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We discuss freezing of quantum imaginarity based on ¢;-norm. Several properties about a quantity of imaginarity
based on /1 -norm are revealed. For a qubit (2-dimensional) system, we characterize the structure of real quantum operations
that allow for freezing the quantity of imaginarity of any state. Furthermore, we characterize the structure of local real
operations which can freeze the quantity of imaginarity of a class of N-qubit quantum states.
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1. Introduction

In quantum information theory, complex numbers play
a crucial role.'! Quantum states are typically represented by
wave functions, which are complex-valued functions. The real
and imaginary parts of the wave function respectively provide
the amplitude and phase information of the state. This infor-
mation is crucial in quantum computing and quantum com-
munication because it determines the probability distribution
of measurement outcomes and the evolution of the state.

Quantum coherence, as a vital physical resource for the
superposition of quantum states,!! is highly significant be-
cause it directly impacts the effectiveness and performance
of applications such as quantum computing, quantum com-
munication, and quantum sensing. Hence the quantification
of quantum coherence has been extensively discussed.*1 To
maximize coherence of available resources, there are many
references about coherence freezing (preserving) by using
¢1-norm.1"-1°) Furthermore, as special quantum coherence,

quantum imaginarity is also considered as a resource,?%-%?]

and its quantification has garnered widespread attention.[23-26]

In mathematics, the ¢;-norm of a matrix is relatively sim-
ple and efficient because it involves only the sum of absolute
values of entries.  And the ¢;-norm of imaginary part of a
matrix can be useful in applications such as numerical stabil-
ity analysis, where it is important to measure the magnitude
of imaginary components in matrix computations. It may also
be relevant in signal processing or control theory to analyze
the stability and performance of systems with complex-valued
matrices. In Ref. [23], Chen et al. introduce the quantifica-
tion about imaginarity by ¢;-norm. We will discuss freezing
imaginarity of quantum states based on £;-norm.

The main structure of our paper is as follows. In Sec-
tion 2, we present some properties of the quantity of imaginar-
ity by £1-norm. In Section 3, we characterize real quantum op-

erations that can freeze imaginarity of qubit states by ¢;-norm.
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Furthermore, we provide structure of local real quantum oper-
ations that can freeze imaginarity of a class of N-qubit states
by ¢1-norm. The concise conclusion is presented in Section 4.
The proofs of main theorems are listed in Appendix A.

2. Quantification of quantum imaginarity based
on /{-norm

Let H be a d-dimensional Hilbert space. We use B(H)
and D(H) to denote sets of all bounded linear operators and
all trace one positive semidefinite operators (quantum states)
on H, respectively. A pure state is a unit vector in H. For
p € D(H) and a fixed orthonormal basis {|m)}?_, for H, we

say that p is incoherent if (m|p|n) = 0 for any m # n. An
important coherence quantification is based on the /;-norm!’!

Co(p) =Y., |Pmnl,
m#n
for any quantum state p with p,,, = (m|p|n). We say that p
is real if (m|p|n) € R for any m,n. Otherwise, we say that p
is nonreal. We use R(H) to denote the set of all real quan-
tum states on H. A quantum operation & is a trace-preserving
completely positive mapping on B(H ), which has a Kraus op-
erator representation

D(X) =Y KoXKj,
a=1

where Y'f,_, KKy = Iy and Iy means the identity operator on
H. X7 and X" denote the conjugate transpose and transpose
of the matrix X, respectively. A quantum operation is said to
be real if it maps any real state to a real state. Furthermore,
in Ref. [25], real operations are just ones that have a family
of Kraus operators Ky (0t = 1,2,...,r) with (m|Ky|n) € R for
any m,n, .

For any p = [pun| € D(H) with py,, = (m|p|n), it is natu-
ral to discuss the quantification of quantum imaginarity based
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on the ¢-norm, which is defined in Ref. [23] by

MZ] Z |Im pmn
m#n

where Im(z) denotes the imaginary part of a complex number
z. Clearly, My, (p) > 0 and further My, (p) = 0 if and only
if p € R(H).1?3! We call the quantity My, (p) ¢1-norm imagi-
narity of the quantum state p. In the following, we will discuss
some properties of My, .

A measure of quantum imaginarity based on trace norm

is as follows: 2]

1
MI(P):EHP*PT”h

which satisfies (i) M (p) > 0; M;(p) = 0 if and only if p is
real, (ii) M (P(p)) < M (p) for any real operation & and
any state p.

