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SPECIAL TOPIC — Quantum computing and quantum sensing

Enhanced sensing of anharmonicities in a gain-based anti-PT

symmetric system

Ya-Wei Zeng (% W), Tian-Le Yang(#K ), Qi-Yin Lin(#REH ), and Wan-Jun Su(75 /i #))"

Fujian Key Laboratory of Quantum Information and Quantum Optics and Department of Physics, Fuzhou University, Fuzhou 350116, China
(Received 8 September 2024; revised manuscript received 10 October 2024; accepted manuscript online 23 October 2024)

We study the enhanced sensing of weak anharmonicities in a gain-based cavity—magnon—waveguide coupled system.
By dissipatively coupling the two subsystems through a mediating waveguide, the Hamiltonian of the system is tailored
to be anti-parity-time symmetric. Unique to the gain condition, the eigenvalues exhibit two singularities with linewidth
suppression, distinguishing them from those of gain-free systems. Under the gain condition, a counter-intuitive bistable
signature emerges even at low drive powers. As the effective gain approaches a certain value, this bistability yields a signif-
icantly enhanced spin-current response of the magnon mode. Consequently, the sensitivity, quantified by an enhancement
factor, is enhanced remarkably compared to the linewidth suppression scenario. Moreover, the high enhancement factor
can be sustained over a broad gain-bandwidth and also stays large even when the coherent coupling becomes considerably
strong. Based on the integrated cavity—magnon—waveguide systems, this scheme can be used for sensing different physical
quantities related to the Kerr-type nonlinearity and has potential applications in high-precision measuring microwave-signal

nonlinearities.

Keywords: sensing, nonlinearities, anti-parity-time symmetry, bistability

PACS: 42.65.Pc, 47.20.Ky, 84.40.Xb

1. Introduction

Sensing has become a prominent topic in

measurements, ! finding applications across various fields of
physics, including magnetics, > optics,>-8! electronics, 101
etc. In conventional Hermitian systems, sensitivity arises
from the linear response manifested in resonant spectrum

[11-17] have

shifts. In recent decades, non-Hermitian dynamics
emerged as a new approach for engineering the responses of
open physical systems, with applications extending to sens-
ing technology. Significant experimental and theoretical ad-
vancements have been achieved in exploring parity—time (PT)
symmetry physics in diverse physical systems, these typically
involve manipulating linear gain and loss in classical wave
systems.[18-221 Concurrently, investigations into anti-parity-
time (anti-PT) symmetric systems, characterized by equal
effective gain or loss rates, have also progressed.[?>=31 The
spectral degeneracies induced by such non-Hermitian systems
are known as exceptional points (EPs) where the real parts
and the corresponding imaginary parts of certain eigenval-
ues coincide, as well as their associated eigenvectors.3+3]
Consequently, any external perturbation of system param-
eters across the EPs triggers phase transitions between the
PT (or anti-PT) symmetric phase and broken PT (or anti-
PT) symmetric phase. The sudden phase transitions have
been exploited in a variety of setups and principles, such as
phonon laser, 3537 Sagnac effect,[3%3% level attraction, #0411

and topological physics. [42~4°]
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It is noteworthy that sensitivity enhancement based
on EPs in PT symmetric systems has been demonstrated
to the perturbation €, the sensitivity scaling is given by
|dw/de| = |e|~"/2, where @ is the frequency splitting of the
eigenmodes. #7491 Recently, a landmark work, based on the
concepts of anti-PT symmetry and the singularity named vac-
uum induced coherence (VIC), proposed a method for sensing
Kerr nonlinearities at low drive powers.[*! The VIC singular-
ity is characterized by the vanishing of the imaginary part of
one eigenvalue, i.e., linewidth suppression. In the presence
of an inherent Kerr nonlinearity in yttrium iron garnet sphere
(YIGs), the nonlinear response in the vicinity of this singular-
ity can efficiently quantify the strength of the anharmonicity,
the response y behaves as |dy/dU| = |U|~>/3, with U being
the strength of nonlinearity.”! Hence, compared to PT sym-
metric systems, the sensitivity of the anti-PT symmetric sys-
tem to inherent nonlinearities has been greatly improved.

