerdjikov–Ivanov (TOFGI) equation is studied, and the Darboux transformation (DT) is used
to obtain the determinant expression of the solution of this equation. On this basis, the soliton solution, rational solution,
positon solution, and breather solution of the TOFGI equation are obtained by taking zero seed solution and non-zero seed
solution. The exact solutions and dynamic properties of the Gerdjikov–Ivanov (GI) equation and the TOFGI equation are
compared in detail under the same conditions, and it is found that there are some differences in the velocities and trajectories
of the solutions of the two equations.
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1. Introduction

The soliton theory is an important branch of nonlinear
science. It provides important mathematical models for opti-
cal fiber communication, plasma physics, solid state physics,
hydrodynamics, and other fields. Therefore, it has attracted
the interest of many scholars and a lot of research has been
conducted.[1–5] In 1972, Ryogo Hirota revealed the close rela-
tionship between classical solitons and envelope solitons by
using the Hirota bilinear method with higher-order nonlin-
ear terms.[6] Subsequently, a series of soliton equations with
higher-order nonlinear terms have been studied.[7–13] The gen-
eralized nonlinear Schrödinger equation with fourth-order dis-
persion and quintic nonlinear terms was studied in Ref. [14],
and it was pointed out that the equation is suitable for short-
period pulse propagation in metamaterials with delayed Ra-
man response. With the development of laser and ultra-high
bit rate fiber communication technology, high-order nonlinear
effects are inevitable in many optical systems. Therefore, it
is significant and necessary to explore the influence of higher-
order nonlinear effects on nonlinear partial differential equa-
tions.

As we know, the derivative nonlinear Schrödinger
(DNLS) equation is the modification and generalization of the
nonlinear Schrödinger (NLS) equation. There are three types
of DNLS equations: the Kaup–Newell equation (KN),[15] the
Chen–Lee–Liu equation (CLL)[16] and the Gerdjikov–Ivanov
equation (GI).[17] They are also commonly referred to as
DNLSI, DNLSI, and DNLSIII, respectively. The GI equation

is as follows:

iqt +qxx− iq2q∗x +
1
2

q3q∗2 = 0. (1)

The GI equation is a model of the propagation of Alfvén waves
parallel to magnetic field environment in plasma physics,
where q is the transverse magnetic field disturbance, the sym-
bol ‘*’ represents the complex conjugate, and x and t are the
coordinates of space and time, respectively.[18–20] There are
some interesting modifications of the GI equation, for example
the third-order flow Gerdjikov–Ivanov (TOFGI) equation[21]

qt =−
1
2

qxxx−
3
2

iqqxq∗x−
3
4
|q|4qx. (2)

It is found that the higher-order dispersion term of the TOFGI
equation can affect the direction, velocity, and amplitude of
soliton propagation by using the Riemann–Hilbert method.[21]

But the soliton solution, positon solution, and breather solu-
tion of the TOFGI equation are also worthy of objects of an
integrable system. The Darboux transformation (DT) is a pow-
erful tool to solve integrable equations.[22–27] In this paper, we
shall generate various types of solutions of the TOFGI equa-
tion by using the DT.

The positon solutions have attracted much attention in re-
cent years. The positon solution is a real nonsingular solution,
which was first proposed by Matveev in 1992.[28] In this paper,
Matveev pointed out that the positon solution of the modified
Korteweg–de Vries (mKdV) equation is obviously related to
the transparent potential in quantum physics. Subsequently,
the positon solutions have been studied extensively.[29–32] It
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is well known that the N-soliton solution can be split apart
into the sum of N single soliton solutions and produce a phase
shift, which shows that solitons are stable when colliding with
each other, and we can identify each soliton in the sense of a
particle.[33] The positon solution is degenerated from the soli-
ton solution. So the positon solution is split in this paper and
the properties of collision process can be clarified by analyzing
phase shift.

The structure of this paper is as follows. The determinant
representation of the N-order solution of the TOFGI equation
is given in Section 2 (see also Refs. [21,34]), and the formulas
of the soliton solution and positon solution are also obtained.
In Section 3, the positon solution is split and its dynamic char-
acteristics are analyzed. In Section 4, the breather solution
of the TOFGI equation and its three-dimensional profiles are
obtained. Finally, the conclusion is given in Section 5.

