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SPECIAL TOPIC — Quantum communication and quantum network

Multi-hop quantum teleportation based on HSES via GHZ-like states

She-Xiang JiangC# 41 4H), Xiao-Long Wei(F3H& )", Jin-Huan Li(Z=4:%X), and Shuai-Shuai Li(Z= )i Jifr)

School of Computer Science and Engineering, Anhui University of Science and Technology, Huainan 232001, China
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Implementing quantum wireless multi-hop network communication is essential to improve the global quantum net-
work system. In this paper, we employ eight-level GHZ states as quantum channels to realize multi-hop quantum com-
munication, and utilize the logical relationship between the measurements of each node to derive the unitary operation
performed by the end node. The hierarchical simultaneous entanglement switching (HSES) method is adopted, resulting
in a significant reduction in the consumption of classical information compared to multi-hop quantum teleportation (QT)
based on general simultaneous entanglement switching (SES). In addition, the proposed protocol is simulated on the IBM
Quantum Experiment platform (IBM QE). Then, the data obtained from the experiment are analyzed using quantum state
tomography, which verifies the protocol’s good fidelity and accuracy. Finally, by calculating fidelity, we analyze the impact
of four different types of noise (phase-damping, amplitude-damping, phase-flip and bit-flip) in this protocol.

Keywords: multi-hop quantum teleportation, GHZ-like state, hierarchical simultaneous entanglement swap-
ping, IBM Quantum Experiment platform, quantum state tomography

PACS: 03.67.Hk, 03.67.Pp, 03.67.—a
DOI: 10.1088/1674-1056/ad8db0

1. Introduction

Quantum teleportation (QT) is one of the most impor-
tant technologies in quantum communication. It is a tech-
nique utilizing quantum entanglement and classical communi-
cation to transfer quantum states from one location to another.
Since Bennett ez al.!!) proposed the first quantum teleportation
protocol using the Einstein—Podolsky—Rosen (EPR) state as a
quantum channel in 1993, subsequent literature!?! has proved
the validity of this work through experiments. Since then, this
novel technique has become a research hotspot in quantum
communication. Subsequently, various quantum teleportation
schemes based on different multiparticle entangled states have
been proposed, including those using Bell states,>¥ GHZ
states,P~71 GHZ-like states®19 and W states.[!!]

However, most of these protocols involve point-to-point
communication, which is unsuitable for long-distance quan-
tum information transmission. To address this issue, Briegel
et al."?) initially proposed the concept of quantum repeaters,
leading to the subsequent development of various protocols
based on this idea. Then, a quantum routing mechanism
within a hierarchical network architecture was proposed for
wirelessly transmitting a quantum state from one party to
another,!'3] even when they do not directly share an entan-
gled state between them. Therefore, long-distance transmis-
sion of quantum information requires multiple intermediate
nodes. Utilizing entanglement between adjacent nodes, multi-
hop quantum teleportation has emerged as a key research area
in quantum communication. In recent years, various multi-hop
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quantum teleportation schemes have been proposed. Wang et
al."" proposed a multi-hop teleportation based on a simulta-
neous swapping scheme (SES), utilizing arbitrary Bell states
as a quantum channel, which enables the possibility of long-
distance and low-latency communication. Subsequently, using
the SES scheme, different multi-hop protocols were designed
using various entangled states, such as the bidirectional multi-
hop teleportation protocol using GHZ-Bell states!!>! and GHZ
states.['®] Multi-hop protocols also determine the quantum
channel based on the parity of the number of hops, such as
GHZ-Bell states,[m GHZ—class and Bell states.['® However,
in SES, each intermediate node is required to send its measure-
ment results and the type of entangled state to the target node.
This leads to high classical communication costs due to the
continuous forwarding of classical information in the channel.
To address this issue, Yang et al."" introduced the hierarchi-
cal simultaneous entanglement swapping (HSES) scheme, ef-
fectively reducing the classical communication cost.

Inspired by the ideas presented in the literature,!' in
this paper we propose a multi-hop teleportation scheme based
on simultaneous entanglement switching, utilizing GHZ-like
states as a quantum channel. The deployment of GHZ-like
states, because they have more variations than Bell states and
neighboring nodes on the path, will most likely not share the
same entangled state, thus improving the security of the quan-
tum channel. Furthermore, the unitary operator for the target
states is determined using logical operators. In addition, we
conduct experiments on one-hop QT and two-hop QT proto-
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cols on the IBM Quantum Experience (QE) platform, analyze
the results, and compare the theoretical and experimental den-
This is fol-
lowed by calculating the fidelity of the scheme to verify the

sity matrices using quantum state tomography.

accuracy of the transmitted quantum states.

