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Quantum phase estimation based on Gaussian states plays a crucial role in many application fields. In this paper,
we study the precision bound for the scheme using two-mode squeezed Gaussian states. The quantum Fisher information
is calculated and its maximization is used to determine the optimal parameters. We find that two single-mode squeezed
vacuum states are the optimal Gaussian inputs for a fixed two-mode squeezing process. The corresponding precision bound
is sub-Heisenberg-limited and scales as N−1/2. For practical purposes, we consider the effects originating from photon loss.
The precision bound can still outperform the shot-noise limit when the lossy rate is below 0.4. Our work may demonstrate
a significant and promising step towards practical quantum metrology.
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1. Introduction
Phase estimation based on optical interferometers is a

fundamental means to achieve high-precision measurements
for many important physical quantities, concentration, mag-
netic fields, gravitational waves, to name a few. Quantum
phase estimation can provide enhanced precision beyond the
shot-noise limit, which is the precision bound attainable by ex-
ploiting classical resources. In this regard, the quantum Fisher
information (QFI) is an effective tool to evaluate the precision
bound for a specific input and parameterization.[1,2] To be spe-
cific, the precision bound is equal to the reciprocal of square
root of the QFI. Related to this, the QFIs corresponding to
the shot-noise limit and the Heisenberg limit scale as N and
N2, where N is the total average photon number employed for
phase estimation. It is particularly important for single-phase
estimation, since the precision bound given by the QFI can
always be asymptotically saturated through specific positive-
operator-valued measure (POVM) and maximum likelihood
estimation.

In terms of the parameter estimation theory, any interfer-
ometer can be divided into three parts including probe prepara-
tion, phase encoding, and POVM. The precision bound is com-
pletely determined by the first two parts. In general, the part of
phase encoding is deterministic; therefore, improving the pre-
cision bound requires the engineering of the probe preparation.
Related to this, two methods are usually deployed. The first
method utilizes a linear beam splitter to combine two single-
mode inputs, while the two inputs in the second method are
combined by a nonlinear beam splitter, i.e., optical paramet-

ric amplifier (OPA). The interferometers with these two meth-
ods are known as linear and nonlinear interferometers, respec-
tively.

Over the past decades, numerous efforts have been made
in quantum phase estimation based on linear interferome-
ters. Many exotic quantum states were considered as the
input, such as single/two-mode squeezed vacuum states,[3–6]

N00N states,[7,8] entangled coherent states,[9,10] and coherent
along with squeezed states.[11–13] The precision bounds for
the schemes using these above states can outperform the shot-
noise limit and reach the Heisenberg limit. In recent years,
quantum phase estimation using nonlinear interferometers has
also received lots of attention.[14–24] In this configuration, two
inputs undergo a two-mode squeezing process provided by the
first OPA. The correlation between the two modes is improved,
and the total average number of photons is also increased.
These two types of interferometers have their own advantages.
As a result, quantum phase estimation using hybrid or nested
interferometers composed of nonlinear and linear beam split-
ters has also drawn considerable interest.[25–29]

The aforementioned studies analyzed the precision
bounds for the schemes using some specific inputs. Recently,
exploring the optimal inputs by maximizing the QFI has been
reported in a linear interferometer. Lang et al. analyzed the
optimal input for the second port with the first port fed by a
coherent state.[30] Zhang et al. discussed the optimal single-
mode input.[31] The optimal separable Gaussian inputs were
showed by Sparaciari et al.[32] In this paper, we extend the
problem of determining the optimal inputs to nonlinear inter-
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ferometers. We consider two general single-mode Gaussian
states as the inputs. The precision bound given by the QFI
is calculated and maximized by selecting the best parameters.
We analyze the precision bound in a lossy environment and
discuss the tolerance against photon loss. This work may pro-
vide a positive complement to the aspect of quantum phase
estimation using nonlinear interferometers and relevant vari-
ants.

The remainder of this paper is organized as follows. Sec-
tion 2 introduces the estimation scheme and provides the gen-
eral expression for the QFI. Section 3 determines the optimal
inputs by maximizing the QFI, and the corresponding preci-
sion bound is analyzed. In Section 4, we study the precision
bound in the presence of photon loss and compare it with the
precision bound of a classical-quantum hybrid scheme. Fi-
nally, we summarize main results in Section 5.