The VIC-based sensing scheme proposed by Nair et al.
operates in a monostable regime under the condition that the
losses of modes are confined to zero.l3! However, owing to
surface roughness, impurities, and defects of the materials, the
system inevitably experiences mode-dependent losses. These
losses can sharply diminish the response and sensitivity to an-
harmonicities. Inspired by this scheme, but with a different
approach, in our work effective gains are introduced to en-
able the system to meet the linewidth suppression condition.
We concentrate on the enhanced sensitivity to Kerr nonlineari-
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ties in a gain-based anti-PT symmetric system, where a cavity
and a YIG sphere are coupled purely dissipatively through a
mediating waveguide. With the help of gains in both modes,
the system exhibits two singularities featuring linewidth sup-
pression. Concerning stability, one of the singularities oper-
ates in the stable regime. The singularity is similar to the
VIC singularity in nature, exhibiting an extraordinary sensi-
tivity to nonlinearities.’] Moreover, in terms of bistability,
these nonlinearities can lead to bistable responses even at low
drive powers under the gain condition. Taking advantage of
this bistable characteristic, the sensitivity measured by an en-
hancement factor can be improved significantly. Furthermore,
our sensing scheme demonstrates a notable robustness against
fluctuations of the gain and effectively resists a relatively
strong coherent coupling. Hence, this high-precision sensing
might pave the way for the development of advanced sens-
ing techniques for a wide class of systems, such as quantum
dots coupled to plasmonic excitations in a nanowire, ®°! quan-
tum emitters coupled to metamaterials,®'% optomechanical
systems,®3 hybrid magnon—photon systems,®* and more.
Additionally, the scheme has potential applications in measur-
ing single-photon coupling strength?°! as well as microwave-
signal nonlinearities.

2. Theoretical model

First, let us introduce a theoretical model of PT or anti-
PT symmetric systems. The coupled system serves to realize
PT and anti-PT symmetry, corresponding to two distinct inter-
action scenarios: coherent coupling and dissipative coupling.
The behavior of such a coupled system is given by the Hamil-
tonian matrix

g—il C+iD M

H— [A—l—iB g—ilﬂ} ’
where A and C are the real frequencies of the respective modes,
while B and D denote the effective gain or loss rates. The pa-
rameter g represents the strength of the Hermitian coherent
coupling between the two modes while iI” introduces an indi-
rect coupling mediated by the traveling wave. Here, we em-
ploy the parity operator P and the time-reversal complex con-
jugate operator 7. The complete condition of the PT symmetry
requires specific fulfillments of parameters: A =C, B= —D,
g#0,I' =0, leading to the commutation relation [PT, H] = 0.
While an anti-PT symmetric system can be realized with the
following parameter configurations: A = —C, B=D, " # 0,
g = 0, corresponding to a purely dissipatively coupled system
featuring the anti-commutation relation {PT, H} = 0.

Here, as schematically shown in Fig. 1, we consider a
physical model for an anharmonic two-mode system. The sys-
tem comprises a YIG sphere magnon mode b of frequency
@, and a microwave cavity photon mode a of frequency ,,

which are coupled through a waveguide. The system can be
described by the following Hamiltonian:
H/h = w,a'a+opb'b+glab’ +a'b) + U (b™b?)
+iQ(bTe 1% _peital), )
where g is the coherent coupling strength. In our scheme,
g is dropped due to the nonexistent spatial overlap between

U is the strength of Kerr
nonlinearity intrinsic to the magnon mode b. The frequency

the cavity and magnon modes.

of the magnonic Kittel mode w;, = ¥.Bp ranges from several
hundreds of MHz to tens of GHz by tuning the biased mag-
netic field By. An external laser at frequency @y is applied
to drive the magnon mode, with the Rabi frequency given
by 2 =%,/ %, where D, is the corresponding drive
power. The Fe’* ion density and the diameter of the YIG are
given by p. = 4.22 x 10>’ m—3 and d = 1 mm, respectively.
Ho/2m =2 x10"7 N/ A? is the vacuum magnetic permeabil-
ity. 7/2m = 28 GHz/T denotes the gyromagnetic ratio for
electron spin, and ¢ = 1 x 108 m/s is the speed of light.

N S S
g

_ . YIG sphere
r

Microwave a

cavity i

T

Fig. 1. (a) Schematic diagram of a general two-mode system with exter-
nal gains. A microwave cavity mode a and a YIG magnon mode b are
coupled to a waveguide (shared bath) with the strength I", and an indirect
dissipative coupling iI” is introduced between the two subsystems. g is
the coherent coupling strength. —7, and —Y, are the effective gain rates
of a and b. (b) Schematic of the cavity—magnon setup. The microwave
cavity, running transverse to the waveguide, interacts with the YIG via
the mediating waveguide (yellow transmission line). The Kittel mode of
the magnon mode is generated by a static magnetic field By.

