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Making the link between ADF and 4D STEM:
Resolution, transfer and coherence
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Steve Pennycook is a pioneer in the application of high-resolution scanning transmission electron microscopy (STEM)
and in particular the use of annular dark-field (ADF) imaging. Here we show how a general framework for 4D STEM
allows clear links to be made between ADF imaging and the emerging methods for reconstructing images from 4D STEM
data sets. We show that both ADF imaging and ptychographical reconstruction can be thought of in terms of integrating
over the overlap regions of diffracted discs in the detector plane. This approach allows the similarities in parts of their
transfer functions to be understood, though we note that the transfer functions for ptychographic imaging cannot be used
as a measure of information transfer. We also show that conditions of partial spatial and temporal coherence affect ADF
imaging and ptychography similarly, showing that achromatic interference can always contribute to the image in both cases,
leading to a robustness to partial temporal coherence that has enabled high-resolution imaging.

Keywords: image forming and processing, phase retrieval, electron microscopy, scanning transmission elec-
tron microscope (STEM)

PACS: 68.37.Ma, 42.30.Va, 42.30.Rx, 87.64.Ee DOI: 10.1088/1674-1056/ad8554

1. Introduction
Prior to the early 1990s, atomic resolution electron mi-

croscope imaging was the preserve of the transmission elec-
tron microscope (TEM) configuration and was referred to as
high-resolution TEM (HRTEM). That the situation is largely
reversed in the current time, with the majority of atomic-
resolution work now performed using the scanning transmis-
sion electron microscope (STEM), is largely a result of the
pioneering work of Steve Pennycook and the development of
the annular dark-field (ADF) STEM approach. The possibil-
ity of excluding diffraction effects using a sufficiently large
ADF detector had previously been discussed by Howie,[1] but
pioneers such as Pennycook pushed the approach to atomic
resolution. In particular, Pennycook procured the first STEM
instrument specifically designed for atomic resolution work
— the VG Microscopes HB603U, a 300 kV instrument fit-
ted with a high-resolution pole-piece. The instrument quickly
produced a range of atomic-resolution results (see for exam-
ple Refs. [2,3]). After that pioneering work, the technique of
ADF STEM became the standard approach for atomic resolu-
tion work, alongside the spectroscopic techniques of electron
energy-loss spectroscope (EELS) and energy-dispersive x-ray
(EDX) spectroscopy.

Although, by the principle of reciprocity, phase contrast
imaging can be performed in STEM using a small axial bright-
field (BF) detector, it makes inefficient use of the transmit-
ted electrons and is not competitive with HRTEM. A sub-

stantial development in STEM imaging has emerged over the
past eight years or so — that of 4D STEM using fast pixe-
lated detectors. This approach allows greatly improved access
to phase information in STEM, closing the circle back to the
phase contrast imaging that is behind the HRTEM approach.
For high-resolution imaging, a number of 4D STEM imaging
techniques have emerged, including ptychography, center of
mass (CoM) (first moment),[4] and integrated center of mass
(iCoM).[5] Such methods, being based on coherent interfer-
ence effects in the scattered electrons, may seem quite dis-
tinct from ADF imaging which is regarded as being incoher-
ent. Here we present a framework that has been developed in
the context of ptychography to explain the main attributes of
ptychography and ADF imaging. The methods are compared
and contrasted, and in particular we explore the concepts of
transfer functions and the effects of partial coherence on both
methods.

2. The theoretical basis of STEM imaging
We start by considering a situation of perfect spatial co-

herence, under which conditions the STEM illuminating probe
wavefunction P(𝑅) can be simply calculated as the inverse
Fourier transform of the aperture function A(𝐾),

P(𝑅) =
∫

A(𝐾)exp(i2π𝐾 ·𝑅) d𝐾, (1)

where 𝑅 is a real-space vector in the sample plane and 𝐾

is a reciprocal-space vector in the front focal plane. The
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value of 𝐾 can be related to a convergence angle of a partial
plane wave in the convergent, conical beam forming the probe
through θ = λ |𝐾|. The modulus of A(𝐾) is unity when 𝐾

is inside the beam limiting aperture, often known as the con-
denser aperture but optically playing the role of an objective
aperture, and zero outside the aperture. The phase of A(𝐾) is
controlled by any lens aberrations present, being zero in a per-
fectly aberration-corrected system, and otherwise a function of
𝐾 as given in many publications (see for example Ref. [6]).

