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Recently discovered Ba2CuO4−y provides new perspectives to the study of high-temperature superconductivity.
Whereas, little is known about the spin dynamics of this material. In this work, we employ the fluctuation exchange (FLEX)
approximation within the framework of spin-fluctuation mediated superconductivity to examine the behavior of the spin
fluctuations of a two-orbital Hubbard model for Ba2CuO4−y. Our calculations reveal an extraordinary spin resonance mode
coupled to the superconducting state in the hole-underdoped regime. Furthermore, we confirm that the coupling between
the electrons and this resonance mode can lead to a dip-like feature in the electronic spectrum as a feedback effect. In the
hole-overdoped regime, by incorporating self energy into our calculations, we obtain orbital-dependent renormalizations
and show how these self-energy effects can lead to the detailed gap structures and the orbital-selective superconductivity,
which could not be obtained in a previous study using random phase approximation (RPA). This research may shed new
light on searching for unconventional superconductors with higher transition temperatures.

Keywords: fluctuation exchange approximation, spin fluctuation spectrum, spin resonance peak
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1. Introduction
Although nearly four decades have passed since the first

superconducting cuprate was discovered, high-temperature su-
perconductivity remains one of the most flourishing research
fields in condensed matter physics. Massive efforts have been
made to unravel the pairing mechanisms and find effective
routes to raise the superconducting transition temperature (Tc),
but the mystery of material differences in Tc is still far from
completely understood. Recently, a novel kind of cuprate
superconductor Ba2CuO4−y (Ba214) with Tc approximately
73 K was discovered by Jin et al.,[1,2] which was believed
to be a distinct branch of the high-Tc family[3] because of
its unique orbital characteristic. In spite of the same K2NiF4

structure as La2−xSrxCuO4, Ba214 has a shorter apical Cu–O
bond length because of the compressed octahedron,[1] which is
in sharp contrast to the previous known cuprate superconduc-
tors. Correspondingly, the closer apical oxygen will push up
the energy level of the d3z2−r2 (dz2 ) orbital, leading to its con-
tribution to the low-energy electronic states. In consequence,
this new cuprate superconductor is a multi-orbital system sim-
ilar to iron-based superconductors, and multi-orbital models
should be used to capture its low-energy physics. Moreover,
contrary to the relatively low hole doping in most conven-
tional cuprates, the superconducting state in Ba214 is real-
ized in a heavily hole-overdoped regime with hole doping
x = 2(1−y) = 0.4, which is reminiscent of previously discov-
ered high-Tc hole-overdoped cuprates.[4–7] Indeed, the possi-

bility of realizing high Tc in highly hole-overdoped cuprates
and multi-orbital Hubbard model[8–10] has already been pro-
posed, so that the orbital degree of freedom in newly found
cuprate Ba214 deserves further exploration.[11]

Meanwhile, it is well known that multi-orbital character
may give rise to various novel phenomena such as orbital-
selective Mott transition (OSMT)[12–15] and nematicity,[16–19]

the orbital degree of freedom also brings more complexity to
superconductivity, allowing more abundant physics like the
orbital-selective superconductivity (OSSC)[20–24] and corre-
sponding anisotropic spin excitations[25,26] as well. In multi-
orbital Ba214 system, although different crystal structures and
models have been suggested and investigated in various the-
oretical studies,[27–36] little effort has been devoted to the be-
havior of spin fluctuations. However, as the spin fluctuations
carry important information on the nature of magnetism and
the characteristics of superconductivity, it is of great value to
thoroughly study their behavior in such a novel superconduc-
tor, which may contribute to our further understanding of the
pairing mechanism underneath the unconventional supercon-
ductivity and spark brand new thoughts about raising the crit-
ical temperature Tc.

In this sense, the Ba214 system provides an ideal plat-
form to explore how the orbital-related correlations can affect
the superconducting gap structure and examine the spin dy-
namics in both the normal state and the superconducting state.
More importantly, it also offers a precious opportunity to un-
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derstand the pairing mechanism in this novel kind of super-
conductor and serves as an excellent testing ground for finding
new ways to raise Tc in unconventional superconductors. With
this motivation, in this work we compute the superconducting
pairing symmetries and the corresponding gap distributions in
the two-orbital Hubbard model of Ba214 using the fluctuation
exchange (FLEX) approximation. Compared to the simple
random phase approximation (RPA) calculations adopted in
Ref. [27], the FLEX formalism can take the feedback effect
of self energy into account self-consistently, which naturally
makes it possible to describe the OSSC brought by orbital-
dependent correlations.[37] Our results reveal that while FLEX
can reproduce the major pairing symmetries given by RPA
calculations in the same parameter regime, we obtain more
detailed gap structures and, furthermore, the orbital-selective
gap distributions, which is not possible with simple RPA pro-
cedures. In addition, we investigate the behavior of spin exci-
tations with this model. For the first time in this compound, we
identify the unambiguous evidence of a spin resonance mode
in the superconducting state, and we also establish the rela-
tionship between the distribution of spin-fluctuation spectral
weight and the hole doping level in the normal state.

The paper is organized as follows. In Section 2, we
describe the two-orbital model we used to study the hope-
doped Ba2CuO4−y system and introduce the main procedures
of the FLEX approximation approach implemented in both the
T < Tc and T > Tc regimes. In Section 3, the numerical re-
sults in both the superconducting state and the normal state
are presented and discussed. In Subsection 3.1, we study the
evolution of the superconducting gap with temperature T , as
well as the specific characters of the spin excitations and the
quasiparticle excitations distinct in the superconducting state.
In Subsection 3.2, we explore the orbital-selective physics and
its impact on superconducting pairing. Moreover, we also in-
vestigate the evolution of spin excitation spectra when we in-
crease the hole doping level into the highly overdoped regime.
Section 4 provides a brief summary of the principal findings
and conclusions. Further implications of our results are also
discussed.

