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We discuss freezing of quantum imaginarity based on ℓ1-norm. Several properties about a quantity of imaginarity
based on ℓ1-norm are revealed. For a qubit (2-dimensional) system, we characterize the structure of real quantum operations
that allow for freezing the quantity of imaginarity of any state. Furthermore, we characterize the structure of local real
operations which can freeze the quantity of imaginarity of a class of N-qubit quantum states.
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1. Introduction
In quantum information theory, complex numbers play

a crucial role.[1] Quantum states are typically represented by
wave functions, which are complex-valued functions. The real
and imaginary parts of the wave function respectively provide
the amplitude and phase information of the state. This infor-
mation is crucial in quantum computing and quantum com-
munication because it determines the probability distribution
of measurement outcomes and the evolution of the state.

Quantum coherence, as a vital physical resource for the
superposition of quantum states,[1–5] is highly significant be-
cause it directly impacts the effectiveness and performance
of applications such as quantum computing, quantum com-
munication, and quantum sensing. Hence the quantification
of quantum coherence has been extensively discussed.[6–9] To
maximize coherence of available resources, there are many
references about coherence freezing (preserving) by using
ℓ1-norm.[10–19] Furthermore, as special quantum coherence,
quantum imaginarity is also considered as a resource,[20–22]

and its quantification has garnered widespread attention.[23–26]

In mathematics, the ℓ1-norm of a matrix is relatively sim-
ple and efficient because it involves only the sum of absolute
values of entries. And the ℓ1-norm of imaginary part of a
matrix can be useful in applications such as numerical stabil-
ity analysis, where it is important to measure the magnitude
of imaginary components in matrix computations. It may also
be relevant in signal processing or control theory to analyze
the stability and performance of systems with complex-valued
matrices. In Ref. [23], Chen et al. introduce the quantifica-
tion about imaginarity by ℓ1-norm. We will discuss freezing
imaginarity of quantum states based on ℓ1-norm.

The main structure of our paper is as follows. In Sec-
tion 2, we present some properties of the quantity of imaginar-
ity by ℓ1-norm. In Section 3, we characterize real quantum op-
erations that can freeze imaginarity of qubit states by ℓ1-norm.

Furthermore, we provide structure of local real quantum oper-
ations that can freeze imaginarity of a class of N-qubit states
by ℓ1-norm. The concise conclusion is presented in Section 4.
The proofs of main theorems are listed in Appendix A.

2. Quantification of quantum imaginarity based
on ℓ1-norm
Let H be a d-dimensional Hilbert space. We use ℬ(H)

and 𝒟(H) to denote sets of all bounded linear operators and
all trace one positive semidefinite operators (quantum states)
on H, respectively. A pure state is a unit vector in H. For
ρ ∈ 𝒟(H) and a fixed orthonormal basis {|m⟩}d

m=1 for H, we
say that ρ is incoherent if ⟨m|ρ|n⟩ = 0 for any m ̸= n. An
important coherence quantification is based on the ℓ1-norm[3]

Cℓ1(ρ) = ∑
m ̸=n

|ρmn|,

for any quantum state ρ with ρmn = ⟨m|ρ|n⟩. We say that ρ

is real if ⟨m|ρ|n⟩ ∈ R for any m,n. Otherwise, we say that ρ

is nonreal. We use ℛ(H) to denote the set of all real quan-
tum states on H. A quantum operation Φ is a trace-preserving
completely positive mapping on ℬ(H), which has a Kraus op-
erator representation

Φ(X) =
r

∑
α=1

Kα XK†
α ,

where ∑
r
α=1 K†

α Kα = Id and Id means the identity operator on
H. X† and XT denote the conjugate transpose and transpose
of the matrix X , respectively. A quantum operation is said to
be real if it maps any real state to a real state. Furthermore,
in Ref. [25], real operations are just ones that have a family
of Kraus operators Kα (α = 1,2, . . . ,r) with ⟨m|Kα |n⟩ ∈R for
any m,n,α .

For any ρ = [ρmn]∈𝒟(H) with ρmn = ⟨m|ρ|n⟩, it is natu-
ral to discuss the quantification of quantum imaginarity based
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on the ℓ1-norm, which is defined in Ref. [23] by

ℳℓ1(ρ) = ∑
m ̸=n

|Im(ρmn)|,

where Im(z) denotes the imaginary part of a complex number
z. Clearly, ℳℓ1(ρ) ≥ 0 and further ℳℓ1(ρ) = 0 if and only
if ρ ∈ℛ(H).[23] We call the quantity ℳℓ1(ρ) ℓ1-norm imagi-
narity of the quantum state ρ . In the following, we will discuss
some properties of ℳℓ1 .

A measure of quantum imaginarity based on trace norm
is as follows:[25]

ℳ1(ρ) =
1
2
‖ρ −ρ

T||1,

which satisfies (i) ℳ1(ρ)≥ 0; ℳ1(ρ) = 0 if and only if ρ is
real, (ii) ℳ1(Φ(ρ)) ≤ ℳ1(ρ) for any real operation Φ and
any state ρ .

For any qubit (2-dimensional) state

ρ =

(
a b+ ic

b− ic 1−a

)
,

it is easy to compute that ℳℓ1(ρ)=ℳ1(ρ)= 2|c| ≤ d−1= 1
and further the maximum is attained if and only if a = 1/2,
b = 0, |c| = 1/2. In the higher dimensional case, whether the
maximum ℳ1(ρ) is d − 1? The following theorem gives a
negative answer, whose proof is listed in Appendix A.

Theorem 1 (i) ℳℓ1 is convex on 𝒟(H).
(ii) For d = 3 and ρ ∈ 𝒟(H), it holds that

0 ≤ℳℓ1(ρ)≤
√

3 =ℳℓ1(|ψ(β )⟩⟨ψ(β )|),

where

|ψ(β )⟩= 1√
3

eiβ
(

eiπ/3|1⟩+ ei2π/3|2⟩+ eiπ |3⟩
)
, β ∈ R.

