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It is well known that the time-dependent Schrrödinger equation can only be solved exactly in very rare cases, even
for two-level quantum systems. Thus, finding the exact quantum dynamics under a time-dependent Hamiltonian is not only
fundamentally important in quantum physics but also facilitates active quantum manipulations for quantum information
processing. In this work, we present a method for generating nearly infinite analytically assisted solutions to the Schrödinger
equation for a qubit under time-dependent driving. These analytically assisted solutions feature free parameters with only
boundary restrictions, making them applicable in a variety of precise quantum manipulations. Due to the general form of
the time-dependent Hamiltonian in our approach, it can be readily implemented in various experimental setups involving
qubits. Consequently, our scheme offers new solutions to the Schrödinger equation, providing an alternative analytical
framework for precise control over qubits.
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1. Introduction

The search for exact solutions to the time-dependent
Schrödinger equation has garnered significant interest since
the beginning of quantum mechanics. Today, it continues to
play a crucial role in various quantum tasks that demand pre-
cise control. In particular, the exact evolution of a two-level
system under external driving has attracted considerable at-
tention, as it enables accurate qubit control in quantum in-
formation processing. Since a time-dependent Hamiltonian
is non-commutative with respect to different times, achieving
arbitrary target evolution for a qubit poses a significant chal-
lenge. Consequently, exact solutions are typically found only
for specific cases, such as the Landau–Zener transition,[1,2]

Rabi problems,[3] and quantum control using the hyperbolic
secant pulse.[4]

Currently, the pursuit of exact dynamics or time-
dependent unitary evolutions continues to attract significant
attention, as it fundamentally addresses the challenges asso-
ciated with the lack of precise quantum control. This is partic-
ularly relevant in both theoretical research and the experimen-
tal realization of quantum control and quantum computation.
The primary obstacles include the quench effect, leakage as-
sociated with control pulses, and crosstalk among qubits.[5–9]

Recently, different schemes for exact quantum dynam-
ics have been proposed.[10–25] Notably, an exactly solvable

model for a two-level quantum system under a single-axis
driving field has been proposed,[26] enabling the analytical de-
sign of certain types of quantum manipulations.[27–30] How-
ever, analytical solutions for more general cases remain elu-
sive. Besides, previous solutions also have limitations regard-
ing systematic parameters; for instance, the initial conditions
of the pulse shape complicate the design of the target evolution
operators. Furthermore, obtaining exact dynamics becomes
challenging when the driving pulse includes a time-dependent
phase in its off-diagonal terms. These limitations hinder the
extension of the method to large-scale or long-time quantum
control.

Here, we present an analytically assisted scheme for a
general time-dependent Hamiltonian of a qubit under driving,
capable of generating nearly infinite analytical solutions for
its arbitrary dynamics. An arbitrary target evolution under this
non-commutative Hamiltonian can be achieved as long as the
Hamiltonian can be expressed as a functional of a dimension-
less auxiliary function. Notably, these solutions can reduce to
well-known analytical solutions, such as those for Rabi prob-
lems and the Landau–Zener transition, with specific choices of
the auxiliary functions.

Furthermore, we demonstrate the application of our solu-
tion in two typical problems. First, we achieve exact quantum
dynamics with smooth pulses when manipulating a singlet–
triplet (ST) qubit in semiconductor quantum dot systems,[31]
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effectively avoiding the discontinuities in pulse shapes en-
countered in previous schemes. Second, we implement in-
dividual control in multi-level quantum systems with nearby
transitions.[5] Our analytically assisted solution allows for the
design of the Rabi frequency without the constraint of pulse
area, enabling us to achieve two desired evolutions in both
subspaces with a single pulse. Thus, our scheme offers an
analytical-based approach for precise quantum control.

The rest of this work is organized as follows. In Sub-
sections 2.1 and 2.2, we present our scheme and its theo-
retical derivation in detail, focusing on two different control
directions within the qubit Hamiltonian. Subsection 2.3 dis-
cusses specific applications and their corresponding analytical
dynamics. Subsequently, in Section 3, we address two appli-
cations, i.e., tackling the quench problem in experiments and
mitigating the leakage of control pulses in multi-level systems.
Finally, Section 4 provides a brief conclusion of this work.

