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Abundant invariant solutions of extended (3+1)-dimensional
KP–Boussinesq equation

Hengchun Hu(胡恒春)† and Jiali Kang(康佳丽)

College of Science, University of Shanghai for Science and Technology, Shanghai 200093, China
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Lie group analysis method is applied to the extended (3+1)-dimensional Kadomtsev–Petviashvili–Boussinesq equa-
tion and the corresponding similarity reduction equations are obtained with various infinitesimal generators. By selecting
suitable arbitrary functions in the similarity reduction solutions, we obtain abundant invariant solutions, including the
trigonometric solution, the kink-lump interaction solution, the interaction solution between lump wave and triangular pe-
riodic wave, the two-kink solution, the lump solution, the interaction between a lump and two-kink and the periodic lump
solution in different planes. These exact solutions are also given graphically to show the detailed structures of this high
dimensional integrable system.

Keywords: extended (3+ 1)-dimensional KP–Boussinesq equation, Lie group method, similarity reduction,
invariant solution
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1. Introduction
The classical completely integrable KP equation

(ut +6uux +uxxx)x−λuyy = 0 (1)

is a well-known nonlinear partial differential equation, which
describes the evolution of nonlinear small amplitude long
waves with the constant λ = ±1.[1] In fact, one of the exten-
sion forms of the famous Kadomtsev–Petviashvili (KP) equa-
tion is the generalized (3+1)-dimensional KP equation

uxxxy +3(uxuy)x +uxt +uyt −uzz = 0, (2)

which has the multi-soliton solutions and the multiple wave
solutions with specific phase shifts with Hirota bilinear
method and multi exp-function algorithm in Refs. [2,3] respec-
tively. In recent years, the research on the KP-like equations
or the KP combined other nonlinear equation has attracted
much attention in soliton theory.[4–8] For example, the inte-
grable (3+1)-dimensional KP–Boussinesq equation

uxxxy +3(uxuy)x +uxt +uyt +utt −uzz = 0 (3)

has been studied extensively. The soliton solutions, the
higher-order breathing waves and rogue waves and the simi-
larity reduction solutions of Eq. (3) are obtained explicitly in
Refs. [9–12] with the bilinear method and Lie symmetry anal-
ysis, etc.

In this paper, we aim to study abundant invariant solutions
to the special extended (3+1)-dimensional KP–Boussinesq
equation

uxxxy +3(uxuy)x +uxt +uyt +utt −uxz = 0, (4)

which can describe the long wavelength water wave in hydro-
dynamics. Equation (4) has been proved to be not integrable in
the Painlevé sense and its periodic solution, n-soliton solution
and variable separation solution have been derived by Hirota
bilinear method.[13] To the best of our knowledge, there has
been no study on the symmetry reduction and similarity solu-
tions of Eq. (4) in the literature. We will use the classical Lie
group method to obtain various similarity solutions of Eq. (4)
with arbitrary functions, including the trigonometric solution,
the interaction solution between a kink and a soliton, the peri-
odic solution, the interaction solution between lump waves and
triangular periodic waves, the two-kink solution, the lump so-
lution, the lump-kink solution, the interaction between a lump
and two-soliton solution, the periodic lump solution and the
breather solution.

The paper is organized as follows. We conduct the Lie
symmetry analysis of Eq. (4) and give the corresponding in-
finitesimal generators with different arbitrary functions in Sec-
tion 2. In Section 3, various vector fields are used to find many
kinds of reduction equations and abundant similarity solutions
of Eq. (4) are obtained by solving these reduction equations.
Some similarity solutions are also exhibited directly by select-
ing proper arbitrary functions. Summary and conclusion are
given in the last section.