The intrinsic losses of both the cavity and magnon modes
will inevitably be formed, having negative effects on the real-
ization of the linewidth suppression.l?! To address this prob-
lem, we introduce the external gains and let the gains com-
pensate for the mode losses. Specifically, by defining the
gain (damping) rates for the cavity and magnon modes as P,
(x,) and P, (xp), respectively, the effective gain coefficients
—Y = —K;+ P, and —y, = —x, + P, can be obtained. As-
suming the system works at zero temperature, the noise terms
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average out to zero. The mean-value dynamics of the sys-
tem are derived by solving the master equation in the Lindblad
form, which is given by the following equation in terms of the
density matrix p:
dp
O

where the second and the third terms on the right-hand side

—%Hmhmﬁwm+nﬁmp+ﬂfwm,($

of Eq. (3) represent the effective losses or gains (determined
by the sign of ¥; (j = a, b)) of the two modes a and b, respec-
tively. The fourth term accounts for the cooperative interac-
tions induced by the mediating effect of the shared reservoir.
L is the Liouvillian operator defined by its action £L(c)p =
20pc’ —o'op —po'o. The jump operator m is a linear
superposition of the annihilation operators a and b, which is
determined by m = va+ ue'®h, where the coefficients v and u
characterize the individual couplings of the cavity and magnon
modes with the traveling wave, and e1® describes the rela-
tive phase between the couplings. Supposing the modes in-
teract identically with the common reservoir, m = (a+b)/v/2
is valid if the phase difference of light propagation from one
mode to the other is an integral multiple of 27, thereby in-
troducing an effective dissipative coupling iI". In the rotating
frame of @y, the mode detunings A; = w; — @q (i = a,b). The
identical effective gains (or losses) % = 7%, = 7» and opposite
detunings A, = —Ap, = A are set as preliminary conditions for
achieving anti-PT symmetry. Since (6) = Tr(po) (0 = a,b), a
simplified form of the evolution is expressed as

(8) == (5)=wem () (3)
+Qe*@ﬂ<?>,

_(A—i(p+T)
H‘( —ir

with

—iI’
—A—i(p+TI)
being an anti-PT symmetric matrix. Here, the mean-field ap-
proximation {cjcz) = (c1){c2) is applied for any pair of opera-
tors to handle the nonlinear term. Prior to advancing to a more
generalized treatment, we initially ignore the nonlinear term
U, and will incorporate it subsequently. The steady-state solu-
tions, a and f3, for the mean values of a and b, would unfold
respectively as

r
= Q
T2 AT (p+ D2

—iA—(p+T)
= Q. 4
B=rar (o T @)

It is evident that the linear response can diverge when the de-

nominators of Eq. (4) approach zero (i.e., I'> — A? — (1 +
I')? — 0). This intriguing characteristic suggests the system
possesses an infinite sensing potential for system parameters
such as A and 7.4

3. Linewidth suppression

As previously discussed, an anti-PT symmetric realiza-
tion of modes hybridization can be precisely identified in the
rotating frame if the two modes retain their loss or gain nature,
fulfilling (PT)H(PT) = —H. The corresponding eigenvalues
of H are

—i(p+T)+iyr2—2, |3 <,

)
—i(p+I)£\/&-12, [§|>T,

where 0 = 2A. EPs appear at |6/2| = I". The phenomenon

A=

of phase transition occurs on either side of the EPs. The re-
gion where |0/2| < I' corresponds to the anti-PT symmetric
phase, in which the two eigenvalues are purely imaginary. In
the anti-PT symmetry broken phase |8 /2| > I', the two eigen-
values possess equal imaginary parts but different real parts.

(2) 2 — yy=—0.5I" (b)
---7%=0
2 2
E 0 1
EPs -
-2
“4 0 4
o/ 5/T
Fig. 2. (a) Real parts (eigenfrequencies) and (b) imaginary parts

(linewidths) for an anti-PT symmetric system, plotted as functions of &,
with 9 = 0 (the black dotted line) and —0.5I" (the red solid line). The
blue dashed line highlights the points which correspond to the VIC or
gain-induced linewidth suppression, with VIC point at § = 0 and X; at
6 =—1.732I" (X, at § = 1.732I).

In the anti-PT symmetric phase, the eigenvalues are given
by Ar = —i(p+T)+iy/T2— %2. What interests us is the
eigenvalue with a vanishing imaginary part (i.e., linewidth
suppression). When (yp+1I") > I" (% > 0, which means the in-
evitable intrinsic losses in gain-free systems), the precise con-
dition for linewidth suppression cannot be met. This implies
that the linewidth suppression signature would be absent in a
gain-free system. However, since Re(A4) = 0, in our gain-
based system, where the effective gain rate is engineered from
0 to I" for stability reasons, we find that the linewidth suppres-
sion condition is

A —0, 6)

which can be transformed into a parameter-dependent form

2

)
FZ*(YOJrF)z*I—)O. @)

Surprisingly, Eq. (7) aligns with the divergent condition of the
steady-state solutions in Eq. (4). To see the linewidth suppres-
sion behavior clearly, we plot the real and imaginary parts of
eigenvalues Eq. (5) against the detuning in Fig. 2. For 1p =0, a
singularity at & = 0 emerges, corresponding to linewidth sup-
pression induced by VIC. This feature is essential for the sens-
ing of weak anharmonicities.! For our gain-based system,
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choosing 9 = —0.5I', two singularities, labeled X; and X,
are in accord with the linewidth suppression condition. Log-
ically, these two singularities exhibit similarities to the VIC
point because of their vanishing imaginary parts. Inspired by
the VIC-based sensing, the singularities in our gain-based sys-
tem may also hold potential for sensing nonlinear effects.