We now assume that the interaction with the sample can
be described through a multiplicative transmission function
φ(𝑅), which modifies the amplitude and phase of the trans-
mitted electron wave function, with the modification in phase
being the most important. The electron wave exiting the sam-
ple is then given by

ψ(𝑅,𝑅p) = P(𝑅−𝑅p)φ(𝑅), (2)

where a new variable 𝑅p has been introduced to account for
the ability to scan the probe. The wavefunction in the detec-
tor plane of the STEM, which can be regarded as being in the
far-field, can then be written as a function of the probe posi-
tion, 𝑅p, and the position in the detector plane, given by the
reciprocal space vector 𝐾f, as

M(𝑅p,𝐾f) =
∫

ψ(𝑅,𝑅p)exp(−i2π𝐾f ·𝑅) d𝑅. (3)

Given that, from Eq. (2), ψ is a product of P and φ , M now be-
comes a convolution in the detector plane between the Fourier

transform of P, which we denote as A, and the Fourier trans-
form of φ , which we denote by simply changing its argument,
so that M can be written as

M(𝑅p,𝐾f) =
[
A(𝐾f)exp(−i2π𝐾f ·𝑅p)

]
⊗𝐾f φ(𝐾f) (4)

and is illustrated in Fig. 1. The probe position is now en-
coded as a phase ramp across the aperture function through
the Fourier shift theorem and each scattering vector from the
sample, φ(𝐾f), is broadening through the convolution with
the aperture function. Different scattering vectors from the
sample can now overlap and interfere at the same 𝐾f lead-
ing to interference. This is most easily seen for a crystalline
sample with discrete Bragg beams, as shown in Fig. 1 where
the beams broaden to form overlapping discs, but we empha-
size that the analysis presented here is not limited to periodic
objects. The interference between different scattered beams
will be dependent on the relative phases of the beams, which
are dependent on (i) the probe position as shown by Eq. (4),
(ii) any lens aberrations present through the phase of A and
(iii) the relative phase of the different scattered beams. Point
(i) is at the heart of STEM imaging: As the probe is scanned,
the interference will vary between constructive and destruc-
tive and an intensity detector in the overlap region will give
contrast in a STEM image. The information about the sample
structure is carried by the dependence explained in point (iii).
Positional information is most strongly carried by the phase of
the scattered beams so determining their phase allows images
to be formed.

(f)

(f)

(e)

(e)

(d)

(d)

(a) (b)

(b)

(c)

(c)

Fig. 1. Panel (a) shows an SSB image showing the positions for which |M(𝑅p,𝐾f)| vs. 𝐾f is displayed in panels (b)–(f). Data simulated for
graphene at 60 kV with a 20 mrad convergence angle. Notice how the intensity in the disk overlaps in |M(𝑅p,𝐾f)| oscillates due to the phase
ramp encoded in the aperture function in Eq. (4). |M(𝑅p,𝐾f)| is displayed on a log scale with contrast boosted to show the differences between
probe positions.

The measured 4D STEM data set is the modulus-squared
of Eq. (3). Rodenburg and Bates[7] showed that the mathemat-
ics simplified beautifully if the expression was fully in recip-
rocal space by taking the Fourier transform of the 4D STEM
data set with respect to the probe position,

G(𝑄p,𝐾f) =
∫ ∣∣M(𝑅p,𝐾f)

∣∣2 exp(−i2π𝑅p ·𝑄p) d𝑅p, (5)

which results in the following convolution:

G(𝑄p,𝐾f)

=
[
A(𝐾f)A∗(𝐾f +𝑄p)

]
⊗𝐾f

[
φ(𝐾f)φ(𝐾f−𝑄p)

]
. (6)

This equation can be seen as being a master equation for
STEM imaging. The left operand in the equation is the overlap
function between two off-set aperture functions. It shows that
information arising in a STEM image at a spatial frequency of
𝑄p is arising from the interference between pairs of beams in
the incident cone of illumination separated by 𝑄p, as shown
in Fig. 2. This overlap feature is then convolved over all pairs
of scattered beams that are separated by 𝑄p.

Examples of the amplitude of G(𝑄p,𝐾f) showing re-
gions in the detector plane where the interference is strong are
displayed in Fig. 3 for two spatial frequencies with 20 mrad
and 35 mrad convergence angles, simulated for graphene at
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60 kV, noise free using the abTEM and pyPtychoSTEM pack-
ages. The disk overlaps that occur in the central BF disk re-
gion can be seen to be repeated throughout the entire range of
𝐾f for each spatial frequency due to the convolution in Eq. (6)
and the nature of the diffraction pattern for a crystal with many
beams being separated by 𝑄p even at higher 𝐾f values.

