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Lie group analysis method is applied to the extended (3 + 1)-dimensional Kadomtsev—Petviashvili-Boussinesq equa-
tion and the corresponding similarity reduction equations are obtained with various infinitesimal generators. By selecting
suitable arbitrary functions in the similarity reduction solutions, we obtain abundant invariant solutions, including the
trigonometric solution, the kink-lump interaction solution, the interaction solution between lump wave and triangular pe-
riodic wave, the two-kink solution, the lump solution, the interaction between a lump and two-kink and the periodic lump
solution in different planes. These exact solutions are also given graphically to show the detailed structures of this high
dimensional integrable system.

Keywords: extended (3 + 1)-dimensional KP-Boussinesq equation, Lie group method, similarity reduction,

invariant solution
PACS: 02.30.1k, 05.45.Yv, 02.30.Jr

1. Introduction

The classical completely integrable KP equation
(uy + Oty + Uy ) x — Aty =0 (1)

is a well-known nonlinear partial differential equation, which
describes the evolution of nonlinear small amplitude long
waves with the constant A = +1.11 In fact, one of the exten-
sion forms of the famous Kadomtsev—Petviashvili (KP) equa-
tion is the generalized (3+1)-dimensional KP equation

Uyxxy + 3(”xuy)x + i + ity — Uz =0, (2)

which has the multi-soliton solutions and the multiple wave
solutions with specific phase shifts with Hirota bilinear
method and multi exp-function algorithm in Refs. [2,3] respec-
tively. In recent years, the research on the KP-like equations
or the KP combined other nonlinear equation has attracted
much attention in soliton theory.[*8] For example, the inte-
grable (3+1)-dimensional KP-Boussinesq equation

Uxxxy + 3(”}(“}'))6 + Uy + Uyt + Uy — Uy, = 0 (3)

has been studied extensively. The soliton solutions, the
higher-order breathing waves and rogue waves and the simi-
larity reduction solutions of Eq. (3) are obtained explicitly in
Refs. [9-12] with the bilinear method and Lie symmetry anal-
ysis, etc.

In this paper, we aim to study abundant invariant solutions
to the special extended (3+1)-dimensional KP-Boussinesq

equation

Uxxxy + S(quy)x + Uy + Uyt Uy — Uy, = 0; 4

fCorresponding author. E-mail: hhengchun@ 163.com
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which can describe the long wavelength water wave in hydro-
dynamics. Equation (4) has been proved to be not integrable in
the Painlevé sense and its periodic solution, n-soliton solution
and variable separation solution have been derived by Hirota
bilinear method.!!3! To the best of our knowledge, there has
been no study on the symmetry reduction and similarity solu-
tions of Eq. (4) in the literature. We will use the classical Lie
group method to obtain various similarity solutions of Eq. (4)
with arbitrary functions, including the trigonometric solution,
the interaction solution between a kink and a soliton, the peri-
odic solution, the interaction solution between lump waves and
triangular periodic waves, the two-kink solution, the lump so-
lution, the lump-kink solution, the interaction between a lump
and two-soliton solution, the periodic lump solution and the
breather solution.

The paper is organized as follows. We conduct the Lie
symmetry analysis of Eq. (4) and give the corresponding in-
finitesimal generators with different arbitrary functions in Sec-
tion 2. In Section 3, various vector fields are used to find many
kinds of reduction equations and abundant similarity solutions
of Eq. (4) are obtained by solving these reduction equations.
Some similarity solutions are also exhibited directly by select-
ing proper arbitrary functions. Summary and conclusion are
given in the last section.