In recent years, some researchers have investigated using
GHZ-like states as a quantum channel.!®-1%8] The most sig-
nificant property of GHZ-like states is that manipulating any
of one of the three qubits results in the entanglement of the
other two. GHZ-like states consist of a Bell state and a single-
qubit quantum state, as shown by the following equation:

(Eoochizs = 7<|Boo>\o>+\ﬁm>|1>>m,
) = (1810} 10) + Bl 1))z
o)1z = —=(1B)l0) = Bon) 1)) s
(Eort)izs = if<|/3m>\o> 1Bu)[1) 123,
(Eroohizs = 7<|Boo>\ )+ 1Bor) 0) 123
Eroizs = 7<|Blo>\ )+ 1B11)10)) 123
Euiohizs = 7<|Boo>\ )~ 1Bor) 0)) 123
G = —5(BoID =B, (D
where |B);; represents Bell states, as shown by the following
equation:
Boo = —5(100)+ 1)), B)or = (101} +[10))
B0 = —5(100) = 1), 1B = —=(01)=[10). @

The rest of the paper is organized as follows. Section 2
introduces one-hop, two-hop and multi-hop QT, respectively.
Section 3 presents a multi-hop QT scheme based on arbitrary
GHZ-class states. Section 4 describes a multi-hop QT scheme
based on the HSES scheme. Section 5 provides an experimen-
tal analysis of our multi-hop QT scheme using the IBM QE
platform. Section 6 analyzes the impact of four common types
of noise (phase-damping, amplitude-damping, phase-flip and
bit-flip) on this protocol. Section 7 discusses the communica-
tion delay and classical resource consumption of the proposed
schemes, comparing it with other schemes in terms of classi-
cal resource usage. Finally, the summary of our work is given
in Section 8.

2. Multi-hop QT with GHZ-like state
2.1. One-hop QT with GHZ-like state

Consider two nodes in a one-hop quantum teleportation,
one belonging to Alice and the other to Bob. They share an en-

tangled state between them. Alice now wants to send particle
W)y = (¢|0) + B |1))o to Bob, where ¢ and B are complex
numbers satisfying |a|> +|B|* = 1. Suppose Alice prepares a
GHZ-like state and assigns particle 3 to Bob, as illustrated in
the following equation:

1
1E000) 123 = §(|000> +[110) +[011) +]101))123.  (3)

The whole system can be represented by the following equa-
tion:

|A) 0123 = [W) o @18000) 123 “4)

where particles 0, 1 and 2 belong to Alice, and particle 3 be-
longs to Bob.

Figure 1 illustrates the basic quantum circuit for one-
hop teleportation. For the source node, Alice performs a
controlled-NOT (CNOT) gate on her particles (0,1), where 0
is the control bit. Then, Alice performs the Hadamard gate
operation on particle 0. The whole system can be converted
nto

|A)o123 = 2f<|000>012|w> 3+1001)01, X [¥)5

+ \010>012X |l//>3 + |011>012X |l[/>3
+[100)g12 Z W) 3 +[101)01, XZ |y),
+ [110)g 1, XZ|w)3 +[111)g1, Z|w)3).  (5)

Alice performs a projection measurement of her particle
(0,1,2) using a three-bit measurement basis |i jk) (i jk € {0,1}).
Here, the outcomes of these measurements are denoted as (R,
R») and Ry, respectively. The measurement results indicate
that Bob’s qubit can be transformed into one of the states |y)5,

X|W)3. Z|y); and XZ|y);
ment results, he can apply the appropriate Pauli operator to

. Once Bob receives the measure-

convert particle 3 into the initial state |y). The relationship
between the specific measurement results and the correspond-
ing Pauli operator is shown in Table 1.

=
[¥) 0 ]

1 AN 7<' _________ . 5

U :

GHZ-like o 5

state
3 X [¥)

Fig. 1. One-hop QT quantum circuit.

Table 1. Relationship between each node measurement and the execu-
tion of the Pauli operator at the target node in a one-hop QT.

Measurement Measurement Pauli operators
results Ry results Ry ® Ry on particle 3
0 0 1
0 1 X
1 0 VA
1 1 zX

010302-2
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2.2. Two-hop QT with GHZ-like state

In a multi-hop quantum network, the source and target
nodes may not share the entangled state directly, so transfer-
ring quantum information via the entanglement of intermedi-
ate nodes is necessary. Two-hop QT is similar to one-hop QT
but involves three nodes in the network, which are the source
node, intermediate node and target node. The challenge is de-
termining how the source node can transmit quantum informa-
tion to the target node. Figure 2 shows the node distribution
in a two-hop QT. Alice and Charlie each prepare a GHZ-like
state. Alice assigns particle 3 to Charlie, Charlie assigns par-
ticle 6 to Bob, and the whole system is as follows:

1A) 0123456 = [W)o @ 17) 123456
= W) ®18000) 125 @ 18000) 456 - (6)

Alice and Charlie perform CNOT gate operations on their
particle pairs (0,1) and (3,4), respectively, where particles 0
and 3 are control bits, and then perform H gate operations on
particles O and 3. The total state change is as follows:

1
[Adg123456 = 1(1000000) +[000011) +011000)

+1]011011) +]001010) +|001001)
+1]010010) +]010001) +|100100)
-+]100111) +|111100) +|111111)
—[101110) — |101101) — |110110)
—[110101))o12345|¥)6

+(]000001) +]000010) +|011001)
+]011010) +]001011) +|001000)
+1]010011) +]010000) +|100101)
+[100110) +{111101) +|111110)
—|101111) —|101100) — [110111)
—|110100))012345X | W) 6
+(/000100) + |000111) + [011100)
F[011111) — [001110) — [001101)
~1010110) — [010101) + 100000}
+]100011) +|111000) +|111011)
+1101010) + |101001) + [110010)
+ [110001))012345Z | W)
+(/000101) + |000110) + [011101)
+]011110) — [001111) — [001100)
—1010111) — [010100) + 100001}
+1100010) + |111001) + [ 111010)
+[101011) 4 |101000) + | 110011)
+ [110000) )012345ZX [ W) )- @)

Alice and Charlie perform projection measurements on

< —

< —

their own particles (0,1,2), (3,4,5) using a three-bit measure-
ment basis |ijk), respectively. Here, the outcomes of these

measurements are noted as (R, R), Ry, (R4, Rs) and R3, re-
spectively. They then send the measurement results to Bob
through the classical channel. By employing the results, Bob
can reconstruct the initial state by applying the corresponding
Pauli operators to particle 6. The details are presented in Ta-
ble 2.