2. Model Hamiltonian and methods
2.1. Two-orbital Hubbard model

In this paper, we adopt the following two-orbital Hubbard
model proposed in Ref. [27], which captures the main features
of the band structures near the Fermi surface:

H = H0 +Hint, (1)

H0(𝑘) = ∑
𝑘,σ
α,β

{
ξαβ (𝑘)+ [εα −µ]δαβ

}
c†

ασ (𝑘)cβσ (𝑘). (2)

Here α and β are orbital indices for two eg orbitals (3dx2−y2 ,
3dz2 ), ξαβ (𝑘) is the tight-binding Hamiltonian in the orbital

space. c†
ασ (cβσ ) denotes the creation (annihilation) operator

of an electron from orbital α (β ) and with spin σ =↑ (↓). εα

represents the on-site energy of the α orbital and specifically,
while εdx2−y2 = −0.222 eV keeps as a constant, the energy of
orbital dz2 varies with the hole concentration x = 2(1− y) as
εdz2 = 0.661−5(1− x). The chemical potential µ is adjusted
by keeping an electron filling n = 3− x = 1+ 2y. ξαβ (𝑘) is
given by

ξ11/22(𝑘) = 2t11/22(coskx + cosky)+4t ′11/22 coskx cosky

+2t ′′11/22(cos2kx + cos2ky), (3)

ξ12/21(𝑘) = 2t12(coskx− cosky)+2t ′′12(cos2kx− cos2ky), (4)

where the model parameters are given in Table 1.
To take account of electron correlation effects, we adopt

the on-site multi-orbital electronic interactions as follows:

Hint = U ∑
i,α

niα↑niα↓+U ′ ∑
i,α>β

niα niβ

−J ∑
i,α>β ,σσ ′

c†
iασ

ciασ ′c
†
iβσ ′ciβσ

+J′ ∑
i,α 6=β

c†
iα↑c

†
iα↓ciβ↓ciβ↑, (5)

with intraorbital (U) and interorbital (U ′) repulsive interac-
tions as well as Hund’s coupling (J) and pair hopping (J′).
Assuming rotational symmetry for the interaction, these pa-
rameters are related by U ′ = U − J− J′ and J = J′. Besides,
niασ = c†

iασ
ciασ is the occupation number of the orbital α with

spin σ at site i and niα = ∑σ niασ is the number of total elec-
trons in this orbital.

Table 1. The model parameters of the tight-binding Hamiltonian of
Ba2CuO4−y at half filling in eV, corresponding to the 1st, 2nd and 3rd
nearest-neighbor intraorbital and interorbital hoppings. Values of the pa-
rameters have been taken from Ref. [27].

1st (t) 2nd (t ′) 3rd (t ′′)

Intraorbital dx2−y2 t11 = 0.504 t ′11 =−0.067 t ′′11 =−0.13
Intraorbital d3z2−r2 t22 =−0.196 t ′22 =−0.026 t ′′22 =−0.029

Interorbital t12 = 0.302 t ′12 = 0 t ′′12 = 0.051

2.2. The fluctuation exchange approximation

The FLEX approximation, introduced by Bick-
ers and Scalapino,[38,39] is based on the conserving
approximation.[40,41] It is a convenient tool for dealing with
fluctuating many-body electronic systems. As a perturba-
tive diagrammatic method, it sums over the infinite series of
bubble terms and ladder terms of the Feynmann diagrams to
describe the effective interactions caused by the exchange of
spin and charge fluctuations, which play a major role when
the system is in the vicinity of a spin or charge instability. Be-
cause of its perturbative nature, it can only deal with weak to
moderate coupling systems. However, unlike the RPA, it also
takes self energy into account so the fermionic propagators
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and bosonic response functions are dressed, from which we
can obtain renormalized spectral functions and moreover, the
orbital-selective physics. In this paper, we use its multi-orbital
extension[42,43] to cope with the above two-orbital Hubbard
model.

FLEX can be implemented either in the superconducting
state or in the normal state. In order to gain further insights
into the superconducting properties, we first proceed from the
superconducting state. Since there is Cooper pair condensa-
tion when T < Tc, we should include the anomalous quasi-
particle propagator and self energy. Here we follow the nota-
tions used in Refs. [44–47], where the basic formalisms and
several computational techniques are also discussed. First,
we start with the bare normal and anomalous Green’s func-
tions in orbital space and on the Matsubara frequency axis:
G−1

0 (𝑘, iωn) = (iωn +µ)1−H0(𝑘) and F0(𝑘, iωn) = 0. And
then we calculate the irreducible spin and charge susceptibili-
ties using the following equations:

χ
l1l2l3l4
s,0 (q) =−T

N ∑
k
[Gl2l3(k+q)Gl4l1(k)

+Fl2l4(k+q)F∗l3l1(k)], (6)

χ
l1l2l3l4
c,0 (q) =−T

N ∑
k
[Gl2l3(k+q)Gl4l1(k)

−Fl2l4(k+q)F∗l3l1(k)], (7)

where ωn = (2n + 1)πT and νn = 2nπT are fermionic and
bosonic Matsubara frequencies. T is the temperature, and N
is the number of k points. Note that for simplicity, here we
adopt the 4-vector notation so k = (𝑘, iωn) and q = (𝑞, iνn)

stand jointly for the crystal momentum (or wave vector) and
the Matsubara frequencies.