Qp

Qp

Disc overlap

interference region

Sample

ADF inner radius

-3g -2g -g 0 g 2g 3g

Fig. 2. A schematic showing how STEM images are formed from the
interference between beams in the incident cone of illumination that are
scattered into a final wavevector and can interfere. For a particular spa-
tial frequency in an image, 𝑄p, all pairs of beams in the incident cone
separated by 𝑄p contribute.
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Fig. 3. A plot of |G(𝑄p,𝐾f)| as a function of 𝐾f for graphene displayed
for two spatial frequencies with Q2 > Q1 with 20 mrad and 35 mrad con-
vergence angles at 60 kV. Q2 is on the very edge of the high end of
the frequencies transferred by the 20 mrad convergence angle, while it
is midrange for the 35 mrad convergence angle. Notice how the pattern
inside the central disk of G(𝑄p,𝐾f) for a given 𝑄p repeats throughout
𝐾f due to the convolution in Eq. (6).

The interferometry that occurs between beams scattered
at different angles due to the range of angles in the co-
herent illumination is the source of phase information in
ptychography.[8] In fact, all STEM imaging can be seen in
terms of this interference, and indeed the question has been
raised of whether the STEM should actually be referred to as
a ptychograph (or should that be ptychoscope?)![9] Different
STEM imaging methods can be regarded as being methods for
extracting the sample information, φ(𝐾f), from Eq. (6). Here

we will use Eq. (6) to compare ADF imaging and ptychogra-
phy, and also highlight some of the similarities of the impact
of partial spatial coherence.

3. Incoherent imaging using an annular dark-
field detector
For a single channel detector, such as an annular dark-

field (ADF) detector, bright-field (BF) or indeed annular
bright-field (ABF) detector, the image can be calculated quite
simply from Eq. (6) by integrating over the relevant range of
𝐾f. This is valid because 𝐾f and 𝑄p are independent of each
other. Of course, this approach yields the image as a func-
tion of 𝑄p and can then be inverse Fourier transformed back
to the real-space image. Defining the area of the ADF detector
through a function DADF(𝐾f), which has a value of unity in
the detected region and zero outside, the Fourier transform of
the ADF image can then be calculated by

IADF(𝑄p) =
∫

DADF(𝐾f)G(𝑄p,𝐾f) d𝐾f, (7)

in which the convolution can be written explicitly using a
dummy variable for the convolution, 𝐾 ′f

IADF(𝑄p) =
∫∫

DADF(𝐾f)A(𝐾 ′f)A
∗(𝐾 ′f +𝑄p)

×φ(𝐾f−𝐾 ′f)φ
∗(𝐾f−𝐾 ′f−𝑄p) d𝐾f d𝐾 ′f. (8)

Note that the domain of the 𝐾 ′f is controlled by the overlap
region shown in Figs. 1 and 2, whereas the domain of 𝐾f is
controlled by the detector size. As discussed in more details
in Ref. [10] building on work in Ref. [11], if we assume that
the detector geometry is much larger than the aperture overlap
region, it is reasonable to approximate Eq. (8) in the following
form:

IADF(𝑄p) =
∫

A(𝐾 ′f)A
∗(𝐾 ′f +𝑄p) d𝐾 ′f

×
∫

DADF(𝐾f)φ(𝐾f)φ
∗(𝐾f−𝑄p) d𝐾f. (9)

Being a product in reciprocal space, taking the inverse
Fourier transform of Eq. (9) to form a real space image results
in a convolution. It can also be noted that the integral involv-
ing the aperture function is the autocorrelation function of A
which, when inverse Fourier transformed, gives the intensity
of the illuminating probe convolved with an object function
which is a high-pass filtered version of the transmission func-
tion, thus

IADF(𝑅p) =
∣∣P(𝑅p)

∣∣⊗O(𝑅p), (10)

where O(𝑅p) is the modulus squared of a high-pass filtered
version of the transmission function.[10] The high-pass filter-
ing of the transmission function means that the higher angle
parts of the scattering factors are retained, which arise pre-
dominantly from scattering by the nucleus and hence gives Z-
contrast, where Z denotes the atomic number.
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Although the image contrast predicted by Eq. (10) has
arisen from coherent interference occurring between beams
in the illumination, it is still regarded as demonstrating that
ADF imaging is incoherent imaging. The reason for this is
the analogy with conventional imaging of a self-luminous ob-
ject which would involve the modulus-squared of the point-
spread function. By reciprocity, the ADF detector can be
thought of as being equivalent to incoherent illumination in a
TEM over a wide range of illumination angles. It was initially
suggested that the incoherent nature of ADF imaging arose
from the high-angle detector collecting predominantly thermal
diffuse scattering (TDS). Note that the formulation presented
here does not require the scattering itself to be incoherent such
as would occur with TDS.