For any qubit (2-dimensional) state

. a b+ic
P=\b—ic1-a )’
=Mi(p)=2lc|<d—-1=1
and further the maximum is attained if and only if a = 1/2,

itis easy to compute that My, (p)

b =0,|c| = 1/2. In the higher dimensional case, whether the
maximum M, (p) is d —1? The following theorem gives a
negative answer, whose proof is listed in Appendix A.
Theorem 1 (i) My, is convex on D(H).
(i) For d =3 and p € D(H), it holds that

0< My, (p) < V3 =My (lw(B)w(B),

%eiﬁ (e 11) +¢27012) +7(3) ) p < .
Let Hy (s =1,2,...,N
spaces and H; ® H) ® ... ® Hy be the composite Hilbert space
of Hy(s =1,2,...,N).
properties about My, on the multipartite quantum system.
Theorem 2 (i) For any state p € D(H; @ Hy ® - -- @ Hy),
it holds that

) be finite dimensional Hilbert

In the following, we discuss several

M«”] (trHl ( )) +M
+ My, (triy (P)) <

o (trmy (P)) + -+
Mil( )

(ii) For any state p; € D(H;) and p; € R(H)(s =
2,3,...,N), it holds that

N

M[l (Pl ) H(l JFCZ] (ps))

s=2

My (P1OPr®@P3R--- @ py) =

The proof of Theorem 2 will be given in Appendix A.

3. Freezing of quantum imaginarity based on

My,

In general, real quantum operations alter imaginarity of
quantum states. Hence, we investigate which real quantum
operations preserve imaginarity of quantum states, known as
the freezing phenomenon in quantum mechanics. Based on the
quantity M,, of imaginarity, we provide the following defini-
tion.

Definition 1 For a nonreal state p and a real operation
D, if My (P(p)) = My, (p), then we say that the /;-norm
imaginarity of p is frozen by @

In the following, we consider a real quantum operation
D(X)= | Ko XK{,. Under the fixed basis {|s) }¢
Ko = zz{,»:] qi,% )(jl where g% € R.

Theorem 3 When d = 2, for a real quantum operation @,

¢_1>denote

the following statements are equivalent.
(i) For any state p, My, (®(p)) = My, (p).
(i) For a nonreal state p, My, (®(p)) = My, (p).
(iii) The Kraus operators of @ satisfy

¥ (41057

o

(&) (o)\| _
412 921 )’ =1
(iv) The Kraus operators of & are of the form

Ky = CI(]?)

Ko = CI(]?)

L+ iqgg) (o2} (VOC) or
03 +4\Y o1 (Va), )

where ¥, (|q5‘f)|2 + |q§g)|2) =1 and 01,02, 03 are Pauli ma-

o (01 o (0
=l10) ®=\io)
o (10

3= o-1)"

We present the proof of Theorem 3 in Appendix A.

trices

Remark 1 From Theorem 3 (4), we can get the Kraus
operators of @ satisfy

Y (1P el +ai0ad) ' =0. b)

o

But this equation does not imply that

Y (a9 - ai3al) ’ =1

o

For example, let
—1/2 1/2 1/2 1/2
Kl:( 1/2 —1/2>’ K2:<1/2 1/2)‘

Y (a9 +4i5as)) ’ =0,

o

Then

but

Z( q11 fIzz +qu)qg1>)‘ =0<1.
o
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This shows that equation (2) is a necessary but not sufficient
condition for operations to freeze the ¢;-norm imaginarity in
the qubit system.

By Theorem 3, we obtain the structure of real unitary op-
erations that freeze £)-norm imaginarity of any state in a qubit
system.

Corollary 1 When d = 2, if @ is a real unitary operation
with @(X) =
imaginarity of any qubit state if and only if the unitary operator
U is of the form cos 01, +isin@ 0o, or cos 003 +sin6o; (6 €
[0,27)).

