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We propose an approach for generating robust two-dimensional (2D) vortex clusters (VCs) in a Rydberg atomic
system by utilizing parity-time (𝒫𝒯 ) symmetric optical Bessel potential. We show that the system supports novel multi-
core VCs with four and eight cores, corresponding to topological charges 2 and 4, respectively. The stability of these VCs
can be dynamically adjusted through the manipulation of the gain-loss component, Kerr nonlinearities, and the degree of
nonlocality inherent in the Rydberg atoms. These VCs are confined within the first lattice well of the Bessel potential,
and both the power and width of lights undergo a quasi-periodic breathing phenomenon, which is attributed to the power
exchange between the light fields and Bessel potential. Both self-attractive and self-repulsive Kerr interactions can sustain
robust VCs within this system. The insights presented here not only facilitate the creation and manipulation of 2D VCs
through 𝒫𝒯 -symmetric potentials but also pave the way for potential applications in optical information processing and
transmission.
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1. Introduction
Over the past few decades, nonlinear optical beam con-

trol has garnered significant research attention owing to its key
role in elucidating the fundamental physics of nonlinear opti-
cal processes and exploring practical applications of diverse
nonlinear optical techniques.[1,2] Among the various method-
ologies proposed for manipulating optical solitons, a notewor-
thy approach is utilizing spatial variations in optical medium
properties induced by modulated control laser fields, such as
refractive index, gain and loss. According to these proposals,
numerous novel optical solitons, absent in uniform nonlinear
media, have been uncovered.[3,4] Theoretical predictions,[5–8]

and experimental observations[9,10] have corroborated the ex-
istence of fundamental, multipole, and vortex solitons by mod-
ulating refractive index.

To meet the requirement for intense laser fields or ex-
tended propagation distances when realizing optical solitons,
the concept of resonant atomic gas working under electro-
magnetically induced transparency (EIT) conditions has been
proposed.[11–13] Through the quantum interference effect in-
duced by a control laser field, the absorption of a probe laser
field tuned to a strong one-photon resonance is significantly
suppressed, rendering the optical medium transparent. Conse-
quently, the Kerr nonlinearity of the system undergoes sub-
stantial enhancement. Unlike conventional cold atom EIT
systems, Rydberg electromagnetically induced transparency

(Rydberg-EIT) systems exhibit the capability to manipulate
light fields through significant non-local nonlinearities.

The Rydberg cold atom system is attracting significant
attention owing to its advanges, such as large principal quan-
tum number and long lifetime. It offers immense potential
for applications in diverse fields such as quantum information,
precision spectroscopy, precision measurement, and quantum
multi-state manipulation.[14–18] The robust atomic interactions
can be translated into the photonic domain through the cou-
pling between Rydberg atomic ensembles and photons, pro-
viding a practical framework for investigating quantum non-
linear optics.[19] This enables the realization of nonlocal non-
linear manipulation of light fields.[20–22] Based on these find-
ings, Rydberg-EIT provides an excellent platform for spatial
soliton propagation, facilitating the discovery of a series of
high-dimensional spatial solitons.[23–25]

An additional advantage of Rydberg-EIT atomic media is
the high proficiency in designing optical potentials by mod-
ulating the control and auxiliary light field.[26,27] Due to the
intricate nature of optical potentials in Rydberg-EIT media,
they can be precisely designed in both their real and imaginary
components, corresponding to the refractive index and absorp-
tion (or gain) of the system, respectively. Taking these factors
into account, recent studies have proposed and successfully
implemented the construction of complex optical potentials
that exhibit parity-time (𝒫𝒯 ) symmetry in atomic gases.[28–32]
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The system characterized by a 𝒫𝒯 -symmetric Hamilto-
nian can support entirely real eigenvalues and facilitate a tran-
sition from a purely real spectrum to a complex one.[33] In
optics, the breaking of 𝒫𝒯 -symmetry manifests as a qual-
itative modulation in light propagation, which has numer-
ous significant applications.[34,35] Predictions of optical soli-
tons have been made in nonlinear optical media with di-
verse 𝒫𝒯 -symmetric potentials.[36–38] Moreover, the exis-
tence of fundamental, dipole, and multipeak solitons has been
observed in nonlinear media endowed with 𝒫𝒯 -symmetric
Bessel potentials.[39–42] However, the investigation of 2D vor-
tex clusters (VCs) that propagate stably in a cold Rydberg
atomic system with 𝒫𝒯 -symmetric optical Bessel potential
remains unexplored. A practical system to realize the 𝒫𝒯 -
symmetric Bessel potential and VCs control is also needed. In
this work we propose a scheme to realize an optical Bessel po-
tential with 𝒫𝒯 -symmetry and explore the possibility of the
existence, robust propagation, and active manipulation of VCs
in such a 𝒫𝒯 -symmetric system.

