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Coexisting and multiple scroll attractors in a Hopfield neural
network with a controlled memristor

Qing-Qing Ma(马青青), An-Jiang Lu(陆安江)†, and Zhi Huang(黄智)

College of Big Data and Information Engineering, Guizhou University, Guiyang 550025, China
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A method of generating multi-double scroll attractors is proposed based on the memristor Hopfield neural network
(HNN) under pulse control. First, the original hyperbolic-type memristor is added to the neural network mathematical
model, and the influence of this memristor on the dynamic behavior of the new HNN is analyzed. The numerical results
show that after adding the memristor, the abundant dynamic behaviors such as chaos coexistence, period coexistence and
chaos period coexistence can be observed when the initial value of the system is changed. Then the logic pulse is added
to the external memristor. It is found that the equilibrium point of the HNN can multiply and generate multi-double scroll
attractors after the pulse stimulation. When the number of logical pulses is changed, the number of multi-double scroll
attractors will also change, so that the pulse can control the generation of multi-double scroll attractors. Finally, the HNN
circuit under pulsed stimulation was realized by circuit simulation, and the results verified the correctness of the numerical
results.

Keywords: multi-double scroll attractors, Hopfield neural network, pulse control
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1. Introduction
In nature, the brain is a neural network of countless bi-

ological neurons that interact through synapses, transmit bio-
logical information, and control the basic activities of biolog-
ical organisms.[1,2] It has been found that a number of neu-
rological disorders are associated with the activity of neurons
in the neural network, and in order to further understand the
chaotic behavior exhibited by neurons, researchers designed
artificial neural network, which usually consists of single or
multiple artificial neurons.[3–7] Among the existing artificial
neural network models, the Hopfield neural network is usu-
ally used to simulate the structure and behavior of the brain
because of its unique lattice structure and diverse topologi-
cal types, as well as its strong nonlinear characteristics, rich
chaotic dynamics and easy hardware implementation.[8–12]

As the fourth basic component in the circuit, the mem-
ristor is non-volatile, which is similar to the synaptic plastic-
ity in the neural network.[13] In the neural network, replac-
ing the original synaptic weight with the memristor synaptic
weight can show more interesting dynamic behaviors. In the
study of memristive HNN, the synapses in the neural network
are replaced by different types of memristors. Bao B, Qian
H and Xu Q[14] designed a new hyperbolic-type memristor
and replaced the synaptic weight with a memristor synaptic
weight, discovered the asymmetric attractor coexistence, and
proved that the proposed hyperbolic memristor has a stabi-
lization effect on chaotic HNN. Lai Q and Chen Z[15] added
a flux-controlled non-volatile memristor to a simple three-
dimensional chaotic system so that the chaotic system has a

higher dimension and the scroll attractor can be observed. Lin
H, Wang C, Hong Q and Sun Y[16] established a memristive
Hopfield neural network by utilizing the multi-stable memris-
tor as a memristor synapse. The memristive neural network
generates infinitely many coexisting chaotic attractors that en-
joy the same structure.

In addition, the dynamic behavior of neurons or neural
networks can be affected by external electromagnetic radi-
ation or the internal membrane potentials of neurons.[17–21]

Appropriate electromagnetic radiation promotes intermittent
synchronization of neurons, but excessive electromagnetic ra-
diation can lead to neurological disorders and cause abnor-
mal neuronal discharges, which can induce neurological disor-
ders like Psychosis[22] and Alzheimer,[23] whereas appropriate
stimulation with electromagnetic radiation can positively af-
fect organisms and modify the chaotic dynamics of the ner-
vous system. Therefore, the use of electromagnetic radia-
tion to induce more complex dynamical behaviors is gradu-
ally gaining attention. Through comparative experiments, Lin
H, Wang C, Yao W and Tan Y[24] found that applying elec-
tromagnetic radiation to a single neuron in a neural network
topology can induce a large number of chaotic attractors, while
multi-scroll attractors can also be generated when electromag-
netic radiation and multi-level pulse stimulation are applied si-
multaneously. Zhang S, Zheng J H and Wang X[25] proposed
a new nonequilibrium Hindmarsh–Rose (HR) neuron model
with memristive electromagnetic radiation effects, which is
unique in that hidden attractors with complex topologies can
be generated and the parity of the scroll can be conveniently
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controlled by changing the internal parameters of the memris-
tor.