4. Bistability in gain condition

Suppose an electromagnetic field is coupled with a non-
linear resource, the stationary response of this composite sys-
tem will yield nonunique stable states if the given input is be-
yond a threshold power.>>! To demonstrate the enhanced sens-
ing of Kerr nonlinearities in the gain-based system, we include
the nonlinearity term U as a perturbative probe and examine
the classical equation of motions for the mean (steady-state)
values. In what follows, we aim to derive the critical values for
mode detunings and gain rates necessary for inducing bistabil-
ity.

In the rotating frame, the equations describing the modi-
fied steady-state relations are given by

0(i§+}’0+F>O€Fﬁ,

0=— (—i§+yO+F)[5—21U|[52[3—FO¢+Q. @®)

Eliminating «, the spin-current response y = ||? is found to
satisfy a cubic relation

28BU ) B?
+

4U%y + y
W+I2+8"  (p+I)2+

Sy=1 (9
T

where B=T2— (y+I)*— %2 and I = Q2. The critical con-
dition for bistability is determined by the relation do/dy =
d?8/dy? = 0.1 The solutions of d&/dy = 0 are

2

—4B 5+ %73(70““)2

6U[4(0+1)> + 87]

y+ = - (10)

With U > 0, equation (10) can enable a bistable response un-
der the following conditions: 82 > 12(y +I")? and B < 0,
0 >0 (B> 0, <0). The appropriate magnitude of & pertains
to the inflection point in the d—y graph. As for the condition
d%5/dy* = 0, we arrive at

—4Bd
6U[4(w+T)*+ 8%

y= Y
The relation d§/dy = d?>§/dy? = 0 means the merging of two
turning points into a single point, leading to the critical con-
dition for bistability. The resultant critical values of § and 7y
satisfy 62 = 12(y +I")?, and the critical values of detunings
are then given by

o [(21U)5 +1/(2U)5 +41?), >0,
519 = (12)

[(21U)5 =/ (2IU)3 +41?),  §<0.

[NS1[ON)

[NS1[ON)

Setting ¥ = Y + I for convenience, the corresponding }/j(_f ) are

o | RS Heu)i+ir, s>,
i = 1 . (13)
B (21U)5 +4/(2IU)5 +4I?], & <0,

Given that the product /U # 0 for a specific drive power, the
first (second) equation in Eq. (13) discloses the critical value
}/J(rc) > 0.5I" for 6 >0 (}/(,C) < 0.5I" for 8 < 0). When the prod-
uct IU is far smaller than I" (the system works at a very weak
drive power), both critical values approach 0.5I". Recalling
that y=yp+1, 7’(()32 asymptotically reach —0.5I". Hence, the
bistability condition can be sustained even at extremely weak
drive powers when 9y < —0.5I" (the effective gain rate exceeds
0.5I"). This feature distinguishes our gain-based system from
the conventional gain-free system () > 0) where bistability
occurs only with sufficiently strong drive powers. !

In order to provide a comprehensive description of the
system across the entire gain range, figure 3 depicts the phase
diagram with a drive power of D, = 10~3 W and nonlinearity
strength U /2w = 0.78 nHz. The white dashed line indicates
the condition 82 = 127/2, and the white dotted line denotes
B=0. For 6 > 0 (6 < 0), the necessary conditions for ob-
serving bistability are § > 2v/3y and B < 0 (8§ < —2+/3y and
B > 0). When the mode detuning sweeps forward, bistabil-
ity occurs in two regions (the yellow regions). The critical

gain rates for observing bistability are approximately —}/éc_) ~

0.582I for § < 0 and —7) ~ 0.402I" for § > 0. The asym-
metry of bistability in the diagram with respect to § can be
attributed to the fact that the bistability condition Eq. (10) in-
herently depends on the sign of the detuning.

/T

Bistable

5/

Fig. 3. The phase diagram plotted against 6 and Yy for nonlinearity
strength U /27 = 0.78 nHz. Other parameters are I' /2w = 10 MHz and
D, = 10~3 W. The white dotted line indicates the condition § = 122
and the white solid line denotes B = 0. In yellow regions, the bistability
with respect to 8 is asymmetric. Critical values for observing bistability
are y((,c) and yéi)

5. Enhanced sensing of nonlinearities

The Kerr nonlinearities can be reflected by the spin-

current response of the magnon mode. When the linewidth

. . 2 . .
suppression condition B = I'> — > — % — 0 is satisfied, the
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second and third terms in Eq. (9) become vanishingly small,
resulting in the spin-current response y = (I/4U%)'/3. Ac-
cording to this formula, the sensitivity to U is captured by the
functional dependence |dy/dU| = |U|~>/3. Therefore, a ten-
fold decrease in U scales up the value of y by approximately
a factor of 4.64. On the other hand, for our gain-based dissi-
patively coupled system, examined by solving the cubic rela-
tion in Eq. (9), the spin-current response y may have one or
two stable solutions within certain regions. If the second and
third terms cannot be ignored, the traditional definition of the
sensitivity for dy/dU can no longer be given to quantify the
performance of the sensing.