2. Model
In this study, we investigate a four-level inverted-Y

atomic system dressed with Rydberg states, as depicted in
Fig. 1(a). Each atom comprises four energy levels, denoted as
|1⟩, |2⟩, |3⟩, and |4⟩. A weak probe beam (with frequency ωp

and half-Rabi frequency Ωp) couples the energy levels |1⟩, and
|3⟩, while a control beam (with frequency ωc and half-Rabi
frequency Ωc) couples the energy levels |2⟩, and |3⟩. Addi-
tionally, an auxiliary beam (with frequency ωa and half-Rabi
frequency Ωa) interacts with the Rydberg state |4⟩ from level
|3⟩, thereby establishing Rydberg-EIT, as shown in Fig. 1(b).
Here, Γmn represents the spontaneous emission rate between
energy levels |m⟩ and |n⟩. ∆3 = ωp − (ω3 −ω1) signifies the
single-photon detuning, while ∆2 = ωp −ωc − (ω2 −ω1) and
∆4 = ωp +ωa − (ω4 −ω1) correspond to the two-photon de-
tunings, where ωm is the frequency associated with the atomic
energy level |m⟩. The proposed scheme employs a coupling
pump Γ21 to provide gain for the transition from energy level
|1⟩ to |2⟩ in the system.

The dynamics of the system is described by the Hamilto-
nian ĤH(t) = Na

∫ +∞

−∞
d2𝑟ĤH(𝑟, t), where Na is atomic density

and 𝑟 = (x,y) is the position vector of Rydberg atoms. Under
electric-dipole and rotating-wave approximations, the Hamil-
tonian density in the interaction picture is

ĤH(𝑟, t) =
4

∑
m=1

h̄∆mŜmm(𝑟, t)− h̄
[
ΩpŜ13(𝑟, t)+ΩaŜ34(𝑟, t)

+ΩcŜ23(𝑟, t)+H.c.
]

+Na

∫
d3𝑟′Ŝ44(𝑟

′, t)h̄V (𝑟′−𝑟)Ŝ44(𝑟, t), (1)

where H.c. is Hermitian conjugate, Ŝmn = |n⟩⟨m|exp i[(kn −
km) · r − (ωn −ωm +∆n −∆m)t] is the transition operator re-
lated to states |n⟩ and |m⟩. Ωp =

(
𝑒p ·𝑃31

)
εp/h̄, Ωc =

(𝑒c ·𝑃32)εc/h̄, and Ωa = (𝑒a ·𝑃43)εa/h̄ are the half Rabi fre-
quencies of the probe, control, and auxiliary fields, with 𝑃mn

being the electric dipole matrix elements associated with the
transition |m⟩ → |n⟩, and εp/c/a are dielectric constants of
probe/control/auxiliary fields in the media. The interaction be-
tween different Rydberg atoms has the form of van der Waals
potential Vvdw = h̄V (𝑟′ − 𝑟), where V (𝑟′ − 𝑟) = C6

/[
R6

b +

|𝑟′−𝑟|6
]
, C6 is the dispersion parameter, 𝑟 and 𝑟′ are vector

positions of two Rydberg atoms, Rb is the Rydberg blockade
radius which can be obtained as Rb =

[
|C6∆3|/|Ωc|2

]1/6.[24,25]

The scheme of Rydberg atom and the corresponding energy
level are shown in Figs. 1(a) and 1(b), respectively.