GHZ-like __ GHZ-like
0 1 2 3 4 5 6
Alice Charlie Bob

Fig. 2. Two-hop QT node distribution.

Table 2. Relationship between each node measurement and the execu-
tion of the Pauli operator at the target node in a one-hop QT.

Measurement Measurement results Pauli operators
results Ry ® R3 RI®Ry DRy ®BRs on particle 6
0 0 1
0 1 X
1 0 z
1 1 zX

From Tables 1 and 2, the relationship between the mea-
surements in one-hop QT and two-hop QT and the execu-
tion of the Pauli operator can be derived. The correlation be-
tween Bob’s Pauli operations and the measurements for each
group is deduced by introducing logical relations. For in-
stance, in Table 2, if the logical expression algebraically is
Ry®R;-Ri®Ry ®R4 D Rs5 = 1, Bob can reconfigure the initial
state of particle 6 using a logical gate X. The signals &, -, —
denote logical operators XOR, AND, NOT, respectively. The
relationship between each set of logical algebraic expressions
and the Pauli operator executed by the target node is recorded
in Table 3.

Table 3. The relationship between logical algebraic expressions and the
Pauli operator executed by the target node.

Logical algebra Logical algebra Pauli operators on

expression for one-hop  expression for two-hop destination particle

RyRI &R, =1 Roy©R3-RIGR, Ry ORs =1 1
Ro'Ri ®R, =1 Ro®R3Ri ®Ry DRy O Rs = 1 X
RyRGRy =1 Ry®R3-Ri &R, ®Ry ®Rs =1 z
Ro'Ry®Ry =1 Ry®R3Ry®Ry Ry ®Rs =1 zX

2.3. Multi-hop QT with GHZ-like state

The one-hop QT and two-hop QT schemes described
above can be extended to multi-hop QT. The scheme presented
in the previous sections is generalized by transmitting an arbi-
trary single bit in a multi-hop quantum teleportation using a
composite state of GHZ-like states as the channel. Assuming
that there are n nodes in multi-hop QT, the first node Ny as the
sender can transmit to the end node N,_; through n — 1 hop
communication. Thus, the whole system comprises n — 1 in-
termediate nodes that prepare GHZ-like states to form a quan-
tum channel for transmitting quantum information, as shown
in Fig. 3.

010302-3
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Fig. 3. Multi-hop QT node distribution.

Table 4. Relationship between each node measurement and the execu-
tion of the Pauli operator at the target node in a two-hop QT.

Measurement results Ry to R3, > Pauli operators on particle R3,_»

B Ry B8 Rai1 @ Rajpp = 1 I
B2 Ry ®Zf Raip1 ®Raiga = 1
SZ0 Ry @2 Raip1 @ Raiga = 1

S0 Ry @) Ry 1 ©R3ip2 = 1 zX

The whole system can be represented as

1A)o12.30-3 = W0 ® (126 [&000)) 12..3n—3" ®)

Each node, except the end node, assigns the third particle of its
GHZ-like state to the subsequent node. Then, each node per-
forms a CNOT gate on its first and second particles, where
the first particle is the control bit, and performs an H gate
operation on the first particle. Table 4 gives the relationship
between each intermediate node’s particle measurements and
the target node’s corresponding Pauli operation. The end node,

N,_1, can recover the target state by executing the correspond-
ing Pauli operation in Table 4 according to the measurement
results of the intermediate nodes.

3. General multi-hop QT with arbitrary GHZ-
like states

In the scheme above, each intermediate node pro-
duces only one GHZ-like state |Eygo), which means we use
only one GHZ-like composite state for the quantum chan-
nel. However, in practical scenarios, the quantum chan-
nel can be a composite of these eight GHZ-like states
18000)+ 18001) 1€010) 5 |011)516100) 5 1E101)51€110)51€111). To en-
hance the diversity of the quantum channel, the intermediate
nodes are required to send the GHZ-like type and the measure-

ment results to the end node since

18000) = Zi1&001) = Z3|&010) = Z2|E011) = X31E100)

= X371 |&101) = X323 |&110) = X322 1&111) . (9)

Table 5. Relationship between the target node performing the modified unitary operation and different types of GHZ-like states.