Let Hs (s = 1,2, . . . ,N) be finite dimensional Hilbert
spaces and H1 ⊗H2 ⊗ . . .⊗HN be the composite Hilbert space
of Hs(s = 1,2, . . . ,N). In the following, we discuss several
properties about ℳℓ1 on the multipartite quantum system.

Theorem 2 (i) For any state ρ̃ ∈𝒟(H1⊗H2⊗·· ·⊗HN),
it holds that

ℳℓ1(trH1(ρ̃))+ℳℓ1(trH2(ρ̃))+ · · ·

+ℳℓ1(trHN (ρ̃))≤ℳℓ1(ρ̃).

(ii) For any state ρ1 ∈ 𝒟(H1) and ρs ∈ ℛ(Hs)(s =

2,3, . . . ,N), it holds that

ℳℓ1(ρ1 ⊗ρ2 ⊗ρ3 ⊗·· ·⊗ρN) =ℳℓ1(ρ1)
N

∏
s=2

(1+Cℓ1(ρs)).

The proof of Theorem 2 will be given in Appendix A.

3. Freezing of quantum imaginarity based on
ℳℓ1

In general, real quantum operations alter imaginarity of
quantum states. Hence, we investigate which real quantum
operations preserve imaginarity of quantum states, known as
the freezing phenomenon in quantum mechanics. Based on the
quantity ℳℓ1 of imaginarity, we provide the following defini-
tion.

Definition 1 For a nonreal state ρ and a real operation
Φ , if ℳℓ1(Φ(ρ)) = ℳℓ1(ρ), then we say that the ℓ1-norm
imaginarity of ρ is frozen by Φ .

In the following, we consider a real quantum operation
Φ(X) = ∑

r
α=1 Kα XK†

α . Under the fixed basis {|s⟩}d
s=1, denote

Kα = ∑
d
s, j=1 q(α)

s j |s⟩⟨ j|, where q(α)
s j ∈ R.

Theorem 3 When d = 2, for a real quantum operation Φ ,
the following statements are equivalent.

(i) For any state ρ,ℳℓ1(Φ(ρ)) =ℳℓ1(ρ).

(ii) For a nonreal state ρ,ℳℓ1(Φ(ρ)) =ℳℓ1(ρ).

(iii) The Kraus operators of Φ satisfy∣∣∣∣∑
α

(
q(α)

11 q(α)
22 −q(α)

12 q(α)
21

)∣∣∣∣= 1.

(iv) The Kraus operators of Φ are of the form

Kα = q(α)
11 I2 + iq(α)

12 σ2(∀α) or

Kα = q(α)
11 σ3 +q(α)

12 σ1(∀α), (1)

where ∑α

(
|q(α)

11 |2 + |q(α)
12 |2

)
= 1 and σ1,σ2,σ3 are Pauli ma-

trices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
,

σ3 =

(
1 0
0 −1

)
.

We present the proof of Theorem 3 in Appendix A.
Remark 1 From Theorem 3 (4), we can get the Kraus

operators of Φ satisfy∣∣∣∣∑
α

(
q(α)

11 q(α)
21 +q(α)

12 q(α)
22

)∣∣∣∣= 0. (2)

But this equation does not imply that∣∣∣∣∑
α

(
q(α)

11 q(α)
22 −q(α)

12 q(α)
21

)∣∣∣∣= 1.

For example, let

K1 =

(
−1/2 1/2
1/2 −1/2

)
, K2 =

(
1/2 1/2
1/2 1/2

)
.

Then ∣∣∣∣∑
α

(
q(α)

11 q(α)
21 +q(α)

12 q(α)
22

)∣∣∣∣= 0,

but ∣∣∣∣∑
α

(
−q(α)

11 q(α)
22 +q(α)

12 q(α)
21

)∣∣∣∣= 0 < 1.

100306-2
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This shows that equation (2) is a necessary but not sufficient
condition for operations to freeze the ℓ1-norm imaginarity in
the qubit system.

By Theorem 3, we obtain the structure of real unitary op-
erations that freeze ℓ1-norm imaginarity of any state in a qubit
system.

Corollary 1 When d = 2, if Φ is a real unitary operation
with Φ(X) = UXU† for any X , then Φ can freeze ℓ1-norm
imaginarity of any qubit state if and only if the unitary operator
U is of the form cosθ I2 + i sinθσ2 or cosθσ3 + sinθσ1(θ ∈
[0,2π)).

In the following, we will discuss the structure of local real
quantum operations under the product basis {|1⟩, |2⟩}⊗N

of

Φ = Φ1 ⊗Φ2 ⊗·· ·⊗ΦN ,

which can freeze the ℓ1-norm imaginarity of a class of N-qubit
states

ρ
N =

1
2N

(
I⊗N
2 +

3

∑
w=1

cwσw ⊗ I⊗N−1
2 +

3

∑
w=1

dwI2 ⊗σ
⊗N−1
w

)
,

where cw, dw ∈ [−1,1](∀w).
For each s = 1,2, . . . ,N, we denote the real quantum op-

eration Φs(X) = ∑αs Kαs XK†
αs with ∑αs K†

αsKαs = I2 and

Kαs =
2

∑
ts,ls=1

q(αs)
tsls |ts⟩⟨ls|,q(αs)

tsls ∈ R.

We will discuss cases of N being odd and even separately
in the following. When N is odd, ρN ∈ℛ(H1⊗H2⊗·· ·⊗HN)

if and only if c2 = 0. When N is even, ρN ∈ℛ(H1⊗H2⊗·· ·⊗
HN) if and only if c2 = 0 and d2 = 0. Next we only consider
ρN /∈ℛ(H1 ⊗H2 ⊗·· ·⊗HN).

Theorem 4 When N is odd and c2 ̸= 0, Φ freezes the
ℓ1-norm imaginarity of ρN if and only if

m1

N

∏
s=2

(1+bs) = 1,

where

ms =

∣∣∣∣∣∑
αs

(
−q(αs)

11 q(αs)
22 +q(αs)

12 q(αs)
21

)∣∣∣∣∣≤ 1 (∀s = 1,2, . . . ,N),

bs =

∣∣∣∣∣∑
αs

(
q(αs)

11 q(αs)
21 +q(αs)

12 q(αs)
22

)∣∣∣∣∣≤ 1 (∀s = 1,2, . . . ,N).

