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Nonlinear ion acoustic waves in multicomponent plasmas with
nonthermal electrons–positron and bipolar ions

Mai-Mai Lin(林麦麦)†, Chen-Guang Song(宋晨光), Fu-Yan Chen(陈富艳), and Ming-Yue Wang(王明月)

College of Physics and Electronic Engineering, Northwest Normal University, Lanzhou 730070, China

(Received 22 July 2024; revised manuscript received 4 October 2024; accepted manuscript online 10 October 2024)

This paper studied the propagating characteristics of (2+1)-dimensional nonlinear ion acoustic waves in a multicom-
ponent plasma with nonthermal electrons, positrons, and bipolar ions. The dispersion relations are initially explored by
using the small amplitude wave’s dispersion relation. Then, the Sagdeev potential method is employed to study large am-
plitude ion acoustic waves. The analysis involves examining the system’s phase diagram, Sagdeev potential function, and
solitary wave solutions through numerical solution of an analytical process in order to investigate the propagation properties
of nonlinear ion acoustic waves under various parameters. It is found that the propagation of nonlinear ion acoustic waves
is subject to the influence of various physical parameters, including the ratio of number densities between the unperturbed
positrons, electrons to positive ions, nonthermal parameters, the mass ratio of positive ions to negative ions, and the charge
number ratio of negative ions to positive ions, the ratio of the electrons’ temperature to positrons’ temperature. In addition,
the multicomponent plasma system has a compressive solitary waves with amplitude greater than zero or a rarefactive soli-
tary waves with amplitude less than zero, in the meantime, compressive and rarefactive ion acoustic wave characteristics
depend on the charge number ratio of negative ions to positive ions.

Keywords: nonlinear ion acoustic waves, nonthermal electrons, bipolar ions, Sagdeev potential method

PACS: 52.35.Mw, 05.45.Yv, 47.20.Ky DOI: 10.1088/1674-1056/ad854f

1. Introduction
In recent decades, the structure of various waves has been

extensively discussed, especially the theoretical and experi-
mental studies of the nonlinear dynamics of ion acoustic waves
have been intensively investigated.[1–3] The propagation of
nonlinear ion acoustic waves in cold plasma was first inves-
tigated by Washimi et al.[4] On the other hand, ion acoustic
waves in plasma were first observed experimentally by Ikezi
et al.[5] Since then, ion acoustic waves have been studied
extensively.[6–10]

Multiple studies highlight the importance of nonequilib-
rium, rapidly distributed nonthermal particles found in both
laboratory and space models. It is shown that different distri-
bution conditions have an important influence on the nonlinear
process of ion acoustic waves.[11–17] For example, Lin et al.
studied large amplitude nonlinear ion acoustic waves in a mul-
ticomponent plasma containing Kappa electron distribution. It
is found that the number of Kappa electrons have important
effect on the propagation of nonlinear ion acoustic waves.[18]

Sabry et al. investigated the effect of nonthermal distribution
of electrons on nonlinear ion acoustic waves. The results
showed that the nonthermal parameters play a key role in the
formation of ion acoustic waves.[19] On the other hand, the
study of ionic pairs (IP) and electrons–positrons–ions (EPI)
in plasmas performs a useful investigation for the propagat-
ing wave characteristics in many astrophysical and laboratory
wave applications.[20–22] Electron–positrons are found in Van

Allen belts and near the polar caps of rapidly rotating neu-
tron stars, the early universe, the active galactic nuclei, the
pulsar magnetosphere, etc.[23–28] Jannat et al. investigated the
nonlinear propagation of ion acoustic shock waves contain-
ing nonextensive distributions of electrons and positrons. It
is found that different plasma parameters create ion acoustic
shock waves with positive and negative potentials.[29] Singh
et al. studied the evolution and characterization of ion acous-
tic solitary waves (IASW) in a multicomponent plasma con-
sisting of thermally inertial ions, superthermal electrons, and
positrons. It is demonstrated that the positron density and the
superthermal index of electrons and positrons play a key role
in the formation of IASW.[30]