2. Analytical-assisted solutions
In this section, we present our scheme for exactly arbi-

trary dynamics of the qubit system under different driving di-
rections.

2.1. Solutions with the σz control

It is well known that the dipole-interacting Hamiltonian
for a two-level quantum system, under time-dependent driv-
ing and after applying the rotating wave approximation, can
generally be expressed as (assuming h̄ = 1)

Hz =

(
∆(t) Ω(t)e−iϕ(t)

Ω(t)eiϕ(t) −∆(t)

)
, (1)

where Ω(t) and ϕ(t) label the amplitude and phase of the
driven pulse, ∆(t) is the detuning between the frequency of
the driven pulse and the energy frequency of a qubit. Its time
evolution operator, respected to the unitary condition, can be
written as

U0 =

(
u11 −u∗21
u21 u∗11

)
, (2)

where |u11|2 + |u21|2 = 1.
The first thing we need to consider is how to analyze the

entire evolution in the form of algebraic equations, as solving
the matrix equations can be quite challenging. To address this,
we first rotate the entire system into a specific representation,
which yields the Schrödinger equation for the evolution oper-
ator as

i
∂

∂ t
(S†U0) =

(
S†HzS+ i

∂S†

∂ t
S
)
(S†U0), (3)

where the transformation operator S(t) is defined as

S(t) = exp
[
−i
∫ t

0
∆(t ′)dt ′σz

]
. (4)

Then, we will convert the matrix equations into algebraic
equations for the elements of the evolution operator in Eq. (4).
To begin, we will introduce their new definitions

v11 =exp
(

i
∫ t

0
∆dt ′

)
u11, (5a)

v21 =exp
(
−i
∫ t

0
∆dt ′

)
u21. (5b)

Then, we rewrite the matrix form of the Schrödinger equation
as two algebraic equations

v̇11 = iΩeiα v21, v̇21 = iΩeiα v11, (6)

where v̇11 and v̇21 label the time derivatives of v11 and v21, and
α(t) is defined as α(t) = 2

∫ t
0 Ω(t ′)dt ′−ϕ + π . Combining

two equations in Eq. (6), once get (v̇11/v11)(v̇21/v21) =−Ω 2.
Next, we separate this equation into two distinct equa-

tions as

v̇11/v11 =−iΩeκ(t), v̇21/v21 =−iΩe−κ(t), (7)

where κ(t) is an unknown complex parameter introduced to
satisfy the combined equation. Then, we obtain a general so-
lution for v11 and v21 as

v11 = exp
[
iθ1−i

∫ t

0
Ω(t ′)eκ(t ′)dt ′

]
, (8a)

v21 = exp
[
iθ2−i

∫ t

0
Ω(t ′)e−κ(t ′)dt ′

]
, (8b)

where θ1 and θ2 are constants. These constant phases arise
from the derivation operation and are unknown yet.

Finally, we deal with these important parameters. Sub-
stituting Eq. (8) into Eq. (6), we can express α(t) in terms of
κ(t) as

α(t) =−iκ(t)+θ −2
∫ t

0
Ω(t ′)sinhκ(t ′)dt ′, (9)

where θ = θ1−θ2. Since ∆ and ϕ need to be real, α(t), de-
fined in terms of them, also needs to be real. With this consid-
eration, we can separate the complex function κ(t) into its real
and imaginary parts, labeling them as κR(t) and κI(t). This al-
lows us to separate the right side of Eq. (9) into its real and
imaginary components. Furthermore, considering the restric-
tion that α(t) is real, it ensures that the right side of Eq. (9)
contains no imaginary terms. Thus, we get

κR(t) =−2
∫ t

0
Ω(t ′)sinκI(t ′)coshκR(t ′)dt ′. (10)

Furthermore, we can obtain the derivative form of this equa-
tion as follows:

κ̇R(t)
coshκR(t)

=−2Ω sinκI(t). (11)

Generally, this parametric equation cannot be solved analyt-
ically. However, it is not necessary to do so if the goal is
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to obtain the evolution operator. By defining a dimensionless
function χ(t) =

∫ t
0 Ω(t ′)sinκI(t), we aim to establish the re-

lationship between the Hamiltonian and its evolution operator
by parameterizing them as functions of χ(t).