2. The soliton solution and positon solution of
the TOFGI equation
There are extensions of the GI equation, the coupled

TOFGI equation,[21]
qt +

1
2

qxxx +
3
2

iqqxrx +
3
4

q2r2qx = 0,

rt +
1
2

rxxx−
3
2

irrxqx +
3
4

r2q2rx = 0.
(3)

Equation (3) can be reduced to Eq. (2) with constraint q=−r∗.
This system of coupled equations admits the following Lax
pair:[21]

φx =Uφ =

(
− iλ 2

σ3 +λQ− i
2

Q2
σ3

)
φ ,

φt =V φ = (−2iλ 6
σ3 +Z5λ

5 +Z4λ
4

+Z3λ
3 +Z2λ

2 +Z1λ +Z0)φ , (4)

with

φ(x, t,λ ) =
(

f (x, t,λ )
g(x, t,λ )

)
,

σ3 =

(
1 0
0 −1

)
, Q =

(
0 q
r 0

)
,

Z0 =
i
4
(QQxx +QxxQ)σ3−

i
4

Q2
xσ3 +

i
8

Q6
σ3,

Z1 =−
1
2

Qxx +
i
2

QQxQσ3−
1
4

Q5,

Z2 =−
1
2
[Q,Qx]+

1
4

iQ4
σ3,

Z3 = iσ3Qx, Z4 =−iQ2
σ3, Z5 = 2Q.

Here, λ ∈ C is the spectral parameter and φ is the eigenfunc-
tion of Eq, (4) related to λ . The coupled TOFGI equation
can be obtained from the zero curvature equation Ut −Vx +

[U,V ] = 0.

In order to obtain the solution of the TOFGI equation, it is
found that the DT of the GI equation is also applicable to the
TOFGI equation through Ref. [34]. The same situation also
occurs in the third-order flow equation of the Kaup–Newell
system.[35] Thus, the lemma can be obtained as follows.

Lemma 1 Letting φi =

(
fi
gi

)
be the eigenfunction related

to λi of the spectral problem, the new solutions of the TOFGI
equation are obtained by DT,

q[n] = q+2i
Ω11

Ω12
, r[n] = r−2i

Ω21

Ω22
. (5)

(1) For n = 2k (k = 1,2,3, . . .),

Ω11 =

∣∣∣∣∣∣∣∣∣
f1 λ1g1 · · · λ

n−3
1 g1 λ

n−2
1 f1 −λ n

1 f1
f2 λ2g2 · · · λ

n−3
2 g2 λ

n−2
2 f2 −λ n

2 f2
...

...
...

...
...

...
fn λngn · · · λ n−3

n gn λ n−2
n fn −λ n

n fn

∣∣∣∣∣∣∣∣∣ ,

Ω12 =

∣∣∣∣∣∣∣∣∣
f1 λ1g1 · · · λ

n−3
1 g1 λ

n−2
1 f1 λ

n−1
1 g1

f2 λ2g2 · · · λ
n−3
2 g2 λ

n−2
2 f2 λ

n−1
2 g2

...
...

...
...

...
...

fn λngn · · · λ n−3
n gn λ n−2

n fn λ n−1
n gn

∣∣∣∣∣∣∣∣∣ ,

Ω21 =

∣∣∣∣∣∣∣∣∣
g1 λ1 f1 · · · λ

n−3
1 f1 λ

n−2
1 g1 −λ n

1 g1
g2 λ2 f2 · · · λ

n−3
2 f2 λ

n−2
2 g2 −λ n

2 g2
...

...
...

...
...

...
gn λn fn · · · λ n−3

n fn λ n−2
n gn −λ n

n gn

∣∣∣∣∣∣∣∣∣ ,

Ω22 =

∣∣∣∣∣∣∣∣∣
g1 λ1 f1 · · · λ

n−3
1 f1 λ

n−2
1 g1 λ

n−1
1 f1

g2 λ2 f2 · · · λ
n−3
2 f2 λ

n−2
2 g2 λ

n−1
2 f2

...
...

...
...

...
...

gn λn fn · · · λ n−3
n fn λ n−2

n gn λ n−1
n fn

∣∣∣∣∣∣∣∣∣ .
(2) For n = 2k+1 (k = 1,2,3, . . .),

Ω11 =

∣∣∣∣∣∣∣∣∣
g1 λ1 f1 · · · λ

n−3
1 f1 λ

n−2
1 g1 −λ n

1 f1
g2 λ2 f2 · · · λ

n−3
2 f2 λ

n−2
2 g2 −λ n

2 f2
...