2. Lie group analysis for Eq. (4)

In this section, the classical Lie group method is ap-
plied to the extended (3+1)-dimensional KP—-Boussinesq equa-
tion (4) and the infinitesimal generators are calculated accord-
ing to the standard Lie group procedure. Firstly, let us consider

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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a one-parameter Lie group transformation for Eq. (4)

x— x+ €& (x,y,2,t,u),
y = y+e&(x,y,z,t,u),
2= z+ €8x,y 2,1,u),
t—t+e&4(x,y,2,t,u),
u—u+en(x,yztu), (5)

where € is a small parameter and the infinitesimal generators
{&1,&,&3,&4,m} are undetermined functions depending on x,
v, z, t, u. From the standard steps of Lie group method, once
we find the infinitesimals of the group transformation, then the
corresponding vector field

d
V= & +éz +§% +§4 Ul (6)
u
is a Lie point symmetry of Eq. (4) if and only if
PrAV(4) 4-0=0, 0

with
A =ty + 3 (uxtty ) + s + Uy + Uy — U, = 0.

Here Pr¥V is the fourth prolongation of Eq. (6) as follows:

P P P
PrOV = V'S 50"

Jduy du,
0 0 0
Xy xt y_ 9
T T ue T Gy
0 8 d
n_ 9 Xz XXXy
+ uy +tn Oy, +tn Ollyxy

and the functions {n*, n*, n" ™ n* n¥ n*, 0, n**} are
invariant coefficients, which can be computed by the prolon-
gation formulae.

Then the invariant condition of Eq. (4) is given in the fol-
lowing:

nxxxy+nxz+nyt+ntt+3nxxuy+3nyuxx
+3N0" Uy + 30 u, —n* =0. (¥

Substituting the explicit expressions of invariant coefficients
into Eq. (8), we can arrive at the determined equations and
the infinitesimal generators {&;,&,,&3,&4,M} can be solved di-
rectly with Eq. (4)

t t+ 3
& = §f1z+f3+( SX)Cl, §2=§Cly+f27
3
& =cizto, &= §C1t+f17
tt—y X+ X
n= ( )f17z f2zz ( y)flz fz
ey 3
_§f3z+f4f+f5+TCh 9

where f1, f2, f3, f1, f5 are five arbitrary functions of z and ¢y,
¢y are arbitrary constants. Taking f1(z) = c3z, f2(2) = caz,
f3(2) = esz, fa(2) = 6z, f5(z) = c7z for simplicity, the in-
finitesimal generators Eq. (9) can be rewritten as

t t 3
‘51 = §C3+C5Z+( —;x)cl, §2:§Cly+C4Z,
3
& = ciz+o, §4=§Clt+C3Z,
_ (x+y)
n= 6 c3 304x 3csy
+y-3
feg bzt T, (10)

and the corresponding vector field is given as

V=cVi+aVa+ciVi+caVi+cesVs+csVe+c7V7,

where

v e g e T
s N
1/3:%%4_1;4_ G )%7

‘/6—”%7 W:z%. a1

That is to say, equation (4) admits the Lie algebra spanned by
the vectors V; (j =1,2,...,7).

3. Similarity solutions of Eq. (4)

In this section, we will study the symmetry reduction
and invariant solutions of Eq. (4) by choosing different vec-
tor fields based on Eq. (11). From the corresponding charac-
teristic equations, different vector fields are used to obtain the
reduction equations and similarity solutions of Eq. (4). The
results will be given in some cases as given below.

3.1. Vector field V3 = £ & 479 4 X2 9.
From the characteristic equation
dx dy dz dt = du

TE Y=o S S e (12)
: 0 0 z (x+y)/6
we can have the similarity solution
6xzt + 6yzt —1°
U= Fi(X,Y,7)+ LT (13)

3672 ’
(4xz —1%) /42, Y =y, Z = z are similarity variables
by solving Eq. (12). Substituting Eq. (13) into Eq. (4), we have
the reduction equation in terms of Fj

where X =

6FixxxyZ+ 18FyFixxZ
F18FixFixyZ — 6FixzZ —3Fix +2=0.  (14)

Though it is not easy to solve the reduction equation (14), we
still can take a particular solution

32 (X 2X 4z
F(X.Y,Z)=L(Z )+\§;L2(3+Z>+Y—|—3+ ,(15)
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and the exact explicit solution of Eq. (4) is