A significant development by Steve Pennycook was real-
izing that the incoherent nature of the imaging simplified the
imaging even under dynamical scattering conditions.[12] De-
veloping this theme further, Nellist and Pennycook[13] showed
that Eq. (8) could be written for a dynamical object using the
Bloch wave formulation

G(𝑄p,𝐾f) = ∑
𝑔, j,k

∫
δ (𝐾f−𝐾−𝑔)A(𝐾)A∗(𝐾+𝑄p)

×Φ
( j)∗
0 (𝐾)Φ ( j)

𝑔 (𝐾)Φ
(k)
𝑄p

(𝐾)Φ (k)∗
𝑔 (𝐾)

×exp
{
−i2πz

[
k( j)

z (𝐾)− k(k)z (𝐾)
]}

d𝐾, (11)

where the summation is over reciprocal lattice vectors 𝑔 and
Bloch wave indices j and k. The Bloch waves are repre-
sented through the Fourier coefficients of the eigenfunctions,
Φ , and the associated eigenvalues kz, and z represents the crys-
tal thickness. The off-set aperture overlap function is again
visible here, and Nellist and Pennycook showed how the inte-
gral over both 𝐾 in this expression and the integral over 𝐾f

that occurs with an integral over the detector reduces the de-
gree of interference between Bloch waves, reducing the impact
of dynamical effects.

4. Coherent imaging using ptychography
We have seen that one way to separate the sample infor-

mation from Eq. (6) is to integrate over a geometrically large
detector, leading to incoherent Z-contrast imaging. The avail-
ability of fast, pixelated, direct electron detectors has made
recording the full 4D STEM data set described in Eq. (4) rou-
tine, allowing the G(𝑄p,𝐾f) function to be measured. The
obvious approach now to separating the sample information
is to deconvolve the offset aperture overlap function. There
are a number of ways to achieve this. A direct deconvolution
can be performed, such as the Wigner distribution deconvolu-
tion (WDD) approach, which has been used in a number of
applications (see for example Ref. [14]). It is also possible

to solve the deconvolution blind, which means simultaneously
solving for the aperture function and the sample transmission
function, and this is what the single slice iterative algorithms
such as ePIE achieve.[15] For thicker samples, an iterative mul-
tislice approach can cope with multiple scattering and obtain
three-dimensional information.[16]

For a phase object, an alternative route to access the
phase information is to use the integrated center of mass
approach.[5,17] In this approach, the first moment of the inten-
sity is used to get a measure of the grad vector of the potential,

ICoM(𝑄p) =
∫

𝐾fG(𝑄p,𝐾f) d𝐾f. (12)

Much like we saw for the ADF case in Section 2, the in-
tegral over all of 𝐾f allows for the separation of the offset
aperture overlap function and the sample transmission func-
tion. Writing the convolution within G explicitly gives

ICoM(𝑄p) =
∫∫

𝐾fA(𝐾 ′f)A
∗(𝐾 ′f +𝑄p)φ(𝐾f−𝐾 ′f)

×φ
∗(𝐾f−𝐾 ′f−𝑄p) d𝐾f d𝐾 ′f. (13)

Because both the 𝐾f and 𝐾 ′f integrals are over all space,
the integrals can be separated to give

ICoM(𝑄p) =
∫

A(𝐾 ′f)A
∗(𝐾 ′f +𝑄p)d𝐾 ′f

×
∫

𝐾fφ(𝐾f)φ
∗(𝐾f−𝑄p) d𝐾f. (14)

Just like the ADF case, the inverse Fourier transform
leads to a convolution between the probe intensity and, in this
case, the grad vector of the sample phase which can be related
to the projected electric field. The phase of the transmission
function can then be retrieved by an integral of the field vec-
tor. Since the iCoM approach is a route to access the phase
information that arises from the interferometry between dif-
ferent scattering vectors, it can be regarded as another form of
ptychography.

5. Transfer functions for ADF imaging and pty-
chography
A transfer function describes how strongly a particular

spatial frequency in the sample is transferred to the image. It
is inevitable that in any imaging system, there will be an effec-
tive Fourier filter applied, often decreasing in transfer at high
spatial frequencies. In the case of transfer of information for a
weak-phase object in a conventional high-resolution TEM, the
so-called phase contrast transfer function (PCTF) can be quite
complex with negative regions indicating reversals in contrast
at certain ranges of spatial frequency.

