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Momentum distributions of symmetric (H+
2 ) and

asymmetric (HeH2+) molecular ions in a circularly polarized
laser field under different ionization mechanisms
Xin-Yu Hao(郝欣宇), Shu-Juan Yan(闫淑娟), Ying Guo(郭颖), and Jing Guo(郭静)†

Institute of Atomic and Molecular Physics, Jilin University, Changchun 130012, China

(Received 13 May 2024; revised manuscript received 11 September 2024; accepted manuscript online 18 September 2024)

By numerically solving the two-dimensional (2D) time-dependent Schrödinger equation (TDSE), we present photo-
electron momentum distributions (PMDs) and photoelectron angular distributions (PADs) of symmetric (H+

2 ) and asymmet-
ric (HeH2+) molecular ions in circularly polarized (CP) laser pulses. By adjusting the laser wavelength, two circumstances
of resonance excitation and direct ionization were considered. The ionization mechanism of the resonance excitation was
mainly investigated. The results show that the PMDs of H+

2 and HeH2+ in the y-direction gradually increase with increas-
ing intensity, and the number of PMDs lobes is in good agreement with the results predicted by the ultrafast ionization
model. In the resonance excitation scenario, the PMDs of H+

2 are dominated by two-photon ionization, whereas the PMDs
of HeH2+ are dominated by three-photon ionization. Furthermore, the PMDs of HeH2+ are stronger in the resonance ex-
citation scenario than those of H+

2 , which can be explained by the time-dependent population of electrons. In addition, the
molecular structure is clearly imprinted onto the PMDs.

Keywords: resonance excitation, time-dependent Schrödinger equation, ultrafast ionization model, photoelec-
tron momentum distributions

PACS: 34.80.Gs, 32.80.–t, 31.15.xv, 42.65.Re DOI: 10.1088/1674-1056/ad7c2b

1. Introduction
With the progress of science and technology, the interac-

tion between lasers and matter produces a series of higher-
order nonlinear physical phenomena, such as multi-photon
ionization,[1–3] above-threshold ionization,[4,5] higher-order
harmonic emission,[6–8] relativistic effects, etc.[9,10] Attosec-
ond pulses[11,12] offer an opportunity to reveal the secrets of
electron dynamics. Previously, the primary research on elec-
tron dynamics in molecules on attosecond timescales focused
on linearly polarized laser pulses.[9,13] Circularly polarized
(CP) laser pulses play a significant role in detecting ultrafast
electron dynamics at the atomic scale because of their high
temporal and spatial resolutions. CP laser pulses are currently
widely employed in a variety of fields, including the produc-
tion of attosecond pulses and high-order harmonics.[14–18] In
intense laser fields, the momentum distribution of electrons
contains information about electron dynamics.[19–21] There-
fore, the photoelectron momentum distributions (PMDs) have
become an effective method for studying the electron dynam-
ics.

Meckel et al.[22] obtained three-dimensional (3D) PMDs
of N2 and O2 in a linearly polarized laser field. Yuan et al.[23]

investigated the carrier-envelope phase effects of PMDs of H+
2

in orthogonally ultraviolet polarized laser fields. Zhang et
al.[24] found that the PMDs of H+

2 molecules are sensitive to
nuclear distance and laser ellipticity. Li et al.[25] presented a

systematic theoretical analysis of the electron dynamics of H+
2 ,

CO2, and N2 molecules in ultra-short linearly polarized XUV
pulses, demonstrating that molecular symmetry was also im-
printed onto the PMDs. Yuan et al.[26] investigated the effects
of the ionized electron wavelength and internuclear distance
on the angular distributions of H2 and H+

2 . Moreover, the
effects of molecular geometry, laser parameters, and photo-
electron energy on the PMDs of H+

2 and HeH2+ under intense
CP extreme ultraviolet laser pulses have been investigated.[27]

These results indicate that the electronic structure and symme-
try of the molecule have complex effects on the PMDs when
they interact with the laser field. Recent studies have shown
that the excited states of atoms or molecules play a crucial
role in many cases.[28,29] We propose resonance excitation as
an ionization mechanism. For H+

2 , the resonance excitation
from the ground state 1sσg to the first excited state 2pσu was
investigated. For HeH2+, the resonance excitation from the
first excited state 2pσ to the second excited state 2pπ was in-
vestigated. In the resonance excitation scenario, the effect of
molecular symmetry or asymmetry on the momentum distri-
bution is not clear and needs to be further explored.