3 dxz —1?
uj =L1(Z)+\/>ZL2<Z+ at >+y

3z 12z
4z  dxz—t>  6xzt+6yzt — 13
— 16
3" 6z * 3622 ’ (16)

where Ly, L, are two arbitrary functions of the indicated vari-
ables. In addition, to obtain more solutions of Eq. (14), we
apply Lie group method on it and a new set of infinitesimals is
solved out directly

& =Za1 + 2y,

a+g1,

Y
J;y_(zz+y)agzza1+< vz z3/2>a2+2ﬁa4+a5,

Y 4X —3F
nU:g2*§glz+T
6xzf XYVZ— 6F12f
122
3F —4X XVZ
T BTy

where g, g» are arbitrary functions of Z and ay, ay, a3, as, as

ai

a7

are arbitrary constants. If taking g;(Z) = g2(Z) = 0 for sim-
plicity, equation (17) can be rewritten as
X X Xxvz
Ex = S5 + %
&, =Za,+ 2 ay,

YVZ
&y =(2Z+Y)az —2Za; + <\2F —Z3/2>a2+2ﬁa4+a5,

_ 4X -3F 6xzf XYVZ—- 6Flzf
=" @t 12Z
3F —4X XVZ
— . 1
+ ¢ B3, W (18)

The vector field of the infinitesimal generators (18) can be ex-
pressed by

W =aWi+a;Wr+a3 W3 +asWy +asWs,

where
X9 d 9  (4X-3F) 0
W, = 5% 2Za—Y+Za—Z+76 9
J
WS = ﬁa
B 9 X9 (BF-4X) 9
W3 = (2Z+Y)W—§ﬁ 6 oR’
XVZ 0
Wi = 2zg -
_XVZ O (YWZ  5p\ 9 5p0d
W2 ="~ ax+( 7 )8Y+Z oz
+6XZﬁ—XYﬁ—6ZF]\/Zi (19)
127 oF;’

4X-3F 9

3.1.1. Vector field W, = 2 ax

The related characteristic equation is

dX dy  dz 4R

== = (20)
X 4X—3F,
£ —27 Z T1
then we can get the similarity form
M (X1,Y)  2X
Fli=————%+—, 21
11 7z + 3 2D
where M, is a similarity function of variables X; = X/ VZ,

Y] =Y +2Z and F; is an invariant solution of Eq. (14). Sub-
stituting Eq. (21) into Eq. (14), we get the reduction equation
in terms of M

2Mix,x,x,v, +Mix,x, X1 +6Mx,x, M1y,

+6M]X1ylM]X1+M]X1 =0. (22)

It is easy to see that H;(Y) is a solution of Eq. (22) and we
can have the exact solution of Eq. (14)
H\(2Z+7Y) n 2X

vZ 3
Substituting Eq. (23) into Eq. (13), we obtain the similarity
solution of Eq. (4)

R (X,Y,Z) = (23)

H, (2 247%x — 62t — 13 + 6tx7 + 6t
_ 1( Zer)+ 72x — 67 2+ X2+ 6tyz. o4
Vz 36z
3.1.2. Vector field W, = Xy2.2 1 (WWZ 7378 4
Z3/2 a 6xzf XYVZ—6ZRVZ 9
7 IF
The related characteristic equation of W5 is
dax dy
XVZ/2 YVZ/2-273?
_dz dF 25)
- 232 (6XZVZ —ZYNZ—6ZFNZ)]12Z’
then we can have the similarity form
My(X,,Y1) X XY
Fo=—"——F7——""+-—-—— 26
12 7z t3 - (26)
where M, is a similarity function of variables X; = X/ VZ,

Y) = (2Z+Y)/+/Z and Fi; is an invariant solution of Eq. (14).
Substituting Eq. (26) into Eq. (14), we arrive at the corre-
sponding reduction equation in terms of M»

Moy, x,x,v, +3Max,x, Moy, +3Mox,y,Max, =0.  (27)

It is easy to see that H,(Y)) is a solution of Eq. (27) and we
can have the solution of Eq. (14)