2. Lie group analysis for Eq. (4)

In this section, the classical Lie group method is ap-
plied to the extended (3+1)-dimensional KP–Boussinesq equa-
tion (4) and the infinitesimal generators are calculated accord-
ing to the standard Lie group procedure. Firstly, let us consider
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a one-parameter Lie group transformation for Eq. (4)

x→ x+ εξ1(x,y,z, t,u),

y→ y+ εξ2(x,y,z, t,u),

z→ z+ εξ3(x,y,z, t,u),

t→ t + εξ4(x,y,z, t,u),

u→ u+ εη(x,y,z, t,u), (5)

where ε is a small parameter and the infinitesimal generators
{ξ1,ξ2,ξ3,ξ4,η} are undetermined functions depending on x,
y, z, t, u. From the standard steps of Lie group method, once
we find the infinitesimals of the group transformation, then the
corresponding vector field

𝑉 = ξ1
∂

∂x
+ξ2

∂

∂y
+ξ3

∂

∂ z
+ξ4

∂

∂ t
+η

∂

∂u
, (6)

is a Lie point symmetry of Eq. (4) if and only if

Pr(4)𝑉 (∆) |∆=0= 0, (7)

with

∆ ≡ uxxxy +3(uxuy)x +uxt +uyt +utt −uxz = 0.

Here Pr(4)𝑉 is the fourth prolongation of Eq. (6) as follows:

Pr(4)𝑉 = 𝑉 +η
x ∂

∂ux
+η

y ∂

∂uy
+η

xx ∂

∂uxx

+η
xy ∂

∂uxy
+η

xt ∂

∂uxt
+η

yt ∂

∂uyt

+η
tt ∂

∂utt
+η

xz ∂

∂uxz
+η

xxxy ∂

∂uxxxy

and the functions {ηxt ,ηyt ,η tt ,ηxxxy,ηxx,ηy,ηx,ηxy,ηxz} are
invariant coefficients, which can be computed by the prolon-
gation formulae.

Then the invariant condition of Eq. (4) is given in the fol-
lowing:

η
xxxy +η

xt +η
yt +η

tt +3η
xxuy +3η

yuxx

+3η
xuxy +3η

xyux−η
xz = 0. (8)

Substituting the explicit expressions of invariant coefficients
into Eq. (8), we can arrive at the determined equations and
the infinitesimal generators {ξ1,ξ2,ξ3,ξ4,η} can be solved di-
rectly with Eq. (4)

ξ1 =
t
2

f1z + f3 +
(t + x)

5
c1, ξ2 =

3
5

c1y+ f2,

ξ3 = c1z+ c2, ξ4 =
3
5

c1t + f1,

η =
t(t− y)

6
f1zz−

t2

6
f2zz +

(x+ y)
6

f1z−
x
3

f2z

− y
3

f3z + f4t + f5 +
(x+ y−3u)

15
c1, (9)

where f1, f2, f3, f4, f5 are five arbitrary functions of z and c1,
c2 are arbitrary constants. Taking f1(z) = c3z, f2(z) = c4z,
f3(z) = c5z, f4(z) = c6z, f5(z) = c7z for simplicity, the in-
finitesimal generators Eq. (9) can be rewritten as

ξ1 =
t
2

c3 + c5z+
(t + x)

5
c1, ξ2 =

3
5

c1y+ c4z,

ξ3 = c1z+ c2, ξ4 =
3
5

c1t + c3z,

η =
(x+ y)

6
c3−

1
3

c4x− 1
3

c5y

+c6zt + c7z+
(x+ y−3u)

15
c1, (10)

and the corresponding vector field is given as

𝑉 = c1𝑉1 + c2𝑉2 + c3𝑉3 + c4𝑉4 + c5𝑉5 + c6𝑉6 + c7𝑉7,

where

𝑉1 =
(t + x)

5
∂

∂x
+

3y
5

∂

∂y
+ z

∂

∂ z
+

3t
5

∂

∂ t
+

(x+ y−3u)
15

∂

∂u
,

𝑉2 =
∂

∂ z
, 𝑉4 = z

∂

∂y
− x

3
∂

∂u
, 𝑉5 = z

∂

∂x
− y

3
∂

∂u
,

𝑉3 =
t
2

∂

∂x
+ z

∂

∂ t
+

(x+ y)
6

∂

∂u
,

𝑉6 = zt
∂

∂u
, 𝑉7 = z

∂

∂u
. (11)

That is to say, equation (4) admits the Lie algebra spanned by
the vectors 𝑉 j ( j = 1,2, . . . ,7).