The proof of Theorem 4 is listed in Appendix A.
Remark 2 The quantities of ms and bs represent

1
2ℳℓ1(Φs(σ2)) and 1

2Cℓ1(Φs(I2)), respectively.
Corollary 2 When N is odd, if Φ1 freezes the ℓ1-norm

imaginarity of any qubit state and Φ2,Φ3, . . . ,ΦN satisfy∣∣∣∣∣∑
αs

(
q(αs)

11 q(αs)
21 +q(αs)

12 q(αs)
22

)∣∣∣∣∣= 0 (∀s = 2,3, . . . ,N),

then Φ freezes the ℓ1-norm imaginarity of ρN .
By Remark 1 and Corollary 2, we see that it is possible

that Φ = Φ1 ⊗Φ2 ⊗·· ·⊗ΦN could freeze the ℓ1-norm imag-
inarity of ρN if Φ1 can freeze the ℓ1-norm imaginarity of any
qubit state while the others fail to freeze. In addition, even
though Φ1 cannot freeze the ℓ1-norm imaginarity of any qubit
state, we also find some real operation Φ2 that cannot freeze
in the qubit system such that Φ = Φ1 ⊗Φ2 ⊗ ·· ·⊗ΦN could
freeze the ℓ1-norm imaginarity of ρN . See the following ex-
ample.

Example 1 Let the Kraus operators K1,K2 and K′
1,K

′
2 of

Φ1 and Φ2 be

K1 =

(
−1 0
0 2/3

)
, K2 =

(
0 −

√
5/3

0 0

)
,

K′
1 =

(
1/2 0
1/2 −1/

√
2

)
, K′

2 =

(
1/2 1/

√
2

1/2 0

)
,

respectively, Φs (s = 3,4, . . . ,N) be of the form (1). We get∣∣∣∣∣ 2

∑
α1=1

(
−q(α1)

11 q(α1)
22 +q(α1)

12 q(α1)
21

)∣∣∣∣∣= 2
3
< 1,∣∣∣∣∣ 2

∑
α2=1

(
q(α2)

11 q(α2)
21 +q(α2)

12 q(α2)
22

)∣∣∣∣∣= 1
2
< 1.

But ∣∣∣∣∣∑
α1

(
−q(α1)

11 q(α1)
22 +q(α1)

12 q(α1)
21

)∣∣∣∣∣
×

N

∏
s=2

(
1+

∣∣∣∣∣∑
αs

(
q(αs)

11 q(αs)
21 +q(αs)

12 q(αs)
22

)∣∣∣∣∣
)

=
2
3
×
(

1+
1
2

)
= 1.

By Theorem 4, we know that Φ = Φ1 ⊗Φ2 ⊗ ·· · ⊗ΦN can
freeze the ℓ1-norm imaginarity of ρN .

Corollary 3 When N is odd, a local real unitary operation
𝒰 with the Kraus operator U1 ⊗U2 ⊗ ·· ·⊗UN can freeze the
ℓ1-norm imaginarity of ρN if and only if the real unitary op-
eration 𝒰1 with the Kraus operator U1 can freeze the ℓ1-norm
imaginarity of any state in a qubit system.

Proof For any real unitary operator

Us =

(
u(s)11 u(s)12

u(s)21 u(s)22

)
,

we get ∣∣∣u(s)11 u(s)21 +u(s)12 u(s)22

∣∣∣= 0.

Thus, 𝒰 can freeze the ℓ1-norm imaginarity of ρN if and only
if ∣∣∣(−u(1)11 u(1)22 +u(1)12 u(1)21

)∣∣∣
100306-3
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×
N

∏
s=2

(
1+
∣∣∣(u(s)11 u(s)21 +u(s)12 u(s)22

)∣∣∣)= 1

if and only if ∣∣∣−u(1)11 u(1)22 +u(1)12 u(1)21

∣∣∣= 1

if and only if 𝒰1 freezes the ℓ1-norm imaginarity of any state
in the first system.

Theorem 5 When N is even and one of c2 and d2 of ρN

is not 0, Φ freezes the ℓ1-norm imaginarity of ρN if and only
if one of the following cases holds:

Case 1 When

max
{
|c2|m1

N

∏
s=2

bs, |d2|b1

N

∏
s=2

ms

}
= |c2|m1

N

∏
s=2

bs,

|c2|
(

m1

N

∏
s=2

(1+bs)−1
)
+ |d2|

( N

∏
s=2

ms −1
)
= 0;

Case 2 When

max
{
|c2|m1

N

∏
s=2

bs, |d2|b1

N

∏
s=2

ms

}
= |d2|b1

N

∏
s=2

ms,

|c2|
(

m1

( N

∏
s=2

(1+bs)−
N

∏
s=2

bs

)
−1
)

+|d2|
(
(1+b1)

N

∏
s=2

ms −1
)
= 0,

where

ms =

∣∣∣∣∣∑
αs

(
−q(αs)

11 q(αs)
22 +q(αs)

12 q(αs)
21

)∣∣∣∣∣≤ 1 (∀s = 1,2, . . . ,N),

bs =

∣∣∣∣∣∑
αs

(
q(αs)

11 q(αs)
21 +q(αs)

12 q(αs)
22

)∣∣∣∣∣≤ 1 (∀s = 1,2, . . . ,N).

We give the proof of Theorem 5 in Appendix A. By The-
orem 5, it is easy to obtain the following corollaries.

Corollary 4 When N is even, if Φs (s = 1,2, . . . ,N)

can freeze the ℓ1-norm imaginarity of any qubit state, then
Φ1 ⊗Φ2 ⊗·· ·⊗ΦN can freeze the ℓ1-norm imaginarity of the
family of states of the form ρN .

Corollary 5 When N is even, if Φ1 cannot freeze the ℓ1-
norm imaginarity of any qubit state and b1 = 0, even though
Φs can freeze the ℓ1-norm imaginarity of any qubit state for all
s = 2,3, . . . ,N, Φ1 ⊗Φ2 ⊗·· ·⊗ΦN cannot freeze the ℓ1-norm
imaginarity of ρN with c2 ̸= 0.