2. Estimation scheme and quantum Fisher infor-
mation
Figure 1 gives the schematic diagram of quantum phase

estimation using two-mode squeezed Gaussian states. Two
single-mode Gaussian states pass through an OPA and evolve
into two-mode squeezed Gaussian states. The estimated phase
ϕ is encoded into the state in mode a, and a POVM is per-
formed.

a

b

|in> OPA

POVM

ϕ

Fig. 1. Schematic diagram of quantum phase estimation using two-
mode squeezed Gaussian states. OPA: optical parametric amplifier,
POVM: positive-operator-valued measure.

Since the two-mode squeezing process implemented by
the OPA is fixed, the task in this paper is to find the opti-
mal Gaussian inputs. The most general single-mode Gaus-
sian states can be expressed as displaced squeezed thermal
states.[33] Meanwhile, for phase estimation, it is no use to pre-
pare thermal states as the inputs.[34] As a consequence, we
only need to consider pure Gaussian inputs, two single-mode
displaced squeezed vacuum states. Without loss of general-
ity, we assume that two states in modes a and b are the same.
Specifically, the input can be written as

|in⟩= D̂(α) Ŝ (ξ ) |0⟩⊗ D̂(α) Ŝ (ξ ) |0⟩ , (1)

where D̂(α) is the displacement operator with α = |α| e iδ

being the displacement amplitude, Ŝ (ξ ) is the squeezing op-
erator with ξ = r e iθ being the squeezing parameter. Further,
the average photon number of the inputs is given by

Nin = ⟨in|(â†â+ b̂†b̂) |in⟩= 2(|α|2 + sinh2r), (2)

where â† (b̂†) and â (b̂) are creation and annihilation operators
for mode a (b). The relation between the mode operators and
displacement operator is

D̂† (α) âD̂(α) = â+α, (3)

D̂† (α) b̂D̂(α) = b̂+α, (4)

and the relation between the mode operators and single-mode
squeezing operator is

Ŝ† (ξ ) âŜ (ξ ) = âcoshr− e iθ â† sinhr, (5)

Ŝ† (ξ ) b̂Ŝ (ξ ) = b̂coshr− e iθ b̂† sinhr. (6)

Due to the gain of the two-mode squeezing process, pho-
tons are increased after the OPA. The total average number of
photons in our scheme is found to be

N = ⟨in| Ŝ†
OPA (g)(â†â+ b̂†b̂)ŜOPA (g) |in⟩

= Nin cosh2g+2|α|2 cos(2δ −φ)sinh2g+2sinh2g, (7)

where we used the following relation:

Ŝ†
OPA (g) âŜOPA (g) = âcoshg+ e iφ b̂† sinhg, (8)

Ŝ†
OPA (g) b̂ŜOPA (g) = b̂coshg+ e iφ â† sinhg (9)

with SOPA (g) being the two-mode squeezing operator, g and φ

being the strength and phase of the gain.
Now we analyze the precision bound of our scheme.

Since the inputs and operations are Gaussian, all information
regarding the estimated phase can be obtained via the mean
vector and variance matrix of the outputs. For this reason,
we calculate the QFI through the use of symplectic geometry
method.[33,35] Let us consider the vector composed of quadra-
ture operators of modes a and b

𝑋̂ = [ â† + â i(â† − â) b̂† + b̂ i(b̂† − b̂) ]T. (10)

For the inputs in Eq. (1), the mean vector is given by

𝑀in = ⟨𝑋̂⟩= 2|α| · [ cosδ sinδ cosδ sinδ ]T (11)

and the covariance matrix is given by

𝛴in =


e2r 0 0 0
0 e−2r 0 0
0 0 e2r 0
0 0 0 e−2r

 , (12)

whose arbitrary matrix element is defined by

𝛴kn =
1
2
⟨𝑋̂k𝑋̂n +𝑋̂n𝑋̂k⟩−⟨𝑋̂k⟩⟨𝑋̂n⟩. (13)

All expectation values ⟨·⟩ in Eqs. (11) and (13) are taken over
by the inputs. Based on the relations between optical opera-
tions and quadrature operators, we can write the transforma-
tion matrix for OPA (see Appendix for details)

𝑈OPA =


coshg 0 sinhgCφ sinhgSφ

0 coshg sinhgSφ −sinhgCφ

sinhgCφ sinhgSφ coshg 0
sinhgSφ −sinhgCφ 0 coshg

 (14)

010304-2
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and that for phase encoding