...
...

...
...

...
gn λn fn · · · λ n−3

n fn λ n−2
n gn −λ n

n fn

∣∣∣∣∣∣∣∣∣ ,

Ω12 =

∣∣∣∣∣∣∣∣∣
g1 λ1 f1 · · · λ

n−3
1 f1 λ

n−2
1 g1 λ

n−1
1 g1

g2 λ2 f2 · · · λ
n−3
2 f2 λ

n−2
2 g2 λ

n−1
2 g2

...
...

...
...

...
...

gn λn fn · · · λ n−3
n fn λ n−2

n gn λ n−1
n gn

∣∣∣∣∣∣∣∣∣ ,

Ω21 =

∣∣∣∣∣∣∣∣∣
f1 λ1g1 · · · λ

n−3
1 g1 λ

n−2
1 f1 −λ n

1 g1
f2 λ2g2 · · · λ

n−3
2 g2 λ

n−2
2 f2 −λ n

2 g2
...

...
...

...
...

...
fn λngn · · · λ n−3

n gn λ n−2
n fn −λ n

n gn

∣∣∣∣∣∣∣∣∣ ,

Ω22 =

∣∣∣∣∣∣∣∣∣
f1 λ1g1 · · · λ

n−3
1 g1 λ

n−2
1 f1 λ

n−1
1 f1

f2 λ2g2 · · · λ
n−3
2 g2 λ

n−2
2 f2 λ

n−1
2 f2

...
...

...
...

...
...

fn λngn · · · λ n−3
n gn λ n−2

n fn λ n−1
n fn

∣∣∣∣∣∣∣∣∣ .
Taking the zero seed solution q = r = 0, the eigenfunc-
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tions related to λ j are as follows:

φ j = φ(λ j) =

(
f (x, t,λ j)
g(x, t,λ j)

)
=

(
e−iλ 2

j x−2iλ 6
j t

e iλ 2
j x+2iλ 6

j t

)
. (6)

The following types of solutions can be obtained.
For n = 1, letting λ ∗1 = −λ1, λ1 = iβ1 (β1 ∈ R) and

φ1 =

(
f1
g1

)
=

(
g∗1
f ∗1

)
, then

q[1] = 2β1 e2iβ 2
1 (x+2β 4

1 t), (7)

which represents a plane wave of constant amplitude.
For n = 2, letting λ1 = α1 + iβ1 (α1,β1 ∈ R), λ2 =−λ ∗1 ,

and φ1 =

(
f1
g1

)
, φ2 =

(
g∗1
f ∗1

)
, then one-soliton solution of the

TOFGI equation with eigenvalues λ1 can be obtained

q[2] =
8α1β1 e(2iβ 2

1 +4α1β1−2iα2
1 )H−8i(β 4

1−α4
1 )(α

2
1+β 2

1 )t

(α1− iβ1)e8α1β1H +α1 + iβ1
, (8)

with
H = 2(3α

2
1 −β

2
1 )(α

2
1 −3β

2
1 )t + x.

The peak trajectory of the one-soliton solution on the (x, t)
plane is

x =−2(3α
2
1 −β

2
1 )(α

2
1 −3β

2
1 )t.

Letting α1→ 0 in Eq. (8), we get a rational solution

q1−rational =−
4β1 e2iβ 2

1 (2β 4
1 t+x)

24iβ 6
1 t +4iβ 2

1 x−1
, (9)

with an arbitrary real constant β1. In the (x, t) plane, the peak
trajectory of rational solution can be expressed as x =−6β 4

1 t.
The three-dimensional plot and density plot of the two solu-
tions are given in Fig. 1.

t/↩
t/
t/

t/↩
t/
t/

2.0
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t

Fig. 1. The dynamic plot of |q[2]|2. (a) and (b) Three-dimensional plot and
two-dimensional plot of soliton solutions of the TOFGI equation respectively,
with α1 = 0.37, β1 = 0.6. (c) and (d) The rational solution three-dimensional
and two-dimensional plot of the TOFGI equation, with β1 = 0.6.

Remark 1 It can be found from the paper that the peak
amplitudes of the one-soliton solution and rational solution of
the TOFGI equation and GI equation are equal, which are de-
termined by the value 4β1. It can be seen from the peak tra-
jectories that the one-soliton solution and the rational solution
have different propagation velocities and directions.