(2Z+Y)
AN AU ,

VZ 3 6z
Substituting Eq. (28) into Eq. (13), we obtain the similarity
solution of Eq. (4)

R(X,Y,Z) = (28)

110206-3
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2z+y
H, 2 3 2 2
Vz 37y —2t° — 6zt + 12txz 4 12tyz — 12xyz 4 24z°x
uz = + 5 . (29)
vz 72z
\
3.1.3. Vector field Ws = £ 3.3. Vector field Vs =z 2 — 3 2.
The related characteristic equation is The related characteristic equation of Vs is
dx dY dz dFR (30)
o 1 0 0 %:%:%:%:7‘1“3, (40)
then we can get the similarity form -y/
Fiz =Ms(X,,Z), (31)  then we can obtain similarity solution
where M3. isa s.imila.rity functi.on of variables X| = X,le = z w= F(Y.2.T) - ﬂ, @1
and Fi3 is an invariant solution of Eq. (14). Substituting 3z

Eq. (31) into Eq. (14), we obtain the reduction equation in
terms of M3

2 —6Msy,7,Z1 — 3Msx, =0. (32)

The solution of Eq. (32) can be written as

Ms(X 2X
Ms(X1721)=M4(Zl)+\5/(Z—Il)+31, (33)

where My and M5 are arbitrary functions of indicated vari-
ables. Substituting Eq. (33) into Eq. (13), we obtain the in-

variant solution of Eq. (4)
dxz —1?
M:
’ < 4z >

Uys = My(z) +
4() \/Z
242 —6l2—l3+6l +6IV
Yar 2 . XZ Z. (3)

3.2. Vector field V,; = Za% -1g

In the similar way, the related characteristic equation of
Vi is
dx dy dz dr du

0 z 0 0 —x/3 (33)
then we can obtain similarity solution
Xy
=kh(X,Z,T)— = 36
u 2( 1 ) 3Z, ( )

where X = x, Z =z, T =1 are similarity variables. Substituting
Eq. (36) into Eq. (4), we get the reduction equation in terms of
F

Pox1Z — FoxzZ+ ForrZ — FaxxX — Fox = 0. 37)

Though it is not easy to solve the reduction equation (37),
we still can take a particular solution to Eq. (37)

Z/X
FQ:T+Q1(Z)+/% dx. (38)
Hence, the similarity solution of Eq. (4) is
us:Ql(z)+/M dxt1-2, (39)
X 3z

where Q1(z) and Q»(z/x) are arbitrary functions.

where Y =y, Z =z, T =t are similarity variables. Substituting
Eq. (41) into Eq. (4), we get the reduction equation in terms of
F3

Fyr +Frr =0, (42)
and equation (42) has the solution
F(Y,Z,T)=03(Z,Y)+ Q4(Z,T -Y), (43)
hence, the similarity solution of Eq. (4) is

us = Q3(z,y) +Qa(z,t —y) — (44)

i
3z’
where O3, Q4 are two arbitrary functions of the indicated vari-
ables.

While setting two arbitrary functions

03(z,y) = arctan(2z — 4y),
3
Q4(Zat_y):§Sin(y_t)a (45)

and substituting Eq. (45) into Eq. (44), we will obtain the
trigonometric solution of the extended (3 + 1)-dimensional
KP-Boussinesq equation (4) and the detailed structures on dif-
ferent planes are shown in Fig. 1.

Fig. 1. Trigonometric solution (44) with Eq. (45).

110206-4
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3.4. Vector field Vo + Vy = Za% +&-3d

Solving the related characteristic equation

e _dy de_dr_ du

— 46
0 z 1 0 —x/3’ (46)

we can obtain similarity solution
u=Fy(X,¥.T)~ 3, @7)

where X =x,Y =y—2z%/2, T =t are similarity variables. Sub-
stituting Eq. (47) into Eq. (4), we have the reduction equation
in terms of Fy

3Fyxxxy +9Faxx Fay +9Fyxy Fax
+3Fuxr +3Fyr +3F4r7r+1=0. (48)

Though it is not easy to solve the reduction equation (48),
we can still take a particular solution to Eq. (48)

Y(Y -2T
R, T) = 0s(1) 4 0T 1)+ T2 )
and the similarity solution of Eq. (4) is
2 2
u; = Qs(y—Z2)+Q6<f+Z2—y>
279 N (279 _
o @2y 2oy 42 (50)

3 6 ’
where Qs, Q¢ are two arbitrary functions of the indicated vari-
ables.