In the following, we will discuss the structure of local real

UXU?' for any X, then @ can freeze ¢;-norm

quantum operations under the product basis {|1), |2) }®N of
P=P PR R@PDy,

which can freeze the /|-norm imaginarity of a class of N-qubit
states

2N

1
pN <I®N+ZCWGW®I®N 1+Zd [2®G®N l>’

1, 1](vw).
For each s = 1,2,...,N, we denote the real quantum op-
eration Py (X) = Yo K%XKZC_Y with ¥ K;SK% =1 and

where ¢, dy, € [—

2
Ko, = Z ‘1; lg |t5><l | ‘]; GR
ts,ls=1

We will discuss cases of N being odd and even separately
in the following. When N is odd, pV € R(H, @ Hy ®--- @ Hy)
if and only if c; = 0. When N is even, p" € R(H| @ Hy ® - ®
Hy) if and only if ¢; = 0 and d, = 0. Next we only consider
pN ¢ R(Hi®@H> ®---@Hy).

Theorem 4 When N is odd and ¢; # 0, & freezes the

/1-norm imaginarity of p" if and only if
N
m H (1 + bs) =
s=2
where
mg=1Y" <_q§‘f°‘>q§§” +q§§‘”q§‘f5>) <1(Vs=1,2,...,N),
22
b= L (a et +aiPds ) | <1 (s =12,
22

The proof of Theorem 4 is listed in Appendix A.

Remark 2 The quantities of my; and by represent
%Mé‘] (P5(07)) and %Cg, (Ds(12)), respectively.

Corollary 2 When N is odd, if &, freezes the £;-norm
imaginarity of any qubit state and @,, P, ..., Py satisfy

=0 (Vs=2,3,...,N),

|Z i ‘121 Jrq<12)q(22))

then @ freezes the /1-norm imaginarity of p.

By Remark 1 and Corollary 2, we see that it is possible
that ® = | ® P, ® - -- ® Py could freeze the ¢-norm imag-
inarity of p" if ®; can freeze the ¢;-norm imaginarity of any
qubit state while the others fail to freeze. In addition, even
though @, cannot freeze the £|-norm imaginarity of any qubit
state, we also find some real operation &, that cannot freeze
in the qubit system such that ® = @; R &, ® - -- ® Py could
freeze the /1-norm imaginarity of p"V. See the following ex-
ample.

Example 1 Let the Kraus operators K, K> and K|, K} of
@, and D, be

f=(3 ) 2= (707),

, (12 0 ;[ 121/V2
Kl_(]/z—l/ﬁ)’ K2_<1/2 0 )

respectively, @ (s =3,4,...,N) be of the form (1). We get
20 () (@), (@) ()| _ 2
) (_‘111l 4" + 412 Gy ) =3< L,
;=1
() (@), (o) (@))] _ |
) (‘1112 G a4 ) =5 < L
ap=1

But

Y (—q(l(f”)qé‘?) +qgg‘)q§7l))

(241

N
<1l (1 + L (A ast + ol )

s=2 Qs )
2 1

By Theorem 4, we know that @ = &; ® P, ® --- ® Py can
freeze the /1-norm imaginarity of p".

Corollary 3 When N is odd, a local real unitary operation
U with the Kraus operator U @ Uy ® - -- ® Uy can freeze the
¢1-norm imaginarity of p" if and only if the real unitary op-
eration U/ with the Kraus operator U; can freeze the /{-norm
imaginarity of any state in a qubit system.

Proof For any real unitary operator

- (4 %)
Uy Up

i) a3y

we get

0.

Thus, U can freeze the ¢1-norm imaginarity of p™
if

if and only

(ot )|
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X ﬁ (1 + ) (uwug) +u5sz>u§s2)) D =1
s=2
if and only if
il 4l =
if and only if U; freezes the ¢;-norm imaginarity of any state
in the first system.
Theorem 5 When N is even and one of ¢, and d; of pN
is not 0, @ freezes the ¢1-norm imaginarity of p" if and only

if one of the following cases holds:
Case 1 When

N N N
max{|czm1 Hbs, |d2|by Hms} = |ea|my Hbf’
s=2 s=2 s=2
N N
|ca (m1 [T +b)— l) + |d>| (Hms - l) =0;
s=2

s=2

Case 2 When
N N N
max{|cz|m1 Hbs, ‘d2|b1 Hms} = |d2|b1 Hms,
s=2 s=2 §s=2
N N
|Cz|(m1 (H(l —i—bs)—Hbs) - 1)

s=2 s=2

N
+|d2|<(1+b1)Hms—1> =0,
s=2

where

nmgy —

)y (—q(l?“)qg” +q(1(§x)61§?s)) <

Qs

by = <1 (Vs=1,2,...,N).