To achieve the above goal, we need to parameterize κ(t)
as the function of χ(t). Since κI(t) has already parameterized
by χ(t), we only need to deal with κR(t). This parameterize
is achieved by treating Eq. (11) as a differential equation for
κR(t) and κI(t). And, they are parameterized as

κR(t) = ln [− tan(χ +C)], (12a)

κI(t) = arcsin
χ̇

Ω
, (12b)

where C is an undetermined constant that comes from the in-
tegral operation of Eq. (11), which will be discussed and de-
termined later. Since we have parameterized κ(t) as a func-
tion of χ , the relationship between the elements of the evolu-
tion operator and χ has already been established. Introducing
ζ (t) = χ(t)+C for clarity, the elements of the evolution oper-
ator, u11 and u21, can be calculated and expressed as functions
of ζ (t) as

u11 = exp
{

i
[
θ1 +ξ−+

1
2
(θ −ϕ−π)

]}
cosζ , (13a)

u21 = exp
{

i
[
θ2 +ξ++

1
2
(θ +ϕ +π)

]}
sinζ , (13b)

where the parameter ξ±(t) =
∫ t

0 Ω

√
1− ζ̇ 2/Ω 2 csc(2ζ )dt ′±

1
2 arcsin(ζ̇/Ω). Notice that we do not need to apply the trans-
formation S(t) again, as we have already obtained the origi-
nal elements u11 and u21 necessary to construct the evolution
operator. In the above derivation, we have used two iden-
tities, i.e., sinh [ln(− tanx)] = cot2x and sinh [ln(− tanx)]−
exp [ln(− tanx)] = csc2x. Then, the evolution operator can be
written as

U0 =

(
eiθ1eiξ ′− cosζ −e−iθ2e−iξ ′+ sinζ

eiθ2eiξ ′+ sinζ e−iθ1e−iξ ′− cosζ

)
, (14)

where ξ ′±(t) = ξ±+[θ ± (ϕ +π)]/2. Next, we address the in-
tegral constant C. As an integral constant can be arbitrary, the
function ζ (t) should allow a non-zero value when t = 0. How-
ever, this setting appears to conflict with the initial condition
stipulated in Eq. (14), which requires ζ (0) = 0 to ensure that
the evolution operator is the identity when t = 0. To resolve
this contradiction, we modify the evolution operator to satisfy
both the arbitrary choice of C and the initial condition. It is
given by

U(t) =U0(t) ·U†
0 (0). (15)

Note that the uncertain phases θ1 and θ2 cancel each other out
in the final evolution operator U(t). This is reasonable, as the
final solution should not contain any unknown parameters.

Then, we will determine the corresponding Hamiltonian
parameterized by χ(t). Recalling the definition of α(t), we
could get ∆(t) = [α̇(t)+ ϕ̇(t)]/2. Since α(t) has already been
parameterized by ζ (t), ∆(t) can be rewritten as a parametric
function of ζ (t) as follows:

∆(Ω , t) =
ζ̈ − ζ̇ Ω̇

Ω

2Ω

√
1− ζ̇ 2

Ω 2

−Ω

√
1− ζ̇ 2

Ω 2 cot(2ζ )+
ϕ̇

2
. (16)

Note that ζ (t) is limited to avoid the divergence of the terms√
1− ζ̇ 2/Ω 2 and cot(2ζ ), leading to the restriction of its

value within the range of (0, π/2), as shown in Fig. 1. Fur-
thermore, this restriction will limit the evolution time to the
order of 1/Ω . Note that ζ (t) serves as an auxiliary dimen-
sionless function, whereas ζ̇ (t) is connected to physical quan-
tities which have the unit of frequency, such as Ω(t) and ∆(t)
in Hamiltonian. As a result, we obtain a relationship that the
evolution operator and time-dependent Hamiltonian are both
dependent on ζ (t). Since the form of the ζ (t) function can be
designed almost at will, it allows for the generation of arbitrary
evolution operators. In other words, we can design arbitrary
ζ (t) functions and then derive the corresponding Hamiltonian
and its evolution operator as an analytical-assisted solution.