In this paper, H+
2 and HeH2+ are chosen for comparative

investigation. HeH2+ is chosen because it has been widely
used in experimental and theoretical studies.[30,31] The ion-
ization of CP laser pulses on H+

2 and HeH2+ ion is studied
theoretically in the present work. The photoelectron distri-
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butions of H+
2 and HeH2+ in CP laser fields under different

ionization mechanisms have been studied. The PMDs are ob-
tained by solving the two-dimensional (2D) time-dependent
Schrödinger equation (TDSE) and elucidated in detail by ul-
trafast ionization models. The structure of this paper is as fol-
lows. Section 2 describes the theoretical method. In Section 3,
the PMDs and the photoelectron angular distributions (PADs)
of H+

2 and HeH2+ in the CP laser field under different ioniza-
tion mechanisms are introduced. In Section 4, we summarize
our findings. Atomic units (a.u.) e = h̄ = me = 1 are used
throughout this paper unless otherwise stated.

2. Theoretical method and computational meth-
ods
We studied the ionization dynamics of symmetric (H+

2 )
and asymmetric (HeH2+) ions. The 2D TDSE of H+

2 and
HeH2+ is

i
∂ψ(𝑟, t)

∂ t
=

(
− 1

2
∇𝑟

2 +VC(𝑟)+VL(𝑟)

)
ψ(𝑟, t), (1)

here, − 1
2 ∇𝑟

2 is kinetic energy of the electron, VC(𝑟) is
Coulomb potential. The interaction between the laser field and
the molecules is given by VL(𝑟) = 𝑟 ·𝐸(t).

The molecular axis was oriented along the x-axis. For H+
2

and HeH2+, the expression for the soft-core Coulomb poten-
tial is as follows:

VC(𝑟) = − Z1√
(x−R1)

2 + y2 +α

− Z2√
(x−R2)

2 + y2 +α

, (2)

where x and y are the electronic coordinates, and Z1 and Z2

represent the charges of the nuclei. For H+
2 , Z1 = Z2 = 1,

and R1 = R2 = R/2 (R = R1 + R2 = 2 a.u.). For HeH2+,
Z1 = 2, Z2 = 1, and R1 = −R/5, R2 = 4R/5 (R = R1 +

R2 = 3.89 a.u.).[32] Furthermore, the soft core parameter α

was introduced to remove singularity. For H+
2 , α = 0.5625.

For HeH2+, α = 0.5. The ionization potentials of the 1sσ ,
2pσ , and 2pπ states of HeH2+ are 2.25 a.u., 1.03 a.u., and
0.74 a.u.,[33–35] respectively, whereas the 1sσg and 2pσu states
of H+

2 have ionization potentials of 1.08 a.u. and 0.65 a.u.,
respectively.[36,37]

The expression for the laser pulse is

𝐸(t) =
1√
2

E0 f (t)[cos(ωt)êx + sin(ωt)êy], (3)

where ω is the laser pulse’s carrier frequency, and êx/êy is
the polarization vector. The pulse duration is T = T1 + T2,
T1 = 20τ (the number of optical periods that a laser pulse

lasts), T2 = 10τ (the number of optical periods for field-free
evolution), where τ = 2π/ω . The pulse envelope is

f (t) =


t

5τ
, (0 < t < 5τ),

1, (5τ < t < 5τ +N),

− t
5τ

+
N
5τ

+2, (5τ +N < t < 10τ +N),

(4)

where N = 10τ . Through the combination of the fast Fourier
transform[38,39] and the split operator approach, we are able to
solve the 2D TDSE numerically