In the case of ADF imaging, Eq. (10) shows that the point-
spread function is the probe intensity and therefore the trans-
fer function can be regarded as being the Fourier transform of
the probe intensity, which is the autocorrelation that forms the
d𝐾 ′f integral in Eq. (6). This is known in light optics as the
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optical transfer function (OTF) (see for example Ref. [18]).
Because, in the absence of lens aberrations, the OTF is simply
the integral over the overlap region of two discs separated by
𝑄p, this can be written analytically as

OTF(ω) =
2
π

[
cos−1

(
ω

2

)
− ω

2

√
1−
(

ω

2

)2
]
. (15)

Here it is useful to work with a dimensionless quantity for spa-
tial frequency, defined as ω = |𝑄p|/Kmax, where Kmax is the
maximum transverse momentum vector in the convergent il-
luminating beam, or equivalently the value of 𝐾 at which the
aperture function, A, falls to zero. It can be seen that the OTF
falls to zero at ω = 2 and that therefore the resolution limit
is given by the aperture diameter. It should be noted that in
defining this OTF, we have neglected the filtering of the trans-
mission function that occurs through the detector function in
Eq. (8). The ADF image can be regarded as a map of the abil-
ity of the object to scatter to high angles. With the transfer
defined through a simple OTF in this way, it is tempting to
attempt to deconvolve the transfer from an ADF image. As
shown in Ref. [19], this tends to lead to increased artefacts in
the image. The gradual decay of the transfer smoothly to zero
is close to optimal for minimizing artefacts. A deconvolution
essentially involves dividing by the OTF to give a flat transfer,
but the transfer must fall to zero at the information limit with
the OTF falling to zero at ω = 2, resulting in a sharp cutoff in
transfer and stronger artefacts. This can be overcome through
the use of prior information in a Bayesian approach with early
work being demonstrated in Pennycook’s group.[20]

It is interesting to note that Eq. (14) suggests that the
iCoM method has a similar transfer function, and transfer
functions that are identical to the ADF OTF can be seen
in Ref. [5]. The OTF has a maximum at zero spatial fre-
quency, but there is a contradiction here because any in-line
phase determination method, such as those applied for 4D
STEM phase retrieval methods, cannot measure zero spatial
frequency phase, which is the average phase over the field of
view. Consider the addition of a constant phase to the elec-
tron wave exiting the sample. Such an addition will give rise
to a uniform phase change of the wave in the far field, but
will not lead to changes in amplitude. Since it is the inten-
sity of the wave that is measured, the uniform phase addition
cannot change the measurements in the far-field plane, and so
will not be measurable. Only relative phase changes between
the nonzero spatial frequencies are measurable, as only these
will modify the far-field plane. The transfer for phase retrieval
methods such as iCoM and ptychography must therefore fall
to zero at zero spatial frequency in a way that is not captured
by Eq. (14). Indeed, Ref. [5] notes the similarity between the
iCoM CTF and the ADF OTF, but is careful to note that the

iCoM method cannot retrieve the zero spatial frequency and
the CTFs in that paper are not plotted to zero spatial frequency.

Indeed, if we look at the specific case of the weak-phase
object approximation (WPOA)[21] one can see that the sample
information is only transferred in a region corresponding to
overlap between two diffracted discs, the triple overlap region
not showing interference in the absence of aberrations. It is
possible, therefore, to define a transfer function for 4D STEM
phase retrieval within the WPOA. As can be seen in Fig. 4,
for values of ω above one, this is the overlap that is identical
to the ADF OTF. For ω < 1, however, the 4D STEM PCTF
must start to fall again as the area of the double overlap region
decreases. For ω < 1, it has been shown[22] that the PCTF has
the form

PCTF(ω) =
2
π

[
cos−1

(
ω

2

)
− cos−1

ω +ω

√
1−ω2

−ω

2

√
1−
(

ω

2

)2
]
, (16)

whereas for ω > 1, it follows the same form as the ADF OTF
in Eq. (15). This transfer function is the one that is implicit to
the single-side band (SSB) method that simply uses the infor-
mation in the double overlap region to determine the amplitude
and phase of a specific spatial frequency. Although both SSB
and iCoM can form phase shift images in the WPOA from
the same 4D STEM data, we can now see that different ap-
proaches to extracting the phase information have given rise to
different transfer functions despite the information being ex-
pressed from the same interfering discs in the 4D STEM data
set. We can conclude that there is no single fundamental trans-
fer function for phase images reconstructed from 4D STEM,
unlike ADF STEM. A direct imaging method, such as ADF
STEM, can have a well-defined transfer function that gives a
measure of information transfer for different spatial frequen-
cies, whereas for 4D STEM phase retrieval methods such as
ptychography and iCoM, the image is extracted from the 4D
STEM data using an algorithm and in such cases a CTF is no
longer a useful measure of information content.