The large amplitude ion acoustic waves in a four-
component plasma consisting of nonthermal electron–positron
distribution and bipolar ions have rarely been studied. There
are many effective methods for studying plasma wave phe-
nomena. Among them, the Sagdeev potential method has
been widely used as a tool for investigating arbitrary ampli-
tude wave processes.[31–35] In this paper, the small amplitude
wave’s dispersion relation and the Sagdeev potential method
have been used to investigate the impact of physical parame-
ters on the propagating characteristics of nonlinear ion acous-
tic waves in this multicomponent plasma. Firstly, a theoreti-
cal model of (2+1)-dimensional nonlinear ion acoustic waves
in a multicomponent plasma system consisting of positive
ions, negative ions, and nonthermal distributed electrons and
positrons is presented. Secondly, the critical Mach number
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of the system is obtained, and the dispersion relation of the
nonlinear ion acoustic waves is analyzed using the linearized
method. The specific expression of the two-dimensional (2D)
autonomous system, the Sagdeev potential equation, and the
Sagdeev potential function are derived using the Sagdeev po-
tential method. Finally, the phase diagram of the 2D au-
tonomous system, the Sagdeev potential function, and the non-
linear ion acoustic solitary waves are discussed in detail with
the help of numerical solution of an analytical process.

2. Theoretical model
In order to study the nonlinear ion acoustic waves in mul-

ticomponent plasma, it is assumed that there is a multicom-
ponent plasma, consisting of positive ions, negative ions, non-
thermal distributed electrons and positrons. Additionally, the
plasma fluid is considered to evolve in two spatial dimensions,
x and y, and one temporal dimension t, resulting in the dimen-
sionless evolution equation for the (2+1)-dimensional nonlin-
ear ion acoustic waves, the schematic diagram is shown in
Fig. 1.

e- e+

e+

e+

e-

e-

Fig. 1. The physical setup of the plasma system.

As is well known, the continuity equations for negative
ions and positive ions are expressed as follows:[36]

∂Nn,p

∂ t
+

∂

∂x

(
Nn,pUn,p

)
+

∂

∂y

(
Nn,pVn,p

)
= 0, (1)

the momentum equations in x and y directions for negative and
positive ions are:

∂Un

∂ t
+Un

∂Un

∂x
+Vn

∂Un

∂y
−Z∓Q

∂φ

∂x
= 0, (2)

∂Vn

∂ t
+Un

∂Vn

∂x
+Vn

∂Vn

∂y
−Z∓Q

∂φ

∂y
= 0, (3)

∂Up

∂ t
+Up

∂Up

∂x
+Vp

∂Up

∂y
+

∂φ

∂x
= 0, (4)

∂Vp

∂ t
+Up

∂Vp

∂x
+Vp

∂Vp

∂y
+

∂φ

∂y
= 0. (5)

The Poisson equation is

∂ 2φ

∂x2 +
∂ 2φ

∂y2 +Np−αnNn = ne−npo, (6)

where Nn,p are the dimensionless number of negative and pos-
itive ions, which normalized by its equilibrium value Nn0

and Np0 respectively. Un,p and Vn,p are the fluid velocities
of negative and positive ions in x and y directions, which
normalized by the negative and positive ion fluid velocities
Cs =

(
KBTe/mp

)1/2, where KB is the Boltzmann constant, Te is

the electronic temperature, mp the mass of the positive ion, re-
spectively. The time variables t are normalized by the inverse
of plasma frequency

ω
−1
pi =

(
mp/4πe2Z2

+Np0
)1/2

,

where Z+ is charge numbers of positive ions. ω
−1
pi is the typ-

ical characteristic time of ion oscillations, using ω
−1
pi as the

characteristic time can reflect the response time of the plasma
to perturbations. The space variables x and y are normalized
by the Debye length

λD = KBTe/4πe2Z2
∓mp0,

where Z∓ = Z−/Z+ is charge numbers of negative to positive
ions. λD is the characteristic length of charge shielding effect
in plasma, using λD as the characteristic length can reflect the
fluctuation on different spatial scales. The electrostatic poten-
tial φ is normalized by KBTe/eZ+. Q = mp/mn is the ratio of
the mass, where mp and mn are the heavy and light ion fluid
mass, respectively. αn = Z−Nn0/Z+Np0 represents the unper-
turbed number density ratio of negative ion to positive ion,
detailed as follows:[36–38]

Nn,p =
N′n,p

Nn0,p0
, Un,p =

U ′n,p
Cs

, Vn,p =
V ′n,p
Cs

, t =
t ′

ω
−1
pi

,

x =
x′

λD
, y =

y′

λD
, φ =

φ ′

KBTe/eZ+
.