The dynamics of the motion of Rydberg atoms is
governed by the optical Bloch equation[42] ∂ ρ̂/∂ t =

−(i/h̄)[ĤH, ρ̂]−Γ [ρ̂], where ρ is the density matrix with el-
ements are defined as ρmn ≡

〈
Ŝmn
〉
(m,n = 1–4), and Γ is re-

laxation matrix associated with the spontaneous emission rate.
Under the slowly-varying amplitude approximation, the wave
equation of the probe field has the form[25]

i
(

∂

∂ z
+

1
c

∂

∂ t

)
Ωp +

1
2kp

(
∂ 2

∂x2 +
∂ 2

∂y2

)
Ωp +

kp

2
χΩp = 0,

(2)

where kp = ωp/c is the wave number of probe field with c
being the speed of light, χ = 𝑒p ·𝑃 2

13ρ31/(ε0h̄Ωp) is the sus-
ceptibility of probe field, ρ31 is the density element that can be
obtained by the optical Bloch equations.

Supposing the probe field can be taken as a stationary
nonlinear optical beam, the time-derivative terms in Eq. (2)
can be neglected, i.e., ∂/∂ t = 0. By introducing rescaled co-
ordinates, equation (2) can be expressed as the following non-
dimensional form[18,22,25]

i
∂ψ

∂ζ
+

1
2

∇
2
ψ + γ |ψ|2 ψ +V (ξ ,η)ψ

+σ

∫
d2𝑟′

1

(Rb/r0)6 −|𝑟′−𝑟|6
|ψ|2ψ = 0, (3)

where the Laplace operator ∇2 = ∂ 2/∂ξ 2 + ∂ 2/∂η2, ψ =

Ωp/U0 with U0 being the typical Rabi frequency. The longitu-
dinal and the transverse coordinates are rescaled as ζ = z/Ldiff

and 𝑟 = (ξ ,η) = (x,y)/r0, where Ldiff = kpr2
0 and r0 are

diffraction length and beam width of probe field, respectively.
γ and σ are the nondimensional coefficients of local and non-
local nonlinearity, respectively.

The V (ξ ,η) is the external potential. In this work, in or-
der to stabilize the probe field, the potential is taken as the
Bessel form

VBessel(ξ ,η) =V0 +V1J0(ρ)+ iV2J1(ρ)sin(θ), (4)

where V0 is a constant, V1 and V2 are the strength of the real
and imaginary parts of Bessel potential with V1,V2 ≪ V0. Ji

(i = 0,1) is the i-th order Bessel function, and ρ =
√

ξ 2 +η2

and θ = arcsin(η/ρ) are the radial and angular coordinates,
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respectively. It is noted that the advantages of introduction
of Bessel potential here is that the Bessel potential is much
easier to capture light by the multi-potential wells. And the
modulation strategy for topological structures of VCs is more
richer. Figures 1(c) and 1(d) show distributions of the real
and imaginary part of Bessel potential in the (ξ ,η) plane.
We see that the imaginary part of the potential VBessel(ξ ,η)

is an even function in the ξ direction and an odd function
in the η direction, satisfying the 𝒫𝒯 symmetry condition,
i.e., VBessel(ξ ,η)* = VBessel(−ξ ,−η)*, as shown in Fig. 1(e).
Since the present system is highly configurable and manipu-
lable, it is possible to create optical potentials with specific
space distributions by modulating the control and auxiliary
light fields in space.[42] To obtain stable solutions, the eigen-
values of wavefunctions should be all real, corresponding to
𝒫𝒯 symmetry. By tuning parameters V1 and V2, the 𝒫𝒯
symmetry-broken zones are depicted in Fig. 1(f).

The 𝒫𝒯 symmetric Bessel potential (4) can be obtained
by using spatially modulated control and auxiliary fields with

the following expression:[42]

Ωc(ξ ,η)

Ωc0
≈ 1+10−2 × [0.62V1J0(r)+1.98V2J1(r)sin(θ)],

Ωa(x,y)
Ωa0

≈ 1+10−2 × [0.80V1J0(r)+3.35V2J1(r)sin(θ)], (5)

where the initial half-Rabi frequency of control and auxiliary
light field are Ωc0 = Ωc and Ωa0 = Ωa, respectively.