The RPA spin and charge susceptibilities are given by

χs(q) = [1−US
χs,0(q)]−1

χs,0(q),

χc(q) = [1+UC
χc,0(q)]−1

χc,0(q), (8)

where the matrix elements of the interaction matrices in the
spin (US) and charge (UC) sectors are

US
i j,kl =


U,
U ′,
J,
J′,

UC
i j,kl =


U, if i = j = k = l,
−U ′+2J, if i = k 6= j = l,
2U ′− J, if i = j 6= k = l,
J′, if i = l 6= j = k.

In the sense of spin-fluctuation-driven superconductivity,
we can obtain the normal and anomalous effective interactions
induced by spin and charge fluctuations

VN(q) =
3
2

US
(

χs(q)−
1
4

χ+,0(q)
)

US

+
1
2

UC
(

χc(q)−
1
4

χ+,0(q)
)

UC

+
1
2
(3US−UC), (9)

VA(q) =
3
2

US
(

χs(q)−
1
4

χ−,0(q)
)

US

−1
2

UC
(

χc(q)+
1
4

χ−,0(q)
)

UC

+
1
2
(US +UC), (10)

where χ±,0(q) = χs,0(q)± χc,0(q). Subsequently, the normal
and anomalous self energies can be calculated by

Σlm(k) =
T
N ∑

q
∑

l′,m′
V ll′,mm′

N (q)Gl′m′(k−q), (11)

Φlm(k) =
T
N ∑

q
∑
l′m′

V ll′,m′m
A (q)Fl′m′(k−q). (12)

Finally, the dressed normal and anomalous Green’s functions
can be determined by solving the coupled Dyson–Gorkov’s
equations

G(k) = G0(k)+G0(k)Σ(k)G(k)+G0(k)Φ(k)F(k′)∗, (13)

F(k) = G0(k)Σ(k)F(k)−G0(k)Φ(k)G(k′)∗, (14)

where k′ = (−𝑘, iωn). Therefore, Eqs. (6)–(14) can be solved
self-consistently to get several important physical quantities.

Above Tc, we can proceed from the normal state with
similar procedures.[29,48–51] However, instead of calculating
the normal and anomalous self energies self-consistently, we
compute the tendency towards superconductivity and pairing
symmetry by solving the linearized Eliashberg equation. The
detailed process is as follows.

The normal Green’s function is self-consistently deter-
mined from the Dyson equation

G(k)−1 = G0(k)−1−Σ(k), (15)

where the self energy reads

Σlm(k) =
T
N ∑

q
∑

l′,m′
Γll′,mm′(q)Gl′m′(k−q). (16)

The effective interaction consists of contributions from the
spin and charge fluctuations as

Γ (q) =
3
2

US
[

χs(q)−
1
2

χ0(q)
]

US +
3
2

US

+
1
2

UC
[

χc(q)−
1
2

χ0(q)
]

UC− 1
2

UC, (17)

with the bare susceptibility given by

χ
l1l2l3l4
0 (q) =−T

N ∑
k

Gl2l3(k+q)Gl4l1(k). (18)

The RPA susceptibilities take the same form as in Eq. (8), but
the above bare susceptibility χ0 should be used instead. Af-
ter the dressed Green’s function is obtained, it is plugged into
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the following linearized Eliashberg equation with the effective
pairing interaction:

λ∆µν(k) = −T
N ∑

q,mi

V s/t
µm1m4ν(q)Gm1m2(k−q)

×∆m2m3(k−q)Gm4m3(q− k), (19)

in which the pairing interactions in spin singlet and triplet
states are

V s(q) =
3
2

US
χs(q)US− 1

2
UC

χc(q)UC +
1
4
(3US +UC), (20)

V t(q) =−1
2

US
χs(q)US− 1

2
UC

χc(q)UC− 1
4
(US−UC). (21)

By solving Eq. (19), we can get several eigenvalues λ and cor-
responding eigenfunctions ∆µν(k), which represent the pair-
ing strengths and pairing gap functions, respectively. When
the largest eigenvalue is equal to 1 (i.e., λ = 1), the system
will undergo a superconducting phase transition and the corre-
sponding temperature will be Tc. In this sense, λ (T ) at a fixed
temperature can be seen as a measure of the strength of the su-
perconducting instability. The pairing symmetry of the super-
conducting state is determined from the momentum structure
of the corresponding eigenfunction ∆(𝑘).

In actual calculations, we take 64×64 k-mesh in the first
Brillouin zone (BZ) and 4096 Matsubara frequencies on the
imaginary frequency axis for low temperatures. We have ver-
ified that a 128×128 k-point mesh gives essentially the same
results. So in order to get finer spin excitation spectra, we use
a denser grid in some calculations. In order to obtain the phys-
ical quantities in the real frequency regime, the Padé approxi-
mation is used for the numerical analytic continuation.[52]

3. Numerical results
In the following, we first calculate the properties of the

superconducting state in the hole-underdoped regime x = 0.15
and then implement computation from the normal state (T =

0.007 eV) in the hole-overdoped regime x = 0.85. Here we
show the Fermi surfaces of both cases in the normal state in
Fig. 1, from which we can see that there are respectively one
band and two bands crossing the Fermi level EF in these two
cases, forming different Fermi surface topologies.

π



−π

k
y

π



−π

k
y

−π π
kx

−π π
kx

dx2↩y2

dz2

dx2↩y2

dz2

q

(a) (b)

Fig. 1. The bare Fermi surfaces for the (a) hole-underdoped case (x =
0.15) and (b) hole-overdoped case (x = 0.85). The green arrow in (b)
marks the nesting vector 𝑞 ≈ (π,π) of the two Fermi pockets. In the col-
orbar, the red color denotes dx2−y2 orbital and the blue color denotes dz2

orbital.