To provide an overview of the spin-current response en-
compassing both monostable and bistable regimes, figure 4(a)
illustrates the rescaled response log,,y plotted against § and ¥
for the otherwise identical set of parameters as Fig. 3. An el-
liptic contour (depicted by the blue dotted line) is used to char-
acterize the linewidth suppression signature. Remarkably, as
the gain approaches I, an abnormal phenomenon of the spin-
current response is noticeable, encircled by the black dashed
line. The response in this region can be several orders of mag-
nitude higher than linewidth suppression scenario. This en-
hancement is attributed to the enhancing effect of bistability
on the spin-current response. In the following, a detailed dis-
cussion is provided to demonstrate this phenomenon and sub-
sequently utilize this property to achieve the enhanced sensing
of nonlinearities.

Before delving into the sensing of nonlinearities in the
bistable regime, we first shed light on the sensitivity grounded
in linewidth suppression. With a focus on the relation
|dy/oU| = |U|~3/3, figure 4(b) illustrates the relation between
y and U. By inspecting the slope of the y curve, it is evident
that the variation in spin-current response for a weaker non-
linearity is larger than that for a stronger nonlinearity. Essen-
tially, it means that the spin-current response is more sensitive
to a weaker nonlinearity. Thus, our scheme enables highly
sensitive sensing of weak nonlinearities, which are typically
elusive to conventional measurement techniques.

As the effective gain increases, the response tends to be
bistable, featured by the behaviors in different gain condi-
tions. Specifically, in Fig. 4(c), we examine the responses y
against § for different nonlinearities: U; /27 = 0.78 nHz and
U,/2m = 7.8 nHz. When the effective gains or losses of the
modes equal zero, the extreme condition y = 0 holds, giv-
ing rise to the VIC-based sensing at § = 0.°! In this case, the
response y exhibits a flat central peak near 6 = 0, resulting
from the zero linewidth caused by vacuum induced coherence.
While for yp = —0.5I" in Fig. 4(d), the linewidth suppression,
as characterized by the blue dotted lines, correlates with the
singularities X; and X, identified in Fig. 2. As detailed above,
with & = 0 serving as a reference point, the left peaks retain
their monostable characteristics, while the responses on the
right become bistable. Note that for both 6 > 0 and § < 0

regimes, denoted by the green dashed lines, the peak values
of the responses exceed those at the corresponding linewidth
suppression points. In this scenario, for d < 0, the response at
&) = —1.465T attains its maximum for U, but fails to reach
its peak for U, thereby yielding a more remarkable variation
in y compared to the scenario of linewidth suppression. Simi-
larly, for § > 0, the pattern persists with §(2) = 2.164I". This
may contribute to a more efficient sensing of nonlinearities.

a b
(a) o (b) 6

o 4
o ]
~ —05 2
I = 2

-1.0
_ % 5 10
U/U,
o= —0.5I"

y (10')
y (10%)

qu_d_

k=

4 0 4
/T

Fig. 4. The rescaled spin-current response log,oy plotted against 6 and
Y for Kerr nonlinearity U/2m = 0.78 nHz. (b) The spin-current re-
sponse plotted against U based on y = (I/4U%)'/3. (c) and (d) The
spin-current responses y against 6 /I" with different Y. The responses
in (c) are monostable, while the right peaks of the responses in (d) be-
come bistable. The linewidth suppression is featured by the blue dotted
lines. The green dashed lines mean that the spin-current response for
U, at 81 = —1.465I" and 8@ = 2.164I reaches its peak values, and
greater variations in response can be found than linewidth suppression
points when a tenfold decrease in U is applied. The nonlinearity strengths
are U =271 x 0.78 nHz and U = 27 x 7.8 nHz.