) (qg'f‘” &+ 61(13”61%“))

(o]

We give the proof of Theorem 5 in Appendix A. By The-
orem 5, it is easy to obtain the following corollaries.

Corollary 4 When N is even, if & (s = 1,2,...,N)
can freeze the /;-norm imaginarity of any qubit state, then
D ® D ® -+ ® Dy can freeze the /1-norm imaginarity of the
family of states of the form p™.

Corollary 5 When N is even, if &; cannot freeze the ¢;-
norm imaginarity of any qubit state and b; = 0, even though
@, can freeze the £;-norm imaginarity of any qubit state for all
s=2,3,...,N, d, ® ¥, ® - -- ® Py cannot freeze the £;-norm
imaginarity of p" with ¢, # 0.

Corollary 6 When N is even, @] ® ®, ® --- Q@ Py can
freeze the ¢)-norm imaginarity of the family of states of the
form p" with ¢, # 0,d, # 0 if and only if either @ can freeze
the £;-norm imaginarity of any qubit state forall s=1,2,... N
or

N N
my (H(l—l—bx)— Hbs> =1,
s=2 s=2

N 3)
(1+b1) I:I2ms =1

The following example shows that when @; cannot freeze
the /i-norm imaginarity of any qubit state, we can find
&, 3, P4 such that P} ® P, ® P3 ® Py can freeze the ;-
norm imaginarity of the family of states of the form p* with
(&) 75 O,dz 75 0.

Example 2 Let N =4 and &; be not of the form (1).
Assume all & (s = 1,2,3,4) consist of two Kraus operators
and @4 is of the form (1). Then by Corollary 6, we obtain that
D) ® D ® D3 ® Py can freeze the £1-norm imaginarity of the
family of states of the form p* with ¢, # 0, d» # 0 if and only
if

2

£ (I P+ P) =1 (s=1,23),
os=1

2

£ (1157 P+1a'P) =1 (s=1,2,3),
os=1

2

r (qﬁ‘f)q(lg‘)vtqg‘i“)qg?)) =0 (s=1,23), @
Ols=
m1(1 +b2)(1 +b3) =1,
(1 +b1)m2m3 =1,
mg <1 (s=1,2,3),
bs < 1 (S = 13233)

By the quasi-Newton algorithm, we try to find the minimiza-
tion problem

3 2
min 2 2
<521 (/lZIgSJI—'_tS)
+<m1<1+b2><1+b3>—1>2+(<1+b1>m2m3—1>2), )

where

2
gn=Y, (la5 P+ 1a571) — 1.
os=1
2
=Y (a0 + e
a;=1

The minimal value zero provides a solution of Eq. (4). Several
solutions of Eq. (4) are found in our numerical experiments,
which are not in the set consisting of the form of Eq. (1). Ta-
ble 1 lists two such solutions, which make the cost function in
Eq. (5) less than 1078, where qE;b) stands for the (i, j)-entry of
the b-th Kraus operator of the a-th system, and a € {1,2,3},
b € {1,2}. It implies from Eq. (3) that there exists a local
operation ®; ® P, ® P3 ® P4 such that the £1-norm imaginar-
ity of states of the form p* with ¢, # 0,d> # 0 is freezing by
D R Dy ® P3 R Dy, where Py can freeze the £(-norm imagi-
narity of any qubit state, but the others fail to freeze.

Corollary 7 When N is even, a local real unitary opera-
tion U with the Kraus operator U; ® U ® - - - ® Uy can freeze
the ¢;-norm imaginarity of p" if and only if each real unitary
operation If; with the Kraus operator U; can freeze the /{-norm
imaginarity of any state in a qubit system fori =1,2,...,N.

100306-4



Chin. Phys. B 33, 100306 (2024)

Table 1. Two solutions of Eq. (4).