𝑈PE =


cosϕ −sinϕ 0 0
sinϕ cosϕ 0 0

0 0 1 0
0 0 0 1

 (15)

with abbreviations Cφ ≡ cosφ and Sφ ≡ sinφ . By using the
transformation

𝑀ϕ =𝑈PE𝑈OPA𝑀in, (16)

we get the mean vector of the outputs after passing through
the estimated phase. Similarly, the covariance matrix of the
outputs can be obtained through the following transformation:

𝛴ϕ =𝑈PE𝑈OPAΣin𝑈
T
OPA𝑈

T
PE. (17)

On the basis of the above results, the QFI turns out to be[35,36]

ℱ =
1
2

Tr

{
∂ϕ𝛴

[
𝛴
(
∂ϕ𝛴

)−1
𝛴T +

1
4
𝛺
(
∂ϕ𝛴

)−1
𝛺T
]−1
}

+
(
∂ϕ𝑀

)T
𝛴−1 (

∂ϕ𝑀
)
, (18)

where

𝑀 =𝐻𝑀ϕ , (19)

𝛴 =𝐻𝛴ϕ𝐻
T, (20)

∂ϕ𝑀 = ∂𝑀/∂ϕ and ∂ϕ𝛴 = ∂𝛴/∂ϕ . The specific forms of
two transformation matrices in Eq. (18) are given by

𝛺 =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 , (21)

𝐻 =
1
2


1 i 0 0
1 −i 0 0
0 0 1 i
0 0 1 −i

 . (22)

After straightforward calculation, we finally get the gen-
eral expression for the QFI of our scheme

ℱ =
∆

8e4r (23)

with

∆ = e4r[8|α|2(2cosh2r+3cos2δ sinh2r)+5cosh4r]

+ e4r[cosh4g(16|α|2 cosh2r+3cosh4r+1)−9]

+4|α|2(e6r − e2r)
[
2cos(2δ −2φ)sinh22g

+ cosh4gcosh2iφ
]
+(e4r −1)2 cos2φsinh22g−1

+16|α|2 e2r sinh4g
[

e4r cosδ cos(δ −φ)

− sinδ sin(δ −φ)
]
. (24)

One can find that both the QFI and total average pho-
ton number reach the maximal values with the optimal phase-
matching condition δ = φ = 0. At this point, we have

N = 2|α|2 e2g +2sinh2r cosh2g+2sinh2g, (25)

ℱ = 2|α|2 e2r(1+ e4g)+ cosh4rcosh2 2g−1, (26)

which are used in the following analysis.

3. Optimal inputs and precision bound
Given the current experimental techniques,[37] we can

reasonably assume |α|2 ≫ 1 and utilize the following abbre-
viations:

G ≡ sinh2g ≈ cosh2g ≈ e2g

4
, (27)

and define the ratio of displacement portion to squeezing por-
tion in the inputs as k (k ≥ 0), i.e.,

k ≡ |α|2

sinh2r
. (28)

Related to this, the total average photon number in Eq. (25)
can be approximately expressed as

N ≈ (8k+4)sinh2rG (29)

and the QFI can be approximately written as

ℱ ≈ (32k e2rsinh2r+4cosh4r)G2. (30)

Based on these results, we have

ℱ
N2 ≈ 2k

4k2 +4k+1
e2r

sinh2r
+

1
4k2 +4k+1

cosh4r
4sinh4r

. (31)

It is not difficult to find that the maximal value is obtained if
the condition k = 0 is satisfied. Hence, k = 0 is the optimal
ratio for maximizing the QFI, and the optimal inputs are two
single-mode squeezed vacuum states. Related to this, the av-
erage photon number of the inputs is reduced to Nin = 2sinh2 r
and the total average photon number becomes

N = 2sinh2 r cosh2g+2sinh2g. (32)

The corresponding QFI arrives

ℱS⊗S = cosh4rcosh2 2g−1. (33)

In the case of sinh2g ≫ 1, one can get

ℱS⊗S ≈ 2N2 (34)

with the increase of r. Even if the value of r is small, the preci-
sion bound is superior to the Heisenberg limit, i.e., ℱS⊗S >N2.
In this regard, a well-known example is r = 0 (two vacuum
states), which also shows sub-Heisenberg-limited precision
bound.[38]