For n = 4, letting λ1 = α1 + iβ1, λ2 = −λ ∗1 , λ3 = α3 +

iβ3, λ4 =−λ ∗3 (α1,α3,β1,β3 ∈R) and eigenfunction are sub-
stituted into Eq. (5), the two-soliton solution of the TOFGI
equation can be obtained, and its three-dimensional evolution
diagram is shown in Fig. 2(a).

For n = 6, letting λ1 = α1 + iβ1, λ2 = −λ ∗1 ,
λ3 = α3 + iβ3, λ4 = −λ ∗3 , λ5 = α5 + iβ5, λ6 = −λ ∗5
(α1,α3,α5,β1,β3,β5 ∈R), taking the same method, the three-
soliton solution of the TOFGI equation can be obtained, and
its three-dimensional evolution diagram is shown in Fig. 2(b).

(b)

4

2

20

20

-20-20

0

0

3

1

10

10
-10

-10 x

t

2.0

1.0

40

40

-40
-40

0

0

1.5

0.5

20

20
-20

-20 x

t

(a)

Fig. 2. (a) The three-dimensional plot of the two-soliton solution
|q[4]|2 with α1 = 0.4, β1 = 0.63, α3 = 0.55, β3 = 0.6. (b) The three-
dimensional plot of the three-soliton solution |q[6]|2 with α1 = 0.52,
β1 = 0.24, α3 = 0.7, β3 = 0.2, α5 = 0.58, β5 = 0.22.

It can be seen from Eq. (5) that when λi = λ j (i 6= j), the
denominator of the N-soliton solution becomes zero. To rem-
edy this defect, the positon solution of the TOFGI equation is
solved. The positon solution is a smooth solution obtained by
using degenerate DT to approximate the eigenvalues and then
using higher order Taylor expansion. Therefore, the following
proposition can be obtained.

Proposition 1 Substituting the eigenfunction (6) into
Eq. (5) and taking λ1 = α1 + iβ1 (α1,β1 ∈ R), λ2 = −λ ∗1 ,
λ2 j−1 → λ1 and λ2 j = −λ ∗2 j−1 ( j = 2,3,4, . . .), then the de-
generate DT is performed. The expression of the N-positon
solution can be written as

qn−p = 2i
|Ω ′11|
|Ω ′12|

, (10)

where

Ω
′
11 =

(
∂ ni−1

∂εni−1 |ε=0(Ω11)i j(λ1 + ε)

)
2n×2n

,

Ω
′
12 =

(
∂ ni−1

∂εni−1 |ε=0(Ω12)i j(λ1 + ε)

)
2n×2n

,

and ni = [ i+1
2 ], [i] defined as the floor function of i.
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Letting n = 2 in Eq. (10), the two-positon solution can be
obtained, whose explicit formula is shown as follows:

q2−p =
[ω1 sinh(4α1β1H)+ω2 cosh(4α1β1H)] eh1

[ω3 sinh(4α1β1H)+ω4 cosh(4α1β1H)] e12α1β1H +ω5
,

(11)

where

H = 2(3α
2
1 −β

2
1 )(α

2
1 −3β

2
1 )t + x,

ω1 = (128−128i)α3
1 β

2
1 (α

2
1 +β

2
1 )

×
[
x+6(α4

1 −10α
2
1 β

2
1 +5β

4
1 )t
]

+32α1β
4
1 (1+ i),

ω2 = (−2−2i)α2
1 β

3
1 (α

2
1 +β

2
1 )

×
[
64x+193(5α

4
1 −10α

2
1 β

2
1 +β

4
1 )t
]

+32α
4
1 β1(−1+ i),

ω3 = ω31t2 +ω32xt +ω33t +ω34x2 +ω35x+ω36,

ω31 = (2304−2304i)α2
1 β

2
1 (α

2
1 +β

2
1 )

6,

ω32 = (768−768i)α2
1 β

2
1 (α

2
1 +β

2
1 )

2

×(−α
2
1 −2α1β1 +β

2
1 )(−α

2
1 +2α1β1 +β

2
1 ),

ω33 = (192+192i)α2
1 β

2
1 (β

2
1 −α

2
1 )

×(α2
1 +4α1β1 +β

2
1 )(α

2
1 −4α1β1 +β

2
1 ),

ω34 = (64−64i)α2
1 β

2
1 (α

2
1 +β

2
1 )