Based on the fascinating feature of the spin-current re-
sponse denoted in Fig. 4(a), we now proceed to investigate the
distinctive features of the bistable response as effective gains
approach I". In Fig. 5, for instance, with a gain rate 0.95I" ap-
plied, which contrasts with the scenarios presented in Fig. 4(c)
for 1 = 0 and Fig. 4(d) for y = —0.5I", it is demonstrated
here that bistability can significantly enhance the response of
y to variations in U. Furthermore, the enhancing effect be-
comes increasingly pronounced as the gain rate approaches
I'. For 1 = —0.95I', there generally exist two working re-
gions, denoted as region I and region II, highlighted by the
green region [§ € (61, 6,) U (04,05)] and the red region [d €
(82,03) U (05, 8)]1, respectively. Here, [01, 02, 03, 04,05, 06) =
[—1.998,—1.189,—0.860,1.998,8.535,72.230]". §; and &4
denote the detunings associated with linewidth suppression, &,
(05) and 03 (Og) represent the respective detunings correspond-
ing to the turning points of the left (right) peaks for U; and Uy,
where the upper branches terminate and the middle branches
initiate. &, and 85 are the boundaries between region I and re-
gion II. In both of these regions, bistability may be observed,
thereby preventing the sensitivity from being described by a
simple functional dependence §y/6U.
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10

y (10'6)

Region I
Region II

0 X
5, o, 20 40 60 5 80
/I

Fig. 5. The spin-current responses y plotted against § at two differ-
ent nonlinearities U; and U, for 9 = —0.95I". Two working regions
I (denoted by the green region) and II (denoted by the red region) are
given to demonstrate the different behaviors of the spin-current response.
[61,62,03,04,05, 8] = [—1.998,—1.189,—0.860,1.998, 8.535,72.230|]"
and the other parameters are the same as those in Fig. 3.

In order to study the sensing performance in both regions,
a parameter 1(8,) is introduced. This parameter, defined as
the ratio of the spin-current responses y(U; ) and y(U,), serves
as an alternative to the conventional sensitivity measure.[?"! Its
concise form is

y(Ur)
y(Us)

n(8,%) = 14
The 1(8,%) is called the enhancement factor. In region I, it
is readily observed that y(U;)/y(U2) > 1, indicating that the
factor n effectively quantifies the sensitivity. In this region,
when U; /U, = 10, (8, Y) can be significantly greater than
1. This is to be contrasted with the linewidth suppression case,
where the enhancement factor is 17(0,0) ~ 4.64 under an oth-
erwise identical set of parameters. In region II, given that n

is much less than 1, the inverse n’l

is employed as the en-
hancement factor instead. To generalize, we demonstrate the
behavior of 11(6,7) against 0 and ¥ in Fig. 6(a), where the
red region signifies the increased enhancement factor 11 with
a peak value NMmax ~ 10 for a tenfold decrease in U. Thus,
such a factor can be regarded as an effective measure for sens-
ing Kerr nonlinearities. Conversely, the shaded area indicates
N(8,%) < 1, which results in a large value of ~!. Combined
with the stability condition given analytically in Appendix A,
the unstable regime is encircled by the white dashed line.

In Figs. 6(b) and 6(c), we depict the enhancement factor
7 and its inverse ! as functions of § with yp = —0.95I", re-
spectively. It should be noted that the solid line indicates the
enhancement factor when both responses y; and y; are stable,
while the dashed line represents the enhancement factor when
one or both responses are unstable. As evident in Fig. 6(b), the
responses at the linewidth suppression point become unstable
for 0 > 0, but can work in stable regime for 6 < 0. As revealed
in Appendix A, this unusual stability behavior is determined
by the modulating effect of the nonlinearity term on the mode
detuning. In region I, the enhancement factor 1(8,—0.95I")

progressively increases from d; to &, and from &4 to s for
a forward sweep of the detuning. It achieves the maximum
value of 11(8,—0.95") ~ 9.67 at & = J5 = 8.535I", which is
about twice as much as that observed in the case of linewidth
suppression. Next, we turn to the region II, where the response
y becomes monostable for U = Uy, while it keeps bistable for
U = U,, as shown in Fig. 6(c). In this region, as § sweeps
forward and across &, (0s) for 6 < 0 (6 > 0), the enhancement
factor 1 approaches zero. However, its inverse (as the new
enhancement factor) 1! can be much larger than 7. When
d is swept forward from s to &, ! increases from 754 to
5.217 x 10° in an almost monotonous manner. Furthermore,
figure 6(d) reveals that the high enhancement factor (the max-
imum 1~ !) remains flat within a certain range of 9, which can
be referred to as the bandwidth for measuring Kerr nonlinear-
ities. Here, for 6 = 8I" (9I"), the bandwidth is approximately
0.112I" (0.103I'). Benefiting from that, our gain-based cou-
pled system can act as a highly sensitive and robust sensor.

(b) 10 —

-
7’

]
| [ stable
= 5/Stab | | |==n, unstable|

| Unstable
1

1
| s

- -

4 0 10
o/ /T
(c) 6 7 T, stable () 1000
—— 77!, unstable|
= 500
=80
—s=9r
0 H
0 20 40 60 80 -1.0 —0.9 08
/I s/

Fig. 6. (a) The enhancement factor 7 plotted versus the mode detuning &
and 7. The unstable regime is encircled by the white dashed line. (b) n
plotted versus § for the region L (c) The enhancement factor n~! plotted
against & for the region II. (d) n~! plotted against y, for different values
of mode detuning § =8I" and 6 =9I".

