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The study on the entanglement polygon inequality of multipartite systems has attracted much attention. However,
most of the results are on pure states. Here we consider the property for a class of mixed states, which are the reduced
density matrices of generalized W -class states in multipartite higher dimensional systems. First we show the class of mixed
states satisfies the entanglement polygon inequalities in terms of Tsallis-q entanglement, then we propose a class of tighter
inequalities for mixed states in terms of Tsallis-q entanglement. At last, we get an inequality for the mixed states, which
can be regarded as a relation for bipartite entanglement.
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1. Introduction
Entanglement is an essential feature in quantum mechan-

ics compared with the classical.[1,2] It serves a key role in
many information tasks, such as quantum teleportation,[3,4]

quantum dense coding,[5] and quantum cryptography.[6,7]

One of the most meaningful properties of entanglement
in multipartite systems is that entanglement cannot be freely
shared. Monogamy of entanglement (MoE)[8,9] is one mani-
festation of the property. For a tripartite entangled state ρABC,
the mathematical representation of MoE in terms of an entan-
glement measure E is that

EA|B +EA|C ≤ EA|BC. (1)

The above inequality means that the sum of entanglement
in AB and AC is bounded by entanglement between subsys-
tem A and the remaining BC. This relation is valid in terms
of concurrence,[8] the squashed entanglement measure,[10]

and Tsallis-q entanglement[11,12] for n-qubit systems. Ex-
cept expression (1), other representations of MoE have been
proposed.[13–19]

Recently, the other entanglement distribution property,
entanglement polygon inequality (EPI), was proposed for pure
states in multiqubit systems in terms of some entanglement
measure E,[20]

E j| j ≤ ∑
k ̸= j

Ek|k,

here j denotes a subsystem ℋ j, j is the remaining subsys-
tems. Recently, EPI was proved valid for pure states in multi-
qudit systems in terms of some entanglement measures.[21,22]

Based on the property, a method to build the genuine entan-
glement measure for multipartite systems was proposed.[16,23]

This property was applied to classify multiparticle entangle-
ment recently.[21,24] However, there are few results on EPI for

mixed states of multipartite systems in terms of some entan-

glement measure.

The generalized W class (GW) states of multipartite

higher dimensional systems own fine properties on their en-

tanglement distribution. In 2008, Kim and Sanders showed

that the GW states in multipartite higher-dimensional sys-

tems satisfy the monogamy relations in terms of the squared

concurrence.[25] Moreover, there the authors showed that in-

equality (1) is saturated for the GW states in terms of the

squared concurrence. In recent years, there have been many

results on monogamy of entanglement for the GW states

in terms of convex roof extended negativity,[26] Tsallis-q

entanglement,[27] Renyi-α entanglement,[28] and the unified-

(q,s) entanglement.[19]

This article is organized as follows. In Section 2, we

present the preliminary knowledge of this article. In Section 3,

we present our main results. First, we present a class of tripar-

tite mixed states satisfy the EPI in terms of Tsallis-q entan-
glement, which are generated by the partial trace map over a

generalized W -class state in terms of Tsallis-q entanglement,
and then we show a tighter inequality for the mixed states.

At last, we present another type of inequalities for the mixed
states. In Section 4, we end with a summary.

2. Preliminary knowledge

In this section, we present the preliminary knowledge

needed here. First, we present the definitions and properties
of entanglement measures for bipartite systems, and then we
recall the generalized W -class states in multipartite higher di-

mensional systems.
†Corresponding author. E-mail: shixian01@gmail.com
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2.1. Entanglement measures

Given a bipartite pure state |ψ⟩AB = ∑i
√

λi|ii⟩, the con-
currence is defined as

C(|ψ⟩AB) =
√

2(1− trρ2
A), (2)

where ρA = trB ρAB. When ρAB is a mixed state, its concur-
rence is defined as

C(ρAB) = min
{pi,|ψi⟩AB}

∑
i

piC(|ψi⟩AB), (3)

where the minimum takes over all the decompositions of
ρAB = ∑i pi|ψi⟩AB⟨ψi|.