3. Similarity solutions of Eq. (4)
In this section, we will study the symmetry reduction

and invariant solutions of Eq. (4) by choosing different vec-
tor fields based on Eq. (11). From the corresponding charac-
teristic equations, different vector fields are used to obtain the
reduction equations and similarity solutions of Eq. (4). The
results will be given in some cases as given below.

3.1. Vector field V3 =
t
2

∂

∂x + z ∂

∂ t +
x+y

6
∂

∂u

From the characteristic equation

dx
t
2

=
dy
0

=
dz
0

=
dt
z

=
du

(x+ y)/6
, (12)

we can have the similarity solution

u = F1(X ,Y,Z)+
6xzt +6yzt− t3

36z2 , (13)

where X = (4xz− t2)/4z, Y = y, Z = z are similarity variables
by solving Eq. (12). Substituting Eq. (13) into Eq. (4), we have
the reduction equation in terms of F1

6F1XXXY Z +18F1Y F1XX Z

+18F1X F1XY Z−6F1XZZ−3F1X +2 = 0. (14)

Though it is not easy to solve the reduction equation (14), we
still can take a particular solution

F1(X ,Y,Z) = L1(Z)+

√
3Z

3Z
L2

(
X
3
+Z
)
+Y +

2X
3

+
4Z
3
, (15)
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and the exact explicit solution of Eq. (4) is

u1 = L1(z)+
√

3z
3z

L2

(
z+

4xz− t2

12z

)
+ y

+
4z
3
+

4xz− t2

6z
+

6xzt +6yzt− t3

36z2 , (16)

where L1, L2 are two arbitrary functions of the indicated vari-
ables. In addition, to obtain more solutions of Eq. (14), we
apply Lie group method on it and a new set of infinitesimals is
solved out directly

ξX =
X
2

a1−
X
2

a3 +
X
√

Z
2

a2 +g1,

ξZ = Za1 +Z3/2a2,

ξY = (2Z +Y )a3−2Za1 +

(
Y
√

Z
2
−Z3/2

)
a2 +2

√
Za4 +a5,

ηU = g2−
Y
3

g1Z +
4X−3F1

6
a1

+
6XZ
√

Z−XY
√

Z−6F1Z
√

Z
12Z

a2

+
3F1−4X

6
a3−

X
√

Z
3Z

a4, (17)

where g1, g2 are arbitrary functions of Z and a1, a2, a3, a4, a5

are arbitrary constants. If taking g1(Z) = g2(Z) = 0 for sim-
plicity, equation (17) can be rewritten as

ξX =
X
2

a1−
X
2

a3 +
X
√

Z
2

a2,

ξZ = Za1 +Z3/2a2,

ξY = (2Z +Y )a3−2Za1 +

(
Y
√

Z
2
−Z3/2

)
a2 +2

√
Za4 +a5,

ηU =
4X−3F1

6
a1 +

6XZ
√

Z−XY
√

Z−6F1Z
√

Z
12Z

a2

+
3F1−4X

6
a3−

X
√

Z
3Z

a4. (18)

The vector field of the infinitesimal generators (18) can be ex-
pressed by

𝑊 = a1𝑊1 +a2𝑊2 +a3𝑊3 +a4𝑊4 +a5𝑊5,

where

𝑊1 =
X
2

∂

∂X
−2Z

∂

∂Y
+Z

∂

∂Z
+

(4X−3F1)

6
∂

∂F1
,

𝑊5 =
∂

∂Y
,

𝑊3 = (2Z +Y )
∂

∂Y
− X

2
∂

∂X
+

(3F1−4X)