By reviewing the existing memristor HNN, an obvious
problem can be found, the researchers pay more attention to
the effect of replacing synapses with memristor on the dynami-
cal behavior of neural network, and the main purpose is to con-
struct memristor systems with chaotic behaviors such as chaos,
hyperchaos, coexisting attractors, and hidden attractors.[26–30]

However, it is an important challenge to effectively control
and regulate chaotic behavior in memristor neural networks.
How to control the number of multiple vortex attractors by
pulse stimulation of memristors so as to precisely regulate the
dynamic behavior of chaotic systems and apply it to the opti-
mization and reinforcement learning of neural networks, there
is still a large research gap. Compared with the conventional
double scroll attractors, the multi-scroll attractors have a more
complex topology and can generate more key parameters with
higher pseudo-randomness, which provides higher security in
chaotic engineering applications, such as in the field of digital
signal encryption.[31,32]

The higher randomness and unpredictability are also con-
sistent with the complex chaotic dynamical behavior in bio-
logical neural networks, which is important for understand-
ing some physiological processes in living beings and the cure
mechanism of neurological diseases.

In this paper, two different cases of chaotic dynamics
of neural network are investigated. Firstly, adding original
hyperbolic-type memristor to the HNN so that the effect of
memristor synapses on the dynamic behavior of the HNN can
be described. Then, adding a multi-level-logic signal pulse
to the memristor, the change of the HNN dynamic behavior is
discussed without changing the network topology. The numer-
ical simulation results show that when the original memristor
is added, changing the internal parameters of the memristor
can lead to showing single scroll, double scroll attractors and
coexistence of various asymmetric attractors in the new HNN.
In addition, it was found that when the memristor is stimulated
with pulses, it causes the system to generate 2, 4 and 8 sets
of multiple scroll attractors, and the number of scrolls can be
controlled by pulses. Stimulating the memristor with pulses to
control the number of multiple scroll attractors is not common
in the existing HNN chaotic system.

2. HNN with hyperbolic-type memristor

In this section, the memristor HNN is mathematically
modeled and the equilibrium and stability of the system are
analyzed.

2.1. Hyperbolic-type memristor HNN mathematical
model

HNN is a kind of recurrent neural network, containing n
neurons and each neuron is connected to each other. In this
paper, we choose the common hyperbolic tangent function as
the neural activation function, and the circuit equation of the i
neuron can be expressed by

Ci
dxi

dt
=− xi

Ri
+

n

∑
j=1

wi j tanh(x j)+ Ii, (1)

where xi is a variable standing for the voltage across the capac-
itor Ci, Ri is the membrane resistance between the inside and
outside of the neuron, Ii is the input bias current of the neuron,
tanh(xi) is the neuron activation function for the voltage input
of the j neuron, and wi j is a matrix of synaptic weights indicat-
ing the strength of the connection between the i and j neurons.
This synaptic weight is represented by a resistance in the cir-
cuit. A HNN model based on a hyperbolic memristor can be
easily proposed when replacing the synaptic weight resistor
with a hyperbolic-type memristor. The connection topology is
shown in Fig. 1.

1

Neruon

3
Neruon

2 1.7

1.1

Neruon

1

w 4

EMR

-1.2 -1.1

-1.67

-0.14

Fig. 1. Connection topology for hyperbolic-type memristor based HNN.

Memristors can be used to simulate biological synapses,
and the memristor model used in this paper is as follows:

I =W (ϕ)V,
W (ϕ) = a−b tanh(ϕ),
ϕ
′
=V −ϕ,

(2)

where V , I and ϕ respectively represent the input voltage,
output current and memristor function, W (ϕ) is a continuous
function, and a and b are the memristor parameters.