3.1. Hole-underdoped case and superconducting state
properties

Within the scheme of self-consistent FLEX approxima-
tion in the superconducting state, we search for stable solu-
tions at the hole doping level x = 0.15 and different temper-
atures. The interaction constants we use are U = 2.0 eV and
J = J′ = 0.125U . First, we note that the converged super-
conducting states are of dx2−y2 -wave symmetry, whose typical
energy gap distribution can be seen in the inset of Fig. 2(a). If
we further consider its evolution with temperature, we can ob-
serve a clear transition from the normal state to the supercon-
ducting state near T = 105 K. As shown in Fig. 2(a), slightly
below this transition temperature Tc, the energy gap grows
rapidly towards a nearly constant value, which highlights a
typical signature of a superconducting transition. We also cal-
culate the spectral function and local density of states through
the analytical continuation of the converged Green’s function
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Fig. 2. (a) Temperature dependence of the maximum value of the energy
gap. The inset shows the momentum dependence of the self-consistent
gap solution at T = 0.004 eV (∼ 46 K), which clearly characterizes the
dx2−y2 -wave pairing structure. (b) The fermionic spectrum A(𝑘,ω) at a
particular 𝑘 point on the Fermi surface in the superconducting state (solid
red line) and the normal state (dashed green line). The black arrow marks
the prominent “dip” structure in the superconducting state. The inset dis-
plays the local density of states (LDOS) of the band near the Fermi level,
which characterizes a V-shaped structure.
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using the Padé approximant[52] as

A(𝑘,ω) =− 1
π

Im [G(𝑘, iωn→ ω + iδ )] ,

which corresponds to the intensity measured by angle-
resolved photoemission spectroscopy (ARPES). As we can
see in Fig. 2(b), the fermionic spectrum A(𝑘,ω) in the super-
conducting state exhibits a remarkable “peak-dip-hump” fea-
ture with the dip position located at |Edip| ≈ 88 meV. This dip
structure was argued to be a strong evidence of the impact on
fermions of the coupling between mediating bosonic modes,
most likely short-range spin fluctuations, and the electrons.[45]

Particularly, it is also believed to be related to the kink fea-
ture in the electronic energy dispersion observed by ARPES
for cuprates[53] and iron-based superconductors.[54] Moreover,
we present the local density of states in the inset of Fig. 2(b),
where a prominent V-shaped character suggests a nodal gap
structure, which is consistent with dx2−y2 -wave pairing sym-
metry. This finding can be validated by future scanning tun-
neling microscopy (STM) measurements on Ba214.

We further examine the magnetic response in the super-
conducting state, particularly the dynamical behavior of the
spin excitations. From the inset of Fig. 3(a), we can see
that the static RPA spin susceptibility Reχs(𝑞, iωn = 0) dis-
plays a broad peak around the antiferromagnetic wave vector
𝑄AFM = (π,π), which suggests that there are strong Néel-type
antiferromagnetic spin fluctuations. As to the dynamical prop-
erties, it has been observed in cuprates and iron-based super-
conductors that a sharp resonance peak in the inelastic neutron
scattering (INS) experiments was coupled to the onset of su-
perconductivity, and it was recognized as a consequence of
the sign-reversing gap structure due to the enhanced coher-
ence factor in the superconducting state.[55] To illustrate this,
we present the imaginary part of the dynamical spin suscepti-
bility Imχs(𝑞,ω) at momentum transfer 𝑄AFM for three dif-
ferent temperatures in Fig. 3(a). We find that there is only a
continuous broad spectrum in the normal state, but the spectral
weight gradually concentrates at an intermediate energy range
as the temperature approaches Tc. When the system enters the
superconducting phase, a spin gap opens in the low energy
range and a sharp resonance peak develops at a higher energy,
as indicated in Fig. 3(a). Specifically, the resonance energy
Eres at T = 0.004 eV is approximately 47 meV. This reso-
nance mode can be analyzed in the spin-1 exciton scenario,[56]

where it is accounted for the collective excitations of particle–
hole bound states. This excitonic picture naturally leads to
an energy threshold of the spin resonance, which is taken
as the minimal value of the sum of gap magnitudes on two
𝑄AFM-connected 𝑘 points of the Fermi surface.[45] Interest-
ingly, as the coupling between electrons and spin fluctuations
is believed to mediate unconventional superconductivity, the

dip position mentioned above at |Edip| ≈ 88 meV is approx-
imately the sum of the resonance energy Eres ≈ 47 meV and
the gap value |∆𝑘|max ≈ 37 meV. We also analyze the propa-
gating behavior of the resonance mode in energy-momentum
space. Figure 3(b) illustrates its dispersion along the direction
(qx,π) in the first BZ, where the major part of the resonance
disperses downwards with decreasing intensity when moving
away from 𝑄AFM. This pattern, owing to the vanishing gap in
the gap nodes of dx2−y2 -wave pairing symmetry, as explained
in Refs. [57,58], may give strong support to the spin-excitonic
scenario in spin-fluctuation-mediated superconductivity. Ad-
ditionally, the upward dispersion at smaller momentum is due
to the Umklapp scattering processes, which have much weaker
intensity.[58]
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Fig. 3. The spin resonance mode in the superconducting state. (a) The
imaginary part of the RPA spin susceptibility Imχs(𝑞,ω) at 𝑄AFM =
(π,π) and different temperatures. The inset shows the maximum eigen-
value of the real part of the RPA spin susceptibility at the first Matsub-
ara frequency Reχs(𝑞, iωn = 0). (b) The dispersion of the resonance
mode along the direction (qx,π) in the BZ. It corresponds to the result
at T = 0.004 eV.