6
∂

∂F1
,

𝑊4 = 2
√

Z
∂

∂Y
− X
√

Z
3Z

∂

∂F1
,

𝑊2 =
X
√

Z
2

∂

∂X
+

(
Y
√

Z
2
−Z3/2

)
∂

∂Y
+Z3/2 ∂

∂Z

+
6XZ
√

Z−XY
√

Z−6ZF1
√

Z
12Z

∂

∂F1
. (19)

3.1.1. Vector field W1 =
X
2

∂

∂X −2Z ∂

∂Y +Z ∂

∂Z + 4X−3F1
6

∂

∂F1

The related characteristic equation is

dX
X
2

=
dY
−2Z

=
dZ
Z

=
dF1

4X−3F1
6

, (20)

then we can get the similarity form

F11 =
M1(X1,Y1)√

Z
+

2X
3
, (21)

where M1 is a similarity function of variables X1 = X/
√

Z,
Y1 = Y +2Z and F11 is an invariant solution of Eq. (14). Sub-
stituting Eq. (21) into Eq. (14), we get the reduction equation
in terms of M1

2M1X1X1X1Y1 +M1X1X1X1 +6M1X1X1M1Y1

+6M1X1Y1M1X1 +M1X1 = 0. (22)

It is easy to see that H1(Y1) is a solution of Eq. (22) and we
can have the exact solution of Eq. (14)

F1(X ,Y,Z) =
H1(2Z +Y )√

Z
+

2X
3
. (23)

Substituting Eq. (23) into Eq. (13), we obtain the similarity
solution of Eq. (4)

u2 =
H1(2z+ y)√

z
+

24z2x−6zt2− t3 +6txz+6tyz
36z2 . (24)

3.1.2. Vector field W2 = X
√

Z
2

∂

∂X + (Y
√

Z
2 − Z3/2) ∂

∂Y +

Z3/2 ∂

∂Z + 6XZ
√

Z−XY
√

Z−6ZF1
√

Z
12Z

∂

∂F1

The related characteristic equation of 𝑊2 is

dX
X
√

Z/2
=

dY
Y
√

Z/2−Z3/2

=
dZ

Z3/2 =
dF1

(6XZ
√

Z−ZY
√

Z−6ZF1
√

Z)/12Z
, (25)

then we can have the similarity form

F12 =
M2(X1,Y1)√

Z
+

X
3
− XY

6Z
, (26)

where M2 is a similarity function of variables X1 = X/
√

Z,
Y1 = (2Z +Y )/

√
Z and F12 is an invariant solution of Eq. (14).

Substituting Eq. (26) into Eq. (14), we arrive at the corre-
sponding reduction equation in terms of M2

M2X1X1X1Y1 +3M2X1X1M2Y1 +3M2X1Y1M2X1 = 0. (27)

It is easy to see that H2(Y1) is a solution of Eq. (27) and we
can have the solution of Eq. (14)

F1(X ,Y,Z) =
H2(

2Z+Y√
Z
)

√
Z

+
X
3
− XY

6Z
. (28)

Substituting Eq. (28) into Eq. (13), we obtain the similarity
solution of Eq. (4)
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u3 =

H2

(
2z+ y√

z

)
√

z
+

3t2y−2t3−6zt2 +12txz+12tyz−12xyz+24z2x
72z2 . (29)

3.1.3. Vector field W5 =
∂

∂Y

The related characteristic equation is

dX
0

=
dY
1

=
dZ
0

=
dF1

0
, (30)

then we can get the similarity form

F13 = M3(X1,Z1), (31)

where M3 is a similarity function of variables X1 = X ,Z1 = Z
and F13 is an invariant solution of Eq. (14). Substituting
Eq. (31) into Eq. (14), we obtain the reduction equation in
terms of M3

2−6M3X1Z1 Z1−3M3X1 = 0. (32)

The solution of Eq. (32) can be written as

M3(X1,Z1) = M4(Z1)+
M5(X1)√

Z1
+

2X1

3
, (33)

where M4 and M5 are arbitrary functions of indicated vari-
ables. Substituting Eq. (33) into Eq. (13), we obtain the in-
variant solution of Eq. (4)

u4 = M4(z)+
M5

(
4xz− t2

4z

)
√

z

+
24z2x−6zt2− t3 +6txz+6tyz

36z2 . (34)