For a quantum state ρ , the Tsallis-q entropy is

Tq(ρ) =
1

q−1
[1− trρ

q],

for q ≥ 1. When q → 1, Tq(·) converges to the von Neumann
entropy S(·)

lim
q→1

Tq(ρ) =− trρ logρ = S(ρ). (4)

For a bipartite pure state |ψ⟩AB, when q ≥ 1, its Tsallis-q
entanglement is

𝑇q(|ψ⟩AB) = Tq(ρA),

where ρA = trB |ψ⟩AB⟨ψ|. For a mixed state ρAB, its Tsallis-q
entanglement is defined as

𝑇q(ρAB) = min∑
i

pi𝑇q(|ψi⟩AB),

where the minimum takes over all possible pure state decom-
positions of ρAB = ∑i pi|ψi⟩AB⟨ψi|.

By combing Eq. (4), we have

lim
q→1

𝑇q(ρAB) = E(ρAB),

where E(ρAB) is entanglement of formation for the mixed state
ρAB.[29,30]

Next assume |φ⟩ is a pure state in ℋ2 ⊗ℋd with its
Schmidt decomposition |φ⟩AB =

√
λ |00⟩+

√
1−λ |11⟩, its

Tsallis-q entanglement is

𝑇q(|φ⟩AB) =
1

(1−q)
[λ q +(1−λ )q −1].

Combing the definition of concurrence for pure states, we have

𝑇q(|φ⟩AB) = fq(C2(|φAB⟩)),

where fq(x) is defined in x ∈ [0,1],

fq(x) =
(1+

√
1− x)q +(1−

√
1− x)q −2q

(1−q)2q .

Next we recall several lemmas on the properties of fq(x).
Lemma 1[11] The function fq(x) is a monotonously in-

creasing and concave function when

q ∈
[

5−
√

13
2

,2
]⋃[

3,
5+

√
13

2

]
.

Lemma 2[12] The function fq(x2) is a monotonically in-
creasing function of the variable x for q ∈ (0,∞) and x ∈ (0,1),
it is a convex function of x when

q ∈
[

5−
√

13
2

,
5+

√
13

2

]
.

2.2. Generalized W-class state in multipartite higher di-
mensional systems

Here we first recall the generalized W -class (GW) state
|W d

n ⟩A1A2,...,An in multi-qudit systems,[25]

|W d
n ⟩A1A2,...,An

=
d−1

∑
j=1

(a1 j| j0 · · ·0⟩+a2 j|0 j · · ·0⟩+ · · ·+an j|00 · · ·0 j⟩), (5)

here {| j⟩Ai}
d−1
j=0 is an orthonormal basis of qudit subsystems Ai

with i = 1,2, . . . ,n and ∑
n
i=1 ∑

d−1
j=1 |ai j|2 = 1.

Lemma 3[25] For any n-qudit generalized W -class state
|ψ⟩AB1,...,Bn−1 in Eq. (5) and a partition P = {P1, . . . ,Pm} for
the subset S = {A,B1, . . . ,Bl−1}, m ≤ l ≤ n,

C2
Ps|Ps

= ∑
k ̸=s

C2
Ps|Pk

, (6)

for all k ̸= s, here we denote {P1, . . . ,Ps, . . .Pm} =

{P1, . . . ,Ps, . . . ,Pm}−{Ps}.
Based on Lemma 1 and the relations between 𝑇q(·) and

C(·), the authors in Ref. [27] showed the following lemma.
Lemma 4 Assume ρA j1 A j2 ,...,A jm

is a reduced density ma-
trix of an n-qudit GW state in Eq. (5), here m ≤ n, then we
have

𝑇q(ρA j1 |A j2 ,...,A jm
) = fq(C2(ρA j1 |A j2 ,...,A jm

)),

for

q ∈
[

5−
√

13
2

,
5+

√
13

2

]
.