3.2. Hole-overdoped case and normal state properties
3.2.1. Pairing eigenvalues and symmetries

In the highly hole-overdoped case, both the dx2−y2 orbital
and the dz2 orbital contribute to the Fermi surface. In this case,
our FLEX calculation did not reach a convergent solution in
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the superconducting state, so here we focus on the properties
of the normal state. Taking the self-energy effect into account,
the quasiparticle bands can be remarkably renormalized under
large interactions and they can be estimated by diagonalizing
the following matrix:[47][

ξ ′11(𝑘)−µ +Σ11(𝑘, iπT ) ξ12(𝑘)+Σ12(𝑘, iπT )
ξ21(𝑘)+Σ21(𝑘, iπT ) ξ ′22(𝑘)−µ +Σ22(𝑘, iπT )

]
,

where ξ ′αα(𝑘) = ξαα(𝑘)+εα . Σαβ (𝑘, iπT ) denotes the com-
ponents of the normal self energy in orbital space and at the
first fermionic Matsubara frequency. Since this approximation
is more reliable near the Fermi level, we focus on the renor-
malized Fermi surface as shown in Fig. S1(a) (see supplemen-
tary material). Similar to that in Fig. 1(b), there are two pock-
ets at the Fermi level, with the electron pocket centered around
the Γ point and the hole pocket centered around the M point.
As we increase the hole-doping level towards the half-filling
case (i.e., x = 1.0), the electron pocket shrinks in size while
the hole pocket expands, so they nearly touch each other when
x = 0.95. Besides, it is worth noting that both pockets are
gradually becoming square-shaped in this process.

As a result, the nesting between electron and hole pockets
is strongly enhanced, and one can see that the RPA spin sus-
ceptibility is more and more commensurate (see Fig. S1(b)),
i.e., the peak of the RPA susceptibility is gradually concen-
trated at the antiferromagnetic wave vector 𝑄AFM = (π,π).
This enhanced peak in spin susceptibility further induces pro-
nounced antiferromagnetic spin fluctuations in this system,
which will finally result in much stronger effective interaction
in the interband scattering channel. Moreover, the increasingly
perfect nesting condition, as we will see later, has a profound
impact on the redistribution of the spectral weights in the spin
fluctuation spectrum.

In the formula of the RPA spin susceptibility, the denom-
inator

[
1−USχ0(q)

]
should be bigger than zero. Otherwise,

there will be errors in the whole calculation. If the denomina-
tor approaches zero, the RPA spin susceptibility diverges and
the whole system will exhibit spin-density-wave (SDW) insta-
bility, where FLEX calculation is prone to convergence prob-
lems. Therefore, to illustrate if the system is near the SDW
state, here we introduce the static Stoner factor in the spin sec-
tor αS

[59,60] defined as the largest real part of the eigenvalues
of
[
USχ0(𝑞, iνn = 0)

]
. We calculate αS for different Hund

couplings J when increasing U , and the results are shown in
Fig. 4(a). As expected, increasing both U and J can enhance
the tendency towards the SDW instability, but the effect of in-
creasing U is much more prominent. Increasing Hund’s cou-
pling, however, will decrease the maximum U value below
which the FLEX algorithm can finally achieve a convergent
solution. For example, when J/U = 0.06, the maximum value
of U we can take is 2.0 eV, while it drops to 1.3 eV when
J/U = 0.18.
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Fig. 4. (a) Spin Stoner factor as the maximum eigenvalue of[
USχ0(𝑞, iωn = 0)

]
calculated for different J/U and U from 0 eV to

2.0 eV, x = 0.85 in the hole-overdoped case. The green dashed line marks
the boundary of the SDW phase, where the Stoner factor equals 1. (b) and
(c) The largest two eigenvalues for the s±-wave and dx2−y2 -wave pairing
symmetries as a function of J/U and U , respectively. In panel (b), we fix
U = 1.3 eV. In panel (c), we fix J = 0.10U .
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linearized Eliashberg equation for x = 0.85, both of which are plotted on
the bare Fermi surface. The color map from blue to red denotes the sign
of the gap value. (a) s±-wave symmetry; (b) dx2−y2 -wave symmetry.

We have also calculated the largest eigenvalues and the
corresponding gap functions under different conditions of U
and J. As illustrated in Figs. 4(b) and 4(c), the first two lead-
ing eigenfunctions correspond to s±-wave (A1g) and dx2−y2 -
wave (B1g) pairing symmetries, respectively. Meanwhile, in
most cases, the pairing eigenvalue of the s± wave is slightly
bigger than that of the dx2−y2 wave, except when the whole
system gets close to the SDW instability, where dx2−y2 is de-
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generate to s± or even dominates. This is a quite interesting
feature because the dx2−y2 wave gap function has nodes on
Fermi pockets, as shown in Fig. 5(b), which will cause higher
energy in the whole system and thus lower pairing strength un-
der the same condition. We conjecture that the reason for this
‘anomaly’ lies in the topology of the Fermi surface. Since the
FLEX algorithm takes self energy into account, the Fermi sur-
faces are considerably renormalized when the system is very
close to the SDW instability, where the RPA susceptibility is
very large because of the nearly-zero Stoner factor. So it is
very likely that the Fermi pockets have a larger area of gap
nodes in the s±-wave pairing case than in the dx2−y2 -wave pair-
ing case when the system approaches the boundary of SDW
instability, resulting in smaller superconducting condensation
energy and thus a smaller pairing eigenvalue.