Since two single-mode squeezed vacuum states are used
as the inputs, our scheme is a pure quantum scheme. In a loss-
less environment, it is superior to a pure classical scheme using
two coherent states as inputs (ℱ ≈ 4N2/3);[39] meanwhile, it
surpasses a classical-quantum hybrid scheme using coherent
along with squeezed vacuum states as inputs (ℱ ≈ 3N2/2).[35]
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4. Precision bound in the presence of photon loss
For any optical system, photon loss is always inevitable

and is main hindrance to achieve high precision. This process
can be simulated by adding fictitious beam splitters. The re-
flection of the fictitious beam splitter leads to a decrease in the
number of photons; meanwhile, the coupling of vacuum fluc-
tuation reduces the coherence of quantum states. Both of these
two factors result in a degradation of the precision. For prac-
tical purposes, in this section we analyze the precision bound
of our scheme in a lossy environment.

Generally, a quantum state after a lossy process becomes
a mixed state. At this point, it is quite difficult to give an
analytical expression for the QFI. In particular, for Gaussian
states, symplectic geometry method can provide an analytical
result. Let us use L to represent the lossy rate. Then the mean
vector and covariance matrix in a lossy environment can be
written as[40,41]

𝑀ϕ =
√

1−L ·𝑈PE𝑈OPA𝑀in, (35)

𝛴ϕ = (1−L)𝑈PE𝑈OPAΣin𝑈
T
OPA𝑈

T
PE +L𝐼4, (36)

where 𝐼4 is four-by-four identity matrix. The above results
suggest that a quantum state after photon loss becomes a sta-
tistical mixture of the attenuated quantum state and a vacuum
state.

By substituting Eqs. (35) and (36) into Eq. (18), the QFI
in a lossy environment is found to be

ℱL
S⊗S =

(1−L)2
∆1

4∆2
(37)

with

∆1 = 4(L−L2)e4r cosh2r cosh2g [cosh4g+2cosh4r−3]

+(1+ e8r)(2−2L+L2)

+2e4r cosh4g[(2−2L+3L2)cosh4r−L2]

−2e4r(4−4L+3L2),

∆2 = e4rL2[(1−L)2 cosh4g+2(2−2L+L2)cosh22r]

+ e4r(2−4L+3L2 −2L3 +L4)

+2e2r (1+ e4r)(1−L)L
(
1−L+L2)cosh2g. (38)

In Figs. 2 and 3 we give the QFI against lossy rate to in-
tuitively show the precision bound in the presence of photon
loss. It turns out that the precision bound is inferior to the
Heisenberg limit even for a small lossy rate. As the lossy rate
increases, the precision bound gradually degrades to the shot-
noise limit. For a fixed g, the degradation of precision bound
slightly slows down with the decrease of r, as shown in Fig. 2.
Figure 3 shows that, for a fixed r, the precision bound degrades
to the shot-noise limit with a slightly faster pace with the de-
crease of g. This may be due to the fact that, for a fixed r,
the correlation between the two modes can be improved with
increasing g. On the whole, it is beneficial for improving the
tolerance against photon loss by reducing the proportion of
photon number of the inputs when the total number of photons
is fixed.
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Lossy rate
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Fig. 2. The QFI in the presence of photon loss as function of lossy rate with g = 2: (a) r = 0.5, (b) r = 1, (c) r = 1.5.
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Fig. 3. The QFI in the presence of photon loss as a function of lossy rate with r = 1.2: (a) g = 1, (b) g = 1.5, (c) g = 2.

In general, pure quantum schemes are sensitive to pho-
ton loss. Here we compare the precision bound of our (pure
quantum) scheme with that of the (classical-quantum hybrid)

scheme using coherent along with squeezed vacuum states
(see Appendix for detailed calculation). Let us consider quan-
tum advantage, which is defined as
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𝒜Q =
ℱL

S⊗S

ℱL
C⊗S

−1. (39)

The positive and negative values indicate that a pure quantum
scheme is superior and inferior to a classical-quantum hybrid
scheme, respectively.

Figure 4 gives the dependence of quantum advantage on
the lossy rate. The advantage of the pure quantum scheme is
remarkable for an extremely low L, but this advantage gradu-
ally disappears with the increase of L. This suggests that, when
compared with the classical-quantum hybrid scheme, the pure
quantum scheme has superior precision in the absence of pho-
ton loss, but its robustness to loss is slightly inferior. Here
we denote the lossy rate corresponding to 𝒜Q = 0 as Lmax

(marked points with values), and then [0, Lmax] is called the
range of quantum advantage. For L > Lmax, quantum advan-
tage completely disappears and the classical-quantum hybrid
scheme becomes an optimal candidate. It can be seen from the
figure that the range of quantum advantage is larger for a large
g or a low r.
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Fig. 4. The quantum advantage as a function of lossy rate with (a) g = 2
and (b) r = 1.4.