(a) (b)

0 1
t/T

2
p

4
p

8
3p

z

Fig. 1. Examples for σz control. (a) The different types of evolution
with respect to the ζ (t) function. The start and final points of the evo-
lution time are labeled as t = 0 and t = T , respectively. The red dashed
line describes the limitation of ζ (t), which is set by the divergence of
function cot [2ζ (t)]. The blue solid line describes an example of popu-
lation exchange gate. The blue dashed line with unchanged ζ (t) = π/4
will reduce to Rabi oscillation with constant Rabi frequency. The green
solid describes an example of rotations around the axis π/4 in the x–
y plane, and the green dashed line with unchanged ζ (t) implements a
rotation around the axis x+ z with constant Hamiltonian when ϕ = 0.
(b) The evolution path of the blue solid line in (a), where the popula-
tion changes from the initial state |0〉 to the final state |1〉 in the Bloch
sphere, leading to a NOT gate with the parameters being ∆ = 2π MHz
and T = 0.69 µs.

2.2. Transformation for σxy control

Controlling the transverse σz term typically requires more
precise control over the frequency of the driving pulse, which
is generally more challenging than controlling the longitudinal
σx/y term. Hence, we present the analytical-assisted solution
under σx/y control. In this case, to distinguish from Eq. (1),
we denote the general Hamiltonian as

Hxy =

(
∆ ′(t) Ω ′(t)e−iϕ(t)

Ω ′(t)eiϕ(t) −∆ ′(t)

)
. (17)
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This Hamiltonian is indeed equivalent to the Hamiltonian in
Eq. (1). The main difference between them lies in the control-
lable elements. In Eq. (1), we assume control over the σz com-
ponents to achieve a universal gate set, a scenario commonly
found in ST qubit systems.[31–33] Conversely, the method of
controlling over σx/y components to realize the universality is
more prevalent in quantum computation systems.[34–37] It is
important to note that the solution we have obtained thus far
only permits control over the σz components for implementing
a universal gate set, while control over the σx/y components
remains restricted. To address this, we introduce a transfor-
mation to convert this off-diagonal controllable Hamiltonian
into a diagonal controllable one, which is solvable as shown in
the previous subsection. The transformation is

UR(t) = exp
[
−i

π

4
·
(

0 e−i(ϕ(t)+ π
2 )

ei(ϕ(t)+ π
2 ) 0

)]
, (18)

then the Hamiltonian in Eq. (17) is changed to

H ′ = i
∂U†

R
∂ t

UR +U†
RHxyUR

=

(
Ω ′+ 1

2 ϕ̇ (−∆ ′+ 1
2 ϕ̇)e−iϕ

(−∆ ′+ 1
2 ϕ̇)eiϕ −(Ω ′+ 1

2 ϕ̇)

)
. (19)

Now, since Ω ′(t) is arbitrary, comparing with the Hamiltonian
in Eq. (1), the evolution operator can be obtained by treating
(Ω ′(t)+ ϕ̇/2) as the new parameter of the σz term in Eq. (1).
As a result, the evolution operator can be written as

U(t) =UR(t)U ′(t)U
†
R(0), (20)

where U ′(t) is the evolution operator with respect to the
Hamiltonian in Eq. (19), which can be obtained according to
the σz control case. And, the controllable off diagonal part in
Eq. (17) can be expressed as

Ω
′(t) =

ζ̈ − ζ̇ ∆̇ ′′

∆ ′′

2∆ ′′
√

1− ζ̇ 2

∆ ′′2

−∆
′′

√
1− ζ̇ 2

∆ ′′2
cot(2ζ )− 1

2
ϕ̇, (21)

with ∆ ′′ =−∆ ′(t)+ 1
2 ϕ̇(t). Furthermore, this analytical quan-

tum dynamics enables the use of phase modulation, in addition
to the conventional amplitude shaping, in designing a target
quantum control pulse.