3.2.2. Orbital-selective gap distributions

Since this model involves two orbitals, it is natural to ask
if there are orbital-correlated physics in this unconventional
superconductor system. In order to investigate the renormal-
ization effect of self energy on different orbitals, we first cal-
culate the dressed electronic structure along a particular high
symmetry path in the first BZ and the density of states (DOS)
of two orbitals in the highly hole-overdoped x = 0.85 case. In
Fig. 6(a), the physical spectral density is compared to the bare
band structure obtained by diagonalizing H0(𝑘). As seen, both
results exhibit relatively good agreement on the whole, but the
former has obvious renormalizations near the high symmetry
points. The difference between the renormalized bands and
the bare bands can be mainly attributed to the Hartree con-
tribution to the self energy of the electrons, which leads to
the energy shift of the bands.[61] This effect may cause non-
negligible differences in pairing calculated by the RPA and
FLEX methods, since considering the Hartree shift in FLEX
can result in qualitatively different spin and charge suscepti-
bilities and thus effective interactions from the ones obtained
by using the bare band structure.[47] From Fig. 6(a), we learn
that the partially flat band gets closer to the Fermi surface
around M, leading to the dz2 orbital contributing more den-
sity of states near the Fermi level, as illustrated in Fig. 6(b).
This feature, moreover, determines which orbital the pairing
strength mainly comes from. To illustrate this, we also cal-
culate the effective pairing strength from different scattering
channels and display the results in Fig. 6(c). Since the in-
traorbital repulsion U in our calculation is the largest cou-
pling constant, we only focus on the intraorbital pairing in-
teractions (i.e., the diagonal components of the pairing vertex)
in Fig. 6(c). As expected, if the renormalizations of both or-
bitals are not very strong, the pairing strength is mainly deter-
mined by the DOS around the Fermi surface. Therefore, we
can find that the pairing force contributed by spin fluctuations

mainly comes from the dz2 orbital and peaks at incommensu-
rate wave vectors 𝑄= (π±δ ,π±δ ). This result is similar to
that of Ref. [27], which also shows intraorbital scattering from
the dz2 orbital dominates the pairing vertex. Qualitatively, this
strong intraorbital pairing force will support both s±-wave and
dx2−y2 -wave symmetries according to the Fermi surface topol-
ogy.
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Fig. 6. (a) Single-particle spectral function A(𝑘,ω) computed at T =
0.007 eV for U = 1.3 eV and J = J′ = 0.12U . The red dashed lines indi-
cate bare energy bands along the same high symmetry path. (b) Orbital-
projected density of states (DOS) for dx2−y2 (solid red line) and dz2 or-
bitals (solid blue line). The short dashed line in green marks the position
of the Fermi energy EF. (c) Orbital-resolved effective pairing strength in
singlet pairing channel. Here the subscripts 1 and 2 represent dx2−y2 and
dz2 orbitals, respectively. In panels (a) and (c), the high symmetry points
are defined as Γ = (0,0), X = (π,0), and M = (π,π).

However, since the nearest-neighbor hopping of the dz2

orbital is several times smaller than that of the dx2−y2 orbital,
we can expect that the dz2 orbital contains less kinetic energy
and thus it is easier to be driven into an insulating state by
strong electronic correlations compared to the dx2−y2 orbital.
In the Fermi-liquid regime, an important physical quantity as
a measure of the degree of correlation is quasiparticle weight
Z, which can be determined by self energy Σ(𝑘,ω). Numeri-
cally, it can be approximated by the following equation:[37,62]

Z =

[
1− dReΣ(𝑘,ω)

dω

∣∣∣∣
ω=0

]−1

≈
[

1− ImΣ(𝑘, iπT )
πT

]−1

, (22)

using the imaginary part of the self energy at the first Matsub-
ara frequency. The quasiparticle weight of an orbital changes
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from Z = 1 in the non-interacting limit to 0 < Z < 1 with in-
creasing interaction strength and completely vanishes in the
insulating phase. To illustrate how correlated these two or-
bitals are in the parameter sets we use, we briefly discuss the
behavior of their quasiparticle weights as a function of inter-
action strength U . The results are displayed in Fig. 7(b) for
fixed J/U at T = 0.007 eV and as a function of repulsion
U . Apparently, with J/U fixed and U increasing, the quasi-
particle weights of two orbitals both decrease. However, the
quasiparticle weight of the dz2 orbital drops more quickly than
that of the dx2−y2 orbital, which suggests that the former one
is more localized even in the weak and intermediate coupling
regimes. Particularly, the difference between the two quasi-
particle weights gets greater when U becomes bigger, with the
ratio Zdx2−y2/Zdz2 approaching 2.0 when U = 1.8 eV.

0

-0.05

-0.10

-0.15

-0.20

-0.25

-0.30

Im
Σ

(k
, 
iω
n
)

0 0.5 1.0 1.5 2.0
ωn (eV)

dx2↩y2 orbital at Γ point

dx2↩y2 orbital at Μ point

dz2 orbital at Γ point

dz2 orbital at Μ point

dx2↩y2 orbital

dz2 orbital

1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2
0 0.3 0.6 0.9 1.2 1.5 1.8

U (eV)

Z

(a)

(b)

Fig. 7. (a) Imaginary part of the self energy ImΣ(𝑘, iωn) of two orbitals
at Γ and M points, respectively. Results are obtained with the interac-
tions U = 1.3 eV and J = J′ = 0.12U . (b) Orbital-resolved quasiparticle
weights as a function of interaction U when J = J′ = 0.12U . Note that
here the quasiparticle weights are averaged on both Fermi pockets.