Mod 2 results of eight types of GHZ-class states

Pauli

00000000,00000011,00000101,00000110,00011001,00011010,00011100,00011111, 1
00101001,00101010,00101100,00101111,00110000,00110011,00110101,00110110,
01001001,01001010,01001100,01001111,01010000,01010011,01010101,01010110,
01100000,01100011,01100101,01100110,01111001,01111010,01111100,01111111,
10000000,10000011,10000101,10000110,10011001,10011010,10011100,10011111,
10101001,10101010,10101100,10101111,10110000,10110011,10110101,10110110,
11001001,11001010,11001100,11001111,11010000,11010011,11010101,11010110,
11100000,11100011,11100101,11100110,11111001,11111010,11111100,11111111

00001000,00001011,00001101,00001110,00010001,00010010,00010100,00010111, X
00100001,0010010,00100100,00100111,00111000,00111011,00111101,00111110,
01000001,01000010,01000100,01000111,01011000,01011011,01011101,01011110,
01101000,01101011,01101101,01101110,01110001,01110010,01110100,01110111,
10001000,10001011,10001101,10001110,10010001,10010010,10010100,10010111,
10100001,10100010,10100100,10100111,10111000,10111011,10111101,10111110,
11000001,11000010,11000100,11000111,11011000,11011011,11011101,11011110,
11101000,11101011,11101101,11101110,11110001,11110010,11110100,11110111

00001001,00001010,00001100,00001111,00010000,00010011,00010101,00010110, z
00100000,00100011,00100101,00100110,00111001,00111010,00111100,00111111,
01000000,01000011,01000101,01000110,01011001,01011010,01011100,01011111,
01101001,01101010,01101100,01101111,01110000,01110011,01110101,01110110,
10001001,10001010,10001100,10001111,10010000,10010011,10010101,10010110,
10100000,10100011,10100101,10100110,10111001,10111010,10111100,10111111,
11000000,11000011,11000101,11000110,11011001,11011010,11011100,11011111,
11101001,11101010,11101100,11101111,11110000,11110011,11110101,11110110

00000001,00000010,00000100,00000111,00011000,00011011,00011101,00011110,

zX

00101000,00101011,00101101,00101110,00110001,00110010,00110100,00110111,
01001000,01001011,01001101,01001110,01010001,01010010,01010100,01010111,
01100001,01100010,01100100,01100111,01111000,01111011,01111101,01111110,
10000001,10000010,10000100,10000111,10011000,10011011,10011101,10011110,
10101000,10101011,10101101,10101110,10110001,10110010,10110100,10110111,
11001000,11001011,11001101,11001110,11010001,11010010,11010100,11010111,
11100001,11100010,11100100,11100111,11111000,11111011,11111101,11111110

010302-4
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It can be shown that the final unitary operation at the end
node is determined by the number of different types of GHZ-
like states produced by all the intermediate nodes, irrespective
of their order. Hence, the end nodes must count the number of
these eight types of GHZ-like states and calculate the modified
unitary operation, as shown in Table 5. The eight-bit sequence
code in the table represents the result of mod 2 for the number
of eight GHZ-like state types.

Taking the two jumps in the previous section as an ex-
ample, assume that the types of the GHZ-like states prepared
by Alice and Charlie are |€yj9) and |€1q1), respectively, the
counts of |Eyjo),

E101) mod 2 are 1 and 1, respectively, and
the counts of the other GHZ-like states are 0. Therefore, we
obtain the eight-bit sequence number 01001000. According to
Table 5, we derive that the corresponding unitary operator is
ZX. Bob obtains the basic unitary operator from Table 5 and

the modified unitary operator from Table 5. The final unitary
operator can be obtained by simply multiplying these two op-
erators.

4. Multi-hop QT based on HSES

In traditional multi-hop QT, intermediate nodes not only
send the measurement results but also the entanglement states
shared with neighboring nodes, leading to significant classi-
cal resource wastage. To reduce the consumption of classical
resources, our scheme employs hierarchical simultaneous en-
tanglement swapping (HSES).!"?] This approach is similar to
the scheme described in the previous sections, but in HSES,
the intermediate nodes on the quantum path are divided into
segments according to the network size, as shown in Fig. 4,
and the end node of each segment is indicated by gray color.
A complete HSES process consists of the following steps.

s Alice Ir-----------?------P—e-Y?I;-l-§E§ ------ T ,
| i i i | i
! GHZlike | GHZlike | GHZ-like | GHZ-like
oe 00 | 000000 000 000
Segment ¢ .
T TR T T GHZ-like :Level-2
$ GHZdike | GHZJike | GHZ-ike | GHZlike | : SES
000 | | 000000 000000 :
',‘_‘_‘_‘_‘_‘_‘_‘_‘_‘_‘_‘_;‘_‘_‘_‘_‘_1111::‘1:_‘_‘_‘.‘_'_'_'.'_'_'_'f'_'_'_'_'_'_'_'_'_'_'_'_; """""""""""""" ’
GHZ-like ; ! i i i :
! GHZlike ! GHZlike | GHZ-like | GHZ-like v H 2 b
|
(000 |[000][000|[000][00e o |y
. E

--------------- + Classical channel (level-1)

............... » Classical channel (level-2)

Quantum channel

Fig. 4. Hierarchical simultaneous entanglement swapping.

Step 1 Entangled state preparation and distribution

This step is similar to the multi-hop QT described earlier,
where all intermediate nodes can prepare any GHZ-like state.
It is just divided into several parts.

