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To solve the problems with the existing methods for detecting hollowing defects, such as inconvenient operation,
low efficiency and intense subjectivity, and to improve the efficiency of the acoustic-optic fusion method for detecting
hollowing defects, in this paper the vibration characteristics of hollowing defects are measured and analyzed using a laser
self-mixing interferometer. The ceramic tile above the hollowing defect is equivalent to a thin circular plate with peripheral
fixed support. According to Kirchhoff’s classical circular plate theory and the circular plate displacement function based on
the improved Fourier series, a theoretical model of a circular plate is established. By solving the characteristic equation, the
theoretical modal parameters of hollowing defects are obtained. Subsequently, an experimental system based on a laser self-
mixing interferometer is built, and modal experiments are carried out using the hammering method. The experimental modal
parameters are obtained with a professional modal analysis software. Through comparative analysis between the theoretical
and experimental modal parameters, the error of the natural frequency results is found to be tiny and the mode shapes are
consistent. These results provide theoretical guidance for a practical non-destructive acoustic-optic fusion method for
detecting hollowing defects.

Keywords: hollowing defect, Kirchhoff’s classical theory of circular plate, laser self-mixing interference,
hammering method, modal

PACS: 43.40.+s, 06.30.Ft, 42.87.–d DOI: 10.1088/1674-1056/ad7e99

1. Introduction

During the construction of significant infrastructure (e.g.,
large bridges and tunnels), problems such as material qual-
ity and construction techniques can result in hollowing defects
within the structures. A hollowing defect typically refers to
the presence of gaps or inadequate bonding between the sur-
face of the structural wall and the base layer. The base layer
of the wall undergoes gradual aging over time, amplifying the
instability caused by the presence of hollowing defects. Se-
vere cases may lead to structural collapse, posing a significant
threat to human life and the safety of property.[1–3] Hence, the
development of rational and efficient methods for detecting
hollowing defects is imperative.

Currently, there are several methods that are commonly
employed to detect hollowing defects: the visual inspection
method,[4,5] which involves assessing the presence of hol-
lowing defects by observing cracks inside the wall; the ul-
trasonic inspection method,[6,7] which relies on measuring
linear and nonlinear ultrasonic parameters to determine the
presence of defects; and the infrared thermal imaging testing
method,[8–11] which entails heating the exterior wall surface
and using instruments to detect the temperature distribution,

thereby identifying the presence of hollowing defects. How-
ever, the interpretation of infrared imaging results is contin-
gent upon the judgment of trained professionals and more ob-
jective standards are needed. As well as the methods men-
tioned above, another commonly employed technique is tap
inspection.[12,13] The inspector uses a special hammer to tap
the wall surface, assessing the presence of hollowing defects
based on the sound produced. While this method is opera-
tionally straightforward, it relies heavily on the experience of
skilled professionals and is significantly influenced by subjec-
tive factors. Each of these techniques has its own characteris-
tics but also exhibits limitations. To ensure that no secondary
damage is caused to the structure during detection, and to re-
duce the risk of damage to the base layer, it is more appro-
priate to use non-destructive methods for detecting hollowing
defects. Therefore, researchers and engineers are continually
striving to explore more advanced, convenient and effective
non-destructive testing methods for hollowing defects.

In the field of non-destructive detection of buried
landmines, a non-destructive acoustic-optic fusion detection
method based on the principle of sound resonance has been
studied and developed in recent years. Sabatier et al. em-
ployed laser Doppler technology to detect buried landmines,
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analyzing the acoustic resonance characteristics of different
types of landmines through experiments. Their results demon-
strate the detectability of buried landmines.[14,15] Donskoy et
al. investigated the ‘soil-mine’ nonlinear resonance model
and analyzed the theoretical nonlinear resonance characteris-
tics. Then, they validated a nonlinear measurement method
for buried landmines through experiments.[16–21] Zagrai et al.
revealed the multi-modal vibration characteristics of buried
landmines and analyzed the influence of burial depth and soil
moisture on the measurement results.[22–24] Copenhaver et al.
studied the detection of buried landmines using the off-source
pulse method, employing two sets of pulses to excite buried
landmines and a seismometer to detect vibration signals.[25]

In recent years, the research team led by Wang Chi has con-
ducted research on the theoretical analysis and experimental
testing of an acoustic-optic fusion method for detecting land-
mines based on previous studies.[26–32]

The above research results demonstrate the superiority
and reliability of the acoustic-optic fusion detection method
and show good prospects in the field of non-destructive test-
ing. This paper introduces the acoustic-optic fusion method
into the field of hollowing defect detection. In the area where
the hollowing defect exists, the vibration of the ceramic tile
surface will be more obvious than in areas with no hollow-
ing defects when sound waves of a certain frequency are used
to excite the wall. High-precision optical instruments are em-
ployed to detect the information on ceramic tile surface vibra-
tions. When the excitation sound wave frequency is consistent
with the natural frequency of the ceramic tile above the hol-
lowing defect, resonance will occur, the vibration amplitude
will be the most obvious and the detection efficiency will be
the highest. Therefore, the key issue in acoustic-optic fusion
detection technology is to study the resonance problem of the
hollowing defect structure, that is, to study the vibration char-
acteristics of the hollowing defect.