For experimental consideration, the states of 87Rb atoms
can be taken as |1⟩ =

∣∣5S1/2,F = 1
〉
, |2⟩ =

∣∣5S1/2,F = 2
〉
,

|3⟩ =
∣∣5P3/2

〉
, and |4⟩ =

∣∣nS1/2
〉
. Taken the principal quan-

tum number n = 60, we get C6 = 2π × 140 GHz ·µm6.[42,43]

The other system parameters are U0 = 150 MHz, r0 = 10 µm,
Γ21 = 2π × 0.1 MHz, Γ3 = Γ13 +Γ23 = 2π × 16 MHz, Γ4 =

Γ34 = 2π × 16.7 kHz, ∆2 = 1.67 MHz, ∆3 = 66.7 MHz,
∆4 = 13.6 MHz, Ωc = 30 MHz, and Ωa = 45 MHz.[25] Sup-
pose the light (with wavelength λ = 760 nm) propagates in
the media (with refractive index ≈ 1.45 ), thus the diffraction
length Ldiff = 1.2 mm, and Rb = 6.34 µm. The unit of the
scaled propagation distance and time are 1.2 mm and 10 µs,
corresponding to ζ = 1 and ξ or η = 1, respectively.

(b)
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Fig. 1. Scheme of Rydberg-dressed 𝒫𝒯 -symmetric Bessel potential system: (a) setup of cold Rydberg atomic system, (b) energy level structure, (c),
(d) real part of Bessel potential in the (ξ ,η) plane. The first lattice well of the Bessel potential is located at ξ =±3.7 in the η direction. (e) Imaginary
parts Im(V ) in ξ or η direction. The solid and dashed lines, respectively, represent the Bessel potential distribution in the cross section with ξ = 0 and
η = 0. (f) 𝒫𝒯 -symmetry and 𝒫𝒯 -symmetry broken zone in the (V1,V2) plane. The parameters for panels (c), (d), and (e) are (V0,V1,V2) = (0,1,1).

3. Results and discussion
VCs can be sought in the form ψ = φ(ξ ,η)e ibζ , where

φ(ξ ,η) is the stationary solution, b is the propagation con-
stant, and ζ is the rescaled propagation distance. In the numer-
ical calculation, the trial solution is selected as the Laguerre–
Gaussian beam

φ = A

(√
2ρ

r0

)|l|

exp
(
−ρ2

r2
0

)
L|l|

p

(
2ρ2

r2
0

)
e ilϕ , (6)

where A is the amplitude, r0 is the initial width of input beam,

and ρ =
√

ξ 2 +η2; L|l|
p is the generalized Lagueree–Gaussian

polynomial with l and p, respectively, the radial and azimuthal

indices; ϕ is the azimuthal angle. In the vortex solutions, the

radial index l is related the topological charge or vorticity.

Numerical solutions of VCs with various radical index

l are obtained by the modified square operator method.[45]

We employ the Fourier integral method to solve for the evo-

lution of optical VCs along their propagation direction. The

fidelity[43] is adopted to evaluate the stabilities of VCs during
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propagation as

J =

∣∣∣∣∫ |ψ(𝑟,ζ )ψ(𝑟,ζ = 0)|d𝑟
∣∣∣∣2∫

|ψ(𝑟,ζ )|2 d𝑟
∫

|ψ(𝑟,ζ = 0)|2 d𝑟
. (7)

Here J → 1 means a high-fidelity propagation without or with
little deformation. Another parameters is the width of VCs R
which is defined as

R(ξ ,ζ ) =

√
2
∫

ξ 2 |ψ(𝑟,ζ )|2 d𝑟
U(ζ )

, (8)

where U =
∫
|ψ(𝑟,ζ )|2 d𝑟 is the power of VCs.