For this connection topology, the connection matrix con-
sidered has the following form:

Wi j =

w11 W (ϕ) w13
w21 w22 w23
w31 w32 w33

=

 1.1 W 1.1
−1.2 1 −0.14

4 −1.67 1.7

 . (3)

In this matrix, w21 stands for synaptic weights between the
second and first neurons. Then w21 was replaced by a
hyperbolic-type memristor W = a−b tanh(w) with a memris-
tor strength of 1, where a = 3.6, b = 0.1. Internal parameters
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of the memristor: c = 1.3. Let n = 3, Ci = 1, Ri = 1, Ii = 0 and
RC = 1. The ordinary equation with dimensionless autonomy
describing the memristor HNN is

ẋ =−x+1.1tanh(x)+W tanh(y)+1.1tanh(z),
ẏ =−y−1.2tanh(x)+ tanh(y)−0.14tanh(z),
ż =−z+4tanh(x)−1.67tanh(y)+1.7tanh(z),
ẇ =−w+ c tanh(x).

(4)

Therefore, the HNN based on hyperbolic-type memristor can
be modeled by the above equation.

2.2. Equilibrium and stability analysis

Setting the left-hand of Eq. (4) to zero, the solution of the
equation is the equilibrium point of the memristor HNN

0 =−x+1.1tanh(x)+W tanh(y)+1.1tanh(z),
0 =−y−1.2tanh(x)+ tanh(y)−0.14tanh(z),
0 =−z+4tanh(x)−1.67tanh(y)+1.7tanh(z),
0 =−w+1.3tanh(x).

(5)

Let h1 = sech2 (x), h2 = sech2 (y), h3 = sech2 (z), h4 =

sech2 (w), k1 = tanh(w), k2 = tanh(y), the Jacobi matrix of
this system at any equilibrium point can be given by

J =


1.1h1−1 (a−bk1)h2 1.1h3 −bk2h4
−1.2h1 h2−1 −0.14h3 0

4h1 −1.67h2 1.7h3−1 0
dh1 0 0 0

 . (6)

In Eq. (4), the right-hand side is a group of transcendental
functional equations, which can be easily solved for the zero
equilibrium point E = (0,0,0,0). The characteristic polyno-
mial of the equilibrium point E can be expressed as

P(λ ) = det(1λ − J)

= (λ +1)[λ 3−0.8λ
2

+(1.2a−4.7038)λ −0.28a−2.181]. (7)

It can be seen through Eq. (6) that the eigenvalue of
the equilibrium point E is only related to the parameter a
of the memristor. Taking a = 3.6, the eigenvalues can be
found to be respectively λ1 =−1, λ2,3 =−0.5283±1.1994i,
and λ4 = 1.8565. So the equilibrium point E0 is the unsta-
ble indicator 1 saddle focus. For nonzero equilibrium points
E2 = (m1,m2,m3,m4) and E2 = (n1,n2,n3,n4), their equilib-
rium points require graphical analysis to be solved. Therefore,
Eq. (4) is rewritten as following equations containing the ana-
lytic formulas of f1 (x,z) and f2 (x,z) curves:

w = 1.3tanh(x),

y = a tanh
(
−z+4tanh(x)+1.7tanh(z)

1.67

)
,

f1(x,z) =−x+1.1tanh(x)+(a−b tanh(w)) tanh(y)

+1.1tanh(z),

f2(x,z) =−y−1.2tanh(x)+ tanh(y)−0.14tanh(z). (8)

In Fig. 2, the green solid line indicates the f1 (x,z) curve, the
green dashed line indicates the f2 (x,z) curve, and the intersec-
tion of the curves is the position of the equilibrium point.

By graphical analysis, the equilibrium point E1 is found
to be E1 = (−0.1021,−0.2870,1.6352,−0.1323) and E2 is
found to be E2 = (0.1020,0.2895,−1.6406,0.1321). By sub-
stituting the equilibrium point E1 into the Jacobi matrix (6),
the characteristic root corresponding to this equilibrium point
can be found to be λ1,2 = 0.0611± 1.8345i, λ3 = −0.8611,
λ4 =−1.0108, so E1 is an indicator of instability 2 saddle fo-
cus. Similarly, the characteristic root of the equilibrium point
E2 can be found to be λ1,2 = 0.0523±1.8414i, λ3 =−0.8693,
λ4 =−0.9886 so E2 is also an indicator of instability 2 saddle
focus.[33]

↩ ↩   
x

↩.

↩.

↩.

↩.



.

.

.

.

z

E1

E0

E2

f2↼x↪z↽

f1↼x↪z↽

Fig. 2. Two function curves and their intersection points, where a = 3.6
and b = 0.1.