This paper measures the vibration characteristics of hol-
lowing defects based on the laser self-mixing interference
method. This method is widely used to measure physical
quantities such as displacement, acceleration, vibration mode,
etc. due to its advantages of good stability, high sensitivity,
simple optical path and high measurement accuracy. In 1995
Donati et al. employed self-mixing technology to achieve dis-
placement measurement, and in 2003 they designed a vibrom-
eter based on the laser self-mixing interference effect.[33–35]

In 1988 Groot et al. proposed the three-mirror Fabry–Pérot
cavity model for analyzing the self-mixing phenomenon and
in 1990 they designed a multi-mode semiconductor laser self-
mixing interference ranging system.[36,37] Bosch et al. used
self-mixing technology to achieve the reconstruction of three-
dimensional objects. In 2010, they improved the laser self-
mixing measurement method to increase the accuracy of dis-

placement measurement.[38,39] Wang et al. proposed an im-
provement to the self-mixing method that combines multiple
reflections with phase modulation to achieve displacement re-
construction and improve measurement accuracy.[40] Xie et al.
introduced phase-shifted fiber Bragg gratings into self-mixing
interference technology to enhance the measurement signals
and analyze the enhancement effects of surfaces with differ-
ent reflectivity by comparing the results of simulations and
experiments.[41] Zhen et al. proposed a vibration measure-
ment algorithm for a self-hybrid system based on Lissajous
graph convergence and verified the accuracy of the algorithm
through experiments and simulations.[42]

In summary, the technology for detecting hollowing de-
fects has been continuously researched and developed. How-
ever, there are few effective detection methods, and no detec-
tion methods produce comprehensive and in-depth structural
information on hollowing defects. This paper introduces the
acoustic-optic fusion detection method into the field of non-
destructive detection of hollowing defects, and comprehen-
sively and deeply investigates the structural information and
vibration characteristics of the hollowing defect. On the basis
of theoretical research, an experimental research framework
for measuring the vibration characteristics of hollowing de-
fects based on a laser self-mixing interferometer is established.

2. Problem statement
A hollowing defect can be described as a wall that con-

tains a cavity or defect, as shown in Fig. 1. In the area where
the hollowing defect exists, the ceramic tile above the hollow-
ing defect can be equivalent to thin plates with peripheral fixed
support, and the shape of the thin plate is determined by the
shape of the hollowing defect. Taking the circular hollowing
defect studied in this paper as an example, the ceramic tile
above the hollowing defect is equivalent to a circular thin plate
with peripheral fixed support.

Research on the vibration characteristics of hollowing de-
fect structures has a crucial role in the development of ac-
tual technology for detecting hollowing defects. By analyz-
ing the modal parameters such as the natural frequency and
modal shape of the hollowing defect structures, the vibration
rules for the hollowing defect structures can be thoroughly in-
vestigated, greatly improving the efficiency of hollowing de-
fect detection. This analysis process is termed modal analysis.
Modal analysis can be divided into theoretical modal analysis
and experimental modal analysis. Theoretical modal analysis
refers to establishing a model of the structure based on dy-
namic equations and employing finite-element calculations to
obtain the modal parameters of the hollowing defect. Exper-
imental modal analysis refers to obtaining the excitation and
response of the structure by applying external excitation, and
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obtaining the modal parameters through parameter identifica-
tion.

To explore an efficient and accurate method for detect-
ing hollowing defects and provide a theoretical basis for the
acoustic-optic fusion detection method, the work described
in this paper combines theoretical analysis with experimen-
tal research into the vibration information from hollowing de-
fects. Based on Kirchhoff’s classical plate theory, a theoret-
ical model of a circular plate vibration system is established
and the natural frequencies and mode shapes of the structures
under specific boundary conditions are obtained. Addition-
ally, an experimental modal test based on a laser self-mixing
interferometer is conducted to obtain the experimental modal
parameters. By comparing the theoretical and experimental re-
sults, the rationality and effectiveness of the proposed method
are validated.

HollowingWall

Ceramic tile

Adhesive layer

Fig. 1. Schematic diagram of a hollowing defect.