3.2. Vector field V4 = z ∂

∂y −
x
3

∂

∂u

In the similar way, the related characteristic equation of
𝑉4 is

dx
0

=
dy
z

=
dz
0

=
dt
0

=
du
−x/3

, (35)

then we can obtain similarity solution

u = F2(X ,Z,T )− xy
3z

, (36)

where X = x, Z = z, T = t are similarity variables. Substituting
Eq. (36) into Eq. (4), we get the reduction equation in terms of
F2

F2XT Z−F2XZZ +F2T T Z−F2XX X−F2X = 0. (37)

Though it is not easy to solve the reduction equation (37),
we still can take a particular solution to Eq. (37)

F2 = T +Q1(Z)+
∫ Q2(Z/X)

X
dX . (38)

Hence, the similarity solution of Eq. (4) is

u5 = Q1(z)+
∫ Q2(z/x)

x
dx+ t− xy

3z
, (39)

where Q1(z) and Q2(z/x) are arbitrary functions.

3.3. Vector field V5 = z ∂

∂x −
y
3

∂

∂u

The related characteristic equation of 𝑉5 is

dx
z

=
dy
0

=
dz
0

=
dt
0

=
du
−y/3

, (40)

then we can obtain similarity solution

u = F3(Y,Z,T )−
xy
3z

, (41)

where Y = y, Z = z, T = t are similarity variables. Substituting
Eq. (41) into Eq. (4), we get the reduction equation in terms of
F3

F3Y T +F3T T = 0, (42)

and equation (42) has the solution

F3(Y,Z,T ) = Q3(Z,Y )+Q4(Z,T −Y ), (43)

hence, the similarity solution of Eq. (4) is

u6 = Q3(z,y)+Q4(z, t− y)− xy
3z

, (44)

where Q3, Q4 are two arbitrary functions of the indicated vari-
ables.

While setting two arbitrary functions

Q3(z,y) = arctan(2z−4y),

Q4(z, t− y) =
3
2

sin(y− t), (45)

and substituting Eq. (45) into Eq. (44), we will obtain the
trigonometric solution of the extended (3 + 1)-dimensional
KP–Boussinesq equation (4) and the detailed structures on dif-
ferent planes are shown in Fig. 1.

3
2
1

-1
-2

0

0
0

-20

-2020

20

y
t

u

(a) x/↪ z/
(b) x/↪ y/

3

2

1

-1

-2

0

0
0

-20

-2020

20

y
t

u

Fig. 1. Trigonometric solution (44) with Eq. (45).
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3.4. Vector field V2 +V4 = z ∂

∂y +
∂

∂ z −
x
3

∂

∂u

Solving the related characteristic equation

dx
0

=
dy
z

=
dz
1

=
dt
0

=
du
−x/3

, (46)

we can obtain similarity solution

u = F4(X ,Y,T )− xz
3
, (47)

where X = x, Y = y−z2/2, T = t are similarity variables. Sub-
stituting Eq. (47) into Eq. (4), we have the reduction equation
in terms of F4

3F4XXXY +9F4XX F4Y +9F4XY F4X

+3F4XT +3F4Y T +3F4T T +1 = 0. (48)

Though it is not easy to solve the reduction equation (48),
we can still take a particular solution to Eq. (48)

F4(X ,Y,T ) = Q5(Y )+Q6(T −Y )+
Y (Y −2T )

6
, (49)

and the similarity solution of Eq. (4) is

u7 = Q5(y−
z2

2
)+Q6

(
t +

z2

2
− y
)

− xz
3
+

(z2/2− y)(z2/2− y+2t)
6

, (50)

where Q5,Q6 are two arbitrary functions of the indicated vari-
ables.