The sensitivity to nonlinearities is further influenced by
other parameters, such as coherent coupling and drive power.
Figure 7(a) illustrates how 1~ ! varies with & for different co-
herent coupling strengths g =0, —0.01I" and —0.1I". With a
weak coherent coupling g = —0.011", the peak value of the en-
hancement factor diminishes to 4.877 x 10° at § = 70.627I".
This is owing to the fact that the coherent coupling between
the two modes introduces extra linewidth, thereby leading to
a reduction in the enhancement factor. Notably, for a con-
siderably strong coherent coupling g = —0.1I", an effective
resistance to coherent coupling can be observed because the
peak of the enhancement factor can still attain a large value of
2.320 x 10° at & = 55.162I". In essence, our gain-based con-
figuration demonstrates effective resistance against consider-
ably strong coherent coupling. In addition, in Fig. 7(b), we
plot the enhancement factors 11! against § for different drive
powers D, = 1 x 103 W and 5 x 10~* W. Interestingly, a
lower drive power yields a higher enhancement factor when
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0 < 36.361I" (if the system operates in stable regime), but the
enhancement factor can reach a higher value for a stronger
drive power within the region §/I" € (36.361,72.230). The
introduction of gains in both modes enables us to achieve high
sensitivity to Kerr nonlinearities at low drive powers and con-
currently offers effective resistance against coherent coupling.

() 6 (b) 6 :
D,=1Xx 1073 W
—~ —~ — D,=5x10"*W
x.-,o 4 x.-,o 4 P
Z Z
= 2 s 2
36.361
0 - 0 -
20 40 60 80 0 20 40 60 80

72.230

s/

s/

Fig. 7. (a) The enhancement factor 1~! plotted against § with respect
to different coherent couplings. The pink line and the blue line denote
the enhancement factors for g = —0.1I" and g = —0.011", respectively,
and make a comparison with the purely dissipatively coupling case g = 0.
(b) ! plotted against the mode detuning § for different drive powers.
The green and the orange lines represent the enhancement factors at drive
powers Dp = 1 X 1073 W and 5 x 10~* W, respectively.

6. Experimental feasibility discussion

To address the experimental feasibility, we consider
a magnon—cavity—waveguide hybrid system.%>8] The Kerr
nonlinearity in a YIG sphere is generated by the application
of a microwave laser, which is used to drive the spatially uni-
form Kittel mode.®®! The Kerr nonlinearity depends on the
relation U = UoKan¥2/(M*Vyy), where Vi, is the volume of
the YIG sample, 7. is the gyromagnetic ratio, L is the vac-
uum permeability, K,, is the first-order magnetocrystalline
anisotropy constant of the YIG sphere, and M is the satura-
tion magnetization.>8! For the YIG sphere with R ~ 1 mm,
the strength of the Kerr nonlinearity can be on the order of
nanohertz.[%%! The presence of these nonlinearities enables the
observation of bistability. [©!]

The dissipative coupling with zero coherent couplings has
been engineered in previous experiments. > To observe bista-
bility and implement our sensing scheme, adjusting the gain
and loss rates is crucial. The physical mechanism enabling
gain in a cavity has been able to be achieved by incorporating
a gain element since the development of lasers.[®>-%4] Mean-
while, an effective gain in magnon modes can be achieved by
incoherent pumping through auxiliary cavities. %! In addition,
for the YIG sphere, the damping rate is tunable by varying
the position of the loop antenna which is coupled to the YIG
sphere to control its damping rate on demand.?! The natural
damping of cavity mode occurs between the two open ports.
By employing gain to compensate for damping, the effective
gains of the modes mentioned in the main text can be realized.

7. Conclusion

In summary, it is found that, assisted by the effective gains
in the microwave cavity and YIG magnon mode, the sensitiv-
ity enhancement for measuring Kerr nonlinearities can be re-

alized in our cavity—magnon—waveguide coupled system. En-
gineered to be anti-PT symmetric, our gain-based system can
not only exhibit strict linewidth suppression points but also
show bistable behavior. Both these features positively influ-
ence the sensing scheme. Sensitivity to nonlinearities under
linewidth suppression scenarios is governed by the functional
dependence |dy/dU| = |U|~>/3, distinguishing it from gain-
free systems where the strict linewidth suppression condition
cannot be maintained. Moreover, bistability can occur even at
extremely weak drive powers in the gain condition, whereas
it exists only for sufficiently strong drive powers in gain-
free systems. To assess sensing performance in both monos-
table and bistable regimes, an enhancement factor is utilized
to quantify sensitivity to nonlinearities. This factor can at-
tain a very large value, leading to a highly sensitive sensor.
Furthermore, the high enhancement factor can be sustained
over a gain-bandwidth of approximately 1 MHz and remains
large even when the coherent coupling strength reaches a few
megahertz. Notably, a weaker drive power makes the sensor
more sensitive to nonlinearities for a certain range of detun-
ing, but a strong drive power may lead to a larger peak. Al-
though the configuration discussed here specifically involves a
YIG sphere combined with a microwave cavity, which is cou-
pled to a transmission waveguide, the fundamental concept of
our gain-assisted two-mode system is also applicable to other
scenarios, including magnon-magnon coupled systems, [©6-:67]
cavity—cavity coupled systems,?!8] and microwave optome-
chanical circuits.[%!