Corollary 6 When N is even, Φ1 ⊗Φ2 ⊗ ·· · ⊗ΦN can
freeze the ℓ1-norm imaginarity of the family of states of the
form ρN with c2 ̸= 0,d2 ̸= 0 if and only if either Φs can freeze
the ℓ1-norm imaginarity of any qubit state for all s= 1,2, . . . ,N
or 

m1

(
N
∏

s=2
(1+bs)−

N
∏

s=2
bs

)
= 1,

(1+b1)
N
∏

s=2
ms = 1.

(3)

The following example shows that when Φ1 cannot freeze
the ℓ1-norm imaginarity of any qubit state, we can find
Φ2,Φ3,Φ4 such that Φ1 ⊗Φ2 ⊗Φ3 ⊗Φ4 can freeze the ℓ1-
norm imaginarity of the family of states of the form ρ4 with
c2 ̸= 0,d2 ̸= 0.

Example 2 Let N = 4 and Φ1 be not of the form (1).
Assume all Φs (s = 1,2,3,4) consist of two Kraus operators
and Φ4 is of the form (1). Then by Corollary 6, we obtain that
Φ1 ⊗Φ2 ⊗Φ3 ⊗Φ4 can freeze the ℓ1-norm imaginarity of the
family of states of the form ρ4 with c2 ̸= 0, d2 ̸= 0 if and only
if 

2
∑

αs=1

(
|q(αs)

11 |2 + |q(αs)
21 |2

)
= 1 (s = 1,2,3),

2
∑

αs=1

(
|q(αs)

12 |2 + |q(αs)
22 |2

)
= 1 (s = 1,2,3),

2
∑

αs=1

(
q(αs)

11 q(αs)
12 +q(αs)

21 q(αs)
22

)
= 0 (s = 1,2,3),

m1(1+b2)(1+b3) = 1,
(1+b1)m2m3 = 1,
ms ≤ 1 (s = 1,2,3),
bs ≤ 1 (s = 1,2,3).

(4)

By the quasi-Newton algorithm, we try to find the minimiza-
tion problem

min
( 3

∑
s=1

( 2

∑
h=1

g2
s,h + t2

s

)
+ (m1(1+b2)(1+b3)−1)2 +((1+b1)m2m3 −1)2

)
, (5)

where

gs,h =
2

∑
αs=1

(
|q(αs)

1h |2 + |q(αs)
2h |2

)
−1,

ts =
2

∑
αs=1

(
q(αs)

11 q(αs)
12 +q(αs)

21 q(αs)
22

)
.

The minimal value zero provides a solution of Eq. (4). Several
solutions of Eq. (4) are found in our numerical experiments,
which are not in the set consisting of the form of Eq. (1). Ta-
ble 1 lists two such solutions, which make the cost function in
Eq. (5) less than 10−8, where q(ab)

i j stands for the (i, j)-entry of
the b-th Kraus operator of the a-th system, and a ∈ {1,2,3},
b ∈ {1,2}. It implies from Eq. (3) that there exists a local
operation Φ1 ⊗Φ2 ⊗Φ3 ⊗Φ4 such that the ℓ1-norm imaginar-
ity of states of the form ρ4 with c2 ̸= 0,d2 ̸= 0 is freezing by
Φ1 ⊗Φ2 ⊗Φ3 ⊗Φ4, where Φ4 can freeze the ℓ1-norm imagi-
narity of any qubit state, but the others fail to freeze.

Corollary 7 When N is even, a local real unitary opera-
tion 𝒰 with the Kraus operator U1 ⊗U2 ⊗·· ·⊗UN can freeze
the ℓ1-norm imaginarity of ρN if and only if each real unitary
operation 𝒰i with the Kraus operator Ui can freeze the ℓ1-norm
imaginarity of any state in a qubit system for i = 1,2, . . . ,N.
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Table 1. Two solutions of Eq. (4).

Numerical solution 1

q(11)
11 –0.49567103 q(21)

11 –0.36161911 q(31)
11 0.38267230

q(11)
12 –0.62720229 q(21)

12 0.71041776 q(31)
12 –0.50072406

q(11)
21 0.15437083 q(21)

21 0.34195640 q(31)
21 –0.52449099

q(11)
22 –0.60042560 q(21)

22 0.68574209 q(31)
22 –0.40684148

q(12)
11 0.62745086 q(22)

11 0.86602540 q(32)
11 –0.52299692

q(12)
12 –0.47624258 q(22)

12 0.01716236 q(32)
12 –0.53466198

q(12)
21 0.58033206 q(22)

21 –0.04793168 q(32)
21 –0.55221856

q(12)
22 0.13892221 q(22)

22 –0.15738440 q(32)
22 0.54579482

Numerical solution 2

q(11)
11 –0.48307031 q(21)

11 0.36450724 q(31)
11 –0.57834551

q(11)
12 –0.41668293 q(21)

12 0.46830052 q(31)
12 –0.57790649

q(11)
21 0.51390385 q(21)

21 0.39547056 q(31)
21 –0.57205330

q(11)
22 –0.56739951 q(21)

22 –0.50352378 q(31)
22 0.57841759

q(12)
11 –0.52004480 q(22)

11 0.70710679 q(32)
11 0.58152239

q(12)
12 –0.56829010 q(22)

12 0.42321267 q(32)
12 0.00430683

q(12)
21 0.48176687 q(22)

21 0.45906154 q(32)
21 0.01015873

q(12)
22 –0.42600411 q(22)

22 –0.58995718 q(32)
22 –0.57570707

4. Conclusion
In this paper, we first discuss several properties of ℳℓ1 ,

which is a quantification of imaginarity based on the ℓ1-norm.
Then we give the characterization of real quantum opera-
tions that freeze the ℓ1-norm imaginarity of any qubit (2-
dimensional) state. Moreover, we derive the structure of local
real quantum operations that can freeze the imaginarity of a
special class of N-qubit states.