The reason for this is because 4D STEM phase image re-
construction methods such as ptychography and iCoM also do
not transfer the noise uniformly, whereas the noise in an ADF
imaging is Poissonian, and therefore uniformly distributed in
spatial frequency. The iCoM method makes use of a math-
ematical step that involves dividing by the spatial frequency,
and therefore will amplify the noise alongside the signal at low
spatial frequencies resulting in no gain in information content,
as noted in the signal to noise analysis presented in Ref. [5]
which does fall to low values at low spatial frequencies. To
evaluate the performance of 4D STEM phase retrieval meth-
ods, a more sophisticated measure is needed otherwise the
high apparent transfer of iCoM at low frequencies might lead
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one to imagine that there is strong information transfer there.
Suggested ways to capture the real information content may
be based on the noise-normalized transfer function suggested
by Ref. [23] or the use of Fisher information indices.[24] We
conclude this section by noting that ptychography can exceed
the diffraction limit for objects with strong enough diffraction
outside the bright-field disc by using the phase difference mea-
sured between adjacent scattered beams to then solve for the
phase of all measurable coherent diffraction.[25,26]

PCTF

OTF

1.0

0.5

0

0 0.5 1.0 1.5 2.0

ω

Fig. 4. A comparison of the OTF for incoherent imaging with the intrin-
sic PCTF for 4D STEM in the WPOA at zero defocus. Note that they
are identical above ω = 1 because in both cases the overlap between two
diffracted discs is interfering.

6. Partial coherence
6.1. Spatial coherence

Finally we consider the impact of partial coherence on
both ADF and ptychography. In STEM, partial spatial coher-
ence refers to the finite extent of the electron source. Ignor-
ing diffraction and aberration effects, the illuminating STEM
probe can be regarded as being a demagnified image of the
electron source, which will have an effective incoherent width.
For both ADF and 4D STEM phase retrieval, the approach of
incorporating this is similar, the intensity of any measurement
is convolved over a range of probe positions controlled by the
effective size of the demagnified electron source.

For ADF, the signal is a convolution in real-space, there-
fore there is an attenuating envelope in reciprocal space, thus

Isrc(𝑄p) = I(𝑄p)S(𝑄p), (17)

where Isrc(𝑄p) and I(𝑄p) are the intensity of the ADF image
with and without the effect of source size partial coherence
included. The envelope, S(𝑄p), is the Fourier transform of
the effective source size at the sample after demagnification.
The greater the degree of demagnification, usually achieved
by exciting the first condenser lens harder, the less the enve-
lope attenuates higher spatial frequencies, but at the expense
of lower beam current.

A similar argument applies to 4D STEM where the par-
tially coherent version of G relates to the perfect coherence

version via

Gsrc(𝑄p,𝐾f) = G(𝑄p,𝐾f)S(𝑄p). (18)

The impact of this is that G is attenuated in the 𝑄p direction
but not in the 𝐾f direction. For methods that only use the BF
disc, such as the SSB method or methods that use segmented
detectors such as a quadrant on the BF disc, the reconstructed
complex image is simply convolved with the effective source
size. Note that this convolution is on the complex image and
not just on the phase component.

Methods that can achieve resolution beyond the diffrac-
tion limit by using larger values of 𝐾f are not limited by spa-
tial coherence. Rather counterintuitively, resolutions higher
than the spatial coherence or indeed the stability of the micro-
scope can be achieved.[25,26]

6.2. Temporal coherence

Partial temporal coherence refers to the defocus spread in-
duced by chromatic aberrations in combination with the spread
of the temporally varying energy of the electrons from the
source, instabilities in the accelerating voltage and fluctuations
in the lens current of the objective lens. In HRTEM, inelastic
scattering of the specimen can also contribute significantly to
the energy spread of the beam entering the objective lens. In
HRTEM, this chromatic defocus spread imposes a damping
envelope on the transfer function

Echr(𝑄p) = exp
(
−1

2
π

2
λ

2
∆

2|𝑄p|4
)
, (19)

where ∆ is the defocus spread, assuming a Gaussian defocus
spread. In STEM, the probe forming optics are before the
specimen, so the energy spread created by inelastic scattering
with the sample is not a significant concern in contrast to the
situation in HRTEM. This means that the energy spread reduc-
ing temporal coherence can be much lower in STEM, particu-
larly for thick specimens. However there is always a defocus
spread imposed by the microscope itself, typically principally
through the energy spread of the electron source, which can be
reduced by the use of a monochromator.