3. Theoretical modal analysis
According to Kirchhoff’s classical theory of a circular

plate, the radial displacement component u(r,θ) and the tan-
gential displacement component v(r,θ) at any arbitrary point
within the circular plate can be expressed as

u(r,θ) =−z
∂w(r,θ)

∂ r
,

v(r,θ) =− z
r

∂w(r,θ)
∂θ

,

(1)

where w(r,θ) is the displacement function of the circular plate.
In cylindrical coordinates, based on the geometric defor-

mation conditions of the circular plate and the generalized
Hooke’s law, the stress–strain equation of circular plate vibra-
tion can be derived as

εr =
∂u(r,θ)

∂ r
,

εθ =
∂v(r,θ)

r∂θ
+

u(r,θ)
r

,

γrθ =
∂u(r,θ)

r∂θ
+

∂v(r,θ)
∂ r

− v(r,θ)
r

,

⇒



σr =
E

1−µ2 (εr +µεθ ),

σθ =
E

1−µ2 (εθ +µεr),

τrθ =
E

2(1+µ)
γrθ ,

(2)

where εr is the radial strain, εθ is the tangential strain and γrθ

is the angular strain. σr, σθ and τrθ represent radial stress,
tangential stress and shear stress, respectively, µ is Poisson’s
ratio and E is the elastic modulus of the material.

R

r

h

z

θ

Fig. 2. Schematic diagram of the structure of a circular plate in cylin-
drical coordinates.

When considering the vibration of a circular plate, the
internal interactions within the circular plate are taken into ac-
count. Consequently, a differential unit body is selected for
mechanical analysis, as depicted in Fig. 3.

y

x

Fig. 3. Force diagram inside a round plate.

The bending moments Mr, Mθ and Mrθ are obtained by
integrating the stresses σθ , σr and τrθ along the z direction,
respectively, for each point. According to the theorem of con-
jugate shear stress, Mθr = Mrθ . Their expressions are given as
follows:

Mr =
∫ h

2

− h
2

σrzdz =−D
[

∂ 2w(r,θ)
∂ r2 +µ

(
1
r

∂w(r,θ)
∂ r

+
1
r2

∂ 2w(r,θ)
∂θ 2

)]
, (3a)

Mθ =
∫ h

2

− h
2

σθ zdz =−D
[(

1
r

∂w(r,θ)
∂ r

+
1
r2

∂ 2w(r,θ)
∂ r2

)
+µ

∂ 2w(r,θ)
∂ r2

]
, (3b)

Mrθ = Mθr =
∫ h

2

− h
2

τrθ zdz =−D(1−µ)
∂

∂ r

(
1
r

∂w(r,θ)
∂ r

)
, (3c)
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where D= Eh3

12(1−µ2)
is the bending rigidity of the circular plate.

Based on the schematic diagram illustrating the interac-
tions of the differential unit body, the dynamic equations of
the system can be derived as

∂Mr

∂ r
+

1
r

∂Mrθ

∂ r
−Qr = 0, (4a)

∂Mrθ

∂ r
+

1
r

∂Mθ

∂θ
−Qθ = 0, (4b)

∂Qr

∂ r
+

1
r

∂Qθ

∂θ
−ρh

∂ 2w
∂ t2 = 0, (4c)

where ρ is the mass density of the material and h is the thick-
ness of the circular plate. By substituting Eqs. (3a)–(3c) into
Eqs. (4a)–(4c), the expressions for Qr and Qθ can be obtained
as

Qr =−D
∂

∂ r

[
∂ 2w(r,θ)

∂ r2 +
1
r

∂w(r,θ)
∂ r

+
1
r2

∂ 2w(r,θ)
∂θ 2

]
, (5a)

Qθ =−
D
r

∂

∂θ

[
∂ 2w(r,θ)

∂ r2 +
1
r

∂w(r,θ)
∂ r

+
1
r2

∂ 2w(r,θ)
∂θ 2

]
. (5b)

Through Eqs. (4a)–(4c), (5a) and (5b), the dynamic equa-
tion for the circular plate can be derived as(

∂ 2

∂ r2 +
∂

r∂ r
+

∂ 2

r2∂θ 2

)
×
(

∂ 2w(r,θ)
∂ r2 +

∂w(r,θ)
r∂ r

+
∂ 2w(r,θ)

r2∂θ 2

)
+

ρh
D

∂ 2w(r,θ)
∂ t2 = 0. (6)

By employing the Laplace operator ∇2 =
(

∂ 2

∂ r2 +
∂

r∂ r +
∂ 2

r2∂θ 2

)
,

Eq. (6) can be simplified as

D∇
2
∇

2w(r,θ)−ρhω
2w = 0, (7)

where w is the deflection of the circular plate and ω is the cir-
cular frequency of the system.