2.3. Results and dynamics

As the final result, we write the evolution operator in
Eq. (15),

U(t) =
(

U11 −U∗21
U21 U∗11

)
, (22)

where

U11 = − e
1
2 i[ξ−(0)+2ξ−(t)−2ϕ] cos[ζ (t)]cos[ζ (0)]

− e
1
2 i[ξ+(0)−2ξ+(t)] sin[ζ (t)]sin[ζ (0)],

U12 = e−
1
2 i[ξ+(0)+2ϕ−2ξ−(t)] cos[ζ (0)]sin[ζ (t)]

− e−
1
2 i[ξ−(0)+2ξ+(t)] cos[ζ (t)]sin[ζ (0)],

U21 = e
1
2 i[ξ−(0)+2ξ+(t)] cos[ζ (t)]sin[ζ (0)]

− e
1
2 i[ξ+(0)+2ϕ−2ξ−(t)] cos[ζ (0)]sin[ζ (t)],

U22 = − e−
1
2 i[ξ−(0)+2ξ−(t)−2ϕ] cos[ζ (t)]cos[ζ (0)]

− e−
1
2 i[ξ+(0)−2ξ+(t)] sin[ζ (t)]sin[ζ (0)], (23)

with ξ±(t) =
∫ t

0 Ω

√
1− ζ̇ 2/Ω 2 csc(2ζ )dt ′ ± 1

2 arcsin(ζ̇/Ω).
Note that, the dynamics of evolution seems to depend on
various parameters, but, will ultimately depend on one time-
dependent term, the auxiliary function ζ (t). All of the other
parameters, whatever in the form of Hamiltonian or evolution
operator, can be written as the functional of auxiliary function
ζ (t), for example, the parameter ξ (t), which depends on the
integral and the derivative of ζ (t). Although the function ζ (t)
itself has no direct physical significance, it serves as a crucial
auxiliary function, capable of parameterizing other physical
quantities. For instance, its time derivative, ζ̇ (t), is related to
physical quantities with units of T−1, such as Ω(t) and ∆(t) in
the Hamiltonian. Consequently, an almost infinite number of
analytical solutions can be derived, as the auxiliary function
ζ (t) can be set nearly arbitrarily, provided it remains within
the valid range of (0,π/2).

Then, we will demonstrate that analytically-assisted so-
lutions can reduce to the well-known analytical solutions of
the Schdöinger equation. The dynamics for Landau–Zener
transition, such as a ground state is driven through the anti-
crossing produced by σx and ultimately returns with proba-
bility 1, could be reproduced. In the analytical-assisted so-
lution, considering a ground state at t = 0, the probability
for the system to be in the ground state at other time can
be calculated by Eq. (15), i.e., |U11(t)|2. If we choose the
auxiliary function ζ (t) to meet the condition ζ̇ (0) = ζ̇ (T ) =
0, the probability for the system in the ground state will
be |e2iξ+ cos [ζ (0)]cos [ζ (T )]+sin [ζ (0)]sin [ζ (T )]|2, where T
labels the evolution time. If we further ensure ζ (0) = ζ (T ) =
0, a Landau–Zener transition solution can be reproduced. The
Hamiltonian also indicates it since ζ = 0 will lead to an infinity
value of σz according to Eq. (16), which satisfies the condition
of Landau–Zener transition σz � σx. Besides, the Rabi os-
cillation or other dynamics of time-independent Hamiltonian
can also be reproduced if we set the auxiliary function ζ (t) to
be time-independent. For example, a constant ζ = π/4 will
lead to a Rabi oscillation while the parameter ξ (t) in Eq. (14)
becomes the integral of Ω(t).

Therefore, as a direct application of the solutions, con-
sidering an uncontrollable and inevitable time-dependent or
time-independent function in the σx/y/z part, achieving a de-
sired two-level evolution can still be accomplished through the
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analytical-assisted solutions. For instance, if the σz part of the
Hamiltonian contains an uncontrollable and time-dependent
term ∆(t), it is still possible to derive the desired evolution
operator as in Eq. (15) by designing only one function, ζ (t).
Further, the Hamiltonian in other part is also determined since
they depend on ζ (t) and ∆(t) according to Eq. (16). Moreover,
we show more examples with different ζ (t). It is worth not-
ing that different choices of the parameter ζ (t) lead to various
evolution operators. However, the most common types of evo-
lution operators can typically be obtained under the simpler
condition ζ (0) = ζ (T ), which makes it easier to determine
and calculate other parameters. Thus, we set ζ (0) = ζ (T )
and express ζ (0) using a trigonometric series for convenience.
Specifically, we set