2,

ω35 = (32+32i)α2
1 β

2
1 (β

2
1 −α

2
1 ),

ω36 = (1− i)α4
1 +(2+2i)α3

1 β1

+(2+2i)α1β
3
1 +(3−3i)β 4

1 ,

ω4 = ω41t2 +ω42xt +ω43t +ω44x2 +ω45x+ω46,

ω41 = −ω31, ω42 =−ω32, ω43 =−ω33,

ω44 = −ω34, ω45 =−ω35,

ω46 = (−3+3i)α4
1 +(2+2i)α3

1 β1

+(2+2i)α1β
3
1 +(−1+ i)β 4

1 ,

ω5 = −[(1− i)α2
1 +(2+2i)α1β1

+(−1+ i)β 2
1 ](α

2
1 +β

2
1 ),

h1 = −4i(α6
1 −15α

4
1 β

2
1 +15α

2
1 β

4
1 −β

6
1 )t

−2i(α2
1 −β

2
1 )x+8α1β1H.

Letting α1→ 0 in Eq. (11) of the two-positon solution, the
second-order rational traveling wave solution of the TOFGI
equation can be obtained as follows:

q2−rational =
β1 e2iβ 2

1 (2β 4
1 t+x)(τ13t3 + τ12t2 + τ11t + τ10)

τ24t4 + τ23t3 + τ22t2 + τ21t + τ20
, (12)

where

τ13 = 21233(1+ i)β 18
1 ,

τ12 = 2933
β

12
1
(
4(1+ i)β 2

1 x−5(1− i)
)
,

τ11 = 263β
6
1 (2

43(1+ i)β 4
1 x2−2332(1− i)β 2

1 x−17(1+ i)),

τ10 = 29(1+ i)β 6
1 x3−273(1− i)β 4

1 x2

+253(1+ i)β 2
1 x+233(1− i),

τ24 = −21234(1− i)β 24
1 ,

τ23 = −21133
β

18
1
(
4(1− i)β 2

1 x+(1+ i)
)
,

τ22 = −2732
β

12
1 (243(1− i)β 4

1 x2

+233(1+ i)β 2
1 x−19(1− i)),

τ21 = −253β
6
1 (2

6(1− i)β 6
1 x3 +243(1+ i)β 4

1 x2

+4(1− i)β 2
1 x+19(1+ i)),

τ20 = −28(1− i)β 8
1 x4−28(1+ i)β 6

1 x3

+253(1− i)β 4
1 x2−243(1+ i)β 2

1 x+3(1− i).

The second-order rational traveling solution is generated, see
Fig. 3.
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Fig. 3. Dynamic evolution diagram of the second-order rational travel-
ing solution |q2−rational|2 of the TOFGI equation on the (x, t)-plane, with
β1 = 0.64.

Letting n = 3 and n = 4 in Eq. (10) we can obtain a three-
positon solution and a four-positon solution, respectively. The
plots of the two-positon, three-positon, and four-positon are
depicted in Figs. 4, 5, and 6, respectively. The trajectory and
attributes of the positon solution will be discussed in the fol-
lowing section.

3. Dynamics of the positons
From the three-dimensional evolution diagram of the

positon solution, we can see that the trajectory of the posi-
ton solution is a curve, which is different from the trajectory
of soliton solution which is a straight line. Each soliton can
be identified in the particle sense because the N-soliton so-
lution can be split into the sum of n single soliton solutions.
The N-positon solution is derived from the degradation of the
N-solitons solution and is a nonsingular real solution. It is
necessary to verify whether the N-positon solutions also have
properties similar to the N-soliton solutions. We split the mod-
ulus square of the N-positon solution to analyze its dynamic
properties.

Let us start with the two-positon solution. Because split-
ting the two-positon solution into two single solitons will pro-
duce a constant phase shift when |t| → ∞, it is naturally as-
sumed that the splitting of the two-positon as the following
when |t| → ∞:

|q2−p|2 ≈ |q1−s(H + c1)|2 + |q1−s(H− c1)|2.