In STEM, partial temporal coherence must be taken into
account by integrating over the defocus spread that enters the
STEM master equation, Eq. (6), via the multiplicative pairs of
aperture functions in the left bracket. For a given 𝑄p, in the
absence of aberrations other than a defocus δ ,

A(𝐾f)A∗(𝐾f +𝑄p) = 2a(𝐾f)a(𝐾f +𝑄p)

× exp
[
−iπλδ

(
2𝐾f ·𝑄p + |𝑄p|2

)]
, (20)

where a(𝐾f) is the real top hat amplitude function defining the
extent of the aperture. Thus within each double disk overlap
there exists a line along the perpendicular bisector of 𝐾f and
𝑄p, 𝐾f ·𝑄p = |𝑄p|2/2, for which the defocus has no effect.
These lines are known as achromatic lines because a chromatic
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defocus spread will have no effect along them, and occur when
the interfering beams shown in Fig. 2 are equidistant from the
optic axis and therefore suffer the same phase shift due to defo-
cus. The achromatic lines exist for every 𝑄p due to the cancel-
lation of the spherically symmetric aberrations along the line
equidistant from the centers of the A(𝐾f) and A∗(𝐾f +𝑄p)

terms because of the complex conjugation of the second aper-
ture function in Eq. (20).

As the temporal defocus spread is a fluctuation, it can be
informative to consider the summation of two equal and oppo-
site defocus values σ . From Eq. (20) we obtain via trigono-
metric identity

A(𝐾f)A∗(𝐾f +𝑄p) = 2a(𝐾f)a(𝐾f +𝑄p)

×2cos
[
πλσ

(
2𝐾f ·𝑄p + |𝑄p|2

)]
. (21)

The period of this cosine is 2/(λσ), so for small values of
defocus the interference between the two defocused beams
causes a slow falloff in the amplitude in the double disk over-
lap regions. For large values of defocus, an oscillation across
the overlap region results. If one increases the number of
defoci pairs in the spread, then these different cosine varia-
tions in the amplitude interfere, but always retaining an unaf-
fected achromatic line. It has been shown[27,28] that integrat-
ing Eq. (20) weighted with physically reasonable distribution
of defocus spread gives, for overlaps including the bright-field
disc,

Gchr(𝑄p,𝐾f) = G(𝑄p,𝐾f)

× exp
[
−1

2
π

2
λ

2
∆

2 (2𝐾f ·𝑄p + |𝑄p|2
)]

, (22)

and overlap regions at higher 𝐾f values are attenuated by the
same envelope if they contribute at the same 𝑄p value, as can
be observed in Fig. 6. Notice that there is no dependence on
the specific defocus value now, but only the chromatic defocus
spread itself.

Thus the effect of partial temporal coherence is to modu-
late G(𝑄p,𝐾f) by a frequency dependent 4D envelope func-
tion, but it is not a simple envelope that damps higher fre-
quencies to zero exponentially. Examples of the achromatic
lines appearing in the amplitude of G(𝑄p,𝐾f) are shown in
Fig. 5. Moving off an achromatic line perpendicular to it in
𝐾f there is a Gaussian attenuation of the amplitude depending
on the size of the defocus spread and following a 1/𝑄p de-
pendence on spatial frequency. The extent of significant am-
plitude within the double overlap regions can either be limited
by extent of the double overlap itself or by the falloff due to
the Gaussian attenuation due to partial temporal coherence.

This means if the defocus spread is large enough to be
limiting for a set of frequencies, the transfer function itself
will exhibit a 1/𝑄p dependence. As the size of the double

disk overlaps themselves drops off faster than this towards
the ω = 2 resolution limit, partial temporal coherence actu-
ally minimally affects the transfer of the highest spatial fre-
quencies, significantly less than the midrange frequencies.[27]

Beams interfering near to the resolution limit will have passed
through the objective lens almost diametrically opposite and
therefore experienced the same phase change due to defocus
variations and are achromatic.