The observations of space plasma showed that there are a
lot of nonthermal distributed electrons exist in the space
plasma. The nonthermal distributed expressions of electrons
and positrons in Poisson equation are expressed as follows:[39]

ne = αe
(
1−βφ +βφ

2) eφ , (7)

npo = αp
(
1+σβφ +σ

2
βφ

2) e−σφ , (8)

where αe = Ne0/Z+Np0, αp = Npo/Z+Np0, where Ne0 is the
unperturbed electron density. The parameter σ = Te/Tpo is
the ratio of the electrons’ temperature to positrons’ tempera-
ture. β = 4δ/1+3δ , where δ is the population of nonthermal
electrons and positrons. The equilibrium condition is given by
αn +αe = 1+αp.

3. Small amplitude nonlinear wave’s dispersion
relation
In order to derive the nonlinear dispersion relation of the

nonlinear ion acoustic waves, equations (1)–(6) have been lin-
earized as follows:

Nn,p = 1+ εN(1)
n,p · e i(kxx+kyy−ωt),

Un,p = ε ·U (1)
n,p · e i(kxx+kyy−ωt),

Vn,p = ε ·V (1)
n,p · e i(kxx+kyy−ωt),

φ = ε ·φ (1) · e i(kxx+kyy−ωt),

where kx and ky are the wave numbers in x and y directions and
ω is the wave frequency.
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In both the space and laboratory environments’ plasma,
there exist different kinds of multicomponent plasma, such as
the
(
H+,O−2

)
and (H+,H−) multicomponent plasmas in the

D− and F− regions of the Earth’s ionosphere, the (Ar+,F−)
multicomponent plasmas in the laboratory plasma. These
kinds of plasmas, exhibit varying mass ratios Q due to their
different compositional components. The mass ratio has an ef-
fect on the propagating characteristics of nonlinear ion acous-
tic waves. Notably, the mass ratios for

(
H+,O−2

)
, (H+,H−),

and (Ar+,F−) plasmas are 0.03, 1, and 2.1, respectively.[36,39]

The dispersion relation of nonlinear ion acoustic waves is de-
termined as

ω
2 =

(
2−αe +αp

)
·Q ·Z∓ ·

(
k2

x + k2
y
)

αe−αe · 4δ

1+4δ
+αp ·σ +

(
k2

x + k2
y
) . (9)

The propagation of nonlinear ion acoustic waves in a four-
component plasma which values containing of the positive
ions, negative ions, nonthermal distributed electrons and
positrons have been studied in detail, depending on the fol-
lowing parameters: αp, αe, δ , Q, Z∓, and σ , respectively. Fig-
ure 1 depicts the variations of dispersion relation under differ-
ent parameter values when ky = 0. The results show that ω2

increases with the increases of parameters αp, δ , Q, Z∓, kx.
An increase in positron number density weakens the plasma
screening effect, allowing the ion acoustic waves to propagate
with higher frequencies. Similarly, a higher nonthermal pa-
rameter δ indicates a larger proportion of energetic particles
in the plasma, which accelerates the wave propagation and in-
creases the frequency.
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Fig. 2. The variations of dispersion relation with different parameters:
(a) αp = 0.6, 0.7, 0.8, the fixed parameters are σ = 1.1, αe = 0.5, δ = 0.2,
Q = 2.1, Z∓ = 1, and ky = 0; (b) αe = 0.4, 0.5, 0.6, the fixed parameters
are σ = 1.1, αp = 0.7, δ = 0.2, Q = 2.1, Z∓ = 1, and ky = 0; (c) δ = 0.15,
0.2, 0.22, the fixed parameters are σ = 1.1, αp = 0.7, αe = 0.5, Q = 2.1,
Z∓ = 1, and ky = 0; (d) Q = 0.03, 1.0, 2.1, the fixed parameters are σ = 1.1,
αp = 0.7, αe = 0.5, δ = 0.2, Z∓ = 1, and ky = 0; (e) Z∓ = 1.0, 1.2, 1.3,
the fixed parameters are σ = 1.1, αp = 0.7, αe = 0.5, δ = 0.2, Q = 2.1, and
ky = 0; (f) σ = 1.1, 1.2, 1.3, the fixed parameters are αp = 0.7, αe = 0.5,
δ = 0.2, Q = 2.1, Z∓ = 1, and ky = 0.