ζ = A0 +
N

∑
n=1

An sinn
(

anπ
t
T

)
, (24)

where An is a constant, and the trigonometric series are in-
volved to satisfy ζ (0) = ζ (T ). Two examples are shown
in Fig. 1, with the boundary conditions of ζ (t) to respect
population exchange gates and Hadamard like gates, with
parameter sets of {A0,A1,A2,A3} = {π/4,0,0,−0.38} and
{A0,A1,A2,a2,A3,a3} = {3π/8,0,−0.22,4,0.18,1}, respec-
tively. And the ζ (t) function is plotted in Fig. 1(a). In
Fig. 1(b), we show an evolution path of the NOT gate by fur-
ther setting ∆ = 2π MHz and T = 0.69 µs. Similar to σxy

control, we design a Hadamard gate when assuming there ex-
ists a harmful constant detuning ∆ ′ = 2π MHz and the time-
dependent phase ϕ(t) = sin(2πt/T ), as shown in Fig. 2. The
Hadamard gate can be obtain when the parameters of ζ (t) are
{A0,A1,a1} = {π/8,0.26,1} and time T = 0.66 µs. The fi-
delity of the state |ψ(t)〉 is defined as F(t) = |〈Ψ |ψ(t)〉|2,
where |Ψ〉 labels the ideal target state.
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Fig. 2. An example of implementing H gate with σx/y control. (a) The
time dependence of the Hamiltonian parameters, including the ampli-
tude Ω(t) and phase ϕ(t) of the external driving field. (b) The fidelity
and the qubit-state population dynamics for the H gate.

3. Applications

In this section, we demonstrate that the analytical solu-
tion can be utilized to implement universal gates with smooth
pulses, which are well-suited for experimental setups.

3.1. Gate operation in semiconductor qubits

The Hamiltonian for ST qubit in semiconductor double
quantum dot systems[31–33] is

HST(t) = hσx + J(t)σz, (25)

with the qubit basis |0〉= |T 〉= (| ↑↓〉+ | ↓↑〉)/
√

2 and |1〉=
|S〉 = (| ↑↓〉 − | ↓↑〉)/

√
2, where | ↑〉/| ↓〉 indicates the spin

up/down of an existed electron in left or right dot. h = gµ∆Bz

and J(t) is the exchange interaction of two dots. Consider-
ing the randomized benchmarking (RB)[38–40] would choose
different quantum gates randomly in the Clifford gate series
to test the quality of gate implementation, these 24 Clifford
gates[41] need to be implemented by the Hamiltonian Eq. (25).
In the single-transmon (ST) qubit system, the Hamiltonian
comprises only the σx and σz terms, which are used for im-
plementing quantum gates. Typically, the value in the σx term
remains time-independent. Previously, to implement quantum
gates, it was necessary to keep the time-dependent parameter
J(t) constant throughout the evolution, as the dynamics could
not be solved if J(t) is time-dependent. Therefore, this ma-
nipulation can result in unwanted discontinuities in the pulse
profile at the beginning and end of each gate when RB is per-
formed. These discontinuities can lead to infidelities in the RB
process, as it is challenging to achieve the exact realization
in experiments. Therefore, we prefer smooth pulse schemes
without such breaking points.

We demonstrate that the smooth pulses can be achieved
using the analytical-assisted solution. The Hamiltonian in
Eqs. (25) and (16) suggests that the time-dependent σz con-
trol scheme is suitable for the ST qubit system. Since h is
time-independent and ϕ = 0, we obtain the expression of J(t)
as a functional of ζ (t) as

J(t) =
ζ̈ (t)

2h
√

1− ζ̇ (t)2

h2

−h

√
1− ζ̇ (t)2

h2 cot [2ζ (t)]. (26)

Note that, the evolution operator in Eq. (14) does not depend
on ζ̈ (t) directly. Therefore, it is possible to design the suitable
ζ̈ (0) and ζ̈ (T ) to ensure that the value of J(t) at the start and
end points can be a fixed constant (usually zero) in the imple-
mentation of all the 24 Clifford gate operations. As a result, a
RB process with smooth pulse is obtained.