The configuration of boundary conditions is achieved by
distributing lateral constraint springs and torsional springs
around the periphery of the circular plate. As depicted in
Fig. 4, K and k are the stiffness values of springs. Simulation
of different boundary conditions is accomplished by modify-
ing the stiffness values of the corresponding springs.

h

k

K
x

z

y

Fig. 4. Theoretical model of circular plate vibration.

Based on the vibration theory model established in this
paper for a circular plate, the boundary conditions can be de-
scribed as

kw(r,θ) = −D
∂

∂ r
∇

2w(r,θ),

K
∂w(r,θ)

∂ r
= −D

[
∂ 2w(r,θ)

∂ r2

+µ

(
1
r

∂w(r,θ)
∂ r

+
1
r2

∂ 2w(r,θ)
∂θ 2

)]
. (8)

In cylindrical coordinates, the displacement function for
a circular plate based on the improved Fourier series method
can be denoted as

w(r,θ) =
M

∑
m=0

Am fm(r)cos(nθ), n = 1,2, . . . ,N, (9)

where Am is the undetermined expansion coefficient of the un-
known Fourier series in the displacement function. M and N
are the truncation orders in the series expansion. In a physical
context, M corresponds to the number of pitch circles and N
corresponds to the number of pitch diameters. For any func-
tion w(r,θ), as the number of truncation orders increases the
accuracy of the solution improves. These results can achieve
arbitrary precision in theory. fm(r) is the displacement func-
tion employed to enhance convergence and solution accuracy,
and is expressed as follows:

fm(r) =
{

sin(λmr), m = 1,2,3,4,
cos(λ(m−5)r), m≥ 5,

(10)

where λm = mπ

R , with R being the radius of the circular plate.
According to the theoretical model established in Fig. 4,

the total energy of the system, L, of the circular plate is defined
as L =U +V −T , where U is the strain energy of the circular
plate, V is the potential energy of the springs and T is the total
kinetic energy of the system. The expressions are as follows:

U =
D
2

2π∫
0

R∫
0

{(
∂ 2w(r,θ)

∂ r2 +
∂w(r,θ)

r∂ r
+

∂ 2w(r,θ)
r2∂θ 2

)2

−2(1−µ)

[
∂ 2w(r,θ)

∂ r2

(
∂w(r,θ)

r∂ r
+

∂ 2w(r,θ)
r2∂θ 2

)
−
(

∂w(r,θ)
r∂ r∂θ

+
∂ 2w(r,θ)

r2∂θ

)]}
rdrdθ , (11a)

V =
R
2

∫ 2π

0

[
kw2(r,θ)+K

(
∂w(r,θ)

∂ r

)2
]

r=R

dθ , (11b)

T =
1
2

ρh
∫ 2π

0

∫ R

0
w(r,θ)rdrdθ . (11c)

Substituting Eqs. (11a)–(11c) into the total energy expres-
sion for the system, the Rayleigh–Ritz method is employed to
solve the extreme value of undetermined coefficients Am in the
displacement function. This yields a linear system of equa-
tions concerning the expansion coefficients of the unknown
series, represented as follows:(

𝐾−ω
2𝑀

)
𝐴= 0, (12)

where 𝐾 is the stiffness matrix, 𝑀 is the mass matrix and 𝐴

is the vector of the undetermined coefficients.
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Equation (12) is a linear homogeneous equation sys-
tem and the coefficient vector 𝐴 is not zero. According to
Cramer’s rule, the system characteristic equation can be ob-
tained by ∣∣𝐾−ω

2𝑀
∣∣= 0. (13)

The characteristic Eq. (13) is solved using scientific com-
puting software. When solving characteristic equations, each
eigenvalue corresponds to a natural frequency and the order
of the eigenvalue is also the order of the natural frequency.
Each natural frequency corresponds to an eigenvector, which
reflects the mode shape information of the structure. When
a sound wave of a certain frequency is applied to excite the
structure, the structure undergoes deformation. When the de-
formation is maximum, the frequency corresponds to the nat-
ural frequency of the structure itself. As the natural frequency
increases, the corresponding eigenvectors decrease, meaning
that the vibration amplitude of the structure is smaller.

4. Experimental system design
4.1. Overview of modal experiment system

The objective of the experiment in this paper is the de-
tection of hollowing defects of different sizes. Due to the ad-

vantages of its simple operation and accuracy, the hammering
method is employed in this paper to conduct a modal testing
experiment.

By arranging impact force points on the surface of the ce-
ramic tile above the hollowing defect, a modal testing force
hammer is used to apply stable dynamic excitation to each
point. Subsequently, a laser Doppler vibrometer emits a laser
beam towards the ceramic tile surface and captures the vibra-
tion response signals.