Q1 Q2 Q3

∆
=

1
.5

 
n
m

∆
=

3
 
n
m

∆
=

6
 
n
m

Fig. 5. Achromatic lines appearing in the amplitude of G(𝑄p,𝐾f) vs. 𝐾f
displayed for three frequencies with Q3 > Q2 > Q1 at three levels of de-
focus spread as simulated for graphene. The falloff in amplitude moving
perpendicular to the achromatic lines can be seen to increase with both
increasing defocus spread and increasing spatial frequency.

Q1 Q2 Q3

∆
=

3
 
n
m

Fig. 6. The same ∆ = 3 nm amplitudes of G(𝑄p,𝐾f) Fig. 5 displayed
on a log scale and showing a wider range of 𝐾f, allowing one to see how
similar attenuation occurs for the overlaps occurring at higher angles.

This is how temporal incoherence reduces the signal in
STEM, for both ADF imaging and 4D STEM methods such
as ptychography. However presence of the achromatic lines
means these methods can be more robust than HRTEM for
an equal amount of energy spread, as has been discussed
previously.[27–29]

7. Conclusion
Here a common framework has been presented for STEM

imaging which allows the links between high-resolution ADF
STEM imaging, pioneered by Steve Pennycook, and the
emerging field of 4D STEM and in particular ptychography
to be made. For example, it is shown that because both ADF
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imaging and the SSB method of ptychographical image re-
construction involve integrating in the detector plane over disc
overlaps they exhibit similar transfer functions at higher spa-
tial frequencies, though not at lower spatial frequencies due to
SSB only being applicable in the WPOA. Similarly, because
the iCoM technique integrates over the whole detector, its CTF
is identical to the ADF OTF. However, whereas ADF is a direct
imaging technique with Poisson distributed noise, and so its
OTF is a meaningful quantity describing information transfer,
we note that CTFs for 4D STEM phase retrieval techniques are
not because the noise is not transferred uniformly with respect
to spatial frequency. We also note that the impacts of partial
spatial and temporal coherence on ADF and ptychographical
images are very similar, and the contribution of achromatic in-
terference in both cases leads to a strong robustness to partial
temporal coherence.

It may seem surprising that such clear links can be made
between ADF imaging, regarded as an incoherent mode, and
ptychography which is regarded as a coherent mode of imag-
ing. However, we have shown that ADF imaging relies on co-
herent interference between the converging beams forming the
illuminating probe and the incoherence of ADF does not rely
on intrinsically incoherent scattering. The apparent contradic-
tion can be resolved by using the principle of reciprocity to
reverse the beam paths for ADF. Such a configuration would
then involve large, incoherent, annular illumination with the
image forming lenses after the sample. Such incoherent illu-
mination of objects is the most common in microscopy and in
most other forms of imaging.

In the framework presented, important intrinsically inco-
herent scattering such as TDS has been neglected. An impor-
tant attribute of ADF imaging is that such intrinsically inco-
herent scattering can also be collected and used in the image
forming process and the formulation. Such scattering is inco-
herent in part because of the range of scattering momenta that
it can generate, and so the similarity to incoherence generated
through the integration over final wavevectors performed here
can be made.

Finally, we note that we have illustrated some of the lim-
itations of using transfer functions to compare techniques, es-
pecially with the emergence of 4D STEM phase retrieval tech-
niques, and that new frameworks will be needed to enable
comparisons to be made.
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A, Galioit V, Marquardt D, Zweck J, Schattschneider P, Verbeeck J and
Rosenauer A 2017 Ultramicroscopy 178 62

[18] Black G and Linfoot E H 1957 Math. Phys. Eng. Sci. 239 522
[19] Nellist P D and Pennycook S J 1998 Journal of Microscopy 190 159
[20] McGibbon A J, Pennycook S J and Jesson D E 1999 Journal of Mi-

croscopy 195 44
[21] Pennycook T J, Lupini A R, Yang H, Murfitt M F, Jones L and Nellist

P D 2015 Ultramicroscopy 151 160
[22] Yang H, Rutte R N, Jones L, Simson M, Sagawa R, Ryll H, Huth M,

Pennycook T J, Green M L H, Soltau H, Kondo Y, Davis B G and Nel-
list P D 2016 Nat. Commun. 7 12532

[23] Seki T, Ikuhara Y and Shibata N 2018 Ultramicroscopy 193 118
[24] Dwyer C and Paganin D M 2024 Phys. Rev. B 110 024110
[25] Chen Z, Jiang Y, Shao Y T, Holtz M E, Odstrčil M, Guizar-Sicairos M,
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