As demonstrations, we show how to construct Hadamard
(H) gate and S gate, which are the generators of the group
of 24 Clifford gate operations. To achieve smooth pulses, we
set the value of the time-dependent J(t) to be zero at the start
and end points for both gates. For the H gate, the π rotation
around the x+ z axis, we choose the boundary condition of
ζ (0)= ζ (t)= 3π/8, numerically solve the equations to ensure
ξ± = π/2. As a specific example, we choose the trigonometric
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series of ζ (t) in Eq. (24) as

ζ (t) = A0 +A2 · sin2
(

a2π
t
T

)
+A3 · sin3

(
a3π

t
T

)
, (27)

with parameters {A0,A1,A2,a2,A3,a3} = {3π/8,0,−0.22,4,
0.18,1}. Under these settings, a H gate is implemented. The
pulse shape of J(t)/h, the corresponding state population and
the gate-fidelity dynamics of this case are shown in Fig. 3.
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Fig. 3. (a) The pulse shape of J(t) to implement Hadamard gate with a
smooth curve. The parameters are h/2 = 2π MHz and T = 0.942 µs.
(b) Population of qubit states |0〉 and |1〉 and the corresponding gate
fidelity in implementing the Hadamard gate.

Besides, to realize the S gate, or any other phase gates,
the decomposition in the ST qubit system is

R(σz,ξ ) = HR(σx,ξ )H, (28)

where R(σz/x,ξ ) describes a rotation around axis σz/σx in the
Bloch sphere. To obtain this phase gate, an arbitrary rotation
around the axis σx is needed. According to Eq. (24), it could
be realized by setting ζ (t) according to Eq. (24) as

ζ (t) = A0 +A3 · sin3
(

a3π
t
T

)
. (29)

The parameter ξ could be solved numerically to satisfy ξ =

π/4 or ξ = π/8 to implement S or T gate, respectively. As an
example, we could set the parameters {A0,A1,A2,A3,a3} =
{π/4,0,0,0.24,1} to perform R(σx,ξ = π/4). By combining
this gate with two H gates, we obtain an S gate. Since the com-
positions of H and S gates can generate all 24 Clifford gates,
any RB process can be realized using only smooth pulse gates.

3.2. Individual controlling

In many quantum control systems, there are numer-
ous nearby transitions with comparable frequencies. Conse-
quently, when implementing a desired manipulation on a target
transition, there will inevitably be leakage to nearby transitions
with different detuning. This is also the case for some qubit
systems, such as NV-center systems,[34] trapped ions,[35] and
molecular systems.[36] We here show an example of individ-
ual control over two nearby transitions by using our analytical-
assisted solution, and the corresponding energy level structure
is presented in Fig. 4(a). This driving Hamiltonian on both
transitions could be written as

Hr =

(
0 Ω(t)e−iϕ

Ω(t)eiϕ 0

)
, (30a)

Hd =

(
∆ Ω(t)e−iϕ

Ω(t)eiϕ −∆

)
. (30b)

Furthermore, another application of our solution is the
ability to achieve precise control over both the target subspace
and the nearby subspace. This allows for using one pulse to
control two subspaces individually. Specifically, in the target
subspace, a resonant Rabi process is implemented by design-
ing the Rabi rate Ω(t) and the phase ϕ . The integral area
of
∫ T

0 Ω(t)dt is then calculated to realize the desired quantum
gates, where T labels the operation duration. This Rabi pro-
cess with different phase ϕ could obtain universal control over
the target resonant subspace. Notice the quantum gates in this
resonant subspace do not restrict the pulse shape but only set
the pulse integrals. Meanwhile, for the nearby detuned sub-
space, we can design the pulse shape to match the analytical-
assisted solution and achieve universal quantum control over
it, as long as we do not change the value of the pulse integral.
As a result, an arbitrary individual control over two transitions
can be obtained.

|1>r

|1>d

|0>d|0>r

WW

D

(a) (b)

(c) (d)