It should be noted that quantum advantage is not only re-
lated to L. For example, quantum advantage with r = 1.6 is
superior to that with r = 1 for L = 0.2 in Fig. 4(a), whereas
opposite result is shown for L = 0.4. Within the range of quan-
tum advantage, as the increase of L, more significant quantum
advantage can be obtained by decreasing r or increasing g. In
fact, increasing g for a fixed r equals decreasing r for a fixed g.
Both of which are beneficial for improving the robustness of
scheme since the correlation between two modes is enhanced.

5. Conclusion

In summary, we addressed the problem of quantum phase
estimation using two-mode squeezed Gaussian states. We an-
alyzed the precision bound through the use of the quantum
Fisher information. By maximizing the precision bound, two
squeezed vacuum states were determined as the optimal in-
puts. For a lossless environment, the precision bound can scale
as N−1/2. In the presence of photon loss, sub-shot-noise-
limited precision bound can be attainable with the lossy rate
below 0.4. These results may be beneficial for practical quan-
tum metrology based on nonlinear dynamics.

Appendix A: Transformation matrices of optical
processes

Here we show the calculation method for the transforma-
tion matrices of the optical processes. Let us consider an OPA
as an example. Based on operator relation in Eqs. (8) and (9),
we have

Ŝ†
OPA(â

† + â)ŜOPA

= (â† + â)coshg+(e iφ b̂† + e−iφ b̂)sinhg

= (â† + â)coshg+(b̂† + b̂)sinhgcosφ

+ i(b̂† − b̂)sinhgsinφ .

Hence, the matrix elements in the first row are found to be
UOPA,11 = coshg, UOPA,12 = 0, UOPA,13 = sinhgcosφ , and
UOPA,14 = sinhgsinφ , respectively. Further, we can determine
all matrix elements of 𝑈OPA, as shown in Eq. (14). Similarly,
we can determine all matrix elements of 𝑈PE via the following
operator relation:

Û†
PE (ϕ) âÛPE (ϕ) = âe−iϕ , (A1)

Û†
PE (ϕ) b̂ÛPE (ϕ) = b̂ (A2)

with ÛPE (ϕ) = exp(−iâ†âϕ) being the operator for phase en-
coding.

Appendix B: QFI of a lossy classical-quantum
hybrid scheme

Here we give the QFI of a lossy scheme using coherent
and squeezed vacuum states. We assume that the coherent
and squeezed vacuum states are injected via modes a and b,
respectively. The phase of displacement parameter and that
of squeezing parameter are 0 and π , which are the optimal
phase-matching condition. Accordingly, the mean vector of
the inputs is given by

𝑀 ′
in = [ 2|α| 0 0 0 ]T, (B1)
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and the covariance matrix of the inputs is given by

𝛴′
in =


1 0 0 0
0 1 0 0
0 0 e2r 0
0 0 0 e−2r

 . (B2)

Based on the method in the main text, the QFI takes the form

ℱL
C⊗S =

1−L
4

[
γ1

γ2
+

γ3

γ4

]
(B3)

with

γ1 = 4(1−L)cosh2rsinh22g[L2 + e4rL2 +2e2r(2−2L+L2)

+(1+ e2r)2(1−L)Lcosh2g]

−4(1−L)cosh2rsinh2g{e4r(8−17L+15L2)

− e2r(24−38L+34L2)− (1+ e2r)2(1−L)Lcosh4g

+8−17L+15L2 −2cosh2g[4−7L+8L2

+ e4r(4−7L+8L2)−2e2r(2−7L+8L2)]}, (B4)

γ2 = (1+ e2r)2[4L(1−2L+2L2 −L3)cosh2g

+(1−L)2L2 cosh4g]

+ e2r(8−16L+18L2 −12L3 +6L4)

+(1+ e4r)(5L2 −6L3 +3L4), (B5)

γ3 = 8|α|2cosh2g[1− e2r (1−3L)−L

+(1+ e2r)(1−L)cosh2g], (B6)

γ4 = 1−2L+
(
1+ e2r)L2 +

(
1+ e2r)(1−L)Lcosh2g.

(B7)
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