According to the Maxwell reciprocity theorem, the re-
sponse at point p caused by an input at point q in the structure
is equal to the response at point q caused by the same input at
point p. Therefore, the center point of the ceramic tile above
the hollowing defect is set as a fixed response point, and the
vibration signals collected at this point are also the vibration
signals when tapping each point.

The collected force signals and response signals are pro-
cessed by the modal identification algorithm to obtain the cor-
responding experimental modal parameters. Based on this
principle, an experimental system for determining the hollow-
ing defect vibration characteristics was designed, and is shown
in Fig. 5. The test system comprises a force hammer, a laser
Doppler vibrometer, a mobile workstation and a data collector.

Wall

HollowingCeramic tile

Adhesive
layer

R

Test object

h

Main 
electronic 

unit 

Data 
collector

O
p
ti
c
a
l 

h
e
a
d

Mobile 
workstation

Hammer

Laser self mixing 
interferometric 

vibrometer
1

2
3

4

1 Force signal acquisition

2 Excitation signal acquisition

5

4 Data processing

3 Control with Julight software

5 Vibration signal acquisition

Fig. 5. Schematic diagram of the test system.

4.2. Performance parameters of the instrument

The force hammer employed in the experimental system is an 086C03 pulse hammer produced by PCB Piezotronics, Inc.,
USA. The laser Doppler vibrometer is a VSM1000L series manufactured by Julight Srl, Italy. The laser vibrometer is designed

Table 1. Main performance parameters of the instruments.

Force hammer VSM-DAQ-4 VSM1000 series

Sensitivity (±15%) 2.25 mV ·N−1

Range ±220 N ·pk
Resonant frequency≥ 22 kHz
Linearity≤ 1

Input channels 4
Output channels 1
Analog/digital resolution 24 bps
Maximum sampling
frequency 80 kHz

Working distance 0.1–5 m
Measurable vibration frequencies DC, 3 MHZ
Laser spot size 100 µm
Minimum displacement resolution 10 pm
Laser head size 50 mm×70 mm×105 mm
Main electronic unit size 12.5 cm×15.5 cm×29.6 cm
Wavelength Class 1M 1310 nm (invisible)

Class II 650 nm (visible)
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on the principle of self-mixing interference, and offers advan-
tages such as a compact footprint, simple structure, easy op-
tical alignment, convenient installation and high reliability. It
enables precise non-contact detection of vibration signals on
rough surfaces. The data collector is a VSM-DAQ-4, also pro-
duced by Julight Srl. It can be easily adapted to the VSM
series vibrometers. The data collector features robust compu-
tational capabilities for accurate capture of both force signals
and minute vibration signals. The key performance parameters
are listed in Table 1.

4.3. Hammering method test system

A schematic diagram of the hollowing defect modal anal-
ysis experimental system is shown in Fig. 6(a).

Force hammer

Laser self mixing 
interferometric

vibrometer

Mobile workstation

Data collector

Test object

(a)

(b)

Fig. 6. Hammering method test system: (a) overall experimental dia-
gram and (b) test object.

The object is a wall with a hollowing defect, shown in
Fig. 6(b). Distributed impact force points are marked on the

surface of the test object. Subsequently, the model of the hol-
lowing defect is established using professional modal analysis
software. The specific modeling information for the impact
force points is indicated with arrows, as shown in Fig. 7.

Impact force
point

Fixed response
point

}Model of hollowing defect

Fig. 7. Measuring points of the hammering method test.

5. Results and discussion
5.1. Theoretical modal parameter — natural frequency

The first and second natural frequencies typically corre-
spond to the most significant vibration modes of the structure.
In the vibration characteristic experiment, the measurement
of lower-order natural frequencies (especially the first order)
is relatively straightforward and yields more reliable results.
Measuring higher-order frequencies increases the complexity
and uncertainty of the experiment. Therefore, focusing on the
analysis of the first and second natural frequencies can provide
more accurate assessment of the structural vibration character-
istics and is more effective.

By setting relevant parameters, as illustrated in Table 2,
the characteristic equation for the circular plate (Eq. (13)) is
solved to obtain the natural frequencies of the circular plate
with peripheral fixed support. Certainly, throughout the solu-
tion process it is imperative to prove the convergence and ac-
curacy of the method to ensure the reliability of the theoretical
solution.

Table 2. Main parameters of the ceramic tile.