The item |q1−s(H ± c1)|2 on the right-hand side can be ob-
tained by Eq. (8)
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|q1−s(H± c1)|2 =
64α2

1 β 2
1 e8α1β1(H±c1)

(β 2
1 +α2

1 )(e16α1β1(H±c1)+1)−2(β 2
1 −α2

1 )e8α1β1(H±c1)
. (13)

From Eq. (11), the left-hand side of the equation can be ob-
tained. Letting H → 0, after a series of approximate calcula-
tions, the phase shift c1 yields the following formula:

ω6t4 +(α2
1 +β

2
1 )

2 cosh(16α1β1c1)

−16α
8
1 +6β

4
1 −4α

2
1 β

2
1 +6α

4
1 ≈ 0. (14)

Solving the above formula and getting

c1 ≈−
ln(22334α4

1 β 4
1 (α

2
1 +β 2

1 )
4(9β 4

1 −14α2
1 β 2

1 +9α4
1 )

2t4)

16α1β1
,

c1 can be written in a simpler form c1 ≈ − ln(22334t4)
16α1β1

when
|t| → ∞. In summary, the following proposition can be ob-
tained.

Proposition 2 As |t| → ∞, the modulus square of the
two-positon solution of the TOFGI equation is split as the fol-

lowing form:

|q2−p|2 ≈ |q1−s(H + c1)|2 + |q1−s(H− c1)|2, (15)

the phase shift generated here is c1 =− ln(22334t4)
16α1β1

.

In summary, it can be found that the phase shift generated
by the splitting of two-positon solution into two single solitons
is not a constant but a function related to t. In order to ver-
ify the accuracy of the results, we compare the approximate
track of the peak track of the soliton solution mode square
with the peak track of the positon mode square, as shown in
Fig. 4(c). In Fig. 4(c), it is easy to find that the trajectories of
the two overlap very well when |t|→∞. Therefore, the method
of splitting the positon solution is very accurate. The three-
positon solution can also be split by using the same method.
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Fig. 4. Dynamic evolution diagram of two-positon solution |q2−p|2 of the TOFGI equation on the (x, t)-plane, with α1 = 0.8 and β1 = 0.4. (a)
and (b) The three-dimensional diagram and density diagram of the two-positon solution, respectively. (c) The black dotted line is the extreme
trajectory of the two-positon solution, and the red broken lines are the approximate trajectory of decomposition.

Assume that when |t| →∞, the three-positon solution has
the following decomposition:

|q3−p|2 ≈ |q1−s(H + c2)|2 + |q1−s(H)|2 + |q1−s(H− c2)|2,

the modulus squares of three-soliton solution and one-soliton
solution are brought into the above equation, respectively, and
let H → 0. Then, the formula is simplified so that c2 satisfies
the following formula:

ω7t8−4β
2
1 (α

2
1 +β

2
1 )

2 cosh(16α1β1c2)+27
α

18
1

−24β
6
1 +16α

2
1 β

4
1 −24α

4
1 β

2
1 ≈ 0. (16)

Solving Eq. (16) and getting

c2 ≈−
ln
(
24438α10

1 β 14
1 (α2

1 +β 2
1 )

8(9β 4
1 −14α2

1 β 2
1 +9α4

1 )
4t8
)

16α1β1
,

c2 can also be written in a simpler form c2 ≈ − ln(24438t8)
16α1β1

.
Therefore, we can get the following proposition.

Proposition 3 As |t| → ∞, the modulus square of the
three-positon solution of the TOFGI equation is split as the
following form:

|q3−p|2 ≈ |q1−s(H + c2)|2 + |q1−s(H)|2

+ |q1−s(H− c2)|2, (17)

the phase shift generated here is c2 =− ln(24438t8)
16α1β1

.
The dynamic plot of the three-positon solution is given in

Fig. 5(c). It can be seen from the figure that the approximate
orbit of the mode square peak trajectory of the soliton solution
overlaps well with the positon mode square peak trajectory
when |t| → ∞. The higher-order positon solution can still be
split by the same method. For simplicity, the decomposition
of the multi-positon solution is omitted.