Moreover, as the mass ratio Q increases, despite the added
inertial effect of heavier positive ions, the stronger electric
field restoring force enhances wave propagation, resulting in
higher frequencies. The charge number ratio Z∓ also plays a
role: an increase in this ratio strengthens the restoring force
between positive and negative ions, further raising the propa-
gation frequency.

On the other hand, it can be seen from Figs. 2(b) and 2(f)
that ω2 decreases gradually when the parameters αe, σ in-
crease gradually. When the electron density radio αe and the
electron temperature radio σ increase, higher electron density
enhances the screening effect, which diminishes the restoring
force of the electric field, lowering the frequency. Similarly, an
increase in electron temperature increases the speed of ther-
mal motion, strengthening the screening effect and reducing
the wave frequency.

This indicates that the propagation frequency of the ion
acoustic wave is higher when the unperturbed number density
ratio of the positron to positive ions, nonthermal parameters,
the mass ratio of positive ions to negative ions, and the charge
number ratio of negative ions to positive ions increase. At the
same time, there are some effects of other parameters on the
propagation frequency of the nonlinear ion acoustic wave.

In addition, figure 2(f) shows that the nonlinear ion acous-
tic wave propagates at a very low frequency when Q = 0.03.
It can be seen that the mass ratio Q of positive ions to negative
ions plays an important role in the propagation frequency of
nonlinear ion acoustic waves.

4. Propagating characters of large amplitude
nonlinear waves
To obtain the propagating characters of the large ampli-

tude nonlinear ion acoustic waves in the system, a new vari-
able ξ = lxx+ lyy−Mt is introduced, where lx and ly represent
the wave numbers in the x and y directions respectively, and M
is the Mach number associated with the localized wave. Con-
sequently, the system of negative ions can be transformed into
ordinary differential equations in terms of the variable ξ

−M · dNn

dξ
+ lx ·

d (NnUn)

dξ
+ ly ·

d (NnUn)

dξ
= 0,

−M · dUn

dξ
+Un · lx ·

d(Un)

dξ
+Vn · ly ·

d(Un)

dξ

−Z∓ ·Q · lx ·
d (φ)
dξ

= 0,

−M · dVn

dξ
+Un · lx ·

d(Vn)

dξ
+Vn · ly ·

d(Vn)

dξ

−Z∓ ·Q · lx ·
d (φ)
dξ

= 0.

Integrating the relationship given above and utilizing the fol-
lowing boundary conditions:[37] ξ →±∞, Nn,p→ 1, Un,p→ 0,
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Vn,p→ 0, and φ → 0, we obtain

Nn =

√
M2

M2+2QφZ∓
. (10)

For positive ions,

−M
dNp

dξ
+ lx

d
(
NpUp

)
dξ

+ ly
d
(
NpUp

)
dξ

= 0,

−M
dUp

dξ
+Uplx

d
(
Up
)

dξ
+Vply

d
(
Up
)

dξ
+ lx

d (φ)
dξ

= 0,

−M
dVp

dξ
+Uplx

d
(
Vp
)

dξ
+Vply

d
(
Vp
)

dξ
+ ly

d (φ)
dξ

= 0.

Similarly, we can obtain

Np =

√
M2

M2−2φ
. (11)

For the Poisson equation,

d2φ

dξ 2 +Np−αnNn = αe
(
1−βφ +βφ

2) eφ − αp
(
1+σβφ +σ

2
βφ

2) e−σφ . (12)

Substituting Eqs. (10) and (11) into the Poisson equation (12) and expanding the resulting expression, we obtain

d2φ

dξ 2 = A1φ +A2φ
2, (13)

where

A1 =

(
− 1

M2 −
4δ

1+3δ
+1
)

αe−
Q ·Z∓ ·αn

M2 + σ

(
− 4δ

1+3δ
+1
)

αp,

A2 =
1
2
·
(
− 3

M4 +αe +
3Q2 ·Z2

∓ ·αn

M4 +1
)
−σ

2
αp.