3.5. Vector field V, + Vs =z 9 + 5 — 1 2
Solving the related characteristic equation

dx dy dz dr  du

=—0F 51
z 0 1 0 —y/3 D)
we can obtain similarity solution
u=F5(X,¥.T) =%, (52)

where X = x— 72 /2,Y =y, T =t are similarity variables. Sub-
stituting Eq. (52) into Eq. (4), we gain the reduction equation
in terms of F5

Fsxxxy +3Fsx Fsxy +3Fsxx Fsy
+Fsxr + Fsyr + Fsrr =0. (53)

Some special solutions of Eq. (53) and the corresponding so-
lutions of Eq. (4) are given as follows:

F51(X,Y,T) = 07(X)+ 03(T — X),
2 2
ug = Q7(x—z> 10 (t+z—x) X (s

2 2 37
F52(X3Y7T) :X+Q9(Y)+Q10(T*Y),
2
=00 +Qult—y) - S~ T+x (59

where Q7, Og, Qg, Q19 are four arbitrary functions of the indi-
cated variables.
While setting four arbitrary functions

Z2 Zz
Q7()C—2> = —tanh< _2>,

Qg(t+ —x) S S (56)

a cosh? (1 + % —X)
Q10(t —y) = arctan(e* =), (57)

STENN

0o (y) = e,

we can obtain the corresponding exact solutions of Eq. (4) ex-

plicitly
1 2\ 2
Uy = ———— _tanh ( - ) _ X (58)
cosh?(r + % —X) 2 3
2
1o = ¢°*0) 4 arctan(e? %) — ygz - % +x. (59

It is known that equation (58) is the interaction solution be-
tween a kink and a soliton and equation (59) is the periodic-
like wave solution of Eq. (4) and the corresponding structures
are shown in Fig. 2 in different planes.

Fig. 2. (a) The interaction solution between a kink and a soliton (58) of
Eq. (4), (b) the periodic solution (59) of Eq. (4).

3.6. Vector field Vs +V, = %% +z¢% +z% + %%
Solving the related characteristic equation

dx dy dz _dr_ du

=2=Z"===r, (60)
5 =z 0 ¢z x£
we can obtain similarity solution
6y — 3t — 6x)zt +1°
u= Fo(X,v,2)+ & %2+ (61)

3622 ’
where X = (4xz—1%)/4z, Y =y —t, Z = 7 are similarity vari-
ables. Substituting Eq. (61) into Eq. (4), we have the reduction
equation in terms of Fg
6FsxxxyZ + 18Fsy FoxxZ + 18Fsxy FoxZ
—6FsxzZ —6FsxyZ —3Fsx — 1 =0. (62)

A particular solution to Eq. (62) has the form

V3ZQ1,(X/3+2Z)
3Z

Fﬁ(X7Y,Z) = QII(Z)+ +Y

110206-5
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X 2z
-S = 63
3730 (63)
and the similarity solution of Eq. (4) is
V3z daz+ 122> —12
upp = Q11(Z)+TZQ12 BT F—
x 2z 3 tx t
SRV S L N ()

3 3 3622 6z 67

2_42 . . .
where Q11(z) and le(%) are arbitrary functions with

indicated variables respectively.