3.5. Vector field V2 +V5 = z ∂

∂x +
∂

∂ z −
y
3

∂

∂u

Solving the related characteristic equation

dx
z

=
dy
0

=
dz
1

=
dt
0

=
du
−y/3

, (51)

we can obtain similarity solution

u = F5(X ,Y,T )− yz
3
, (52)

where X = x−z2/2, Y = y, T = t are similarity variables. Sub-
stituting Eq. (52) into Eq. (4), we gain the reduction equation
in terms of F5

F5XXXY +3F5X F5XY +3F5XX F5Y

+F5XT +F5Y T +F5T T = 0. (53)

Some special solutions of Eq. (53) and the corresponding so-
lutions of Eq. (4) are given as follows:

F51(X ,Y,T ) = Q7(X)+Q8(T −X),

u8 = Q7

(
x− z2

2

)
+Q8

(
t +

z2

2
− x
)
− yz

3
, (54)

F52(X ,Y,T ) = X +Q9(Y )+Q10(T −Y ),

u9 = Q9(y)+Q10(t− y)− yz
3
− z2

2
+ x, (55)

where Q7, Q8, Q9, Q10 are four arbitrary functions of the indi-
cated variables.

While setting four arbitrary functions

Q7

(
x− z2

2

)
=− tanh

(
x− z2

2

)
,

Q8

(
t +

z2

2
− x
)
=

1

cosh2(t + z2

2 − x)
, (56)

Q9(y) = ecos(y), Q10(t− y) = arctan(e2t−2y), (57)

we can obtain the corresponding exact solutions of Eq. (4) ex-
plicitly

u81 =
1

cosh2(t + z2

2 − x)
− tanh

(
x− z2

2

)
− yz

3
, (58)

u91 = ecos(y)+ arctan(e2t−2y)− yz
3
− z2

2
+ x. (59)

It is known that equation (58) is the interaction solution be-
tween a kink and a soliton and equation (59) is the periodic-
like wave solution of Eq. (4) and the corresponding structures
are shown in Fig. 2 in different planes.

u u

(a) y/↪ z/ (b) x/↪ z/
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Fig. 2. (a) The interaction solution between a kink and a soliton (58) of
Eq. (4), (b) the periodic solution (59) of Eq. (4).

3.6. Vector field V3 +V4 =
t
2

∂

∂x + z ∂

∂y + z ∂

∂ t +
y−x

6
∂

∂u

Solving the related characteristic equation

dx
t
2

=
dy
z

=
dz
0

=
dt
z

=
du
y−x

6

, (60)

we can obtain similarity solution

u = F6(X ,Y,Z)+
(6y−3t−6x)zt + t3

36z2 , (61)

where X = (4xz− t2)/4z, Y = y− t, Z = z are similarity vari-
ables. Substituting Eq. (61) into Eq. (4), we have the reduction
equation in terms of F6

6F6XXXY Z +18F6Y F6XX Z +18F6XY F6X Z

−6F6XZZ−6F6XY Z−3F6X −1 = 0. (62)

A particular solution to Eq. (62) has the form

F6(X ,Y,Z) = Q11(Z)+

√
3ZQ12(X/3+Z)

3Z
+Y
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− X
3
− 2Z

3
, (63)

and the similarity solution of Eq. (4) is

u10 = Q11(z)+
√

3z
3z

Q12

(
4xz+12z2− t2

12z

)
+y− t− x

3
− 2z

3
+

t3

36z2 −
tx
6z

+
ty
6z

, (64)

where Q11(z) and Q12(
4xz+12z2−t2

12z ) are arbitrary functions with
indicated variables respectively.

3.7. Vector field V5 +V6 = z ∂

∂x +
3zt−y

3
∂

∂u

Solving the related characteristic equation

dx
z

=
dy
0

=
dz
0

=
dt
0

=
du

zt− y/3
, (65)

we can obtain similarity solution

u = F7(Y,Z,T )+ xt− xy
3z

, (66)

where Y = y, Z = z, T = t are similarity variables. Substitut-
ing Eq. (66) into Eq. (4), we obtain the reduction equation in
terms of F7

F7Y T Z +F7T T Z−T +Z = 0. (67)