Numerical solution 1

g\ ~0.49567103 g% ~0.36161911 g 0.38267230
b -0.62720229 a2 0.71041776 ) -0.50072406
g\ 0.15437083 & 0.34195640 s ~0.52449099
4 ~0.60042560 a2 0.68574209 a5 ~0.40684148
q\\? 0.62745086 ¢\ 0.86602540 s ~0.52299692
4\ ~0.47624258 4> 0.01716236 4> ~0.53466198
Y 0.58033206 %2 ~0.04793168 s ~0.55221856
) 0.13892221 o 0.15738440 a7 0.54579482
Numerical solution 2
q\\Y ~0.48307031 g% 0.36450724 gy ~0.57834551
b ~0.41668293 a2 0.46830052 a3 ~0.57790649
e 0.51390385 o 0.39547056 s ~0.57205330
4 ~0.56739951 a2 -0.50352378 a5 0.57841759
g\ ~0.52004480 ¢\ 0.70710679 62) 0.58152239
4\ ~0.56829010 4> 0.42321267 > 0.00430683
@\ 0.48176687 %2 0.45906154 32 0.01015873
) ~0.42600411 o ~0.58995718 P -0.57570707

4. Conclusion

In this paper, we first discuss several properties of My,
which is a quantification of imaginarity based on the £;-norm.
Then we give the characterization of real quantum opera-
tions that freeze the ¢j-norm imaginarity of any qubit (2-
dimensional) state. Moreover, we derive the structure of local
real quantum operations that can freeze the imaginarity of a
special class of N-qubit states.

Appendix A: Proofs of Theorems 1-5

Proof of Theorem 1 (i) For any states p and ¢, we have

M, (p+(1=2)0) = ¥ [In(Apun+ (1 = 1))

m#n
= ) [AImpyy, + (1 — A)ImG|
m#n
<A Z [Tmp,m| + (1 = A) Z [Tm oy, |
m#n m#n

Thus My, is convex on D(H).
(ii) For the fixed orthonormal basis {|m)}> _, for H, any
pure state |y) can be represented by

3 .
W)=Y rwe'|m),
m=1

where r,, > 0,0, € [0,27) for any m and },,, r,z,l =1. We com-

pute that

Mu(\‘l’><‘lf|) = Z rmrn|5in(9n_9m)‘
m#n
=2 Z Pt |sin(6, — 6,,)].
1<m<n<3

Let the function

G(ri,r2,73,61,62,63) = )

1<m<n<3

Ftn| sin(6, — 6)|.

It suffices to prove that the constrained maximum M of
G(r1,r,r3,0;,62,03) over the set

D:{(rlar27r3391;92763) OS 9]( Sﬂaogrk S 1(1 Sk§3)}

under the condition that 213{:1 r,% = 11is equal to /3 /2 and that
M = G(Fy,7,73,01,6,,03) for some 7 >0 and 0 < §; < 7 for
allk=1,2,3.

Since G is continuous on the bounded closed region
D, it takes its conditional maximum M at some point Py =
(F1,72,73, 01,6, 0;). By observing that

|5in(8, — B,)| = |sin(8, — B, — 7).

we may assume that 0 < 6,1 — 6, < 7 for all m. Thus, the
constrained maximum of G(ry,rp,r3, 01,65, 03) over the set

Dy = {(r1,r2,r3,61,6,,63):0< 6, < m,
0< 61— <m0<r <1(1<k<3)}

subjected to the equality constraint condition 22:1 r,% = 1 must
be equal to M. That is, M = G(Fy, 72, 73,01, 6, 05) for some
point Py = (¥1,72,73,01,6,,8;) in Dy. To find out the con-
strained maximum point Fy, let us consider the Lagrangian
function

L(ry,r2,13,01,600,03,1)

= Z Pty $in(6, — 6,,) — A

1<m<n<3 m=1

100306-5
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The method of Lagrange multipliers ensures that Oy = (Pp, 1)
is a stationary point of L for some constant A, that is,

oL

Tm|QO:O (k:1,2,3),

oL

), = - A2
aek\Qo 0 (k=1,2,3), (A2)
oL

ﬁ\QoZO-

Thus, the first equation and the second one in Eq. (A2) are
equivalent to

0 sin(6, — 6y) sin(6; — 6;) r
Sin(@z — 91) 0 sin(93 — 62) 1¥)

sin(63 — 91) sin(63 — 92) 0 r3
r
=2A ||, (A3)
r3
0 —cos(6, —0;) —cos(6; — 6) r|
cos(6, — 6y) 0 —cos(6; — 6;) r
cos(63 —6;) cos(63 —62) 0 r3
=0, (A4)
respectively.