Material parameters Elastic modulus= 25×109 Pa Mass density= 2315 kg·m−3 Poisson’s ratio= 0.2
Dimension parameters Thickness h = 0.005 m Radius R = 0.05–0.06 m
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Fig. 8. Natural frequencies at different truncation order: (a) trend of the first-order frequency and (b) trend of second-order frequency.
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To verify the convergence of the proposed method, a spec-
ified stiffness value is set and the natural frequencies of the
characteristic equation are solved under different truncation
orders. As depicted in Fig. 8, the natural frequencies with trun-
cation orders M = N ranging between 7 and 13 are listed. It
can be observed that the overall trend of the first natural fre-
quency is relatively small, as shown in Fig. 8(a). The second
natural frequency exhibits significant variation, ranging from 7
to 10, while it remains nearly constant with a truncation order
exceeding 8, as shown in Fig. 8(b).

To facilitate a comparison of the impact of the trunca-

tion order on the natural frequency value, the relative errors

of the results with different truncation orders are depicted in

Table 3. It is observed that the maximum relative error is only

−0.75%. When the truncation order is set to 13, the relative

error reaches a minimum, indicating that the results have the

best convergence and proving that the method proposed in this

paper has good numerical stability. Consequently, the trunca-

tion order is uniformly set to M = N = 12.

Table 3. Relative error at different truncation orders.

Relative error (%)
Truncation order (M = N)

7 8 9 10 11 12 13

R = 0.05 m
First order – –0.0016 –0.0200 –0.0051 –0.0029 –0.0035 –0.0013

Second order – –0.7082 –0.0445 –0.0122 –0.0020 –0.0008 –0.0001

R = 0.06 m
First order – –0.0005 –0.0087 –0.0032 –0.0023 –0.0023 –0.0012

Second order – –0.7532 –0.0437 –0.0132 –0.0020 –0.0007 –0.0002

After confirming the convergence of the characteristic
equation, the numerical accuracy of the dynamic equations es-
tablished in this paper is verified. Theoretically, a peripheral
fixed support can be implemented by setting the stiffness value
k = K to infinity. However, from a theoretical perspective, the
natural frequency values will converge as the stiffness value
approaches a certain threshold. Further increasing the stiff-
ness value will only extend the computational solving time.

Therefore, stiffness values of k =K = 107, 108, 109, 1010,
1011 and 1012 are selected, and the natural frequencies with
these different stiffness values are obtained. The results are
compared as shown in Fig. 9.

As the stiffness value varies, it can be observed in Fig. 9
that the solutions change significantly, and the second-order
natural frequency as shown in Fig. 9(b) experiences a more ex-
tensive range of change than the first-order natural frequency
(Fig. 9(a)). However, the natural frequency values converge
when the stiffness value exceeds 1010 or higher.

In the same way, to facilitate a more intuitive comparison
of the influence of stiffness values on the natural frequencies,
Table 4 lists the relative errors of circular plates with different
radii under spring constraints with various stiffness values. It
is evident that when the stiffness value of the spring constraint
is set to 1013, the relative error reaches its minimum, resulting
in the most accurate solutions. Hence, the stiffness value of
the spring constraint is uniformly set to k = K = 1012 for the

numerical calculations in this paper.
The values of spring stiffness and truncation order are de-

termined, and theoretical solutions of the natural frequencies
are obtained. The modal analysis simulation of the circular
plate is carried out using finite-element software to obtain the
numerical simulation result. Table 5 lists the results.

1800

2000

2200

2400

2600

2800

3000

3200

N
a
tu

ra
l 
fr

e
q
u
e
n
c
y
 (

H
z
)

First order

3500

4000

4500

5000

5500

6000

6500

N
a
tu

ra
l 
fr

e
q
u
e
n
c
y
 (

H
z
)

Second order

R/. m

R/. m

R/. m

R/. m

107 108 109 1010 1011 1012 1013

Stiffness (k/K↽

107 108 109 1010 1011 1012 1013

Stiffness (k/K↽

(a)

(b)

Fig. 9. Natural frequencies at different stiffness values: (a) first-order
frequency change trend and (b) second-order frequency change trend.

Table 4. Relative error at different stiffness values.

Relative error (%)
Stiffness (k = K)

107 108 109 1010 1011 1012 1013

R = 0.05 m
First order – 15.4247 1.3757 0.1354 0.0134 0.0013 0.0003

Second order – 43.9445 3.7312 0.3504 0.0348 0.0034 0.0005

R = 0.06 m
First order – 10.4393 0.9511 0.0939 0.0096 0.0009 0.0000

Second order – 30.7832 2.5393 0.2426 0.0242 0.0024 0.0002
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Table 5. Theoretical prediction versus numerical simulation.

Frequency (Hz)
R = 0.05 m

Error (%)
R = 0.06 m

Error (%)
Theoretical solution Numerical simulation Theoretical solution Numerical simulation

First order 3144.58 3077.7 2.2 2184.6 2151.9 1.5
Second order 6552.2 6271.4 4.5 4550.16 4411.7 3.1

The results in Table 5 show that the maximum error of
the natural frequencies is within 5%, which verifies the ratio-
nality of the vibration theoretical model based on Kirchhoff’s
classical plate theory. Subsequently, the modal analysis ex-
periment for the hollowing defect is established to verify the
effectiveness of our proposed method.