Step 2 Level-one SES

The level-one SES involves simultaneously performing
entanglement exchange within each segment and across all
segments. Similar to previous multi-hop QT schemes, each
node in the segment performs a measurement of the particles
in its possession, then sends the measurement results and the
type of the GHZ-like state to the end node of the segment
through the classical channel. At the first segment, the source
and end nodes can establish a GHZ state after the end nodes
perform the corresponding operations according to Tables 4
and 5. At the same time, for each remaining segment, the
nodes (including the end node of the first segment) in each

segment perform simultaneous entanglement swapping (SES)
independently. And all nodes of each segment (except the end
node) use the GHZ-like states as the measurement basis on
their own particles. Assume the measurement results of the in-
termediate nodes are |§, jk> (i,j,k =0, 1), respectively, which
can be encoded as three-bit i jk. Next, the measurement results
codes and GHZ-like state types can be transmitted to the end
node of each segment through the classical channel. Then, the
end node of each segment will perform the appropriate Pauli
operation to establish a GHZ-like state |Eypo) between the two
segments according to Tables 5 and 6. For all intermediate
nodes of |Eygo), the relationship between measurement results
and Pauli operations is shown in Table 6. Here, R,,, R,,j and
R, represent the value of the measurement of node,,. Namely,
at the end of one level of SES, the end node and the source
node of the first segment will establish the GHZ-like state,
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while the neighboring end nodes of the remaining segments
will establish the GHZ-like state |Eygo).

Table 6. For all intermediate nodes of |Eyoo), the relationship between
the measurement results and the operation of the rest of the nodes in the
first-level SES except the first segment and end node. Here, each segment
has g nodes.

Measurement results Pauli operators

Ry B Ry SRy = | 1
By Ry By { R 1Ry = 1 X
@Z:{Rni'@zz?an'@Z:fRnk =1 z
SRy @Ry -Gy Ry = 1 zX

Step 3 Level-two SES

The second level SES involves entanglement exchange
between each segment. After completing the first-level SES,
the entire quantum system also becomes the first-level SES,
with the quantum channel entangled by composite states
|€000), as shown in Fig. 5. Therefore, each intermediate node
is no longer required to send the type of the prepared GHZ-like
state, but only the measurement results to the end node. Upon
the completion of all processes, the end node calculates the
unitary operation according to Table 3 and then reconstructs
the target state.

= Alice

& e |

End node
of seg. i+1

GHZ-like

End node of
seg. k

--------------- » Classical channel (level-2)

Quantum channel

Fig. 5. Level-two SES.

For instance, assuming the communication in a quantum
network is divided into five segments, the whole system can
be represented as

|A) = |y)y® |§ijk>0 @+ @ 8000) end1

é.

Ee

o

@+ @18000) ena2 @+ @18000) ends - (10)

Following level-one SES, the individual fragments become

1S1) = 1¥)o @ 18000) engs -

‘52> = |§000>end2 ‘S5> = |€000>end5 . (11)

Here, the 0, endl, ..., end5 represent the distribution of nodes,
and i, j,k €(0,1). The whole system becomes
|A") = [¥)o®1000)ena1 © 1€000)enaz

@ 18000)ena3 @ 16000)ends @ 16000)enas - (12)

The level-two SES also transforms into a five-hop QT, and
the end node can recover the target bits according to Table 4.

There is the requirement of transmitting measurements
and GHZ-like state types to the end nodes of the segment in
level-one SES, and the absence of the need to transmit GHZ-
like state types in level-two SES. Thus, the HSES scheme sig-
nificantly reduces the classical information cost.

5. Experimental realization of multi-hop QT in
IBM QE

We have theoretically investigated and demonstrated
the feasibility of multi-hop QT based on GHZ-like states.
Various theoretical protocols have been validated on this
platform. [20-311 Next, the scheme will be validated on the IBM
QE platform. Now, take one-hop QT and two-hop QT imple-
mented on a real quantum computer as an example. Assume
that the initial state to be transmitted is |y), = % (10) +11)),-
The real quantum circuit diagram of one-hop QT and two-
hop QT is shown in Fig. 6. The initial state preparation and
quantum channel setup are depicted in the first half, followed
by the channel entanglement and measurement in the second
half. The quantum computer ‘ibm_brisbane’ was used to run
the designed circuit ten times, with 8192 shots per run. The
measurement results are recorded in Table 7. Figure 7 de-
picts the average of these measurement results, showing that
the average error between the experimental and theoretical re-
sults for one-hop QT and two-hop QT is 0.0171 and 0.0083,
respectively.

(b) qfo] B W
q1] i é i
q2] H é | |
q[3] é RN W
q4]  H & | & |
qf5] M | |
q[6] é | |
cl ¥

Fig. 6. The real quantum circuit diagrams of (a) one-hop QT and (b) two-hop QT.
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Table 7. Ten times measurement results of one-hop QT and two-hop QT.