Appendix A: Proofs of Theorems 1–5
Proof of Theorem 1 (i) For any states ρ and σ , we have

ℳℓ1(λρ +(1−λ )σ) = ∑
m ̸=n

|Im(λρmn +(1−λ )σmn)|

= ∑
m ̸=n

|λ Imρmn +(1−λ )Imσmn|

≤ λ ∑
m ̸=n

|Imρmn|+(1−λ ) ∑
m ̸=n

|Imσmn|

= λℳℓ1(ρ)+(1−λ )ℳℓ1(σ).

Thus ℳℓ1 is convex on 𝒟(H).
(ii) For the fixed orthonormal basis {|m⟩}3

m=1 for H, any
pure state |ψ⟩ can be represented by

|ψ⟩=
3

∑
m=1

rmeiθm |m⟩,

where rm ≥ 0,θm ∈ [0,2π) for any m and ∑m r2
m = 1. We com-

pute that

ℳℓ1(|ψ⟩⟨ψ|) = ∑
m̸=n

rmrn|sin(θn −θm)|

= 2 ∑
1≤m<n≤3

rmrn|sin(θn −θm)|.

Let the function

G(r1,r2,r3,θ1,θ2,θ3) = ∑
1≤m<n≤3

rmrn|sin(θn −θm)|.

It suffices to prove that the constrained maximum M of
G(r1,r2,r3,θ1,θ2,θ3) over the set

D={(r1,r2,r3,θ1,θ2,θ3) : 0 ≤ θk ≤ π,0 ≤ rk ≤ 1(1 ≤ k ≤ 3)}

under the condition that ∑
3
k=1 r2

k = 1 is equal to
√

3/2 and that
M = G(r̄1, r̄2, r̄3, θ̄1, θ̄2, θ̄3) for some r̄k > 0 and 0 ≤ θ̄k ≤ π for
all k = 1,2,3.

Since G is continuous on the bounded closed region
D, it takes its conditional maximum M at some point P0 =

(r̄1, r̄2, r̄3, θ̄1, θ̄2, θ̄3). By observing that

|sin(θ̄n − θ̄m)|= |sin(θ̄n − θ̄m −π)|,

we may assume that 0 < θ̄m+1 − θ̄m < π for all m. Thus, the
constrained maximum of G(r1,r2,r3,θ1,θ2,θ3) over the set

D0 = {(r1,r2,r3,θ1,θ2,θ3) : 0 ≤ θk ≤ π,

0 ≤ θk+1 −θk ≤ π,0 ≤ rk ≤ 1(1 ≤ k ≤ 3)}

subjected to the equality constraint condition ∑
3
k=1 r2

k = 1 must
be equal to M. That is, M = G(r̄1, r̄2, r̄3, θ̄1, θ̄2, θ̄3) for some
point P0 = (r̄1, r̄2, r̄3, θ̄1, θ̄2, θ̄3) in D0. To find out the con-
strained maximum point P0, let us consider the Lagrangian
function

L(r1,r2,r3,θ1,θ2,θ3,λ )

= ∑
1≤m<n≤3

rmrn sin(θn −θm)−λ

(
3

∑
m=1

r2
m −1

)
. (A1)

100306-5



Chin. Phys. B 33, 100306 (2024)

The method of Lagrange multipliers ensures that Q0 = (P0,λ )

is a stationary point of L for some constant λ , that is,

∂L
∂ rk

|Q0 = 0 (k = 1,2,3),

∂L
∂θk

|Q0 = 0 (k = 1,2,3),

∂L
∂λ

|Q0 = 0.

(A2)

Thus, the first equation and the second one in Eq. (A2) are
equivalent to 0 sin(θ2 −θ1) sin(θ3 −θ1)

sin(θ2 −θ1) 0 sin(θ3 −θ2)
sin(θ3 −θ1) sin(θ3 −θ2) 0

 r1
r2
r3


= 2λ

 r1
r2
r3

 , (A3)

 0 −cos(θ2 −θ1) −cos(θ3 −θ1)
cos(θ2 −θ1) 0 −cos(θ3 −θ2)
cos(θ3 −θ1) cos(θ3 −θ2) 0

 r1
r2
r3


= 0, (A4)

respectively.
We use S3 and C3 to denote 3× 3 matrices in Eqs. (A3)

and (A4), respectively, and use 𝑥3 to denote the column vector
(r1,r2,r3)

T. Then these two equations can be written as{
S3𝑥3 = 2λ𝑥3,
C3𝑥3 = 0. (A5)

Equivalently,

(S3 + iC3)𝑥3 = 2λ𝑥3. (A6)

Next, we write

smn =

 sin(θm −θn), m > n,
sin(θn −θm), m < n,
0, m = n,

cmn =

 cos(θm −θn), m > n,
−cos(θn −θm), m < n,
0, m = n,

then S3 = [smn],C3 = [cmn]. In this case, equation (A4) be-
comes

C3𝑥3 =

 0 −c21 −c31
c21 0 −c32
c31 c32 0

 r1
r2
r3

= 0.

Since the eigenvalues of C3 are i
√

c2
21 + c2

31 + c2
32,

−i
√

c2
21 + c2

31 + c2
32 , and 0, and the corresponding eigen-

vectors of C3 are
−c21c32 + c31i

√
c2

21 + c2
31 + c2

32

c21c31 + c32i
√

c2
21 + c2

31 + c2
32

c2
31 + c2

32

 ,


−c21c32 − c31i

√
c2

21 + c2
31 + c2

32

c21c31 − c32i
√

c2
21 + c2

31 + c2
32

c2
31 + c2

32

 ,
 c32
−c31
c21

 .
Since the rank of C3 is 2, the null space of C3 is of 1-dimension.
Thus, we have

𝑥=

 r1
r2
r3

= k

 c32
−c31
c21

(k ̸= 0). (6)

And because of Eq. (A5), we obtain

2kλ

 c32
−c31
c21

 = k

 0 s21 s31
s21 0 s32
s31 s32 0

 c32
−c31
c21


= k

 c21s31 − c31s21
s21c32 + s32c21
c32s31 − c31s32

= k

 s32
s31
s21

 .
Hence,

2λ

 c32
−c31
c21

=

 s32
s31
s21

 .
Equivalently,

tan(θ3 −θ2) = tan(θ2 −θ1) = 2λ ,

tan(θ3 −θ1) =−2λ . (A8)

Since 0 ≤ θm < θn ≤ π(n > m) and

θ3 −θ1 = (θ3 −θ2)+(θ2 −θ1),

we see from Eq. (A8) that λ > 0 and so

0 < θ3 −θ2 < π/2, 0 < θ2 −θ1 < π/2, π/2 < θ3 −θ1 < π,

leading to

θ3 −θ2 = θ2 −θ1 ≡ θ , θ3 −θ1 = π −θ .