We use S3 and C3 to denote 3 x 3 matrices in Eqs. (A3)
and (A4), respectively, and use x3 to denote the column vector
(r1,72,73)T. Then these two equations can be written as

53333 = 21333,
{ C3:I:3 =0. (AS)
Equivalently,
(S3 +iC3)x3 =2Ax3. (A6)

Next, we write

sin(6,, — 6,), m >n,

Smn = { sin(6, — 6,,), m < n,
0, m=n,
cos(0, —6,), m>n,
Ccmn =4 —co8(6, — 6y), m <n,
0, m=n,

then S3 = [syn],C3 = [cmn]. In this case, equation (A4) be-
comes

0 —c21 —c31 r
C3£L‘3 = C21 0 —C32 mn ZO.
;1 ¢ 0 r3

Since the eigenvalues of C; are i\/cgl —|—C%1 —|—c§2,
—iy/c3,+c3,+c3, . and 0, and the corresponding eigen-

vectors of C3 are

) 2 2
—C21632 3114/ 5 + 31+ €3,
c21031 + c3214/ C%l —|—C%1 —|—C%2

2 2
31163,

—cp1C3 — €314 /C%I +C%1 +C%2 3
- /2 2 2 —c
1031 —eniy /5, +¢5+¢5 | 31

21
2, 2
31+ 3,

Since the rank of C3 is 2, the null space of C3 is of 1-dimension.
Thus, we have

r c32
r=|n =k —C3] (k;é()) (6)
r3 C21
And because of Eq. (AS), we obtain
€32 0 s21 831 €32
Zkl —C31 =k S21 0 532 —C3]
el | 531 532 0 a1
€21531 — C31521 8§32
= k| s2cnts3c0 | =k | 531
| €32531 —C31532 521
Hence,
€32 8§32
24 | —c31 | = | 831
€21 521
Equivalently,

tan (63 — 6;) =tan (6, — 0;) =24,
tan (63 — 6;) = —2A. (AB)
Since 0 < 6,, < 6, < w(n > m) and

6;— 601 =(0:—6,)+ (6. —01),
we see from Eq. (A8) that A > 0 and so

0<03—6,<7m/2,0<0,—0,<7m/2, /2 < 6:— 6, <,

leading to
93—92292—6156, 63—9127'6—9.
Equivalently,
0 —-11 6, 0
— |l=|n-0|, (A9)
— 63 0

which is solvable if and only if 6 = /3. In that case, it has
solutions
0, =0;—-2n/3=0a+m/3,
6, =0;—7n/3=0a+2n/3,
03 =0+m,

(A10)

where « is free with — /3 < @ < 0. Then, we get from Eq. (6)
that

ry C32 1/2
r= | 1n =k —C31 =k 1/2 (k;ﬁO), (All)
r3 C21 1/2
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implying 1y =r, =r3 =1//3since L =r? +r3+r3—1=0.
This shows that constrained maximum points are as follows:

Py = (1/\/§,1/\/§,1/f3,oc+7r/3,oc+2n/3,oc+n),

—n/3<a<0.

Further, G(Py) = v/3/2. Thus,

M, ([w) (1) <2G(Pa) = V3 = My, (Jy(B))(w(B)]),

VB eR.

Because of the convexity of My,, we obtain My, (p) < /3
forall p € D(H).
Proof of Theorem 2 (i) Let p € D(H; ® H,). Denote

p= Z pfnnk€|m><n|®|k><€|a

m,n.kl

then we compute that

My, (tra, (P)) + My, (trm, (D))

= Z Imzpmmkl + Z Imzpmnkk
kAL m m#n k

< Zzumpmmkd + Z Z'Impmnkk| + Z Z ‘Impmnkél
k#L m m#n k m#n k#L

= My P)

Thus, for any state p € D(H, @ Hy ® --- ® Hy), we compute
that

M, (p) = My, (try, (P)) + My, (e H;0--0my (P))
= My, (tra, () + My, (try (P))
+ My, (CHyem,e--oHy (P))
= My, (tra, (P)) + My, (trs, (P)) +
+ My, (g (P))-
Therefore, the conclusion is confirmed.
(i) For p = ’%pmn|m) (n| € D(H;) and 0 = k{‘éck¢|k> (¢
R(H,), we have

My (peo)= Y
(m.k)#(n,0)