It is not difficult to find the solution for Eq. (67) has the form

F7(Y,Z,T ) = Q13(Z,Y )+Q14(Z,T −Y )

+
T 3

6Z
+

Y 2

2
−TY, (68)

where Q13, Q14 are two arbitrary functions of the indicated
variables. Substituting Eq. (68) into Eq. (66), one can obtain
the similarity solution of Eq. (4)

u11 = Q13(z,y)+Q14(z, t− y)+ xt− xy
3z

+
t3

6z
+

y2

2
− ty. (69)

Because of the arbitrariness of the two functions Q13 and
Q14, we can have different selection of the arbitrary functions
to find new exact solutions of Eq. (4). If fixing

Q13 =
2(10sin(10z/7−5y)−10cos(10z/7−5y))

8z2 +9+2cos(10z/7−5y)+2sin(10z/7−5y)
,

Q14 =−
(t− y)2

2
, (70)

Q13 =
436e6−2z−436e18−8y−6z−1744e24−8y−8z +112

109e6−2z +109e18−8y−6z +218e24−8y−8z +14
,

Q14 =−
(t− y)2

2
, (71)

we will have the exact solutions of Eq. (4)

u12 =
2(10sin(10z/7−5y)−10cos(10z/7−5y))

8z2 +9+2cos(10z/7−5y)+2sin(10z/7−5y)

+
t3−2xy−3t2z+6xzt

6z
, (72)

u13 =
436e6−2z−436e18−8y−6z−1744e24−8y−8z +112

109e6−2z +109e18−8y−6z +218e24−8y−8z +14

+
t3−2xy−3t2z+6xzt

6z
, (73)

respectively. The solution (72) can be regarded as an interac-
tion solution between lump wave and triangular periodic wave
solution of Eq. (4) when x = 0, t = 0. The solution (73) of
Eq. (4) is two-kink solution when x = 0, t = 0. The corre-
sponding structures are shown in Fig. 3.
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Fig. 3. (a) Interaction solution between lump wave and triangular periodic
wave solution (72) when x = 0, t = 0, (b) two-kink solution (73) when x = 0,
t = 0.

3.8. Vector field V5 +V7 = z ∂

∂x +
3z−y

3
∂

∂u

Solving the related characteristic equation

dx
z

=
dy
0

=
dz
0

=
dt
0

=
du

z− y/3
, (74)

we can obtain similarity solution

u = F8(Y,Z,T )+ x− xy
3z

, (75)

where Y = y,Z = z,T = t are similarity variables. Substituting
Eq. (75) into Eq. (4), we have the reduction equation in terms
of F8

F8Y T Z +F8T T Z−1 = 0, (76)

which has the solution

F8 = Q15(Z,Y )+Q16(Z,T −Y )+
Y (2T −Y )

2Z
. (77)

Then the corresponding similarity solution of Eq. (4) is

u14 = Q15(z,y)+Q16(z, t− y)+ x− xy
3z

+
y(2t− y)

2z
, (78)

where Q15 and Q16 are arbitrary functions of indicated vari-
ables. Then we can have abundant exact solutions by fixing
three sets of arbitrary functions Q15 and Q16.

Case 1

Q15 =
24548z−74176

6137z2 +1088y2−37088z+3904y+60980
,

Q16 =
(t− y)2

2z
,

u15 =
24548z−74176

6137z2 +1088y2−37088z+3904y+60980

+
6xz−2xy+3t2

6z
. (79)
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Case 2

Q15 =
2458e2z−4y/7 +46118z+37647−5647y

614e2z−4y/7 +11529z2 +18823z−2823yz+71085y2−2304y+9412
, Q16 =

(t− y)2

2z
,

u16 =
2458e2z−4y/7 +46118z+37647−5647y

614e2z−4y/7 +11529z2 +18823z−2823yz+71085y2−2304y+9412
+

6xz−2xy+3t2

6z
. (80)