3. Main results
This section mainly considers classes of entanglement

polygon inequalities in terms of the Tsallis-q entanglement for
a class of mixed states, which are the reduced density matri-
ces of a GW state. First, we show that the EPI is satisfied by
the class of mixed states. Then a tighter EPI is presented for
the class of mixed states. At last, we present a generalized
EPI for the mixed states, this inequality can be regarded as a
relationship of a bipartite entanglement.
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Theorem 1 Assume ρA j1 A j2 A j3
is a tripartite reduced den-

sity matrix of an n-qudit GW state in ℋA1 ⊗ℋA2 ⊗ ·· ·ℋAn ,
then

𝑇q(ρA j1 |A j2 A j3
)≤ 𝑇q(ρA j2 |A j1 A j3

)+𝑇 (ρA j3 |A j1 A j2
),

when

q ∈
[

5−
√

13
2

,2
]⋃[

3,
5+

√
13

2

]
.

Proof As ρA j1 A j2 A j3
is a tripartite reduced density matrix

of a GW state, then

𝑇q(ρA j2 |A j1 A j3
)+𝑇q(ρA j3 |A j1 A j2

)

= fq(C2
A j2 |A j1 A j3

)+ fq(C2
A j3 |A j2 A j1

)

= fq(C2
A j2 A j1

+C2
A j2 A j3

)+ fq(C2
A j3 A j2

+C2
A j3 A j1

)

≥ fq(C2
A j1 A j2

+C2
A j1 A j3

)

= fq(C2
A j1 |A j2 A j3

)

= 𝑇q(ρA j1 |A j2 A j3
),

here the first equality is due to the Lemma 4, the second
equality is due to Lemma 3, the first inequality is due to the
Lemma 1, and the last equality is due to Lemma 3.

Due to the proof of Theorem 1, we can prove the follow-
ing similarly:

𝑇q(ρA j2 |A j1 A j3
)≤ 𝑇q(ρA j1 |A j2 A j3

)+𝑇 (ρA j3 |A j1 A j2
),

that is shown below.
Corollary 1 Assume ρA j1 A j2 A j3

is a tripartite reduced
density matrix of an n-qudit GW state in ℋA1 ⊗ℋA2 ⊗·· ·ℋAn ,
then

|𝑇q(ρA j2 |A j1 A j3
)−𝑇q(ρA j3 |A j1 A j2

)|
≤ 𝑇q(ρA j1 |A j2 A j3

)≤ 𝑇q(ρA j2 |A j1 A j3
)+ 𝑇 (ρA j3 |A j1 A j2

),

when

q ∈
[

5−
√

13
2

,2
]⋃[

3,
5+

√
13

2

]
.

In Fig. 1, we plot a triangle to present the meaning of
Corollary 1, the length of segment i– j denotes the entangle-
ment of 𝑇q(ρAk|AiA j), here k is another party.

i

j k

Fig. 1. Characterization of Corollary 1. In this figure, the length of
segment i– j indicates the value of 𝑇q(ρAk |AiA j ), here k is another party
different from parties i and j.

Corollary 2 Assume ρA j1 A j2 ,...,A jm
is a multipartite re-

duced density matrix of an n-qudit GW state in ℋA1 ⊗ℋA2 ⊗
·· · ⊗ℋAn , and {P1,P2, . . . ,Ph} is a partition of the set S =

{A j1 ,A j2 , . . . ,A jm}, that is, ∪h
g=1Pg = S,

𝑇q(ρPk|Pk
)≤ ∑

l ̸=k
𝑇q(ρPjl |Pjl

),

here Pk =P0P1, . . . ,Pk−1Pk+1, . . . ,Ph, i= 0,1, . . . ,m, and m≤ n.
Assume j ∈ N+, then j can be written as

j =
n−1

∑
i=0

ji2i, (7)

here we assume log2 j ≤ n, ji ∈ {0,1}. According to the equal-
ity (7), we have the following bijection:

j → 𝑗,

j → ( j0, j1, . . . , jn−1),

and we denote its Hamming distance wH(𝑗) as the number 1 of
the set { j0, j1, . . . , jn−1}. Next we present a tighter inequality
of the GW states in terms of the Tsallis-q entanglement.