3. Dynamic analysis and numerical simulation
3.1. Analysis of dynamic behavior with parameter a

In order to analyze the influence of a hyperbolic-type
memristor on HNN, parameter a of the memristor is set as the
bifurcation parameter, and its bifurcation diagram and Lya-
punov exponent spectrum are discussed. Fixing the param-
eters of the network unchanged, setting parameter b = 0.1,
c = 1.3, besides the initial value conditions are set to (1, 1,
1, 1). When parameter a varies between [3, 5], the Lyapunov
exponential spectrum and bifurcation diagram of HNN are
shown in Fig. 3.

It can be seen from the bifurcation diagram and Lyapunov
exponential spectrum that the dynamic behavior of this HNN
changes gradually with the increase of parameter a. When
a ∈ [3.1,3.25], the system enters chaos by period-doubling bi-
furcation. When a∈ (3.25,4.17], chaotic traces appear in both
the upper and lower half regions of the bifurcation diagram. In
this case, chaotic attractors with two scrolls can be observed
in the x–y plane. With the increasing of parameter a, when
a ∈ (4.17,4.30], the plot trace of the upper half of the bifur-
cation diagram disappears, and only the single scroll attractor
with downward scroll direction can be observed in the phase
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diagram of the x–y plane. When a ∈ [4.3,4.62], the downward
direction of the single scroll attractor disappears. Especially,
it can be observed from the phase diagram that after period
window (a ∈ [4.42,4.54]), the upward single scroll attractor
appears again from chaos to period to chaos. This also indi-
cates that the system switches quickly between periodic and
chaotic states. When a ∈ [4.62,4.89] and a ∈ (4.89,5], respec-
tively, the periodic and quasi-periodic states of the different
scroll attractors can be observed in the phase diagram, and
finally the HNN stabilizes in the periodic state. The phase di-
agram in Fig. 4 is consistent with the bifurcation diagram and
the Lyapunov exponential spectrum analysis. Note that Wolf’s
method was used to calculate the finite-time Lyapunov expo-
nents, where the MATLAB ODE45 algorithm with time-step
0.1 s and time-end 10 ks is utilized.

To further analyze the effect of parameter a on the dy-
namic behavior of HNN, Fig. 4 shows the phase diagram of
different parameters a in the x–y plane. In Fig. 4(a), the peri-
odic state at a= 3.18 and the double scroll attractors at a= 3.6
can be observed. In Fig. 4(b), a single scroll attractor with dif-
ferent scroll directions can be observed when a = 4.18 and
a = 4.35. In Fig. 4(c), the periodic state, the periodic single
scroll attractor and the quasi-periodic attractor can be observed
when a = 4.45, a = 4.55, a = 4.65, respectively.

These results of the phase diagram are consistent with the
bifurcation diagram and Lyapunov exponential spectrum anal-
ysis. The above analyses can more accurately simulate the

function of the HNN, in the meantime, they also demonstrate
that when the synaptic resistor in the original HNN is replaced
with a hyperbolic-type memristor, more abundance will be ob-
served.
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Fig. 3. The dynamic behavior of the HNN model (3) when parame-
ter a changes: (a) the bifurcation diagram, (b) the Lyapunov exponent
spectrum.
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Fig. 4. Different types of attractors with different values of a.

3.2. Attractor coexistence analysis

In order to analyze the dynamic behavior of this system
more deeply, the parameter a of the hyperbolic-type memristor
is selected as the bifurcation variable. The coexistence of pe-
riod, chaos and scroll attractor in this HNN system can be ob-
served by setting different initial conditions of state variables.
Firstly, system parameters b and c are set to b = 0.1, c = 1.3.
Then Fig. 5 shows the bifurcation with different values of a
from 4 to 5, where initial value conditions (x, y, z, w) are set to
(1,1,1,1), (1,−1,1,1), and (−0.1,−0.1,0,0) and correspond
to the green line, blue line and red line respectively in Fig. 5.

