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The study on the entanglement polygon inequality of multipartite systems has attracted much attention. However,
most of the results are on pure states. Here we consider the property for a class of mixed states, which are the reduced
density matrices of generalized W-class states in multipartite higher dimensional systems. First we show the class of mixed
states satisfies the entanglement polygon inequalities in terms of Tsallis-g entanglement, then we propose a class of tighter
inequalities for mixed states in terms of Tsallis-¢g entanglement. At last, we get an inequality for the mixed states, which

can be regarded as a relation for bipartite entanglement.
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1. Introduction

Entanglement is an essential feature in quantum mechan-
ics compared with the classical.l?! It serves a key role in

many information tasks, such as quantum teleportation, >4

quantum dense coding,®! and quantum cryptography.!-7]
One of the most meaningful properties of entanglement
in multipartite systems is that entanglement cannot be freely
shared. Monogamy of entanglement (MoE)®"! is one mani-
festation of the property. For a tripartite entangled state papc,
the mathematical representation of MoE in terms of an entan-

glement measure E is that
Exp+Exc < Exppe- (D

The above inequality means that the sum of entanglement
in AB and AC is bounded by entanglement between subsys-
tem A and the remaining BC. This relation is valid in terms

of concurrence,!® the squashed entanglement measure,!']

ULI2] for p-qubit systems. Ex-

and Tsallis-g entanglement
cept expression (1), other representations of MoE have been
proposed. [13-19]

Recently, the other entanglement distribution property,
entanglement polygon inequality (EPI), was proposed for pure
states in multiqubit systems in terms of some entanglement

measure E,[20]
Ejj <Y Eyp
k#j

here j denotes a subsystem #j, j is the remaining subsys-

tems. Recently, EPI was proved valid for pure states in multi-

qudit systems in terms of some entanglement measures.>1->?]

Based on the property, a method to build the genuine entan-
glement measure for multipartite systems was proposed.!'%23]
This property was applied to classify multiparticle entangle-

21,24

ment recently.[ 1 However, there are few results on EPI for
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mixed states of multipartite systems in terms of some entan-
glement measure.

The generalized W class (GW) states of multipartite
higher dimensional systems own fine properties on their en-
tanglement distribution. In 2008, Kim and Sanders showed
that the GW states in multipartite higher-dimensional sys-
tems satisfy the monogamy relations in terms of the squared
concurrence. 51 Moreover, there the authors showed that in-
equality (1) is saturated for the GW states in terms of the
squared concurrence. In recent years, there have been many
results on monogamy of entanglement for the GW states
in terms of convex roof extended negativity,>®! Tsallis-g

(271 Renyi-or entanglement, 81 and the unified-

19]

entanglement,
(g,s) entanglement.!

This article is organized as follows. In Section 2, we
present the preliminary knowledge of this article. In Section 3,
we present our main results. First, we present a class of tripar-
tite mixed states satisfy the EPI in terms of Tsallis-g entan-
glement, which are generated by the partial trace map over a
generalized W-class state in terms of Tsallis-g entanglement,
and then we show a tighter inequality for the mixed states.
At last, we present another type of inequalities for the mixed

states. In Section 4, we end with a summary.

2. Preliminary knowledge

In this section, we present the preliminary knowledge
needed here. First, we present the definitions and properties
of entanglement measures for bipartite systems, and then we
recall the generalized W-class states in multipartite higher di-

mensional systems.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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2.1. Entanglement measures

Given a bipartite pure state |Y)ap = Y; v/ Aiii), the con-
currence is defined as

C(ly)as) = /2(1 —trp3), (2)

where ps = trg pap. When psp is a mixed state, its concur-
rence is defined as

Zpl W/t AB 3)

C min
(PAB) {pis \%)AB}

where the minimum takes over all the decompositions of

pag = ¥; PilWi)ap(Wil.
For a quantum state p, the Tsallis-g entropy is

(1],

Ty(p) = .

for g > 1. When ¢ — 1, T;(-) converges to the von Neumann
entropy S(-)

lim 7, (p) = —trplogp = S(p). 4)
qg—1

For a bipartite pure state |W)p, when g > 1, its Tsallis-g
entanglement is

Tq(|‘/’>AB) = Tq(pA)a

where ps = trg |W)ap{y|. For a mixed state pag, its Tsallis-g
entanglement is defined as

T, (pas) manPz (lwi)as)

where the minimum takes over all possible pure state decom-

positions of pag = ¥, pilWi) as (Wil
By combing Eq. (4), we have

lim T, (pap) = E(paB),
qg—1

where E(pag) is entanglement of formation for the mixed state

4.129:30]

Next assume |¢) is a pure state in Hy @ Hy with its
Schmidt decomposition |¢)4p = VA|00) + /T —A|11), its
Tsallis-g entanglement is

Ty(|¢)as) =

0 1q) A7+ (1—2)7—1].