Equivalently, 0 −1 1
−1 0 1
−1 1 0

 θ1
θ2
θ3

=

 θ

π −θ

θ

 , (A9)

which is solvable if and only if θ = π/3. In that case, it has
solutions  θ1 = θ3 −2π/3 = α +π/3,

θ2 = θ3 −π/3 = α +2π/3,
θ3 = α +π,

(A10)

where α is free with −π/3≤α ≤ 0. Then, we get from Eq. (6)
that

𝑥=

 r1
r2
r3

= k

 c32
−c31
c21

= k

 1/2
1/2
1/2

(k ̸= 0), (A11)
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implying r1 = r2 = r3 = 1/
√

3 since Lλ = r2
1 +r2

2 +r2
3 −1 = 0.

This shows that constrained maximum points are as follows:

Pα =
(

1/
√

3,1/
√

3,1/
√

3,α +π/3,α +2π/3,α +π

)
,

−π/3 ≤ α ≤ 0.

Further, G(Pα) =
√

3/2. Thus,

ℳℓ1(|ψ⟩⟨ψ|)≤ 2G(Pα) =
√

3 =ℳℓ1(|ψ(β )⟩⟨ψ(β )|),
∀β ∈ R.

Because of the convexity of ℳℓ1 , we obtain ℳℓ1(ρ) ≤
√

3
for all ρ ∈ 𝒟(H).

Proof of Theorem 2 (i) Let ρ̃ ∈ 𝒟(H1 ⊗H2). Denote

ρ̃ = ∑
m,n,k,ℓ

ρmnkℓ|m⟩⟨n|⊗ |k⟩⟨ℓ|,

then we compute that

ℳℓ1(trH1(ρ̃))+ℳℓ1(trH2(ρ̃))

= ∑
k ̸=ℓ

∣∣∣∣Im∑
m

ρmmkℓ

∣∣∣∣+ ∑
m ̸=n

∣∣∣∣∣Im∑
k

ρmnkk

∣∣∣∣∣
≤ ∑

k ̸=ℓ
∑
m
|Imρmmkℓ|+ ∑

m ̸=n
∑
k
|Imρmnkk|+ ∑

m ̸=n
∑
k ̸=ℓ

|Imρmnkℓ|

= ℳℓ1(ρ̃).

Thus, for any state ρ̃ ∈ 𝒟(H1 ⊗H2 ⊗ ·· ·⊗HN), we compute
that

ℳℓ1(ρ̃) ≥ ℳℓ1(trH1(ρ̃))+ℳℓ1(trH2⊗H3⊗···⊗HN (ρ̃))

≥ ℳℓ1(trH1(ρ̃))+ℳℓ1(trH2(ρ̃))

+ℳℓ1(trH3⊗H4⊗···⊗HN (ρ̃))

≥ ℳℓ1(trH1(ρ̃))+ℳℓ1(trH2(ρ̃))+ · · ·
+ℳℓ1(trHN (ρ̃)).

Therefore, the conclusion is confirmed.
(ii) For ρ = ∑

mn
ρmn|m⟩⟨n| ∈ 𝒟(H1) and σ = ∑

kℓ
σkℓ|k⟩⟨ℓ| ∈

ℛ(H2), we have

ℳℓ1(ρ ⊗σ) = ∑
(m,k)̸=(n,ℓ)

|Imρmnσkℓ|

= ∑
k ̸=ℓ

|σkℓ|∑
m
|Imρmm|+ ∑

m ̸=n
|Imρmn|∑

k
|σkk|

+ ∑
m ̸=n

|Imρmn|∑
k ̸=ℓ

|σkℓ|

= (1+Cℓ1(σ))ℳℓ1(ρ).

Thus, for any state ρ1 ∈ 𝒟(H1) and ρs ∈ ℛ(Hs) (s =

2,3, . . . ,N), we have

ℳℓ1(ρ1 ⊗ρ2 ⊗·· ·⊗ρN)

= (1+Cℓ1(ρN))ℳℓ1(ρ1 ⊗ρ2 ⊗ρ3 ⊗·· ·⊗ρN−1)

= (1+Cℓ1(ρN−1))(1+Cℓ1(ρN))

×ℳℓ1(ρ1 ⊗ρ2 ⊗ρ3 ⊗·· ·⊗ρN−2)

= ℳℓ1(ρ1)
N

∏
s=2

(1+Cℓ1(ρs)).

Proof of Theorem 3 (i)⇒(ii) is obvious.
(ii)⇔(iii) Note that

Φ(ρ) =
r

∑
α=1

Kα ρK†
α =

r

∑
α=1

2

∑
s, j,k,l=1

q(α)
s j q(α)

kl ρ jl |s⟩⟨k|,

where {|s⟩}2
s=1 is the fixed basis for H and ρ jl = ⟨ j|ρ|l⟩. Then

the (s,k)-entry of the matrix representation of Φ(ρ) under the
basis is

(Φ(ρ))sk =
r

∑
α=1

2

∑
j,l=1

q(α)
s j q(α)

kl ρ jl .

Especially,

(Φ(ρ))12 =
r

∑
α=1

(
q(α)

11 q(α)
21 ρ11 +q(α)

11 q(α)
22 ρ12 +q(α)

12 q(α)
21 ρ21

+q(α)
12 q(α)

22 ρ22
)
.

From ∑α K†
α Kα = I2, we can get ∑α ∑s |q

(α)
s j |2 = 1(∀ j), that is,∑α

(
|q(α)

11 |2 + |q(α)
21 |2

)
= 1,

∑α

(
|q(α)

12 |2 + |q(α)
22 |2

)
= 1.