Runs One-hop QT Two-hop QT
Probability of |0) Probability of |1) Probability of |0) Probability of |1)
1 0.4749 0.5251 0.4837 0.5163
2 0.4800 0.5200 0.4839 0.5161
3 0.4888 0.5112 0.4952 0.5048
4 0.4937 0.5063 0.5037 0.4963
5 0.4739 0.5261 0.4800 0.5200
6 0.4830 0.5170 0.4971 0.5029
7 0.4838 0.5162 0.4948 0.5052
8 0.4782 0.5218 0.4977 0.5023
9 0.4899 0.5101 0.4864 0.5136
10 0.4826 0.5174 0.4950 0.5050
0.6 . ; By _ 1
—IOne-hop QT 1p") =MD+ Tx(X)+ Ty (V) + T2(Z)],  (13)
O Two-hop QT 0.5171 ¢.5083 2
0.5F 0.4829 0.4917 E
. where T; = S; (i =1, X, Y, Z) and S; denotes the Stokes pa-
0.4+ E
jf:_f rameter. Here, S; = Poyy + Py, Sx = Pox) — Pix), Sy =
E 0.3L - Poyy — Puiyy and Sz = Pz, — Piz), where Py; denotes the
° probability of measuring |k) with i as the measurement basis
A 0.2F B . C. . .
(see Fig. 8). For the initial state |y), the theoretical density
0.1t . matrix is
0 T 1/1 1
0 1 == . 14
10) 1) ") =3 ( 11 (14)
Fig. 7. The average of the measurement results of one-hop QT and
two-hop QT.
. 40 N
Quantum state tomography is a common method for char- o
acterizing quantum states to characterize the performance of a el (a) cl =¢¥ (b)
scheme. 3?3 This includes the comparison of experimental
and theoretical densities. For a given state |y),, the theoreti- q[0] . - q[0] . - .
cal density matrix pT and the experimental density matrix p® el H el H]
can be expressed as (c) (d)
T Fig. 8. Measurement in different bases: (a) I basis, (b) Z basis, (c) X
|P > = |l//> <V’| y basis, (d) Y basis.
(a) (b) (c) 0.5
05 0.5 0.5
. 0.4
04 0.4 0.4
0.3 0.3 0.3 0.3
0.2 0.2 0.2 1
0.1 0.1 0.1 | 0.2
0 0 0
|0) 1) |0) 1) 0.1
1) 10) [1) |0)
0
(d) (e) (f) 0.02
0.02 0.02
0.01 0.01 0.01
T r 0 0
-0
—0.01 —0.01
—0.02 —0.02 _0.01
|0) 1) |0) 1)
1) |0) 1) |0)
—0.02

Fig. 9. Real and imaginary parts of experimental and theoretical density matrices for the teleportation of a single-qubit state in one-hop QT
and two-hop QT, respectively. Here, (a), (b) and (c) are the real parts of the theoretical density matrix, the one-hop QT experimental density
matrix and the two-hop QT experimental density matrix, respectively; (a), (b) and (c) are the imaginary parts of the theoretical density matrix,
the one-hop QT experimental density matrix and the two-hop QT experimental density matrix, respectively.
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Taking one-hop QT and two-hop QT as examples, their
respective average experimental density matrices are calcu-
lated as follows (also shown in Fig. 9):

0.4829 0.126 0 —-0.019).
E\
lPr) = ( 0.126 0.5171) - (0.019 0 )" (15)
0.4917 0.091 0 0.014
E\ _ .
|p2> o < 0.091 0.5083) * (—0.014 0 ) i. (16)
Fidelity is a measure of the overlap between the density
matrix of the theoretical quantum state and the density ma-
trix of the experimental quantum state, and a measure of how
close the two quantum states are before and after transmission.
When the fidelity is 1, this means that the output quantum state
is identical to the target quantum state. The smaller the fi-

delity, the more quantum state information is lost. The fidelity
is given by the following equation:

F(p"p®) =Tr(1/v/P PEVP"). a7

Here F| = 89.12% and F, = 86.87% are calculated to de-
note the fidelity of one-hop QT and two-hop QT, respectively.

Then, the fidelity of the initial states | ), = (% |0) + \/é 11))o

and [y)g = (0) + ? |1))o were computed through quantum
state tomography to obtain F| = 87.09% , F, = 85.52% and
F/' =87.21%, F) = 84.61%, respectively. It can be shown
that quantum states are transmitted with high fidelity in our
scheme.

6. Effect on multi-hop QT by HSES with noise

The above experiments were conducted within an ideal
environment. However, in the actual realization of QT, it
is impossible to have an ideal environment (noiseless envi-
ronment). When particles pass through a quantum channel,
the entire quantum system may interact with its surroundings,
potentially being disrupted by environmental noise. In this
section, we discuss our protocol in four different noise envi-
ronments, namely the phase-damping (P), amplitude-damping
(D), phase-flip (F) and bit-flip (B) noises, which can be de-
scribed in terms of the Kraus operator as follows:

2 (7 ).

0 Vi-p
Ro(§0) 5(h) s
f-(h ) - (05). o
£ (7 ) (3 ) o
2= (7 ). (). e

where p, d, f,b(0<p,d, f, b <1) are the corresponding four
decoherence rates.

In Section 4, the source node wants to send the target
quantum state |y) = (o |0) +f |1)) to the target node through
n nodes, and its density matrix can be expressed as pj, =
|w) (y|. Assuming that nodey (N =0, 1, ..., n—1) is able
to prepare a GHZ-class state |gop), its density matrix can be
expressed as poc WHCN+2CN+s 1€000) (Eooo|- During the con-
struction of a multi-hop QT system, nodey will send its parti-
cle C3y 43 to the next neighboring nodey ;. Therefore, the par-
ticle C3y+3 will be acted upon by the Kraus operators. After
the entanglement distribution, the pure states pOC 3w+1CaN-+2CN+3
are converted to mixed states, which can be written as
plc3N+1C3N+2C3N+3 =Y, ElkC3N+3 pOC3N+1C3N+2C3N+3 ( EZI<C3N+3 )ik e
{P,D,F,B}),1 €{0,1,2}. Assuming that the whole quantum
channel is in the same kind of noise, the density matrix of the
whole quantum system becomes

pcn = Pin ®7V;10 plc3N+lC3N+2C3N+3. (22)

From the description of level-one in Section 4, assum-
ing that there are g nodes in each segment, the output state
of the whole system, after the measurements and operations,
becomes