- Z |Gk€|Z|Impmm‘+ Z |Impmn|2|6kk|

k;ﬁ[ m m;én
+ Z |Impmn| Z |Gk/,|
m#n kLl

| Iumn Okt |

Thus, for any state p; € D(H;) and p; € R(
2,3,...,N), we have

Hy) (s =

My (p1@p2®@---@pN)
= (1+C, (pn)) My, (P1 @ P2 @P3 R+ @ Py—1)
= (14+Cp (pn-1))(1+Co, (pn))

XMy (P1&P2®P3 Q-+ ® Py-2)
N

= My, (p1) [T(1+C, (ps))-

s=2
Proof of Theorem 3 (i)=-(ii) is obvious.
(i)« (ii1) Note that

r r 2
=Y KapKe=Y ) q

a=1 o=1s,jk,l=1

qk[ pjl‘ ><k‘>

where {|s)}2_, is the fixed basis for H and pj; = (j|p|). Then
the (s,k)-entry of the matrix representation of &@(p) under the
basis is
r 2
=) Z ‘1 qkl P/l
a=1j1=1
Especially,

) (a) (@)

.
Z ‘In ‘121 P11+‘1(11 4y P12 +q15 4y P21
o=1

+‘1<12 ‘122 P22)'

From Yo KiKo = I, we can get Y. ¥ \qE? |> = 1(V), that is,

{ Lo (lai P +1a571) = 1.

Lo (0P +1a%' ) = 1. e
Note that
My (@(p)) = Zk,llm(@(P))skl
— 2fim(@(p))1o
=21 (1452 1mp12 + 41 g8 1mp2y )
= 2|Impyy| Z(‘I11>q<22) ‘1(12>‘1<21)>‘-
So My, (®(p)) = My, (p) = 2|Impy2| # 0 if and only if
(A0 —afal) =1 e
(ili))&(v) By wusing Cauchy-Schwarz inequality,

Egs. (A12) and (A13), we obtain

4\ =245y (o), —45 = 243 (var)

and furthermore A =1or A = —1.
When A = 1, we have qg‘f) = qg) and qgg) = —qé(f). So
we obtain
(a) ()
_ [ 4 412"\ _ (@ (@ ( 0 1
Ko = (_ (@) <a)> =qubtan |
d12" 911

7 h+ig) o2 (V).

When A = —1, we have qﬁ) = —qé‘;) and qgg) = q(z(f). So

we obtain

aii qi (@ . ()
Ka = ( (@) (oc)) =4qi, 03+41, o1 (Va).
912" —4d1
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From the completeness of Kraus operators of @, we get that

Y (149 P +1a3'P) = 1.

o
).If

L+igY o (Va) or Ky =q\% 03+ 4% 0 (Var),

a b+ic
—ic 1—a

(iv)=(@1) Let p = ( b

Ky = QE(T)

then it is clear to see that

M, (0(p) = My, ( Y KapK!

a=1

) =2kl = M, o).

Proof of Theorem 4 When N is odd, M, (pM)
(1/2¥)2V]c2| = |ea

, and

2
=Y X ‘IS:Z.Y)Q%Z)SPIMS

Qs tg,l5,mg,ns=1

|t5) ().

From the completeness of Kraus operators of &;, we get

Moreover, we obtain

2

@0 =Y ¥ (~ai'ad +a>an )il m.
Qs tg,mg=1
2
O(h)=) Y, (q,(ﬁ‘” g + qg‘)qf,ff‘z)) 1) (.
Os tg,mg=1

This implies that

2
Y Y (-a%
Qe ty =1

<O;“>irk><mk|)

Dy 1

) (%)

D2 Pr(02) = ®g2( D2

_|_q(0é1<)

Tk

is a real matrix. So

D(p") = (PR D@ @ By)(p")
1 3
= N |: 5(\]:1 D (L) + Zl cw®i (o) ®sz2 D (D)
3
+ Y dy @i (B) R, Pr(oy) |-

w=1

Note that
@y(p) = ) Ko, PKG,
o |

Mél ((p(pN)) - Z |Im¢)(p)(tlﬁml)#"'q<tNA,mN)|

1,my,0p,mo 50 JIN SN

1
sn=le]

(

D
H=1,my=2,ty,mp, ty,my
(e
Z(qtzl
[29)
grerler] 2
())?
+
[z ()G
(X
t3,m3,-- JIN N
1
IN—1 ;(_qg?l)
(L |z
t3,m3, Iy my | O3
_
e
<1+ Z(q
ay