Transform Eq. (13) into a 2D autonomous system
dφ

dξ
=Ψ ,

dΨ

dξ
= A1φ +A2φ 2.

(14)

Now, multiplying Eq. (13) by dϕ/dξ , integrating the re-
sulting expression once, we can obtain the Sagdeev potential
equation

1
2

(
dφ

dξ

)2

+V (φ) = 0, (15)

where the Sagdeev potential V (φ) is defined as follows:

V (φ) =−1
2

A1φ
2− 1

3
A2φ

3. (16)

The advantage of employing the Sagdeev potential technique
lies in our ability to detect the presence of solitary waves under
certain conditions:[40]

(i) V (φ) = 0 at φ = 0 and φ = φm, where φm is the maxi-
mum value of φ ;

(ii) dV (φ)/dφ = 0 at φ = 0, so that the fixed point at the
origin is unstable;

(iii) d2V/dφ 2 < 0 at φ = 0.
It is important to highlight that V (φ) < 0 for φ between

0 and φm, i.e., when the condition φ < φm < 0 is satisfied, the
system exhibits rarefactive solitary waves and if the condition
0 < φm < φ is meet, the compressive solitary waves emerge in
the system. Since the Mach number M enters as a free param-
eter whose allowed range of values has to be determined. For
the third condition (iii): d2V/dφ 2 < 0 at φ = 0, we can obtain
the critical value of Mach number Mcr:[40]

Mcr =

√√√√1+3δ +Q ·Z∓ ·αn +3 ·Q ·Z∓ ·αn ·δ +

√
(−1−3δ −Q ·Z∓ ·αn−3Q ·Z∓ ·αn ·δ )2

2
(
αe−δ ·αe +σ ·αp−δ ·σ ·αp

) . (17)

The variations of critical Mach number with different pa-

rameters is shown in Fig. 3, from which it can be seen that

the critical Mach number depends on the parameters αp, αe,

δ , Q, Z∓, and σ , the acceptable minimum Mach number de-

creases progressively with the increase of parameters αp, αe,

and σ . This indicates that an increase in physical quantities,

such as the ratio of number densities of positron, electrons

to positive ions, the temperature ratio between electrons and
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positrons leads to a decrease in the minimum Mach number
required for the presence of ion acoustic waves. The critical
Mach number is a key parameter that determines the existence
and propagation of the solitary waves. Only when the Mach
number exceeds a certain critical value, can a solitary wave
form and propagate stably. Conversely, when the Mach num-
ber is below the critical value, a stable solitary wave cannot
form. For instance, when the system parameters are σ = 1.1,
αe = 0.5, M = 3.0, δ = 0.2, Z∓ = 1, and Q = 2.1, the min-
imum Mach numbers required to form stable solitary waves
are 2.53, 2.35, and 2.20, respectively. However, as other pa-
rameters gradually increase, the range of the minimum Mach
number accepted by ion acoustic waves gradually increases.
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Fig. 3. The variations of critical Mach number with different parameters:
(a) αp = 0.6, 0.7, 0.8, the fixed parameters are σ = 1.1, αe = 0.5, δ = 0.2,
and Z∓ = 1; (b) αe = 0.4, 0.5, 0.6, the fixed parameters are σ = 1.1, αp = 0.7,
δ = 0.2, Z∓ = 1; (c) δ = 0.15, 0.2, 0.22, the fixed parameters are σ = 1.1,
αp = 0.7, αe = 0.5, and Z∓ = 1; (d) the fixed parameters are σ = 1.1,
αp = 0.7, αe = 0.5, δ = 0.2, Z∓ = 1; (e) Z∓ = 1.0, 1.2, 1.5, the fixed pa-
rameters are σ = 1.1, αp = 0.7, αe = 0.5, δ = 0.2; (f) σ = 1.1, 1.2, 1.3, the
fixed parameters are αp = 0.7, αe = 0.5, δ = 0.2, and Z∓ = 1.