The coexistence of various attractors can be seen in Fig. 6.
As shown in Fig. 6(a), when a = 4.24, the coexistence of a
double scroll attractor and a single scroll attractor can be

observed in the phase diagram. In order to observe the co-
existence phenomenon explicitly, the single scroll attractor is

3

2

1

0

-1

-2
4.0 4.2 4.4 4.6 4.8 5.0

a

x

Fig. 5. Bifurcation diagrams for different initial values, where
green, blue and red orbits corresponding to (1,1,1,1), (1,−1,1,1),
(−0.1,−0.1,0,0), respectively.
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depicted by a green dashed line. As shown in Fig. 6(b), when
a= 4.26, two single scroll attractors with different scroll direc-
tions are observed. As shown in Fig. 6(c), when a = 4.35, the
chaotic state disappears and turns into a periodic state with the
initial value (−0.1,−0.1,0,0), but with the initial value condi-
tion (1,−1,1,1), the system keeps chaotic and still has a single
scroll attractor. As shown in Fig. 6(d), when parameter a in-
creases to 4.42, the coexistence of quasi-periodic and periodic
attractors can be observed under the initial values (1,1,1,1)
and (−0.1,−0.1,0,0). As shown in Fig. 6(e), when a = 4.48,
three kinds of different behaviors, namely, single scroll, peri-
odic and quasi-periodic attractors, can be observed. As shown

in Fig. 6(f), when a = 4.76, the coexistence of three periods
and quasi-periodic attractors can be observed.

The basin of attraction of a chaotic system is the set of
points where the motion trajectories converge to the corre-
sponding attractors under the determined system parameters
and different initial conditions. When the system parameters
are determined as a = 4.35, b = 0.1 and c = 1, the attractor
basins and the corresponding phase diagrams for the coexis-
tence of multiple attractors are shown in Figs. 7(a) and 7(b),
respectively. The attractor basins are plotted in the x–y plane,
and the results show that different attractors can be produced at
different initial values, indicating that the dynamical behavior
of this network strongly depends on the initial values. The yel-
low and light blue regions represent chaotic behavior and the
dark blue regions represent periodic behavior, respectively.

The phase diagram of the system is drawn according
to Fig. 7(a). From Fig. 7(b), the phase diagram orbits are
plotted in the x and y planes for different initial conditions,
and it can be seen that the system generates chaotic attrac-
tors when z(0) = w(0) = 1; when x(0) = 3, y(0) = 1; when
x(0) = 3, y(0) = −3.35; when x(0) = −4.5, y(0) = 0; and
when x(0) = 4.5, y(0) = 0, the system generates periodic at-
tractor.

4. Multiple scroll attractors in HNN
Using bipolar pulse current or multilevel logic pulse cur-

rent to stimulate the memristor can make the dynamic behav-
ior of the HNN more complicated.[34] “MLP” represents the
multi-level-logic pulse function IMLP, which can be described
as

IMLP =
n

∑
1

ansign(sin(ωnt)), (9)

where an stands for the amplitude of the pulse signal and ωn

stands for frequency. In this section, a multilevel logic pulse

120502-5



Chin. Phys. B 33, 120502 (2024)

current IMLP is chosen to stimulate the memristor HNN, and
after stimulation, the system model of HNN can be described
as 

ẋ =−x+1.1tanh(x)+W tanh(y)+1.1tanh(z),
ẏ =−y−1.2tanh(x)+ tanh(y)−0.14tanh(z),
ż =−z+4tanh(x)−1.67tanh(y)+1.7tanh(z),
ẇ =−w+1.3tanh(x)+ IMLP,

(10)

and the topology of new HNN is shown in Fig. 8.

1

Neruon

3

Neruon

2 1.7

Neruon

1

w 4

EMR

MLP
-1.2 -1.1

-1.67

-0.14

1.1

Fig. 8. HNN connection topology after introducing logical pulse.

Due to the introduction of IMLP, the original memristor
model is changed, which can be described as

i =W (v0)v = [a−b tanh(v0)]v,
v̇0 =−v0− v+ IMLP,
W (v0) = a−b tanh(v0),

IMLP =
n
∑
1

ansign(sin(ωnt)).