(A12)

Note that

ℳℓ1(Φ(ρ)) = ∑
s,k

|Im(Φ(ρ))sk|

= 2|Im(Φ(ρ))12|

= 2
∣∣∣∣∑

α

(
q(α)

11 q(α)
22 Imρ12 +q(α)

12 q(α)
21 Imρ21

)∣∣∣∣
= 2|Imρ12|

∣∣∣∣∑
α

(
q(α)

11 q(α)
22 −q(α)

12 q(α)
21

)∣∣∣∣ .
So ℳℓ1(Φ(ρ)) =ℳℓ1(ρ) = 2|Imρ12| ̸= 0 if and only if∣∣∣∣∑

α

(
q(α)

11 q(α)
22 −q(α)

12 q(α)
21

)∣∣∣∣= 1. (A13)

(iii)⇔(iv) By using Cauchy–Schwarz inequality,
Eqs. (A12) and (A13), we obtain

q(α)
11 = λq(α)

22 (∀α),−q(α)
21 = λq(α)

12 (∀α)

and furthermore λ = 1 or λ =−1.
When λ = 1, we have q(α)

11 = q(α)
22 and q(α)

12 = −q(α)
21 . So

we obtain

Kα =

(
q(α)

11 q(α)
12

−q(α)
12 q(α)

11

)
= q(α)

11 I2 +q(α)
12

(
0 1
−1 0

)
= q(α)

11 I2 + iq(α)
12 σ2(∀α).

When λ =−1, we have q(α)
11 =−q(α)

22 and q(α)
12 = q(α)

21 . So
we obtain

Kα =

(
q(α)

11 q(α)
12

q(α)
12 −q(α)

11

)
= q(α)

11 σ3 +q(α)
12 σ1(∀α).
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From the completeness of Kraus operators of Φ , we get that

∑
α

(
|q(α)

11 |2 + |q(α)
12 |2

)
= 1.

(iv)⇒(i) Let ρ =

(
a b+ ic

b− ic 1−a

)
. If

Kα = q(α)
11 I2 + iq(α)

12 σ2(∀α) or Kα = q(α)
11 σ3 +q(α)

12 σ1(∀α),

then it is clear to see that

ℳℓ1(Φ(ρ)) =ℳℓ1

( r

∑
α=1

Kα ρK†
α

)
= 2|c|=ℳℓ1(ρ).

Proof of Theorem 4 When N is odd, ℳℓ1(ρ
N) =

(1/2N)2N |c2|= |c2|, and

Φ(ρN) = (Φ1 ⊗Φ2 ⊗·· ·⊗ΦN)(ρ
N)

=
1

2N

[
⊗N

k=1 Φk(I2)+
3

∑
w=1

cwΦ1(σw)⊗N
k=2 Φk(I2)

+
3

∑
w=1

dwΦ1(I2)⊗N
k=2 Φk(σw)

]
.

Note that

Φs(ρ) = ∑
αs

Kαs ρK†
αs

= ∑
αs

2

∑
ts,ls,ms,ns=1

q(αs)
tsls q(αs)

msns ρlsns |ts⟩⟨ms|.

From the completeness of Kraus operators of Φs, we get

∑
αs

∑
ts

(
q(αs)

tsls

)2
= ∑

αs
∑
ms

(
q(αs)

msns

)2
= 1(∀ls,∀ns).

Moreover, we obtain

Φs(σ2) = ∑
αs

2

∑
ts,ms=1

(
−q(αs)

ts1 q(αs)
ms2 +q(αs)

ts2 q(αs)
ms1

)
i|ts⟩⟨ms|,

Φs(I2) = ∑
αs

2

∑
ts,ms=1

(
q(αs)

ts1 q(αs)
ms1 +q(αs)

ts2 q(αs)
ms2

)
|ts⟩⟨ms|.

This implies that

⊗N
k=2Φk(σ2) = ⊗N

k=2

(
∑
αk

2

∑
tk,mk=1

(
−q(αk)

tk1 q(αk)
mk2

+q(αk)
tk2 q(αk)

mk1

)
i|tk⟩⟨mk|

)
is a real matrix. So

ℳℓ1(Φ(ρN)) = ∑
t1,m1,t2,m2,··· ,tN ,mN

∣∣ImΦ(ρ)(t1,m1),··· ,(tN ,mN)

∣∣
=

1
2N−1 |c2| ∑

t1=1,m1=2,t2,m2,··· ,tN ,mN

∣∣∣∣∣
(

∑
α1

(
−q(α1)

11 q(α1)
22 +q(α1)

12 q(α1)
21

))
(

∑
α2

(
q(α2)

t21 q(α2)
m21 +q(α2)

t22 q(α2)
m22

))
· · ·

(
∑
αN

(
q(αN)

tN 1 q(αN)
mN 1 +q(αN)

tN 2 q(αN)
mN 2

))∣∣∣∣∣
=

1
2N−1 |c2|

∣∣∣∣∣∑
α1

(
−q(α1)

11 q(α1)
22 +q(α1)

12 q(α1)
21

)∣∣∣∣∣(∣∣∣∣∣∑
α2

((
q(α2)

11

)2
+
(

q(α2)
12

)2
)∣∣∣∣∣+

∣∣∣∣∣∑
α2

((
q(α2)

21

)2
+
(

q(α2)
22

)2
)∣∣∣∣∣+2

∣∣∣∣∣∑
α2

(
q(α2)

11 q(α2)
21 +q(α2)

12 q(α2)
22

)∣∣∣∣∣
)

(
∑

t3,m3,··· ,tN ,mN

∣∣∣∣∣∑
α3

(
q(α3)

t31 q(α3)
m31 +q(α3)

t32 q(α3)
m32

)
· · ·∑

αN

(
q(αN)

tN 1 q(αN)
mN 1 +q(αN)

tN 2 q(αN)
mN 2

)∣∣∣∣∣
)

=
1

2N−1 |c2|

∣∣∣∣∣∑
α1

(
−q(α1)

11 q(α1)
22 +q(α1)