5. Results and discussion
In order to study the different types of waves present in a

multicomponent plasma with nonthermal electrons and bipo-
lar ions, the influence of various parameters on the nonlinear
dynamical system (14) have been analyzed.

Figures 4–9 depict the variations in the phase diagram of a
complex plasma system under different parameter conditions.
From the phase diagrams, it can be observed the existence
of linear periodic wave orbits (LPOs) and nonlinear periodic
wave orbits (NPOs) centered around the central point, as well
as the homoclinic orbits (NHOs) that originate from a saddle
point and return to the same saddle point. This implies the
simultaneous presence of the linear periodic wave solutions,
the nonlinear periodic wave solutions, and the solitary wave
solutions in the system.[40]

Figure 4 illustrates the variations of the phase diagram for
different parameter values. The other parameters are taken as
σ = 1.1, αe = 0.5, M = 3.0, δ = 0.2, Z∓ = 1, and Q = 2.1,
respectively. It can be seen that the range of existence for the
phase diagram decreases rapidly when the values of parameter
αp increase from 0.6 to 0.8. This indicates that the presence
of positron number density has an effect on the distribution of
linear periodic wave orbitals, nonlinear periodic wave orbitals,
and homoclinic orbits in the phase space. Specifically, as the
system parameter αp gradually increases, the existence range
of various orbits in the phase diagram gradually narrows. This
indicates that the range of existence for solitary wave solutions
also decreases correspondingly, and the phase space position
of the solitary wave solutions shifts. Furthermore, it can be
observed from the figure that as the parameter αp increases,
the amplitude φ of the solitary wave corresponding to the ho-
moclinic orbit gradually decreases. This is validated in the
subsequent discussion on solitary waves.

Figure 5 illustrates the variations of the phase diagram
for different values of αe, the values of other parameters are
σ = 1.1, αp = 0.7, M = 3.0, δ = 0.2, Z∓ = 1, and Q = 2.1,
respectively. It can be seen that the existence range of the
phase diagram tends to increase with the gradual increase of
αe. It is noteworthy that the existence range of various non-
linear waves is relatively larger when the value of αe is 0.8.
This phenomenon indicates that the presence of electron num-
ber density is favorable to expand the existence range of vari-
ous nonlinear waves. Specifically, as the system parameter αe

gradually increases, the existence range of solitary wave solu-
tions expands, and their position also changes. Additionally,
as the parameter αe increases, the amplitude φ of the solitary
wave corresponding to the homoclinic orbit increases.
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Fig. 4. The variations of system phase diagram with different values of αp.
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Figure 6 shows the variations of the phase diagram for dif-
ferent values of δ . The other parameters are taken as σ = 1.1,
αp = 0.7, αe = 0.5, M = 3.0, Z∓ = 1, and Q = 2.1, respec-
tively. From the figure, it can be seen that the range of the
existence for the phase diagram decreases with the increase of
δ , i.e., the number of nonthermal electrons and positrons has
some effects on the range of existence for the phase diagram
of the system. This shows that: more numbers of nonther-
mal electrons and positrons reduce the range of existence for
linear periodic wave solutions, nonlinear periodic wave solu-
tions, and solitary wave solutions. In other words, when δ

increases, the range and position of solitary wave solutions
in phase space undergo significant compression. At the same
time, the amplitude of the solitary wave decreases as δ in-
creases. In the ionosphere, when nonthermal effects are sig-
nificant, the propagation characteristics of ion acoustic waves
are affected.

Figure 7 shows the variations of the phase diagram for
different parameters of Q. The other parameters are taken as

σ = 1.1, αp = 0.7, αe = 0.5, M = 3.0, Z∓ = 1, and Q = 2.1,
respectively. It can be found that the range of existence for
the phase diagram decreases with the increase of Q. This in-
dicates that: the larger mass ratio of negative ions to positive
ions the smaller the range of existence of linear periodic wave
solutions, nonlinear periodic wave solutions, and solitary wave
solutions. The amplitude φ of the solitary wave on the homo-
clinic orbit decreases. This indicates that a larger mass ratio
of positive to negative ions imposes a limiting effect on the
propagation range of the waves in the ionosphere.