3.7. Vector field Vs + Ve = 75 + 242 2.

Solving the related characteristic equation

de_dy_de_dr

=— 65
z 0 0 0 z—y/3’ (65)

we can obtain similarity solution
u=FY,2,T)+x 2, (66)

3z
where Y =y, Z =z, T =t are similarity variables. Substitut-
ing Eq. (66) into Eq. (4), we obtain the reduction equation in
terms of Fy

FyrZ+FrpZ—-T+Z=0. 67)
It is not difficult to find the solution for Eq. (67) has the form

F(Y,Z,T) = Q13(Z,Y)+Q14(Z, T —Y)
T3 Y2
+6?+7 —TY, (68)

where Q13, Q14 are two arbitrary functions of the indicated
variables. Substituting Eq. (68) into Eq. (66), one can obtain
the similarity solution of Eq. (4)

3 2
xy 1 y
— 4 —+ = —1ty. (69
3z * 6z + 2 Y (69)

Because of the arbitrariness of the two functions Q3 and

ui = Q13(z,y) + Qua(z,t —y) +xt —

014, we can have different selection of the arbitrary functions
to find new exact solutions of Eq. (4). If fixing

2(10sin (10z/7 —5y) — 10cos (10z/7 — 5y))

013 = 82 19+ 2cos (102/7 — 5y) + 25in (102/7 — )
2
t_
Qi = _{ zy) ; (70)
0y, H6ETE 436 B 6 174402 S 1)
B3 1096622 1 10918862 4 21824 88 + 14
t— 2
Q14:*( ) ; (1)

2

we will have the exact solutions of Eq. (4)

2(10sin (10z/7 — 5y) — 10cos (10z/7 — 5y))

M2 = 82219+ 2c0s (10z/7 — 5y) + 2sin (10z/7 — 5y)
3 2
t° —2xy — 3tz + 6xzt
+ Y : (72)
62
436e%7% — 4361878762 _ 1744248821 112
uiz =

109522 4 109¢8-9—6: 218248821 14

13— 2xy — 3127+ 6xzt
+
62
respectively. The solution (72) can be regarded as an interac-
tion solution between lump wave and triangular periodic wave
solution of Eq. (4) when x = 0, t = 0. The solution (73) of
Eq. (4) is two-kink solution when x = 0, r = 0. The corre-

) (73)

sponding structures are shown in Fig. 3.

Fig. 3. (a) Interaction solution between lump wave and triangular periodic
wave solution (72) when x = 0, t = 0, (b) two-kink solution (73) when x = 0,
t=0.

3.8. Vector field Vs + V7 = z3 + 252 2.
Solving the related characteristic equation

dx dy dz dr du

—_—=— 74
z 0 0 0 z—y/3 74
we can obtain similarity solution
u:Fg(Y7Z,T)+x—)3C—y7 75)
b4

where Y =y,Z =z, T =t are similarity variables. Substituting
Eq. (75) into Eq. (4), we have the reduction equation in terms
of Fg

FyrZ+FrrZ—1=0, (76)

which has the solution

Y(2T -Y
Fs:le(Z,Y)+Q16(ZvT*Y)+%- 7
Then the corresponding similarity solution of Eq. (4) is
2t —
us = Qi15(z,y) + Que(z,t —y) +x— )3% + y(zizy)y (78)

where Q15 and Q¢ are arbitrary functions of indicated vari-
ables. Then we can have abundant exact solutions by fixing
three sets of arbitrary functions Q15 and Q.

Case 1
0 — 245487 — 74176
157 613722 + 1088y2 — 37088z + 3904y + 60980’
=y
Q16 = %
245487 — 74176
uis =

613722 + 1088y — 370882 + 3904y + 60980
6xz — 2xy + 312
A

6z {7%)
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Case 2
O1s = 24582 4/7 1 461187+ 37647 — 5647y 01— (= y)?
7 614eZ /T £ 1152922 + 188237 — 2823yz + 71085y2 — 2304y +9412° ~'°~ 2z
L 2458e24/7 1 461187+ 37647 — 5647y 6xz7 — 2xy + 312 (&0)
10 G14e2 /7 £ 1152972 + 18823z — 2823yz + 71085y — 2304y + 9412 62 '
Case 3
Q15 = 18e2V3/342 _ 96 4 (48+/3y + 144z) e VI/3+2 O — (t—y)>
9e2V3V/3+22 4 48 + (24+/3zy + 48 + 3622 + 120y2) e V3y/3+2 2z
. 182V3/342: _ 96 1 (48+/3y + 1447) e V¥/3+< 6xz — 2xy+ 312 D)
17 .