Appendix A: Stability

A coupled dual-mode system can be dynamically unsta-
ble under a given drive power, and the dynamical instability is
usually considered undesirable. To ensure the system works
in the stable regime, we turn to the linearization of the dy-
namics equations. As given in the main text, the dynamics of
the system in terms of annihilation (creation) operators can be
extended as

a=—iA,a—y,a—TI (a+b),

at =iAwa’ — ya" —T(at +bY),

b= —iAyb—yb—2iUb'bb—T (a+b) + R,

bt =iApb" —y,b" +2iUb DT H—T'(a™ +b") + Q. (A1)
WithA =A, = —Ap, Ya=7Y = W, and Y= Y+ I ; to account
for quantum fluctuations, we take recourse to the linearization
of the dynamics around the classical mean values of the opera-
tors, i.e., a(t) = a+6a(r) and b(t) = B+ 8b(t). The dynamics

in terms of quantum fluctuations can be further expressed as

da=(—1iA —7y)8a—T6b,
Sat = (iA—y)8a" —I'8b",
8b = (iA —y)8b+2iUB*8b" —I'éa,

8bt = (—iA —y)8b" —2iUB*26b —T'8a’, (A2)
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where A = A —4Uy with y = |B|%. At a low drive power,
the dynamics of the system can be considered to be character-
ized by a two-dimensional anti-PT symmetric matrix since the
product U|B|? is far less than I". The property of the system is
mostly determined by the eigenvalues of the two-dimensional
matrix H described in the main text. This characteristic is
linked to the modified spectroscopic character of the system
in response to a weak probe. However, as the drive power in-
creases, the term U|B|?> becomes comparable to I" and even
much larger than I'. Consequently, a more accurate descrip-
tion necessitates employing the higher-order matrix.

Four quadrature operators are utilized instead to de-

scribe the dynamics of the system: &g, = (Sa+8a’)/v/2,
8pa = (8a—38a")/(iV2), dqp = (8b+68b")/V2, Spy =
(8b—8b")/(iv/2). For the new basis of the quadrature oper-
ators 8¢ = [8G4,8pa, 8qy,0pp) T, a straightforward calculation
gives the following form of the dynamics:

-y A I 0

A -y 0 -r

-I' 0 —y—iUA —A—UE |’
A —y—iUA

M= (A3)

0 -I' A-UE

where A = 32— *2 and E = B2 + B*2. The eigenvalues of
the matrix M are

VI — (85— 4yU)?] — 8yU U + /(8 — 3y0)7 — 307

A‘l = —-Y- 2 )

\/[4F2 — (8 —4yU)2 —8yU[yU + /(8 —3yU)? —3I'2]

A’Z = *7+ )

2

VL2 — (85— 43U~ 8yU U — /(5 — 3y0)? — 317

2’3 = _}/_ ) 5

[4T2 — (8 — 4yU)?] —8yU [yU — /(8 —3yU)? — 32
pI—— v - . (A4)

|
Following consideration of the Routh-Hurwitz criterion, (701 References
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M must be strictly negative to ensure that the system is stable.
Notably, A, and A4 suggest that the system will be unstable
regardless of the values of § and ¥ when ¥y < 0 (yp < —I, the
effective gain is larger than I"), as the real parts of these two
eigenvalues are consistently positive.

When the product yU is far smaller than I, the eigen-
values of the system can be approximately simplified as 4| =
A =—-7— VI?2— (6/2)2, A =M=—-y+ VIZ2— (6/2)2,
which leads to the stability condition (§/2)>+y>—T2 >0
with v > 0. Hence, the stability can be geometrically charac-
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is unstable, whereas outside this semi-ellipse, the system is
stable, excluding the case where y < 0.

It is found that the semi-ellipse also agrees with the
linewidth suppression condition in the main text. As the value
of yU increases, the semi-ellipse distorts and appears to shift
to the right along the § axis due to the terms 6 — 3yU and
0 —4yU. Thus, the singularity with linewidth suppression in
0 < 0 can operate within a stable regime, while the singularity
in 0 > 0 is covered by the unstable regime.
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