Theorem 2 Let β ∈ [0,1], assume ρAi1 ,Ai2 ,...,Aim
is

a reduced density matrix of a GW state |ψ⟩A0,A1,...,An−1 .
Let P = {Pj0 ,Pj1 , . . . ,Pjm−1 ,Pjm} be a partition of the set
{Ai1 ,Ai2 , . . . ,Aim}, when

q ∈
[

5−
√

13
2

,2
]⋃[

3,
5+

√
13

2

]
,

there exists an appropriate order of Pj0 ,Pj1 , . . . ,Pjm−1 ,Pjm such
that

[𝑇q(ρPj0 |Pj0
)]β ≤

m

∑
i=1

(2β −1)wH(𝑗i)[𝑇q(ρPji |Pji
)]β , (8)

here Pji = Pj0 ,Pj1 , . . . ,Pji−1 ,Pji+1 , . . . ,Pjm , i = 0,1, . . . ,m.
Here we place the proof of Theorem 2 in Appendix A.
At last, we present the other class of entanglement poly-

gon inequalities for bipartite entanglement. Assume |φ⟩𝐴𝐵C

is a GW state in ℋ𝐴 ⊗ℋ𝐵 ⊗ℋC, ρ𝐴𝐵 = trC |φ⟩𝐴𝐵C⟨φ | is
a mixed state of the Hilbert space ℋ𝐴𝐵 . Here we denote
𝐴= A1,A2, . . . ,Am and 𝐵 = B1,B2, . . . ,Bm.

Theorem 3 Assume |φ⟩𝐴𝐵C is a GW state in ℋ𝐴𝐵C,

ρ𝐴𝐵 = trC |φ⟩𝐴𝐵C⟨φ |, here 𝐴 = A1,A2, . . . ,Am and 𝐵 =

B1,B2, . . . ,Bm, then

𝑇
𝐴|𝐵
q ≤

m

∑
i, j=1

𝑇
Ai|B j
q , (9)

when

q ∈
[

5−
√

13
2

,2
]⋃[

3,
5+

√
13

2

]
.

Proof As ρ𝐴𝐵 is reduced density matrix of a GW state,
then

𝑇q(ρ𝐴𝐵) = fq(C2
𝐴|𝐵)

110308-3
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= fq(
m

∑
i, j=1

C2
AiB j

)

≤
m

∑
i, j=1

fq(C2
AiB j

)

=
m

∑
i, j=1

Tq(ρAiB j).

4. Summary
In this manuscript, we have mainly considered the dis-

tribution property of multipartite entanglement for a class of
mixed states in terms of the Tsallis-q entanglement. First, we
have proved the EPI in terms of Tsallis-q entanglement for the
reduced density matrices of the GW states. With Hamming
distance, we have presented a tighter EPI in terms of Tsallis-
q entanglement for the mixed states. At last, we have shown
inequalities for the mixed states in terms of Tsallis-q entangle-
ment. We hope our results can provide a reference for future
work on the study of multiparty quantum entanglement.

Appendix A
Lemma A1 Let β ∈ [0,1],x ∈ (0,1], then we have

(1+ x)β ≤ 1+(2β −1)xβ . (A1)

Proof Let t = 1/x, then the lemma is equivalent to get
the maximum of f (t) when t ∈ [1,∞),

f (t) = (1+ t)β − tβ . (A2)

As t ∈ [1,∞), and f ′(t) ≤ 0, that is, when t = 1, f (t) gets the
maximum 2t −1. At last, when we replace t with 1/x, we fin-
ish the proof.