(11)

Without loss of generality, the internal parameters of the
memristor are set to a = 3.6, b = 0.1 and parameter n of IMLP

is set to 2. The amplitude and frequency of the pulse sig-
nal are respectively set to a1 = 0.21, ω1 = 0.024, a2 = 0.43,
ω2 = 0.016, a3 = 0.85 and ω3 = 0.032. Sinusoidal excitation
voltages v = visin(2π f t) are applied to the memristor with

different frequencies, where vi is the voltage amplitude and f
is the voltage frequency. When the frequency f and voltage
amplitude vi take different values, the voltage–current charac-
teristics of a pulse-controlled memristor are shown in Fig. 9.
The pulse controlled memristor is a tight pinched hysteresis
loop on the v–i plane, which is constricted at the origin. It
can be seen that the area enclosed by the curve decreases with
frequency increasing and tends to be a single value function.
But with amplitude increasing, the area increases gradually.
This conclusion proves that the pulse-controlled memristor
proposed in this paper belongs to the category of generalized
memristor.

As shown in Fig. 10, when different pulses are applied to
the memristor, the system can generate different numbers of
scroll attractors. When no pulse stimulation is applied to the
memristor, the original system can generate a double scroll
attractor. The phase diagram of the w–z plane is shown in
Fig. 10(a). When n= 1, a1 = 0.21, ω1 = 0.024, the system can
generate four scroll attractors, and the phase diagram of the w–
z plane is shown in Fig. 10(b). When n = 2, a2 = 0.43, ω2 =

0.016, the system can generate eight scroll attractors, and the
phase diagram of the w–z plane is shown in Fig. 10(c). When
n = 3, a3 = 0.85 and ω3 = 0.032, the system can generate six-
teen scroll attractors, and the phase diagram of the w–z plane
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Fig. 9. Tight pinched hysteresis loop characteristics of the pulse con-
trolled memristor.
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is shown in Fig. 10(d). The Poincare section diagram corre-
sponding to the above scroll attractors is shown in Figs. 10(e)–
10(f). It is obvious that the continuous curve of the upper and
lower distribution confirms the generation of the chaotic at-
tractors of the multi-double scrolls.

From the phase diagram, it can be seen that when n pulse
signals stimulate the memristor, the system can generate 2n+1

scroll attractors in the w–z plane, that is to say, the system can
control the number of scrolls.

When the system is stimulated by a logical pulse, the un-
stable saddle focus of indicator 1 and the unstable saddle fo-
cus of indicator 2 in the system will increase in pairs. One
unstable index 2 saddle focus corresponds to the generation
of a scroll attractor, while the index 1 saddle focus is used as
a bond track to connect the two scrolls and finally generate a
double scroll attractor. In Fig. 11, the equilibrium points E1 to
E16 correspond to the unstable index 2 saddle focus, generat-
ing a single scroll attractor. The equilibrium point E17 to E24

corresponds to the unstable index 1 saddle focus, which gen-
erates a bond track and connects two single scrolls to become
a double scrolls attractor.

In order to verify the higher complexity of the HNN sys-
tem under impulse stimulation, this paper carries out a spec-
tral entropy complexity comparative analysis experiment: the
complexity of the sequence is evaluated by the spectral entropy
(SE) value, which examines the frequency distribution charac-
teristics of the sequence in the transform domain. The higher
value of spectral entropy can reflect that the original signal has
higher randomness, implying that the sequence has stronger

randomness. In this study, the parameter a is chosen as an an-
alytical object to explore the complexity of chaotic sequences.
When the value of parameter a is in the range of (3, 5), the
spectral entropy distribution is shown in Fig. 12(a), at which
the average SE value is 0.444. According to Refs. [35–37],
when the parameters b, c and d are in the ranges of (0, 1),
(0.2, 1.8), (0.2, 1.8), and (0, 1.4), respectively, the corre-
sponding spectral entropy distributions are plotted as shown
in Figs. 12(b)–12(d), and the respective average SE values are
0.339, 0.204 and 0.206, respectively. From the simulation re-
sults, system (4) exhibits higher SE complexity compared to
the other systems, and therefore, the chaotic sequences gen-
erated by the multiple scroll chaotic system have a stronger
randomness, which can provide higher security when applied
to encrypted communication and other fields.
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Fig. 11. The equilibrium point of the multi-double scrolls phase dia-
gram when n = 3.
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Fig. 12. Comparative analysis of spectral entropy.

5. The circuit of memristor HNN

Before implementing the neural circuit, it is necessary to
introduce the multilevel logic pulse function circuit, the hyper-
bolic tangent function circuit, and the hyperbolic-type memris-
tor circuit. As shown in Fig. 13, when the voltage is input, the

current can be calculated as IMLP = ∑
n
1

sign(sin(2πFant))
Ran

, where

Rs = 13.5 kΩ, Rk = 1 kΩ, and switch S can control the num-

ber of logical pulse functions in the access circuit.