VCs with the radical index l of Lagueree–Gaussian poly-

nomial ranging from 1 to 6 were observed and presented in

Fig. 2. Specifically, when l = 1, 2, the intensity distribution

of the VCs exhibits four distinct peaks. On the other hand,

for l > 2, the VCs possess eight distinct peaks. The phase

distribution further reveals that the topological charge is 2 for

l = 1 and 2, while it increases to 4 for the range of l = 3–

6. This is different with conventional Kerr nonlinear medias

with Bessel optical lattices.[41,42] Further investigations indi-

cate that the cold Rydberg atomic system with 𝒫𝒯 -symmetric

optical Bessel potential cannot support robust VCs with l > 6.
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Fig. 2. VCs with radical index l = 1–6. The profiles, intensity, and phase distribution for each l are displayed in each panel. Four peaks are found with
l = 1,2, and eight peaks are found with l = 3–6. The parameters are σ =−1, γ = 0.3, and (V0,V1,V2) = (2,9,1).
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The propagation dynamics of VCs are presented in Fig. 3,
showing the evolution of their profiles and power along the
propagation direction. The first to fourth rows correspond to
VCs with radical index l = 2, 3, 4, and 5, respectively. The
first panel in each row illustrates the power during evolution,
spanning a propagation distance of up to 1000 units. It is
observed that the power of VCs exhibits a quasi-periodic in-
crease and decrease with the propagation distance ζ , mani-
festing a breathing phenomenon. The profiles of VCs show
a synchronous quasi-periodic expansion and extraction. Fur-
thermore, we note a trend of decreasing energy with increasing
ζ , indicating energy dissipation during the process of energy
exchange between the light fields and optical potential.

To characterize the breathing phenomenon, we define
two power states, the inhalation and exhalation phases, re-
spectively, represented by points A2 (A4) and A1 (A3) in
Fig. 3(a1). The contour profiles of the VCs at points A1–
A4 are displayed in Figs. 3(a2)–3(a5), respectively. For 4-
core VCs with l = 2, at exhalation phase, the intensity dis-
tribution of the VCs is mainly located at outer ring with
(ζ ,ξ ) = (0,±3.7), corresponding to point A1 in Figs. 3(a1)
and 3(a2). This coordinate is the position with the first Bessel
lattice well in Fig. 1(c). Conversely, at inhalation phase, the in-
tensity distribution shifts to inner ring at (ζ ,ξ ) = (380,±0.7).
As the VCs propagate through the medium, their intensity lo-
cation alternates between these two positions, giving rise to the
breathing phenomenon. The breathing period of VCs varies
with radical index l. Such breathing phenomenon can also be
found in the evolution of 8-core VCs, as shown in Figs. 3(b)–
3(d). It is noticed that in the fourth row, the VCs with index
l = 5 are not robust during the propagation.

During the quasi-periodic oscillation along the propaga-
tion distance, the VCs cannot maintain single profile. How-
ever, the VCs can keep the breathing behavior for about ζ =

1000. Under parameters given above, this distance ∼ 1.2 m in
the physical unit which is enough for the experimental obser-
vation. This dynamic stability in this work is defined as robust
state. The deformation of VCs during propagation in this sys-
tem is characterized by fidelity J and width R given in Eqs. (7)
and (8).

In Fig. 4, it is found that both the J and R exhibit the
same quasi-periodic oscillation pattern with the evolution of
the power along the propagation distance ζ . Specifically, for
various values of l = 2, 3, 4, 5, their respective oscillation peri-
ods are δζ = 250, 340, 350, and 270, respectively. The second
column and the third column present the profiles illustrating
the inhalation phase and the exhalation phase of the VCs, with
the corresponding states marked as A1 (B1, C1, D1) and A2
(B2, C2, D2) in the first column. Comparing with Figs. 3 and
4, the results reveal that during the inhalation phase and the
exhalation phase, the power shift between the inner ring and

the outer ring, leading to the synchronized quasi-periodic re-
lation of J and R. Figures 4(d2) and 4(d3) indicate that VCs
with l = 5 would not keep robust, agreeing with Figs. 3(d2)–
3(d5). This breathing behavior may stem from the interaction
between the VCs and the propagation medium, resulting in
energy exchange between the VCs and the medium. This ef-
fect could potentially facilitate the optical signal storage and
retrieval in such media.

(a1)      l/

(b1)

(c1)

(d1) 
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B1

C1

C2

D2

D1

B2

4

4

0

0
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η

4

0
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η

4
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-4

η

4
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η
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40-4

ξ

l/

l/

l/

Fig. 4. Fidelity J and width R of VCs during propagation along distance
ζ . The radical index l = 2, 3, 4, 5 for panels (a), (b), (c), and (d), respec-
tively. The blue solid and red dashed lines represent J and R, respectively.
The panels (a2) and (a3) represent the profiles of VCs at points A1 and A2
in panel (a1). The others panels in the second to fourth rows have the same
meaning. The system parameters are the same as in Fig. 2.