The proof of Theorem 2.
Proof In the process of the proof, we always can order

the partite Pj0 ,Pj1 , . . . ,Pjm−1 such that

𝑇q(ρPji |Pji
)≥ 𝑇q(ρPji+1 |Pji+1

), i = 0,1, . . . ,m−1. (A3)

Through computation, we have that all the reduced density
matrices of a GW state can be written as

ρPj0 ,...,Pjm−1
= γPj0 ,...,Pjk−1

⊗|0m−k⟩⟨0m−k|.

Here we will use the mathematical induction method to prove
the theorem. When ρPj0 Pj1 Pj2

is a tripartite reduced density
matrix of a GW state |ψ⟩AA1,...,An−1 ,

[𝑇q(ρPj0 |Pj1 Pj2
)]β

≤ [𝑇q(ρPj1 |Pj0 Pj2
)+𝑇q(ρPj2 |Pj0 Pj1

)]β

= [𝑇q(ρPj1 |Pj0 Pj2
)]β

[
1+
[𝑇q(ρPj2 |Pj0 Pj1

)

𝑇q(ρPj1 |Pj0 Pj2
)

]]β

≤ (𝑇q(ρPj1 |Pj0 Pj2
))β +(2β −1)(𝑇q(ρPj2 |Pj0 Pj1

))β , (A4)

here the first inequality is due to the Theorem 1, and when
a > c > 0,b > 0, ab > cb, and the second inequality is due to
the Lemma A1.

Next assume m < 2n, the theorem is correct. Then when
m = 2n, from the inequality (A4), we have

[𝑇q(ρPj0 |Pj0
)]β

≤
[m/2−1

∑
i=1

𝑇q(ρPji |Pji
)

]β[
1+

∑
m−1
i=m/2𝑇q(ρPji |Pji

)

∑
m/2−1
i=0 𝑇q(ρPji |Pji

)

]β

≤
[m/2−1

∑
i=1

𝑇q(ρPji |Pji
)

]β

+(2β −1)
[ m−1

∑
i=m/2

𝑇q(ρPji |Pji
)

]β

≤
m/2−1

∑
i=1

(2β −1)wH(𝑗i)(𝑇q(ρPji |Pji
))β

+
m−1

∑
i=m

2

(2β −1)× (2β −1)wH(𝑗i)−1[𝑇q(ρPji |Pji
)]β

≤
m−1

∑
i=1

(2β −1)wH(𝑗i)[𝑇q(ρPji |Pji
)]β . (A5)

When m is an arbitrary number, we always can choose an
n ∈ N+ such that 2n−1 ≤ m ≤ 2n. Let

γPj0 ,...,Pj2n−1
= ρPj0 Pj1 ,...,Pjm−1 ⊗δPjm Pjm+1 ,...,Pj2n−1

,

here

δPjm Pjm+1 ,...,Pj2n−1
= |00 · · ·0⟩Pjm Pjm+1 ,...,Pj2n−1

⟨00 · · ·0|.

Then due to the inequality (A5), we have[2n−1

∑
i=0

𝑇q(γPji |Pji
)

]β

≤
2n−1

∑
i=0

(2β −1)wH(𝑗i)[𝑇q(γPji |Pji
)]β . (A6)

From the definition of the state γPj0 ,...,Pj2n−1
, we have

𝑇q(γPji |Pji
) = 𝑇q(ρPji |Pji

), i = 1, . . . ,m−1, (A7)

𝑇q(γPji |Pji
) = 0, i = m,m+1, . . . ,2n, (A8)

hence,

[𝑇q(γPji |Pji
)]β

= [𝑇q(ρPji |Pji
)]β

≤
2n−1

∑
i=0

(2β −1)wH(𝑗i)[𝑇q(γPji |Pji
)]β

=
m−1

∑
i=0

(2β −1)wH(𝑗i)[𝑇q(ρPji |Pji
)]β , (A9)

here the first equality is due to Eq. (A7), the second equality is
due to Eq. (A8).
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