-1 -1

o U<Tr[ (@24 @17) Miy)pe (@14 @} M) D ot

[ —1 —1 ’
Tr{(@]/ &2} Myy)F (@74 @) Myj)p2}

(23)

where M;; denotes the measurement result of the particle
owned by the jth node in the ith segment. After completing
level-two, the output state of the reconfigured quantum state
of the target node,_; can be expressed as

&M py, (@1 0;)T
Pout = U( [ ( t—an i)pL, ( n/:;l ) } )UT, 24)
Tr{(®, M) (@, 1Mi)pL, }
Thus, the density matrix of the output states in each of the four
noise environments can be expressed as

Pou = (1-p)" (?10) (0] + B |0) (1|
+oB 1) (0] + B (1) (1]) + p"e* |0) (0],

PO = o?[0)(0]+v/1—dap |0)(1]
+VT=dap|1)(0]+ (1 —d)B>|1)(1],
Pl = (1= 1)"(a?10)(0] + aB[0)(1]

+oBI1)(0]+ B2[1)(1]) + " (a?|0) (0]
—aBl0) (1] — aB[1)(0] + BZ[1)(1]),
Pou = (1 —b)"(a*|0)(0] + B 0) (1]
+oB |1)(0]+ B> 1) (1)) +b"(a?[1) (1|
+af 1) (0] +aB[0) (1| +B2[0)(0]).  (25)
The quantum system will be disturbed by external noise,

which causes the coherence property of the quantum system to
decrease, thus making the difference between the two quantum
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states before and after transmission. In quantum information
theory, the fidelity is generally used to measure the proxim-
ity between two quantum states before and after transmission,
calculated as

F= |<W|Pout|w>‘ (26)

The F denotes the similarity between the output quantum state
and the target quantum state, taking values from O to 1. When
the fidelity is 1, this means that the output quantum state is
identical to the target quantum state. The lower the fidelity,
the more information of the quantum state is lost. The fidelity
of the protocol under four different noises is calculated as

FP'=(1-p)"(o® +B)* +por’,

FP = a* + V1 —d2a*B* + (1 —d)B*,
FF = (1= f)"(? +B%) + f" (= B?)?,
FP = (1-b)" (0’ + B*)* +4b" &>, 27)
From the above calculations, it is found that in the phase-
damping (P), phase-flip (F) and bit-flip (B) noise, the fidelity
of the output state depends on the coefficients of the initial
state, decoherence rate and number of nodes. However, in the
amplitude-damping (D) noise, the fidelity of the output state
depends only on the coefficients of the initial state and the
decoherence rate. To study the trend of fidelity with deco-
herence rate and number of nodes, we assume that the coeffi-
cients of the target state are @ = 1/+/2 and B = 1/+/2. The
trend of fidelity under four types of noise is given in Fig. 10.

1.0 5
—p=
(@) =y
0.8t — p=F
;;O.ﬁ-
o}
el
D 0.4t
0.2+
0 1 1 1
0 0.2 0.4 0.6 0.8 1.0
Decoherence rate
1.0
(B tveeeeeeeeeeenenerenenns
0.8}
Zoel p=r
S . . PEh
= L p=F
~ 0.4+ * v p:B
*
*
0.2} *
*
"‘
0 1 ' ' '.‘7“tn.n...‘. "
0 5 10 15 20 25 30
n

Fig. 10. Comparison of the fidelity under the influence of four types of
noise (P, D, F, B). (a) The fidelity varies with decoherence rate atn = 5.
(b) The fidelity varies with node n at decoherence rate (p,d, f,b) = 0.8.

In Fig. 10(a), initially, the fidelity decreases with increasing
decoherence rate for all four noise environments, and it is clear
that the fidelity is subject to the slow decrease in amplitude-
damping (D) noise and the fastest decrease in phase-flip (F)
noise. As the decoherence rate increases, the fidelity of bit-
flip (B) noise gradually recovers to a symmetric shape, while
phase-damping (P) noise increases slowly. This shows that the
output state fidelity does not necessarily decrease with increas-
ing decoherence, meaning that in some noisy environments,
stronger noise can result in higher multi-hop QT efficiency. In
Fig. 10(b), it is clear that the fidelity of the subject amplitude-
damping (D) noise does not change with n, while the fidelity
under all the other three noises gradually decreases with the
increase in n. Namely, in some noisy environments, the output
state fidelity does not necessarily decrease as the number of
intermediate nodes increases.

7. Communication delays and classical resource
consumption

7.1. Communication delays

In quantum teleportation, communication delay is in-
evitable. This delay is primarily influenced by factors such as
the time required for classical communication, the duration of
quantum state processing (including measurement and unitary
transformation), etc. For a multi-hop QT protocol with general
simultaneous measurements (SES), the communication delay
of classical information depends on the maximum delay from
each intermediate node to the end node. The HSES scheme is
introduced. In the level-one SES, the communication delay of
classical messages depends on the maximum delay from each
intermediate node of a segment to its end node. In the level-
two SES, the delay depends on the maximum delay from the
end node of each segment to the end node. Therefore, the total
delay D of our scheme is

D = Hmaxl (Dc +Dpro +Lmt/R)