Combing the definition of concurrence for pure states, we have
T,(19)48) = f4(C*(19a5)));

where f,(x) is defined in x € [0, 1],

(14+VT—=x)7+ (1 —/T—x)4—-24

Jat) = (1—-q)24

Next we recall several lemmas on the properties of f;(x).
Lemma 1!l The function f,(x) is a monotonously in-
creasing and concave function when

e [Sz‘/ﬁ,z}u[;”z\/ﬁ].

Lemma 22! The function f,(x?) is a monotonically in-
) and x € (0, 1),

creasing function of the variable x for ¢ € (0,
it is a convex function of x when

. [5—2\/?52\/3].

2.2. Generalized W-class state in multipartite higher di-
mensional systems

Here we first recall the generalized W-class (GW) state

|W,fi>A|A2,,_,,An in multi-qudit systems, >’

d
|W VA1 As,. A,

Z (@110 0) +azj|0j-+-0) + -+ +ay[00---0)), (5)

here {|j), }Z, is an orthonormal basis of qudit subsystems A;
with i = l,2,...,n and Zi:lzjﬂ laij|* = 1.

Lemma 3! For any n-qudit generalized W-class state
|W)aB, ..., , in Eq. (5) and a partition P = {P},...,P,} for
the subset S = {A,By,...,B;_1},m<I1<n,

Crm = L Crin ©)
for all k # s, here we denote {P,...,P,...Py} =

{Pi,...,Ps,....Pn} —{P}.
Based on Lemma 1 and the relations between T (-) and
C(-), the authors in Ref. [27] showed the following lemma.
Lemma 4 Assume PAj Ay oAy, is a reduced density ma-

trix of an n-qudit GW state in Eq. (5), here m < n, then we

have
Tq(ij ‘A127 . ) fl]( ( 127'-'1Aj)71))’
for
—V13 5413
2 7 2 |

3. Main results

This section mainly considers classes of entanglement
polygon inequalities in terms of the Tsallis-g entanglement for
a class of mixed states, which are the reduced density matri-
ces of a GW state. First, we show that the EPI is satisfied by
the class of mixed states. Then a tighter EPI is presented for
the class of mixed states. At last, we present a generalized
EPI for the mixed states, this inequality can be regarded as a

relationship of a bipartite entanglement.

110308-2
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Theorem 1 Assume PAj AjAj, is a tripartite reduced den-
sity matrix of an n-qudit GW state in Hy, @ Ha, ® ---Ha,,
then

Tq(PAjl |Aj2Aj3) <

T‘](ijz‘AleB)+T(ij3|Aj1Aj2)7

when

2 2

Proof As PAj AjA;, is a tripartite reduced density matrix
of a GW state, then

[

Ty(Paj,ia,,4,,) + Ty(Paya;,45,)
= f4(C; 12|A]1 )+fq(cij3\Aj2Ajl)
= f,(Ci a,4;, TC )+fq(C/§j3Aj2+C§j3Ajl)
> f4(CS A, TC A A)
= fq( )

q(PAj1 \AjzAj3),

here the first equality is due to the Lemma 4, the second
equality is due to Lemma 3, the first inequality is due to the
Lemma 1, and the last equality is due to Lemma 3.

Due to the proof of Theorem 1, we can prove the follow-
ing similarly:

Tq(ij2|Aj1Aj3) S Tq(ijl ‘AjzAj3)+T(ij3|Alej2)7

that is shown below.

Corollary 1 Assume PAj AjAj, is a tripartite reduced
density matrix of an n-qudit GW state in H4, ® Ha, ®---Ha
then

n?

|Tq(PAJ~2\Aj1A/-3) _T(I(ij3|Aj1Aj2)|
S Tq(ijl |Aj2Aj3) S Tq(ijz‘Alej3)+ T(ijj,lAlejz)’

when

2

In Fig. 1, we plot a triangle to present the meaning of

€ [5_2\@,2] U [3,54_\/@}.

Corollary 1, the length of segment i—j denotes the entangle-
ment of Tj(pa,|4;4,), here k is another party.

J k
Fig. 1. Characterization of Corollary 1. In this figure, the length of
segment i—j indicates the value of Tq(pAk\A,-A,-)v here k is another party

different from parties i and j.

Corollary 2 Assume Paj A is a multipartite re-

o Ajm
duced density matrix of an n-qudit GW state in Ha, @ Ha, ®

-+ ®Ha,, and {Py,Ps,...,P,} is a partition of the set S =

{A,1 Ajyy - yAj, ) thatis, UL Py =S,
Ty(Pp7;) <Z (Pp, 7))
hereﬁkzPoPl,...7Pk,1Pk+1,...,Ph,i=0,1,...,m,andm§n.

Assume j € N*, then j can be written as
n—1 .
=Y J2, @)
i=0

here we assume log, j <n, j; € {0,1}. According to the equal-
ity (7), we have the following bijection:

j=3

7= (Josts--sdn—1)

and we denote its Hamming distance wy(j) as the number 1 of
the set {jo, ji,---
of the GW states in terms of the Tsallis-g entanglement.