Figure 8 illustrates the variations of the phase diagram
with different values of charge number ratios Z∓. It can be
found that the range of the existence for the phase diagram
gradually increases with increasing Z∓ as the negative to pos-
itive ion charge ratio increases from 1 to 1.2. However, it
is noteworthy that the polarity of the phase diagram changes
when Z∓ = 1.5. This suggests that the change of the charge ra-
tio for negative to positive ions affects the distribution of lin-
ear periodic wave orbitals, nonlinear periodic wave orbitals,
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and homoclinic orbitals in the phase space, which in turn af-
fects the range of existence of linear periodic wave solutions,
nonlinear periodic wave solutions, and solitary wave solutions.
Furthermore, it can be observed that as the charge number ra-
tio of positive to negative ions gradually increases, the range
and position of solitary wave solutions in phase space undergo
significant expansion. At the same time, the amplitude of the
solitary wave gradually increases with the increase of Z∓, and
when Z∓ = 1.5, the polarity of the phase diagram changes.
This indicates that the charge number ratio of positive to neg-
ative ions in the ionosphere can alter the behavior of plasma
fluctuations.

Figure 9 illustrates the variations of the phase diagram

with different values of the electron to positron’s temperature

ratio σ . The other parameters are αe = 0.5, αp = 0.7, M = 3.0,

δ = 0.2, Z∓ = 1 and Q = 2.1, respectively. It is found that the

range of the existence for the phase diagram decreases gradu-

ally with the increase of the parameter σ . This indicates that

the increase of the electron to positron temperature ratio sig-

nificantly narrows the range of the existence for various non-

linear waves. In particular, the range of solitary wave solutions

in phase space also decreases correspondingly, while the am-

plitude of the solitary wave decreases with the increase of σ .

This temperature difference in the ionosphere affects the prop-

agation characteristics of ion acoustic waves.
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From the phase diagram, it can be observed that the ex-
istence of homoclinic orbits is near the saddle point, indicat-
ing the presence of solitary wave solutions in the system. To
demonstrate this, the Sagdeev potential V (φ) has been plotted
to study the properties of solitary waves. Figure 10 illustrates
the variations of the Sagdeev potential with different parame-
ters.

Based on the previous discussion and the Sagdeev po-
tential diagram, it is evident that under the given parameter
values, the plasma system exhibits either compressive solitary
waves with amplitudes greater than zero or rarefactive solitary
waves with amplitudes less than zero. On the other hand, fig-
ure 10 indicates that as αp, δ , Q, and σ increase gradually,
the amplitude of ion acoustic waves decreases. Conversely,
as αe increases gradually, the amplitude of ion acoustic waves
increases. It is worth noting that figure 10(e) shows that the

solitary wave amplitude gradually increases with the increase
of the system parameter Z∓ from 1 to 1.2, and when the value
of 1.5 is taken, the solitary wave in the system is transformed
from a compressive solitary wave to rarefactive solitary wave.

To clearly illustrate the waveform and the amplitude char-
acteristics of solitary waves, the Sagdeev equation can be
solved analytically and the ion acoustic solitary waves have
been obtained:[41]

φ = φm · sech2
(

ξ

D

)
, (18)

where the amplitude of solitary wave is

φm =−3
2

A2

A3
,

and the width of solitary wave is D =
√

4/A2, respectively.
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Fig. 10. The variations of Sagdeev potentia V (φ) with different parameters:
(a) αp = 0.6, 0.7, 0.8, the fixed parameters are σ = 1.1, αe = 0.5, δ = 0.2,
Q = 2.1, M = 3.0, and Z∓ = 1; (b) αe = 0.4, 0.5, 0.6, the fixed parameters are
σ = 1.1, αp = 0.7, δ = 0.2, Q = 2.1, M = 3.0, and Z∓ = 1; (c) δ = 0.15, 0.2,
0.22, the fixed parameters are σ = 1.1, αp = 0.7, αe = 0.5, Q = 2.1, M = 3.0,
and Z∓ = 1; (d) Q = 0.03,1.0,2.1, the fixed parameters are σ = 1.1, αp = 0.7,
αe = 0.5, δ = 0.2, M = 3.0, and Z∓ = 1; (e) Z∓ = 1.0,1.2,1.5, the fixed pa-
rameters are σ = 1.1, αp = 0.7, αe = 0.5, δ = 0.2, M = 3.0, and Q = 2.1.
(f) σ = 1.1, 1.2, 1.3, the fixed parameters are αe = 0.5, αp = 0.7, M = 3.0,
δ = 0.2, Z∓ = 1, and Q = 2.1.