Case 3

Q15 =
18e2

√
3y/3+2z−96+(48

√
3y+144z)e

√
3y/3+z

9e2
√

3y/3+2z +48+(24
√

3zy+48+36z2 +120y2)e
√

3y/3+z
, Q16 =

(t− y)2

2z
,

u17 =
18e2

√
3y/3+2z−96+(48

√
3y+144z)e

√
3y/3+z

9e2
√

3y/3+2z +48+(24
√

3zy+48+36z2 +120y2)e
√

3y/3+z
+

6xz−2xy+3t2

6z
. (81)

It can be seen that the lump solution, lump-kink solution, and interaction solution between two kink and lump are given in
Eqs.(79)–(81) when x = 0 and t = 0, which are shown directly in Fig. 4.
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Fig. 4. (a) Lump solution (79), (b) lump-kink solution (80), (c) interaction solution between two-kink and lump (81).

3.9. Vector field V5 +V6 +V7 = z ∂

∂x +
3z+3zt−y

3
∂

∂u

Solving the related characteristic equation

dx
z

=
dy
0

=
dz
0

=
dt
0

=
du

z+ zt− y
3
, (82)

we can obtain similarity solution

u = F9(Y,Z,T )+ x+ xt− xy
3z

, (83)

where Y = y,Z = z,T = t are similarity variables. Substituting
Eq. (83) into Eq. (4), we get the reduction equation in terms of
F9

F9Y T Z +F9T T Z−T +Z−1 = 0, (84)

which has the solution

F9 = Q17(Z,Y )+Q18(Z,T −Y )

+
Y (3T 2−3TY −6ZT +Y 2 +3Y Z +6T −3Y )

6Z
, (85)

and the similarity solution of Eq. (4) is

u18 = Q17(z,y)+Q18(z, t− y)+ x+ xt

+
y(3t2−3ty−6zt−2x+ y2 +3yz+6t−3y)

6z
, (86)

where Q17(z,y) and Q18(z, t− y) are arbitrary functions. Here
we list two types of exact solutions of Eq. (4) by selecting
proper arbitrary functions Q17 and Q18

Case 1

Q17 =
sinh(2z/3+ y/3)

4cosh(2z/3+ y/3)+3cos(2y/3)
,

Q18 =
3(y− t)2− (y− t)3−3z(y− t)2

6z
,

u19 =
sinh(2z/3+ y/3)

4cosh(2z/3+ y/3)+3cos(2y/3)

+
t3 +(3−3z)t2 +6txz−2xy+6xz

6z
. (87)

Case 2

Q17 =
2i(e4−i+2iz−8y− e4+i +2e2iz+8−8y)

e4−i+2iz−8y + e4+i +2e2iz+8−8y
,

Q18 =
3(y− t)2− (y− t)3−3z(y− t)2

6z
,

u20 =
2i(e4−i+2iz−8y− e4+i +2e2iz+8−8y)

e4−i+2iz−8y + e4+i +2e2iz+8−8y

+
t3 +(3−3z)t2 +6txz−2xy+6xz

6z
, (88)

where i is an imaginary unit. The solution (87) can be regarded
as a periodic lump solution of Eq. (4) when x = 0, t = 0. The
solution (88) of Eq. (4) is breather solution when x = 0, t = 0.
The corresponding structures are shown in Fig. 5.
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Fig. 5. (a) Periodic lump solution (87), (b) the module of breather solu-
tion (88).

4. Summary and discussion
In conclusion, Lie group method has been applied to

the extended (3+1)-dimensional KP–Boussinesq equation (4)
to find abundant similarity solutions with arbitrary functions.
Various kinds of similarity solutions of Eq. (4) are obtained by
solving different characteristic equations and many interesting
similarity solutions are studied explicitly, which include the
trigonometric solution, the kink-lump interaction solution, the
interaction solution between lump wave and triangular peri-
odic wave, the lump solution, and the breather solution, etc.

Some detailed structures of these exact solutions are shown
graphically in different planes. From these exact solutions of
Eq. (4), one can learn that the Lie group method is very ef-
fective to solve high dimensional nonlinear models. Other in-
tegrable systems may also be studied by means of Lie group
method in future.
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