9e2VA/3+20 L 48 4 (244/3zy + 48+ 3622 + 120y2) e VIV/3+2 62

It can be seen that the lump solution, lump-kink solution, and interaction solution between two kink and lump are given in
Eqgs.(79)—(81) when x = 0 and ¢ = 0, which are shown directly in Fig. 4.

4o (1) xz=0,t=0

(b) z=0,t=0,

Fig. 4. (a) Lump solution (79), (b) lump-kink solution (80), (c) interaction solution between two-kink and lump (81).

3.9. Vector field Vs + Vo + V7 = z - + 225340 9.

3 du
Solving the related characteristic equation
d d d dr d

s 2 =2 2% (82)

b4 0 0 0 z+z—3

we can obtain similarity solution
u=F(Y.Z,T)+x+xt -2, (83)
Z

where Y =y,Z =z, T =t are similarity variables. Substituting
Eq. (83) into Eq. (4), we get the reduction equation in terms of
Fo

FoyrZ+ForpZ —T+Z7Z—1= 0, (84)
which has the solution

Fy = 017(Z,Y)+013(Z,T—Y)
N Y(3T?—3TY —6ZT +Y*+3YZ+6T —3Y)

85
>  (85)
and the similarity solution of Eq. (4) is
uig = Q17(2,y) + Qug(a,1 —y) +x+x1
312 — 31y — 62t — 2x+y* +3yz + 61 — 3
PRl y—6zt —2x+y +3yz y), (86)

6z

where Q17(z,y) and Q13(z,¢ — y) are arbitrary functions. Here
we list two types of exact solutions of Eq. (4) by selecting
proper arbitrary functions Q17 and Q13

Case 1
O = sinh(2z/3+y/3)
77 4cosh(2z/3+y/3) +3cos(2y/3)’

3py—1)?—(—1)—3z(y—1)

Ois = 3 ;

z
sinh(2z/3+y/3)
u =
7 4cosh(2z/3+y/3) + 3cos(2y/3)
N 13 + (3 —32)t> + 6txz — 2xy + 63z &7)
6z
Case 2

2i(e4fi+21278y _ e4+i +262iz+878y)

Q7 = ed—i+2iz—8y | od+i 4 9o2iz+8—8y '
3py—1)— (1) —3z(y—1)

QIS = 6 )

J4

2i(e4fi+2iz78y _ e4+i +2€2iz+878y)

20 =TT AT i 8y | o4t 4 pe2ici8 8y
N 12+ (3 — 32)t> + 6txz — 2xy + 62 88)

6z ’

where i is an imaginary unit. The solution (87) can be regarded
as a periodic lump solution of Eq. (4) when x =0, = 0. The
solution (88) of Eq. (4) is breather solution when x = 0,7 = 0.
The corresponding structures are shown in Fig. 5.
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(b) z=0,t=0

Fig. 5. (a) Periodic lump solution (87), (b) the module of breather solu-
tion (88).

4. Summary and discussion

In conclusion, Lie group method has been applied to
the extended (3 + 1)-dimensional KP-Boussinesq equation (4)
to find abundant similarity solutions with arbitrary functions.
Various kinds of similarity solutions of Eq. (4) are obtained by
solving different characteristic equations and many interesting
similarity solutions are studied explicitly, which include the
trigonometric solution, the kink-lump interaction solution, the
interaction solution between lump wave and triangular peri-
odic wave, the lump solution, and the breather solution, etc.

Some detailed structures of these exact solutions are shown
graphically in different planes. From these exact solutions of
Eq. (4), one can learn that the Lie group method is very ef-
fective to solve high dimensional nonlinear models. Other in-
tegrable systems may also be studied by means of Lie group
method in future.
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