Remark 2 The phase shift generated by the decomposi-
tion of the two-positon solution of the GI equation is equiv-
alent to ln t2, and the phase shift generated by the decompo-
sition of the three-positon solution is equivalent to ln t4.[36]

The phase shift generated by the decomposition of the two-
positon solution of the TOFGI equation is equivalent to ln t4,
and the phase shift generated by the decomposition of the
three-positon solution is equivalent to ln t8. It shows that the
phase shift generated by the decomposition of the N-positon
solution of the higher-order NLS equation into the single soli-
ton solution is more affected by t, but we can also identify each
positon solution from the particle sense.
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Fig. 5. Dynamic evolution diagram of the three-positon solution |q3−p|2 of the TOFGI equation on the (x, t)-plane, with α1 = 4/7 and β1 = 4/5.
(a) and (b) The three-dimensional diagram and density diagram of the three-positon solution, respectively. (c) The blue dots curve is the extreme
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Fig. 6. The dynamics of the four-positon solution modulus square of the
TOFGI equation on the (x, t) plane. (a) and (b) The three-dimensional
plot and two-dimensional plot with α1 = 0.75, β1 = 0.44, respectively.

4. The breather solutions of the TOFGI equa-
tion

By substituting the non-zero seed solution q = ce i(ax+bt)

into Eq. (2), where a and b are constants, b=− 3
4 ac4+ 3

2 a2c2+
1
2 a3 can be obtained. Then, q = ce i(ax+(− 3

4 ac4+ 3
2 a2c2+ 1

2 a3)t) is
substituted into Eq. (4) of the spectral problem, and the re-
sults are obtained by using the method of separating variables
and the superposition principle, the eigenfunction φ j associ-
ated with λ j is given by

(
f j(x, t,λ j)

g j(x, t,λ j)

)
=

(
ϖ1

1 j(x, t,λ j)+ϖ2
1 j(x, t,λ j)+ϖ1

2 j
∗
(x, t,−λ ∗j )+ϖ2

2 j
∗
(x, t,−λ ∗j )

ϖ1
2 j(x, t,λ j)+ϖ2

2 j(x, t,λ j)+ϖ1
1 j
∗
(x, t,−λ ∗j )+ϖ2

1 j
∗
(x, t,−λ ∗j )

)
, (18)

where

(
ϖ1

1 j(x, t,λ j)

ϖ1
2 j(x, t,λ j)

)
=


exp
(√s[(8λ 4

j −4aλ 2 +2ac2 +2a2)t +4x]

8
+

i
[(
− 3

2
ac4 +3a2c2 +a3

)
t +2ax

]
4

)
√

s− ic2 + siλ 2
j + ia

2cλ j
exp
(√s[(8λ 4

j −4aλ 2
j +2ac2 +2a2)t +4x]

8
−

i
[(
− 3

2
ac4 +3a2c2 +a3

)
t +2ax

]
4

)


,

(
ϖ2

1 j(x, t,λ j)

ϖ2
2 j(x, t,λ j)

)
=


exp
(−√s[(8λ 4

j −4aλ 2 +2ac2 +2a2)t +4x]

8
+

i
[(
− 3

2
ac4 +3a2c2 +a3

)
t +2ax

]
4

)
−
√

s− ic2 + siλ 2
j + ia

2cλ j
exp
(
−
√

s[(8λ 4
j −4aλ 2

j +2ac2 +2a2)t +4x]

8
−

i
[(
− 3

2
ac4 +3a2c2 +a3

)
t +2ax

]
4

)


,

ϖ
1(x, t,λ j) =

(
ϖ1

1 j(x, t,λ j)

ϖ1
2 j(x, t,λ j)

)
, ϖ

2(x, t,λ j) =

(
ϖ2

1 j(x, t,λ j)

ϖ2
2 j(x, t,λ j)

)
, s =−c4−4λ

4
j +2ac2−4aλ

2
i −a2. (19)

Here, ϖ1(x, t,λ j) and ϖ2(x, t,λ j) are linearly independent so-
lutions of Eq. (4) of the spectral problem. The breather solu-
tion of the TOFGI equation can be obtained by the DT of even
order.

For n = 2, assuming λ1 = α1 + iβ1, λ2 = −λ ∗1 , and sub-
stituting the corresponding eigenfunction (18) into Eq. (5).
To simplify the calculation, taking a = −2α2

1 + β 2
1 so that

Im(−c4 − 4λ 4
1 + 2ac2 − 4aλ 2

1 − a2) = 0. Thus, the one-

breather solution of the TOFGI equation is obtained as fol-
lows:

q[2]breather = exp
(
−4iS

(
x
2
+

(
S2− 3

2
c2S− 3

8
c4
)

t
))

×
(
− c+

u1

u2

)
, (20)

where

u1 = 2(4α
2
1 + c2)

(
−2iβ1K sin( f2)+α1(−8β

2
1 +2c2)cos( f2)

)
,
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u2 = −2icβ1K sin( f2)+(8α
3
1 c+2α1c3)cos( f2)

−4iα1β1K sinh( f1)− (16α
3
1 β1 +4α1β1c2)cosh( f1),

f1 =
1
4

K((−24α
4
1 +(80β

2
1 +4c2)α2

1 + c4

−4β
2
1 c2−24β

4
1 )t−4x),

f2 = 12Kα1β1(α
2
1 −β

2
1 )t,

K =
√
(4β 2

1 − c2)(4α2
1 + c2), S = α

2
1 −β

2
1 .