The periodic fluctuations of the VCs power can be un-
derstood by the power current which is defined as 𝑆 =
1
2 (ψ∇ψ*−ψ*∇ψ). Here, ψ is the solution of Eq. (3).

Figure 5 illustrates the power current in this system for
4-core and 8-core VCs. As depicted in Figs. 5(a1) and 5(b1),
upon completion of the exhalation phase, the primary power
current direction is towards the inner ring, while a minor por-
tion flows towards the outer ring. At this stage, the power
primarily distributes in the outer ring, and is ready to flow
inward. Conversely, after the completion of the inhalation
phase, the power current is concentrated within the inner ring,
and a minor amount distributed in the outer ring, as shown in
Figs. 5(a2) and 5(b2). This phenomenon is consistently ob-
served during the quasi-periodic breathing process of the VCs
as they propagate in the ζ direction, as evident in Figs. 5(a3),
5(b3), 5(a4), and 5(b4).

The relationship between the power of VCs and the sys-
tem parameters, including nonlocal coefficient σ , the propaga-
tion constant b, local strength γ , and the imaginary part V2 of
the Bessel lattice potential, is depicted in Fig. 6. The Laguerre
polynomials, with radical index l set to 2 and 4, correspond
to topological charges of 2 and 4, as inferred from Fig. 2,
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represented by blue triangular lines and red square lines, re-
spectively. The dependence of power on Rydberg interactions
reveals that robust VCs with 4 cores (blue triangle line) and
8 cores (red square line) are obtained with σ < 0, as shown
in Fig. 6(a). The solid and dashed lines represent the robust
and unrubust states of VCs, respectively. As we have known,
positive and negative nonlocal nonlinear coefficients represent
the self-attractive and self-repulsive interactions in the nonlin-
ear media. For given sets of system parameters in the caption

of Fig. 6, the stable domains of the σ corresponding to 4-core

and 8-core VCs are (−1.4 to −0.3) and (−1.1 to −0.2), re-

spectively. This finding indicates that in the context of the

present Rydberg-dressed 𝒫𝒯 -symmetric Bessel lattice poten-

tial system, only self-repulsive nonlocal nonlinearities (σ < 0)

can yield robust VCs. Another finding is that the power of 4-

core VCs is smaller than 8-core case, indicating a larger stable

domain, as shown in Figs. 6(a) and 6(b).

4

4

0

0

-4

-4

η

4
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-4

η

ξ
40-4

ξ

40-4
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40-4

ξ

Fig. 5. Power current S with various propagation distances. The radical indices l = 2 and 4 for the first and second rows, respectively. The
insets in each panel are enlarged power current in the area labeled by square, and the intensity distributions of VCs. The coordinates of intensity
distribution is the same with that of power current.
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(b)

(c) (d)

Fig. 6. Dependence of power on nonlocal strength σ (a), propagation con-
stant b (b), local strength γ (c), and imaginary part of Bessel potential V2 (d).
Radical indices l = 2,4 are taken as example, corresponding to 4-core and
8-core VCs. The solid and dashed lines represent the robust and unrobust
states of VCs, respectively. For 4-core VCs, the parameters are l = 2, b = 1,
σ =−1, γ = 1, V0 = 2, V1 = 6, and V2 = 0.1. For 8-core VCs, l = 4, b = 1,
σ =−1, γ = 0.3, V0 = 2, V1 = 9, and V2 = 1.

In the following discussion, the values of nonlocal coef-
ficient for 4-core and 8-core VCs are taken as σ = −1. A
thorough examination of Fig. 6 reveals that the power ex-
hibits similar trends for 4-core and 8-core VCs with varia-
tions, such as b, γ , and V2. Specifically, it decreases and in-
creases monotonously with b and γ , respectively, as shown in
Figs. 6(b) and 6(c). The robust VCs are mainly located in the
region γ > 0, and they can still be achieved with γ < 0, within a

narrow range (−0.7 to 0), signifying a self-repulsive behavior
of the medium which is attributed to the collective modulation
of the local and nonlocal nonlinear coefficients.