5.2. Experimental results and discussion

During the experimental process of using the hammering
method to obtain the modal parameters, the issue of multiple

hits may occur. Multiple hits will generate multiple pulse sig-
nals, as shown in Fig. 10(a), and cause distortion of the force
spectrum. Additionally, they will produce an irregular force
spectrum curve, as shown in Fig. 10(b). A distorted force spec-
trum cannot accurately reflect the actual force signal, affecting
the extraction of modal parameters. Therefore, it is essential
to avoid multiple hits during the experiment.

Proper hammering excitation will only generate a single
pulse signal, and the force spectrum is relatively smooth, as
shown in Figs. 10(c) and 10(d).
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Fig. 10. Force signal: (a) time function of multiple hits; (b) spectrum function of multiple hits; (c) time function of a proper hit; (d) spectrum
function of a proper hit.

After ensuring that the pulse force signal of each excita-
tion point is correct, the excitation signal and response signal
are collected by the data collector and then input to the mobile
workstation. The vibration signals are generated by tapping
the surface of the ceramic tile above the hollowing defect with
a force hammer. The vibration displacement signal of each
excitation point is obtained through a laser self-mixing inter-
ferometer and transmitted to the computer via the data collec-
tor. The modal parameter of the hollowing defect structure can
be obtained through data processing with professional modal
analysis software.

According to the above experimental testing method, the
modal parameters of walls with hollowing defects are obtained
with radii of 0.05 m and 0.06 m. We will also compare the
modal characteristic with no hollowing defect inside the wall.

Subsequently, a comparative analysis of these results was con-
ducted. As evident from the results listed in Table 5, the
first-order natural frequency values all exceed 2000 Hz, which
are medium–high frequencies, while the second-order natu-
ral frequency values are higher. Considering the influence of
hardware factors, and referring to the force spectrum informa-
tion, the high-frequency vibration response signals will be dis-
torted. Therefore, here we focus on analysis of the first-order
natural frequency, which is also the matter of most concern in
subsequent actual detection work.

The modal indicator function curve of a hollowing de-
fect structure with a radius of 0.06 m is depicted in Fig. 11.
The curve exhibits prominent peaks. The peak point occurs
at a frequency of 2208 Hz, with an amplitude of −54.2 dB.
It can be observed that the curve does not display an obvious
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peak near the theoretical value of the second-order natural fre-
quency, which also verifies the accuracy of the above analysis.
To verify whether the frequency value at the peak point corre-
sponds to the natural frequency it is necessary to analyze the
corresponding mode shape at the peak point.
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Fig. 11. Modal indicator function curve (R = 0.06 m).

The experimental mode shape corresponding to the peak
point is depicted in Fig. 12. It can be observed that the ampli-
tude changes in the central area of the mode shape are more
obvious, while the amplitude changes at the edge of the hol-
lowing defect are relatively small. The overall mode shape
is symmetrical. The experimental vibration shapes are com-
pared with the theoretical solutions and simulation solutions.
A comparative analysis is conducted between the experimen-
tal mode shape and the theoretical modal shape as well as the
simulated mode shape.

Fig. 12. Mode shape of the top point (R = 0.06 m).

By substituting the eigenvector corresponding to the the-
oretical solution of natural frequency into the system displace-
ment function, the theoretical mode shape of the hollowing
defect structure can be obtained, as shown in Fig. 13(a). Sim-
ulated mode shapes can be obtained through post-processing
using finite-element software, as shown in Fig. 13(b).

As shown in Fig. 13, in conjunction with the experimen-
tal mode shape shown in Fig. 12, the experimental mode shape

corresponding to the peak point is consistent with the theoret-
ical mode shape and the simulated vibration shape of the first-
order natural frequency. It can be proved that the frequency
corresponding to the peak point is the first-order natural fre-
quency of a hollowing defect structure with a radius of 0.06 m.
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Fig. 13. Mode shape of first order natural frequency (R = 0.06 m):
(a) theoretical mode shape; (b) simulated mode shape.

Next, the modal parameters of a hollowing defect with a
radius of 0.05 m are analyzed. The modal indicator function
curve is depicted in Fig. 14. Two prominent peak points are
observed in the figure. The first peak point (T1) occurs at a
frequency of 2832 Hz with a vibration magnitude of −41 dB.
The second peak (T2) occurs at a frequency of 3160 Hz with a
vibration magnitude of −54.15 dB. The natural frequency of
the structure cannot be determined through numerical results,
so it is also necessary to compare the actual mode shapes cor-
responding to the two peak points.
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Fig. 14. Modal indicator function curve (R = 0.05 m).