Figure 11 presents the specific evolution patterns of wave-
forms. Under the given parameter values, the plasma system
exhibits either compressive solitary waves with amplitudes
greater than zero or rarefactive solitary waves with amplitudes
less than zero. Figures 11(a), 11(c), 11(d), and 11(f) show
that the amplitude of the solitary wave gradually decreases
while the width gradually increases as the system parameters
increase. Figure 11(b) shows that the amplitude of the solitary
wave gradually increases while the width gradually decreases
as the system parameter increases. In addition, figure 11(e)
shows that the amplitude of the solitary wave is gradually in-
creasing when the system parameter increases from 1 to 1.2,
and the solitary wave changes from a compressive solitary
wave to a rarefactive solitary wave when Z∓ is set to 2.1. This
conclusion agrees with the analytical results of the Sagdeev
function in Fig. 10.

Considering the specific expressions of various param-
eters in the theoretical model, thus, the increase in physical
quantities such as the positron to positive ion number density
ratio, the mass ratio of positive to negative ions, the electron
to positron temperature ratio, and the number of nonthermal
electrons to positrons leads to a decrease in the amplitude of
the solitary wave, an increase in its width, and a smoother,
more extended solitary waves. Conversely, the increase in the
electron to positive ion number density ratio results in an in-
creased amplitude and decreased width of the solitary wave,
making it sharper. Additionally, when the charge number ratio
of negative to positive ions Z∓ = 1.5, the direction and nature
of the solitary wave change, transitioning from a compressive
type to a rarefactive type. This is related to charge asymmetry.
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Fig. 11. The waveform variations of the solitary waves φ with different pa-
rameters: (a) αp = 0.6,0.7,0.8, the fixed parameters are σ = 1.1, αe = 0.5,
δ = 0.2, Q = 2.1, M = 3.0, and Z∓ = 1; (b) αe = 0.4,0.5,0.6, the fixed pa-
rameters are σ = 1.1, αp = 0.7, δ = 0.2, Q = 2.1, M = 3.0, and Z∓ = 1; (c)
δ = 0.15,0.2,0.22, the fixed parameters are σ = 1.1, αp = 0.7, αe = 0.5,
Q = 2.1, M = 3.0, and Z∓ = 1; (d) Q = 0.03,1.0,2.1, the fixed parame-
ters are σ = 1.1, αp = 0.7, αe = 0.5, δ = 0.2, M = 3.0, and Z∓ = 1; (e)
Z∓ = 1.0,1.2,1.5, the fixed parameters are σ = 1.1, αp = 0.7, αe = 0.5,
δ = 0.2, M = 3.0, and Q = 2.1. (f) σ = 1.1,1.2,1.3, the fixed parameters
are αe = 0.5, αp = 0.7, M = 3.0, δ = 0.2, Z∓ = 1, and Q = 2.1.

6. Conclusion
This paper investigates the progress of (2+1)-dimensional

nonlinear ion acoustic waves in multicomponent plasmas. Ini-
tially, the dispersion relations were obtained using a small am-
plitude wave’s dispersion relation, and then the Sagdeev po-
tential method was employed to derive the analytical expres-
sion of the Sagdeev potential. The propagation characteris-
tics of nonlinear ion acoustic solitary waves under different
system parameter values were analyzed based on the system
phase diagrams, the Sagdeev potential functions, and the soli-
tary waves. The study reveals that the propagation of nonlinear
ion acoustic solitary waves is influenced by physical parame-
ters such as the ratio of number densities between the unper-
turbed positrons, electrons to positive ions αp, αe, nonthermal
parameters δ , the mass ratio of positive ions to negative ions
Q, and the charge numbers ratio of negative ions to positive
ions Z∓, the ratio of the electrons’ temperature to positrons’
temperature σ . Finally, the results of this study play an impor-
tant role in understanding nonlinear phenomena in ionospheric
and laboratory environments.
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