In a hyperbolic tangent function circuit, the input and

output relations can be expressed as W (v0) = a− b tanh(v0),
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where RF = 520 Ω, RC = 1 kΩ, I0 = 1.2 mA.

Ra
S1

Ran
Sn

IMLP

IMLP

Vs1

Vsn
Rs

Rs

Rk

Rk

Fig. 13. Multilevel logic pulse function circuit.
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Fig. 14. Hyperbolic tangent function circuit.

The hyperbolic-type memristor circuit is shown in
Fig. 15. Its nonlinear conductance function can be expressed
as W (v0) = a−b tanh(v0).

R

R

Rb

M
V

-tanh

C

Ra

v

i

W↼v↽V

Fig. 15. hyperbolic-type memristor circuit.

The HNN circuit diagram under pulse-controlled mem-
ristor stimulation is shown in Fig. 16. When all switches S are
disconnected, only the original hyperbolic-type memristor is
introduced into the system. When the switch S is closed, the
system is stimulated by pulse.

According to Kirchhoff’s law, the circuit state equation
can be obtained as

RC
dv1

dt
= −v1 +

R
R1

tanh(v1)+

(
R
Ra
− R

Rb
tanh(v0)

)
tanh(v2)

+
R
R2

tanh(v3),

RC
dv2

dt
= −v2 +

R
R3

tanh(v1)+
R
R4

tanh(v2)−
R
R5

tanh(v3),

RC
dv3

dt
= −v3 +

R
R6

tanh(v1)+
R
R7

tanh(v2)−
R
R8

tanh(v3),

RC
dv4

dt
= −v4 + tanh(v1)+ IMLP, (12)

where RC is the integral time constant, v1, v2, v3 and v4 are the
voltages of the four integrated circuit capacitors, respectively,
va, vb and vc can be obtained through the inverter circuit. Let
RC = 10 µs, where R = 10 kΩ and C = 1 nF. According to the
system parameters and Kirchhoff’s law, the remaining circuit
parameters can be calculated as R1 = 8.69 kΩ, R2 = 9.09 kΩ,
Ra = 10 kΩ.
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Fig. 16. HNN circuit diagram under pulse-controlled memristor stimu-
lation.

By verifying on the circuit simulation software Multisim
14.0, the actual phase diagram is shown in Fig. 17, which
agrees with the theoretical phase diagram mentioned above.
Therefore, the existence of an attractor in this chaotic system
is verified.

Fig. 17. The w–z circuit simulation diagram with different parameters n.

6. Conclusion
In this paper, we analyze the influence of hyperbolic-type

memristors on the dynamic behaviors of HNN. The experi-
mental results show that when the memristor is added to the
HNN, the system can generate single scroll, multi-scrolls and
periodic attractors. With the change of the internal parameters
of the memristor, these attractors can switch back and forth.
In addition, small changes in the initial value conditions of the
system can induce great changes in the dynamic behavior of
the system and lead to the observation of different types of co-
existing attractors. Then, on the basis of the original memris-
tor, the number of saddle focus balance points increased from
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3 to 6, 12 and 24 by adding pulse stimulation, and the multi-
double scrolls attractors of 2, 4 and 8 pairs were generated.
Finally, the numerical simulation results are verified by the
circuit simulation test. Compared with other memristor HNN
models, this memristor HNN model has abundant dynamic
characteristics and complex attractors, which has higher ap-
plication value in the fields of information encryption, chaotic
bioengineering, chaotic neural network information process-
ing, and other fields.

However, simulating and analyzing the behavior of mul-
tiple double-vortex attractors in high-dimensional memris-
tor neural networks require a lot of computational resources.
Complex calculations and analysis can lead to latency prob-
lems in real-time applications and limit its practical applica-
tion in large-scale neural networks. The memristor has the po-
tential to realize complex nonlinear behavior, and although cir-
cuit simulations of the proposed system have been performed
in this paper, there are still many challenges to implementing
multi-double-vortex attractors in actual hardware, such as de-
vice consistency, manufacturing process complexity, and per-
formance degradation due to device aging.
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