Figure 15 shows the mode shapes corresponding to the
two peak points. It is evident that the mode shape correspond-
ing to peak point T1 does not have a symmetrical shape in
the central area, and there is a local and noticeable ampli-
tude change at excitation point 8. This is because it cannot
be guaranteed that all parameters are consistent during the ex-
periment, and the test object cannot reach the most ideal state
when it is produced. However, combined with the mode shape
in Fig. 15(a), it can be inferred that the frequency correspond-
ing to peak point T1 is not the natural frequency. Conversely,
as shown in Fig. 15(b), the mode shape corresponding to peak
point T2 is more consistent with the mode shape of the first-
order natural frequency.
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(a) (b)

Fig. 15. Mode shape of the top point (R = 0.05 m): (a) T1 point; (b) T2
point.

In the same way, the experimental mode shape corre-
sponding to peak point T2 is also consistent with the theo-
retical mode shape and the simulated vibration shape of the
first-order natural frequency shown in Fig. 16. It can be in-
ferred that the frequency corresponding to peak point T2 is the
first-order natural frequency of a hollowing defect structure
with a radius of 0.05 m.
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Fig. 16. Mode shape of first order natural frequency (R = 0.05 m):
(a) theoretical mode shape; (b) simulated mode shape.

After completing the modal analysis of walls with a hol-
lowing defect, we shall also conduct a modal analysis experi-
ment on a wall with no hollowing defect. The results depicted
in Fig. 17 are obtained. It can be observed that the obtained
modal indicator function curve changes irregularly, with no
obvious peak point in the curve. The maximum vibration mag-
nitude of structural variation is −63 dB. The corresponding
mode shape at this frequency is shown in Fig. 17(b). It can be
observed that the vibration change characteristics of the struc-
ture are inconsistent with the vibration change characteristics
of a circular plate with peripheral fixed boundary support.
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Fig. 17. Experimental modal parameters of the wall without hollowing:
(a) modal indicator function curve; (b) mode shape.

The mode reflects the natural vibration characteristics of a
structure. Through the above modal analysis, preliminary con-
clusions can be obtained. The vibration characteristics of walls

with a hollowing defect are significantly different from those
with no hollowing defect. Under external excitation, when the
excitation frequency is consistent with the resonant frequency,
the ceramic tile above a hollowing defect will produce obvi-
ous deformation, while a structure with no hollowing defect
cannot produce such vibration characteristics.

The above analytical results indicate that the vibration in-
formation from hollowing defects is consistent with the the-
oretical derivation proposed in this paper. However, further
validation is required to verify whether the natural frequency
results coincide with the theoretical solutions. A comparison
of the results is listed in Table 6.

Table 6. The error of the results.

Natural frequency (Hz)
R = 0.05 m R = 0.06 m

Error (%) Error (%)
Theoretical solution 3144.58 – 2184.6 –

Numerical simulation 3077.7 2.2 2151.9 1.5
Experimental result 3160 –0.5 2208 –1.1

From the results in Table 6 it can be seen that the er-
ror between the experimental results and the theoretical solu-
tions is small, which verifies the effectiveness and rationality
of the dynamic model of the hollowing defect structure based
on Kirchhoff’s classical plate theory presented in this paper.
Our results can help engineers better understand the vibration
information from hollowing defects and greatly improve de-
tection efficiency.

6. Conclusion
In this paper, we conduct modal analysis of hollowing de-

fect structures by employing a laser self-mixing interferometer
combined with the hammer method. Taking hollowing defects
with radii of 0.05 m and 0.06 m as the research object, the
results can provide a technical scheme for actual hollowing
defect detection and promote the further development of non-
destructive detection technology based on the acoustic-optic
fusion method for hollowing defects. Our main findings are as
follows:

(1) Based on Kirchhoff’s classical circular plate theory,
a theoretical model of the hollowing defect structure is estab-
lished and the characteristic equation of a hollowing defect
structure under complex boundary conditions is derived.

(2) The theoretical natural frequencies and modal shapes
of hollowing defects are obtained. By comparing the errors
between the theoretical solution and numerical simulation of
the natural frequency, the rationality of the method proposed
in this article is preliminarily verified.

(3) Modal analysis experiments based on a laser self-
mixing interferometer combined with the hammer method are
conducted and the experimental modal results are compared
and analyzed.
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(4) The experimental modal parameters are consistent
with the theoretical and simulated results. Moreover, the re-
sults of experimental modal analysis between a wall with a
hollowing defect and a wall with no hollowing defect are ana-
lyzed and compared.
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