1.0

0.8

0.6

0.4

0.2

0.0

1.0

0.8

0.6

0.4

0.2

0.0

W
(t
)/
W
M

P
o
p
u
la
ti
o
n

1.00.50.0

t/T

1.00.50.0

t/T

1.00.50.0

t/T

IC
Rabi

|0>r
|1>r
|0>d
|1>d

|0>r
|1>r
|0>d
|1>d

Fig. 4. Illustration of the example of individual control in a multilevel
quantum system. (a) The energy level structure shows the scenario
where the control pulse will also address the two-level subsystem in a
detuned way, when two transitions are closely spaced in frequency. The
resonant driving of the target subspace affects nearby transitions, lead-
ing to leakage in the target quantum dynamics. (b) This panel compares
the pulse shapes for individual control (IC) versus a general Rabi pulse
in the form of the sine function, i.e., ΩM sin(πt/T ), where two pulses
have the same maximum amplitude ΩM, while T represents the evolu-
tion time for the individual control pulse. (c) The populations of both
the resonant and detuned subspaces for individual control, with param-
eters ∆ = 2π MHz, T = 0.95 µs and ζ (t) = π/8−0.29 · sin3 (π · t/T ).
Using an analytical-assisted solution, an accurate NOT operation is
achieved without leakage to the nearby transition at the final time.
(d) The populations of both resonant and detuning subspaces for the
general Rabi pulse ΩM sin(πt/T ), with the same parameters as in (c).
While a NOT gate is obtained, the leakage of the control pulse results
in unwanted evolution in the nearby transition.

Now, we show the example to obtain individual control-
ling. The choice is ζ (0) = ζ (T ) = π/4 with free ϕ(t), it can
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implement arbitrary phase gates, as shown in Fig. 1. The cor-
responding evolution operator is

Ur =

(
cos [

∫
Ωdt] −i sin [

∫
Ωdt]e−iϕ

−i sin [
∫

Ωdt]eiϕ cos [
∫

Ωdt]

)
, (31a)

Ud =

(
e−iξ 0

0 eiξ

)
. (31b)

Since the phase ξ depends on ζ (t), we can design ζ (t) to im-
plement a desired phase gate. For example, an identity gate
can be obtained when ξ = π . We show numeral simulations
of the case, in which implementing an individual control con-
sists of a NOT gate in the resonant subspace and a phase gate
in the detuned subspace, described in Fig. 4. Moreover, for
the situation ϕ = 0, another choice of ζ (t) can be used, it is
ζ (0) = ζ (T ) = π/6. It implements a rotation gate around the
axis σx in the resonant subspace and a gate determined by the
value of ξ in the nearby detuned subspace. The corresponding
evolution operator is

Ur =

(
cos [

∫
Ωdt] −i sin [

∫
Ωdt]

−i sin [
∫

Ωdt] cos [
∫

Ωdt]

)
, (32a)

Ud =

(
cosξ + i

√
3

2 sinξ
i
2 sinξ

i
2 sinξ cosξ − i

√
3

2 sinξ

)
. (32b)

If we design ζ (t) to satisfy ξ (T ) = π and ensure
∫ T

0 Ω(t)dt =
π , we can realize an individual control gate consisting of a
NOT gate in the resonant subspace and an identity gate in the
detuned subspace. As is known, a direct square pulse imple-
menting the same individual control gate requires Ω = ∆/

√
3,

which can be reproduced by this analytical solution case when
setting ζ (t) = π/6 for the whole time.

4. Conclusion
In conclusion, we present an analytical-assisted solution

of the time-dependent Schrödinger equation for a two-level
quantum system under driving, with few limitations. We show
the details of the analytical progress and present some con-
crete examples to demonstrate its application in quantum con-
trol, i.e., deriving smooth pulse for the gate operation in ST
qubit systems and individual control over two transitions with
nearby frequencies.

Further exploration in the field may be the following.
First, this solution could also take the gate robustness into
account by choosing different free parameters. Second, it is
important to extend the study to higher-level systems, such
as three-level systems, which can be used to model super-
conducting transmon qubits. This involves incorporating new
operators specific to three-level systems and reproducing the
theoretical derivations. Finally, the results presented here can
also be extended to open quantum systems. By employing the
Lindblad equation to simulate the density matrix, we ensure
that the dynamics we obtain remain valid.
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111 050404
[11] Li S, Chen T and Xue Z Y 2020 Adv. Quantum Technol. 3 2000001
[12] Ai M Z, Li S, Hou Z B, He R, Qian Z H, Xue Z Y, Cui J M, Huang Y

F, Li C F and Guo G C 2020 Phys. Rev. Appl. 14 054062
[13] Ruschhaupt A, Chen X, Alonso D and Muga J G 2012 New J. Phys. 14

093040
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