In view of this trend, we can rightfully expect that this
system is very likely to undergo an OSMT in a stronger cou-
pling regime, where the dz2 orbital will become completely lo-
calized while the dx2−y2 orbital will still remain itinerant. This
was confirmed in a previous study for Ba214 in the half-filled
case using the same two-orbital model.[63] However, here the

FLEX algorithm fits only to weak to intermediate coupling
conditions because of its perturbative nature, so we cannot ob-
tain a concrete OSMP solution.

The dramatic difference between the quasiparticle
weights of these two orbitals has a significant influence on the
detailed gap distributions, which may lead to orbital-selective
pairing. As an illustration of such self-energy feedback ef-
fects on the pairing gap structure, in the following, we plot
the gap distribution on both electron (α) and hole (β ) Fermi
pockets as a function of the angle θ defined in Fig. 8(a).
Here we first note that the dz2 orbital takes up the most or-
bital weight on both Fermi pockets, except at the corner of
the α pocket, where the dx2−y2 orbital dominates. Further-
more, from α to β pocket, the orbital weight of the dz2 or-
bital actually gets larger, as illustrated in Figs. 8(b) and 8(c).
Then, in Figs. 8(d) and 8(e), we display the detailed gap struc-
tures of s± wave and dx2−y2 wave on α and β pockets, re-
spectively. It is obvious that the s±-wave pairing gap is sign-
reversed in different pockets but keeps the sign within each
pocket, which is the typical s± wave gap distribution in iron-
based superconductors.[44,48,64] And the dx2−y2 -wave pairing
gap on both pockets changes its sign in each pocket upon 90◦

rotation. More importantly, the gap values on the β pocket are
definitely smaller than those on the α pocket if we ignore the
very small values near the gap nodes.

Combined with the above results, we argue that there
is strong evidence for orbital-selective gap distributions in
this two-band Hubbard model. Although the quasiparticle
weight of the dz2 orbital is much smaller than that of the
dx2−y2 orbital, there are more dz2 -dominated electronic states
on the Fermi surfaces and thus provide much stronger pair-
ing strength. Therefore, on the whole, the gap values on the
dz2 orbital should be undoubtedly larger, i.e., ∆dz2 > ∆dx2−y2 .
We have confirmed this in our calculation of the gap function
in orbital representation in Fig. S2 (see supplementary mate-
rial). It is also worth mentioning that we find gap distribu-
tions with much smaller anisotropy in momentum space, espe-
cially for s±-wave pairing, in contrast to that obtained through
RPA-based traditional spin-fluctuation calculations done in a
previous study.[27] Also, our findings about different “gap de-
tails” on both pockets and orbitals were not discovered in
their results. Besides, we also notice that two recent RPA
studies based on a different crystal structure gave dxy wave
pairing symmetry in Ba2CuO3.25

[35] and observed a transi-
tion of the superconducting pairing symmetry from singlet
to triplet while increasing the hole doping.[36] Despite using
a multi-orbital model, their results are more about different
nesting conditions of the Fermi surfaces rather than orbital-
selective physics. However, with the self energy being self-
consistently included in our FLEX calculation, we can nat-
urally incorporate orbital-resolved correlations into the pair-
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ing vertex and thus gap solutions of the linearized Eliashberg
equation (Eq. (19)), giving more realistic results. Therefore,
we anticipate that our results of the detailed band-resolved

gap distributions and the dz2 -orbital dominant Cooper pairing
can be verified by future experimental observations with much
higher precision.
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3.2.3. Spin excitation spectra

The spin excitation spectra in the normal state reflect the
dynamical properties of the pairing glue in the system. Here,
we discuss the structure of the spin excitations, Imχs(𝑞,ω),
along a high symmetry path in the direction (qx,π) and at dif-
ferent hole-doping levels from x = 0.80 to x = 0.95, which is
displayed in Fig. 9(a). Under the same color intensity scale,
we notice that when x = 0.80, the spin excitations appear
quite weak and almost featureless on the frequency axis, in-
dicating a relatively trivial distribution of the spectral weights
of spin fluctuations. However, when we increase the hole-
doping level, our results show a maximum in a finite energy
range at the momentum transfer 𝑄AFM = (π,π). Furthermore,
there are two incommensurate peaks located at 𝑄= (π±δ ,π)

(δ < 0.2π) when x = 0.80, but they gradually merge together
to form a commensurate peak around 𝑄AFM. More impor-
tantly, the spectral weight of the low energy spin fluctuations
becomes more and more prominent, which means that the spin
excitations in the low energy region dominate the dynami-
cal properties. This behavior is linked to the corresponding
changes in the Fermi-surface nesting condition. As the hole
doping leads to the shrinking of the electron sheet and the ex-
pansion of the hole sheet, the nesting between these two sheets

becomes more perfect so that most particle–hole excitations
at 𝑄AFM can arise with very small energy transfer. There-
fore, the corresponding spectral weight moves to a lower en-
ergy regime. Similarly, this characteristic can also be observed
in the low-energy spin fluctuation spectrum. To demonstrate
this, we take a series of energy cuts in the low-energy region
ω ≤ 0.1 eV on the dispersions of spin excitations along the
same direction. What we can find is that the low-energy spin
fluctuations definitely get larger when the system is close to
half filling, as shown in Fig. 9(b). This increasing low-energy
spectral weight of spin fluctuations may enhance the renor-
malization effects of related orbitals, giving rise to the non-
Fermi liquid behavior[65] in the normal state, and is also detri-
mental to superconductivity because of its pairing-breaking
nature.[66]