12 q(α1)
21

)∣∣∣∣∣
(

2+2

∣∣∣∣∣∑
α2

(
q(α2)

11 q(α2)
21 +q(α2)

12 q(α2)
22

)∣∣∣∣∣
)

(
∑

t3,m3,··· ,tN ,mN

∣∣∣∣∣∑
α3

(
q(α3)

t31 q(α3)
m31 +q(α3)

t32 q(α3)
m32

)
· · ·∑

αN

(
q(αN)

tN 1 q(αN)
mN 1 +q(αN)

tN 2 q(αN)
mN 2

)∣∣∣∣∣
)

= |c2|

∣∣∣∣∣∑
α1

(
−q(α1)

11 q(α1)
22 +q(α1)

12 q(α1)
21

)∣∣∣∣∣
(

1+

∣∣∣∣∣∑
α2

(
q(α2)

11 q(α2)
21 +q(α2)

12 q(α2)
22

)∣∣∣∣∣
)
· · ·(

1+

∣∣∣∣∣∑
αN

(
q(αN)

11 q(αN)
21 +q(αN)

12 q(αN)
22

)∣∣∣∣∣
)

= |c2|

∣∣∣∣∣∑
α1

(
−q(α1)

11 q(α1)
22 +q(α1)

12 q(α1)
21

)∣∣∣∣∣ N

∏
s=2

(
1+

∣∣∣∣∣∑
αs

(
q(αs)

11 q(αs)
21 +q(αs)

12 q(αs)
22

)∣∣∣∣∣
)

= |c2|m1

N

∏
s=2

(1+bs).
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From ℳℓ1(Φ(ρN)) =ℳℓ1(ρ
N) = |c2|, we can get

m1

N

∏
s=2

(1+bs) = 1.

By using Cauchy–Schwarz inequality, it is easy to get

ms =

∣∣∣∣∣∑
αs

(
−q(αs)

11 q(αs)
22 +q(αs)

12 q(αs)
21

)∣∣∣∣∣≤ 1 (∀s = 1,2, . . . ,N),

bs =

∣∣∣∣∣∑
αs

(
q(αs)

11 q(αs)
21 +q(αs)

12 q(αs)
22

)∣∣∣∣∣≤ 1 (∀s = 1,2, . . . ,N).

Proof of Theorem 5 When N is even, ℳℓ1(ρ
N) =

2N(| c2
2N |+ | d2

2N |) = |c2|+ |d2| and

Φ(ρN) =
1

2N

[
⊗N

k=1 Φk(I2)+
3

∑
w=1

cwΦ1(σw)⊗N
k=2 Φk(I2)

+
3

∑
w=1

dwΦ1(I2)⊗N
k=2 Φk(σw)

]
.

Note that

Φs(ρ) = ∑
αs

Kαs ρK†
αs

= ∑
αs

2

∑
ts,ls,ms,ns=1

q(αs)
tsls q(αs)

msns ρlsns |ts⟩⟨ms|.

From the completeness of Kraus operators of Φs, one can get

∑
αs

∑
ts

(
q(αs)

tsls

)2
= ∑

αs
∑
ms

(
q(αs)

msns

)2
= 1(∀ls,∀ns).

Moreover, we obtain

Φs(σ2) = ∑
αs

2

∑
ts,ms=1

(
−q(αs)

ts1 q(αs)
ms2 +q(αs)

ts2 q(αs)
ms1

)
i|ts⟩⟨ms|,

Φs(I2) = ∑
αs

2

∑
ts,ms=1

(
q(αs)

ts1 q(αs)
ms1 +q(αs)

ts2 q(αs)
ms2

)
|ts⟩⟨ms|.

For each s, define

ms =

∣∣∣∣∣∑
αs

(
−q(αs)

11 q(αs)
22 +q(αs)

12 q(αs)
21

)∣∣∣∣∣ ,
bs =

∣∣∣∣∣∑
αs

(
q(αs)

11 q(αs)
21 +q(αs)

12 q(αs)
22

)∣∣∣∣∣ ,
where ms ≤ 1, bs ≤ 1. By observing the matrix form of Φ(ρN)

under the product basis {|1⟩, |2⟩}⊗N
, we conclude that

ℳℓ1(Φ(ρN)) = |c2|m1

(
N

∏
s=2

(1+bs)−
N

∏
s=2

bs

)
+ |d2|

N

∏
s=2

ms

+ max

{
|c2|m1

N

∏
s=2

bs, |d2|b1

N

∏
s=2

ms

}
.

Case 1 When

max

{
|c2|m1

N

∏
s=2

bs, |d2|b1

N

∏
s=2

ms

}
= |c2|m1

N

∏
s=2

bs, (A14)

we obtain that c2 ̸= 0 and thus

ℳℓ1(Φ(ρN))

= |c2|m1

(
N

∏
s=2

(1+bs)−
N

∏
s=2

bs +
N

∏
s=2

bs

)
+ |d2|

N

∏
s=2

ms

= |c2|m1

N

∏
s=2

(1+bs)+ |d2|
N

∏
s=2

ms.

Therefore,

ℳℓ1(Φ(ρN)) =ℳℓ1(ρ
N) = |c2|+ |d2|

if and only if

|c2|

(
m1

N

∏
s=2

(1+bs)−1

)
+ |d2|

(
N

∏
s=2

ms −1

)
= 0.

Case 2 When

max

{
|c2|m1

N

∏
s=2

bs, |d2|b1

N

∏
s=2

ms

}
= |d2|b1

N

∏
s=2

ms, (A15)

we obtain d2 ̸= 0 and

ℳℓ1(Φ(ρN)) = |c2|m1

(
N

∏
s=2

(1+bs)−
N

∏
s=2

bs

)

+ |d2|(1+b1)
N

∏
s=2

ms.

So
ℳℓ1(Φ(ρN)) =ℳℓ1(ρ

N) = |c2|+ |d2|

if and only if

|c2|

(
m1

(
N

∏
s=2

(1+bs)−
N

∏
s=2

bs

)
−1

)

+|d2|

(
(1+b1)

N

∏
s=2

ms −1

)
= 0.
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