When t→∞ and x→∞, |q[2]breather|
2→ c2. In addition, the

trajectory of the one-breather solution is determined by f1 = 0
when s > 0, x = ( 1

4 c4−6α4
1 +20α2

1 β 2
1 +α2

1 c2−6β 4
1 −β 2

1 c2)t.
When s < 0, the trajectory of the one-breather solution is de-
termined by f2 = 0 as t = 0.

Thus, the one-breather solution of time periodic and the
one-breather solution of space periodic of the TOFGI equation
can be obtained. When taking the parameters that meet the
above conditions, Figs. 7(a) and 7(b) show the dynamic behav-
ior of their time periodic and space periodic solutions Eq. (20)
respectively. In Fig. 7(c), the dynamic evolution structure of
the one-breather solution in general is given, and its trajectory
is a periodic motion of a straight line on the (x, t) plane.

For n = 4, assume λ1 = α1 + iβ1, λ2 = −λ ∗1 , λ3 = α3 +

iβ3, λ4 = −λ ∗3 , using the same method as above, we can ob-
tain the two-breather solution q[4] of the TOFGI equation after
four-fold DT. Here, it is omitted the complex expression of
the two-breather solution, but its dynamic evolution is given
in Fig. 7(d).
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Fig. 7. (a) The first-order breather solution of time period |q[2]breather|
2 of

the TOFGI equation with α1 = 4/5, β1 = 2
√

57−3
√

247/15, c = 4/5
and the trajectory is a line x = 0. (b) The first-order breather solution of
space period with α1 = 0.7, β1 = 0.35, c = 0.9, and the trajectory is a
line t = 0. (c) The general first-order breather solution with α1 = 0.66,
β1 = 0.45, c = 0.8. (d) The second-order breather solution |q[4]|2 with
α1 = 0.45, β1 = 0.7, α3 = 0.44, β3 = 0.71, c = 1.

Remark 3 From the analytical expression and dynamic
evolution of the one-breather solution of the TOFGI equation,

we can clearly find that its motion trajectory and propagation
speed are completely different from the corresponding solu-
tion of the GI equation under the same condition, which is the
same as that in remark 1 above. It can be concluded that the
higher-order nonlinear terms in the TOFGI equation will affect
the propagation speed and motion trajectory of the solution.

5. Conclusions
In this paper, some exact solutions and properties of the

TOFGI equation with higher-order nonlinear terms are stud-
ied. In Section 2, the determinant expression of the new so-
lution is obtained in Lemma 1 by using DT. Then, the soliton
solution and rational solution are obtained by taking zero seed
solution and different spectral parameters. The positon solu-
tion of the N-solution of the TOFGI equation is obtained by us-
ing the degenerate DT in Proposition 1. The three-dimensional
and density diagrams of these solutions are shown in Figs. 1–
6, respectively. In Section 3, the dynamical properties of the
N-positon solution of the TOFGI equation are studied. The
decomposition of the two-positon solution and three-positon
solution are obtained in Propositions 2 and 3, and the dynamic
evolution diagrams are shown in Figs. 4 and 5. In Section 4,
the breather solution of the TOFGI equation is studied. Fig-
ure 7 shows the three-dimensional diagram of the breather so-
lution of the TOFGI equation.

Finally, by comparing the soliton and positon solutions
of the GI equation and the TOFGI equation, it is found that
the propagation velocity of the soliton and positon solutions
of these two equations are different, with the opposite prop-
agation direction and the same height of wave peak. There-
fore, it can be concluded that the higher-order nonlinear term
of the TOFGI equation only affects the propagation velocity
and trajectory of the wave, but does not affect the peak value
of the wave. The results of this paper have certain reference
value and provide possible theoretical support for the study
of high-order nonlinear effects and applications of high-order
dispersion in the future.
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