To assess the modulation effects of 𝒫𝒯 -symmetric lat-
tice potentials on VCs, we varied the imaginary part V2 of
the Bessel lattice potential while keeping the other parame-
ters, as shown in Fig. 6(d). Our findings reveal that the U(V2)

curves for both VCs exhibit a parabolic-like relationship, with
the minimum power located at the position V2 = 0. Accord-
ing to the 𝒫𝒯 -symmetry-broken relation in Fig. 1(f), when
the real part of Bessel potential V1 is fixed, the power of VCs
increases with the imaginary part V2. When V2 reaches the
critical point indicated by the blue line in Fig. 1(f), the system
turns from 𝒫𝒯 -symmetry phase to 𝒫𝒯 -broken phase, and the
VCs become unrobust.

It is observed that the Rydberg nonlocal coefficient σ and
the imaginary part of the Bessel potential V2 have a profound
influence on the stability of VCs. As σ or |V2| increases,
the power of VCs increases rapidly, ultimately leading to the
disruption of the balance between the dispersion and nonlo-
cal/local nonlinearity within the medium and, consequently,
the collapse of the VCs. Beyond the stability domains in
Fig. 6, VCs either fail to propagate stably or cannot be gen-
erated at all.

Figure 7 presents two examples of unstable VCs, where
for the first row, σ = +0.3, and for the second row, V2 = 3.
Notably, in both cases, although the VCs are initially gener-
ated, they are unable to propagate long.
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Fig. 7. Examples of unstably propagation of VCs with l = 4 by tuning non-
local strength σ (a) and imaginary part of Bessel potential V2 (b). In the first
and second rows, (σ ,V2) are taken as (0.3,1) and (−1,3), respectively. The
other parameters are γ = 0.3, V0 = 2, and V1 = 9.

4. Conclusion
In this study, we investigated a four-level inverted-Y

atomic system dressed with Rydberg states. A scheme is
proposed to realize an optical Bessel potential with 𝒫𝒯 -
symmetry and explore the possibility of the existence, ro-
bust propagation, and active manipulation of vortex clusters
in such a 𝒫𝒯 -symmetric system. Multi-core VCs with four
and eight cores, corresponding to topological charges 2 and
4, are obtained by manipulating system parameters, such as
the gain-loss component of Bessel lattice potentials, Kerr non-
linearities, and the degree of nonlocality inherent in the Ry-
dberg atoms. Notably, these VCs are mainly confined within
the first Bessel lattice well. During propagation, the power
and width of VCs undergo a quasi-periodic breathing phe-
nomenon, which is attributed to the power exchange between
the light fields and Bessel potential. The profiles keep a syn-
chronous quasi-periodic expansion and extraction with the os-
cillation of VCs. Both self-attractive and self-repulsive Kerr
interactions can sustain robust VCs within this system owing
to the combination of local and non-local nonlinearity. By in-
troducing the Bessel potential in the Rydberg atomic system,
the topological structure of VCs and their propagation can be
well manipulated. This research presented here not only facil-
itates the creation and manipulation of 2D VCs through 𝒫𝒯 -
symmetric potentials but also paves the way for potential ap-
plications in optical information processing and transmission.

Acknowledgements
Project supported by the National Natural Science Foun-

dation of China (Grant No. 62275075), the Science and
Technology Research Program of the Education Depart-
ment of Hubei Province, China (Grant No. B2022188),
the Natural Science Foundation of Hubei Province, China
(Grant No. 2023AFC042), the Training Program of Inno-
vation and Entrepreneurship for Undergraduates of Hubei
Province, China (Grant No. S202210927003), and the Med-
ical Project of Hubei University of Science and Technology
(Grant No. 2023YKY08).

References
[1] Kivshar Y S and Agrawal G P 2003 Optical Solitons: From Fibers to

Photonic Crystals (Cambridge: Academic)
[2] Baizakov B B, Malomed B A and Salerno M 2004 Phys. Rev. A 70

053613
[3] Kartashov Y V, Vysloukh V A and Torner L 2009 Prog. Opt. 52 63
[4] Konotop V V, Yang J and Zezyulin D A 2016 Rev. Mod. Phys. 88

035002
[5] Kartashov Y V, Vysloukh V A and Torner L 2004 Phys. Rev. Lett. 93

093904
[6] Kartashov Y V, Vysloukh V A and Torner L 2005 Phys. Rev. Lett. 94

043902
[7] Kartashov Y V, Carretero-González R, Malomed B A, Vysloukh V A
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