Finally, we discuss the evolution of the spin fluctuations
at 𝑄AFM when lowering the temperature in the normal state.
In Fig. 10, we find that a hump structure is obtained when
T = 0.02 eV (∼ 230 K). While decreasing T does not change
much the spectral weight of high-energy spin excitations, it
gradually modifies the spectral weight in the low-energy re-
gion, with those under ω ≤ 0.1 eV suppressed and shifted to
ω ≥ 0.1 eV. This makes the hump structure at ω ≤ 0.3 eV

127401-9



Chin. Phys. B 33, 127401 (2024)

narrower and taller. Particularly, at much lower temperature
T = 0.008 eV (∼ 90 K), the spectral weight is concentrated
in a finite energy range (0.1 eV < ω < 0.15 eV), forming a
peak-like structure which is similar to the precursor of the spin
resonance peak.
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4. Discussion and conclusion
The discovery of superconductivity in Ba2CuO4−y at Tc =

73 K with anomalously compressed octahedron and consider-
ably high hole doping levels opens up a new possibility in the
search for unconventional superconductors with higher tran-
sition temperatures. Compared to conventional cuprates, it
contains multiple Fermi surfaces so that more scattering chan-
nels such as interband scattering are possible, which leads
to more diverse pairing symmetries. In this model, Ba214
exhibits s±-wave pairing similar to that in multiband iron-
based superconductors[44,48] in the heavily hole-doped region
(x = 0.85 as illustrated in Fig. 5(a)), with gap nodes mostly sit-
uated between two Fermi pockets. On the other hand, orbital-
selective physics such as OSMP could arise from this multi-
orbital nature, which indicates remarkably different correla-
tions in these two orbitals. This lays the foundations of OSSC,
where electrons in different orbitals combine to form Cooper
pairs with different energy gaps, leading to the anisotropic gap
structure on the Fermi surfaces. Meanwhile, this anisotropic
pairing implies that spin excitations may be orbital selective
as well. In fact, we find that spin fluctuations are mostly con-
tributed by the dz2 orbital, as shown in Fig. S3 (see supple-
mentary material), which is compatible with the much bigger
orbital-resolved pairing vertex of this orbital mentioned above
(Fig. 6(c)) within the FLEX scheme.

More notably, it has been found that doping a large
amount of holes can greatly lift Tc,[6] which may be attributed
to the multi-orbital nature of the superconductors. Hypo-
thetically, it is suggested that this multi-orbital nature high-
lights the possibility of an orbital-dependent superconductivity
scenario,[63] where electrons in more correlated orbitals pro-
vide major contributions to the spin fluctuations and thus su-
perconducting pairing forces, while electrons in less correlated
orbitals supply a sufficient density of carriers to form Cooper
pairs and increase superfluid density. In this way, the dilemma
of having electrons from the same orbital simultaneously play
the above two important roles can be avoided and thus may
effectively enhance superconductivity. However, the validity
of this scenario remains to be confirmed.

On the contrary, in our FLEX calculations, large energy
gaps are often accompanied by strong spin fluctuations and
pairing forces. In other words, our findings cannot give a clear
distinction between the dual roles of electrons. Nevertheless,
such high Tc in this system can still be properly explained in
this itinerant picture. Intuitively, Tc can be lifted by increasing
spin-fluctuation spectral weight and thus enhancing effective
pairing interactions. From a Fermi-surface nesting point of
view,[67,68] this can be realized by a better nesting condition
of the Fermi surfaces. However, excessive concentrations of
spectral weights near the Fermi level can also lead to an in-
creased renormalization effect, inducing incoherent electron
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scattering, which actually results in a decrease in the pairing
strength. This can be more significant for those orbitals with a
much narrower bandwidth. On the other hand, the poor Fermi
surface nesting would suppress spin fluctuations in the low
energy range, thus reducing the pairing interactions, which
is also detrimental to superconductivity. Therefore, it is sug-
gested that appropriate Fermi surface nesting and spin fluctua-
tions whose spectral weights are concentrated in a reasonable
energy range are most favorable for superconductivity.[10,25] In
this system, we find that the pairing interaction is considerably
enhanced by the partially flat band near the M point because
of the concentrated DOS near the Fermi level. Moreover, as
the doping level is far away from the half-filling case, the nest-
ing is degraded to some extent so that the pair-breaking spin
fluctuations only take up minor spectral weight. It is therefore
possible for such a system to have a relatively high Tc.

In conclusion, by implementing the spin-fluctuation-
based FLEX approximation in the two-orbital Hubbard model
of Ba214, we have studied its pairing symmetry, gap struc-
ture, and spin dynamics in both the superconducting state and
the normal state. In the hole-underdoped regime (x = 0.15),
our results about the spin excitations and quasiparticle excita-
tions reveal a remarkable spin resonance mode and a dip-like
feature, respectively, which strongly signifies the coupling be-
tween the spin fluctuations and the electrons. In the highly
hole-overdoped regime (x = 0.85), by incorporating orbital-
dependent correlations self-consistently, we obtain orbital-
selective superconductivity where the dz2 orbital dominates the
Cooper pairing. Moreover, our investigations about the spin
dynamics demonstrate much more enhanced low-energy spin
fluctuations in the highly hole-overdoped regime close to half
filling, which may have negative effects on the Cooper pairing.
Although further research is needed to reach a comprehensive
understanding of this novel superconductor, our results may
serve as a reference for future experimental investigations, es-
pecially INS measurements on high-quality samples of sin-
gle crystals. Hopefully, we believe that the same treatments
can also be applied to the similar hole-overdoped Sr2CuO4−y

superconductor,[4,5,69] and we anticipate more exciting find-
ings from future studies on this material.
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