+Hmax2<Dc +Dpro +Lm/R) + 2l)m + 2Dua (28)

where Dy, represents the time required for measurement, D,
indicates the duration of unitary transformation, D. denotes
the time taken for single-hop classical information commu-
nication, Dy, is the average processing time for a classical
packet, Hpax1 denotes the maximum number of classical hops
from the first intermediate node to the end nodes across all
segments and Hp,xo symbolizes the maximum number of clas-
sical hops from each end node to Bob. Ly is the total length
of the classical packet that contains the information about the
GHZ-like state type and three-bit measurement result, and Ly,
represents the length of the classical packet that contains the
three-bit measurement result. R is the transmission rate of the
classical information.
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Now, assume the propagation rate of photon in the air
is 2.996 x 10° km/s. Dy,, Dy and R are 100 ns, 50 ns and
100 Mbit/s, respectively.[lg] In ethernet frames, the shortest
packet length is 512 bits, so the classical information of GHZ-
like state and three-bit measurement results can be carried by a
standard packet, namely Ly, and L, can be taken at 512 bits.
Assuming that the distance of a quantum hop is 10 km, the
comparison of the communication delay of the present proto-
col with the traditional SES in Section 2 is shown in Fig. 11(a),
where it can be seen that the communication delay of the
present protocol is lower than that of the traditional SES. In
addition, the delay of this protocol is higher when the number
of nodes in each segment is greater.

30 T T T T

(a‘) —q=6
251 —q=35 1
—q=4
7 20f —a=3 1
\E/ =
? 15
)
A 10
5
O 1 1 1 1
0 20 40 60 80 100
Number of nodes
= 5000 T T T T
—% (b)
B | —q=3 |
S 4000r T
3 7q:9
8 3000 —a=12 1
= qg=15
2 SES
Z 2000F .
g
g
3 1000t .
o 0 20 40 60 80 100

Number of nodes

Fig. 11. Comparison between the traditional SES scheme and this pro-
tocol (with a different number of nodes in each segment) in terms of
both delay and classical resource consumption. (a) Comparison with
traditional SES scheme in terms of delay when the nodes in this proto-
col segment are 26, respectively. (b) Comparison of classical resource
consumption with traditional SES scheme when the nodes in this proto-
col segment are 3, 6, 9, 12 and 15, respectively.

7.2. Classical resource consumption

In general, in a simultaneous measurement protocol
(SES), each intermediate node is required to send the mea-
surement result and the type of entangled state to the end node
via the classical channel, resulting in significant classical re-
source wastage. In contrast, the proposed scheme initially fol-
lows a communication pattern similar to that of SES, but in the
second layer, each segmented end node only needs to send the
measurement results to the end node over the classical channel
without sending the types of entangled states. This approach
significantly reduces the consumption of classical resources.

Since classical information needs to be encapsulated in eth-
ernet frames, we use packets as the unit of classical resource
consumption. The equation for classical resource consump-
tion is given by

)

i—

S Ngi—1 S
c=Y Y LuH}+Y LnH, (29)
i=1 j=1 i=1

where S represents the division of N nodes into S sections, Ng;
indicates the number of nodes in the ith section, HiSj denotes
the number of hops from the ith node in the ith section to the
end node in the ith section and Hlfi represents the number of
hops from the end node in the ith section to the end node.

The classical resource consumption comparison of this
protocol with the traditional SES in Section 2 is shown in
Fig. 11(b), which shows that the classical resource consump-
tion of this protocol is much smaller than that of the classical
resource consumption of the traditional SES scheme. It is in-
teresting to note that the more nodes in each segment, the less
classical resource consumption. As shown in Fig. 11(b), when
the number of nodes per part is six (compared with g = 3, 9,
12, 15) the classical resource consumption is the least. In other
words, for different numbers of nodes, choosing the appropri-
ate segmentation method can achieve the optimal classical re-
source consumption.

8. Conclusion

This paper introduces a multi-hop QT scheme based on
the HSES using GHZ-like states. First, the schemes of one-
hop QT and two-hop QT are described in detail and then ex-
tended to multi-hop QT. The relationship between the mea-
surement results and the unitary operation of the target node
for recovering the target state is derived. A generalized logic
algebraic expression is used to determine the recovery Pauli
operator of the target node for recovering a single bit. Consid-
ering also the practical situation where the types of GHZ-like
states entangled in a quantum channel are different, the mod-
ified unitary operation of the target node is derived based on
the number of different GHZ-like states. Next, we introduce
a multi-hop QT protocol based on the HSES protocol, which
involves simultaneous entanglement swapping within and be-
tween all segments. Since the intermediate nodes at the level-
two of SES only need to send measurement results to the end
nodes, the consumption of classical resources is drastically re-
duced.

In addition, in conjunction with the practical situation,
we analyze the impact of four different noise environments
(phase-damping, amplitude-damping, phase-flip and bit-flip)
on our scheme. The results show that the fidelity is related
to the amplitude parameter, decoherence rate and number of
nodes, as shown in Fig. 10. By analyzing the results and the
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curve trend of Fig. 10, we can choose a suitable noise environ-
ment to prepare the quantum channel and transmit the target
state in conjunction with the actual situation, which can effec-
tively reduce the information loss in the transmission process.

The proposed scheme offers several advantages. First, it
does not require all intermediate nodes to share the same type
of GHZ-like state, which is practical because it is unrealistic
for all nodes in a real quantum network to share only one type
of entangled state. Second, the IBM QE platform is used to
simulate one-hop QT and two-hop QT cases. Analyzing the
experimental results with quantum state tomography demon-
strates that the scheme achieves good fidelity. Finally, the
proposed scheme exhibits lower classical resource consump-
tion compared to general simultaneous entanglement switch-
ing multi-hop QT protocols.
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