Theorem 2 Let B € [0,1], assume PA;, Aiy ... Aiy, is
a reduced density matrix of a GW state |[W)aja,,.4, -
Let P = {P;,Pj,....P;

,Jn—1}. Next we present a tighter inequality

P;,} be a partition of the set

Jm—1"
{Ai,Aiy, ... Aiy b when
5—+/13 5 13
[5Peub
2 2
there exists an appropriate order of P;,Pj,...,P;, ,,Pj, such
that
mn .
Ty (pp, 7)) < Y. 2F = )" Ty (pp, )P, (®)
i=1
here Pj, = Pjy, Pj.,.. P Py Py i=0,15

Here we place the proof of Theorem 2in Appendlx A.

At last, we present the other class of entanglement poly-
gon inequalities for bipartite entanglement. Assume |@) aBc
is a GW state in Ha @ Hp @ Hc, paB = tic|9) aBc (9] is
a mixed state of the Hilbert space Hap. Here we denote

A=AA,....Ayand B=B,B>,...,B,.

Theorem 3 Assume |¢) apc is a GW state in H apc,
pAB = trc|¢>ABc<¢‘, here A = Al,Az,...,Am and B =
B1,By,...,By, then

m
B i|Bj
<y " ©)
ij=1
when

5—v13 5+v13
—2 — .
Proof As pap is reduced density matrix of a GW state,
then

Ty(paB) = fQ(C?A\B)

110308-3
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f(Y, Cis)
i,j=1
Y fu(Cis,)
i,j=1

i 1 (pAiB j)

=1

IN

4. Summary

In this manuscript, we have mainly considered the dis-
tribution property of multipartite entanglement for a class of
mixed states in terms of the Tsallis-g entanglement. First, we
have proved the EPI in terms of Tsallis-¢g entanglement for the
reduced density matrices of the GW states. With Hamming
distance, we have presented a tighter EPI in terms of Tsallis-
q entanglement for the mixed states. At last, we have shown
inequalities for the mixed states in terms of Tsallis-g entangle-
ment. We hope our results can provide a reference for future

work on the study of multiparty quantum entanglement.

Appendix A

Lemma A1l Let § € [0,1],x € (0,1], then we have
(14+x)P <14+ 2P —1)4P. (Al)

Proof Let r = 1/x, then the lemma is equivalent to get
the maximum of f(r) whent € [1,00),

o) =(1+10)P —4P. (A2)

Ast €[1,), and f'(r) <0, that is, when t = 1, f(¢) gets the
maximum 2" — 1. At last, when we replace 7 with 1/x, we fin-
ish the proof.

The proof of Theorem 2.

Proof In the process of the proof, we always can order
the partite P;,,P; ,...,P;, , such that

Ty(pp,7;) = Tylpp, 7 )y i=0,1om—1. (A3)

/Hrl‘ Jit1

Through computation, we have that all the reduced density
matrices of a GW state can be written as

= ijO""’ij—l ® ‘Om—k><0m—k|-

Here we will use the mathematical induction method to prove

the theorem. When pp;,P;, P;, is a tripartite reduced density

matrix of a GW state |Y)aa,,.. 4

[Tq(ijO\lesz )]ﬁ
S [Tl](ijl ‘PjOPjZ) +Tq(ij2\P_,-0Pj] )]ﬁ

B
T,(pp,, P, P;,)
=[T,(pp. p. p. )P |1+ [‘]/2’0“}
[ q(ijl‘Pj()sz)] [ Tq(Plelijsz)

n—17

< (Ty(pp, \P,-OP,-Z))B +(2P - D(Ty(pp, P, P, )P,

here the first inequality is due to the Theorem 1, and when

(A4)

a>c>0b>0,a" > c?, and the second inequality is due to
the Lemma Al.

Next assume m < 2", the theorem is correct. Then when
m = 2", from the inequality (A4), we have

T, (Pr, )P
Tl

m/2—1
S[ Z Tq(Ple.
i=1
m/2-1 b B
g[znwﬁﬂH21[2T%ﬂﬂ
i=1 i=m/2

Z?le/z Tq(PPj.\?) B
m/2 1 ( ):|

)l ( q(pP/,-\PTI-))ﬁ

< Y 28— 1)L (o, 7). (A5

When m is an arbitrary number, we always can choose an
n € Nt such that 2"~ ! < m < 2", Let

® 6p,, P; P;

P Jma10 o an 17

i PPjgPjy P

m—1

here

Pign_y

88,y 1P, = 100--0p, by py (00---0).

Then due to the inequality (AS), we have

2] B 2n-1
Y Tm)| < X 08— 0O ) a6
i= i=0
From the definition of the state Vi eiPiye_, » WE have
TQ(}/P |P7]I)_Tq(pP/l‘P7h)7 i=1,....m—1, (A7)
Tq(ij,-le[):O’ i=mm+1,...,2", (A8)
hence
T, (1, )P
= [Tq(PP_,l, \F,-i)]ﬁ
-1
< Y (28— )T, ()
i=0
_ Z zﬁ ) (31) T, (iji ‘Tn)}ﬁ’ (A9)

here the first equality is due to Eq. (A7), the second equality is
due to Eq. (A8).
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