2

(24}

(%]

) (o) | () (e
qmzzl +q1‘222 qmzz

(

—g\™g

2 +q
) 2
#))

Z (ql(fis)q;?l)

o3

(

o o
|2 11) 12])921

_|_

)y

[09)

755

|ca —&—qggl)qm

) (a3)

qmg 1 + ql323

qﬁ‘f”)

) (o)

(
a2

_’_qlgl)

|ca| o

(

(an) (aN)JrqlgN)

11 421

qg‘;m)

)

() (o)

—gl®) gl (1) (o)

= |C2‘ ‘|’€71gl ‘12?

N

= |calm H(l +by).

s=2

(Z (—ait”
))> (% (quﬂv

(o)

((qﬁ?z)) y (q(zgz

(a3) (03)

+ ql32 qm32

(e1)

el

&
|
"

[1

s=2

(o)

(
a7

1

+q0261)qg‘f1)

)

) (o)

) (o) o

(oy
qul N2

t4q

)

)y (qg

[09)

)

g

)

)

)

(

g @) gl

(253 4]
1 Ub%)

)

755

)

).
)

(2%}
2

))2) +2

) . aZN (qualm qm)

(ool o
(2%}

) az;;( t(:ilv)
Zz (4

)

slglon)

+q

()

a5 ‘HIE(;Z)

)

)

) (o)

(o)
o qu2

(ay
qul N2

6153‘”)

+4q

() + q(lgz)

a3

(
1

(o)

(
971

4 qlg@ (a5)

ay) s
1 a2

Y (a

Qs
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, We can get

From My, (®(p")) i M, (pY) =
mi H(l +bs') =1
s=2

By using Cauchy—Schwarz inequality, it is easy to get

mo=|L (el + 4l | <1 (s =1.2,00),
O

by = (q(ff”qg” +q(1?)q§?)) <1(Vs=12,...,N).
(22

Proof of Theorem 5 When N is even, My, (p") =
V(|57 |+ 5% 1) = lea| +|d2| and

1 3
RS ESEXRS AT RS

w=1

3
+ Y du®i(h) @3, Bi(o) |-

w=1

Note that

Dy (P) = Z KasPKZcS

Qs

2
=Y Y a0 i) myl.

Os t5,l5,mg,ns=1

From the completeness of Kraus operators of &y, one can get

LY (a5) “LL (ah0) =

Moreover, we obtain

Z Z ( thI qms +q1(32)q£m )i‘t5><ms|7

Os fg mb—l

Z Z (qfvl qm; +qt(2)qmg )‘t5><m5|

Oy tg,mg=1

1 (Vs Vny).

For each s, define

)y (—6157”6123‘” + 4(13”1157”)

mg = ’
%

bs = Z(qgl )qél )““152 )qu )> ;
%

where m; < 1, by < 1. By observing the matrix form of &(p")
under the product basis {|1), |2>}®N, we conclude that

N N
M, (@(p"N)) = |ea|m (H 1+by) Hb ) + lda| [ T ms
s=2 s=2
+max{|cz|m1be,|d2blnms}.
s=2 s=2

Case 1 When

N N N
max{|czm1 [ 1212151 Hm} =lealm []bs, (Al14)
s=2 s=2

s=2

we obtain that ¢, # 0 and thus

M, (2(p"))
= lea|m

(f10+e)

§=

N N N
HbS+Hbs> + lda| [ T s
= = 5=2

N
|Cz|m1H (1+by) + |ds] Hms

N

Therefore,
M (@(pY)) = My, (p") = |ea| + ]
if and only if
N N
|Cg| m H(l —|—b5) -1+ |d2‘ Hms— 1]=0.
§=2 §=2
Case 2 When
N N N
max < |ca|my [ by, |da|br [ [ ms ¢ = |dalbi [ [ ms,  (A15)
§=2 §=2 §=2

we obtain d; # 0 and

N N
Mo, (@(p™)) = lealm, <H<1+bs>—nbs>

s=2 s=2

N
+da|(1+b1) [T s
s=2

So
Mg (@(p")) = Me, (p") = |e2| + |da|
if and only if
N N
|02| <m1 (H(] +b5) —Hbs> — 1)
y =2 s=2
+|da| < 1+by) Hms—1> =0.
s=2
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