ψ(𝑟, t +∆t) = e−i( p2
4 )∆t e−i[VC(𝑟)−VL(𝑟,t)]∆t e−i( p2

4 )∆t
ψ(𝑟, t)

+O(∆t)3, (5)

where the time step ∆t = 0.05 a.u., and the total spatial length
is 409.6 a.u. The space step size in the x and y directions
was 0.25 a.u. During the time evolution, to suppress the un-
physical effects induced by the wave packets at the bound-
aries, we multiply the wave function at each time step by an
absorption function, with the absorption boundaries set from
150 a.u. to 204.8 a.u. Ψ(𝑟, t) represents the time-dependent
wave function and the wave function of the ionized parts is
[1−M(𝑟)]Ψ(𝑟, t), where 𝑟 =

√
x2 + y2,

M(r) =
{

1, r ≤ rb,
exp[−β (r− rb)], r > rb,

(6)

where β = 1, and rb denotes the boundary between the ion-
ized electron wave function and bounded wave function. For
both H+

2 and HeH2+, rb was set as 50 a.u. The electron wave
function of the ionized part can be expressed as

ψi(x,y, tf) = [1−M (rb)]ψ(x,y, tf). (7)

By Fourier transforming the wave function of the ionized
component in the coordinate space, the wave function in the
momentum space can be obtained. The PMDs are then ob-
tained by squaring it

D(px, py, tf) =
∣∣∣∣ 1
2π

∫∫
dxdye−i(xpx+ypy)ψi(x,y, tf)

∣∣∣∣2. (8)

The PADs were derived from PMDs. Using angle statis-
tics, the PADs can be obtained.

3. Results and discussion
In our calculations, we investigated the PMDs and PADs

of symmetric H+
2 and asymmetric HeH2+ molecular ions in

circularly polarized laser fields. Two ionization processes
were considered. The first is resonance excitation. For H+

2 , the
ground state 1sσg was chosen as the initial state. We mainly
studied the resonance excitation from the ground state 1sσg to
the first excited state 2pσu, the frequency of the laser pulse
for |∆E| =

∣∣Ipe1 − IpA′

∣∣ = |0.65−1.08| = 0.43 a.u. (Ipe1 is the
energy of the first excited state, and IpA′ is the energy of the
ground state). The laser wavelength selected accordingly was

123401-2
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λ = 100 nm (ω = Ipe1 − IpA′ ≈ 0.455 a.u.). For HeH2+, since
the first excited state 2pσ is located at the equilibrium nuclear
distance R = 3.89 a.u., it is relatively stable and has an aver-
age lifetime of 4 ns.[40] This is sufficient to ionize electrons
from both the ground and excited states.[30] So, the first ex-
cited state 2pσ was chosen as the initial state. We investigate
the resonance excitation from the first excited state 2pσ to the
second excited state 2pπ , the frequency of the laser pulse for
|∆E| =

∣∣Ipe1 − IpA′

∣∣ = |0.74−1.03| = 0.29 a.u. (Ipe1 for the
second excited state energy, IpA′ is the first excited state (ini-
tial state) of energy). The laser wavelength selected accord-
ingly is λ = 150 nm (ω = Ipe1− IpA′ ≈ 0.3 a.u.). The second is
direct ionization. For both H+

2 and HeH2+, laser wavelength
of λ = 30 nm (ω = 1.52 a.u.) is selected, ω > Ip. For H+

2
and HeH2+, the two ionization processes and the initial wave
function densities of the selected electronic states are shown
schematically in Fig. 1.
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Fig. 1. (a1) and (a2) The densities of the initial wave function of ground state
1sσg of H+

2 and the first excited state 2pσu. (a3) and (a4) The initial wave
function density of the first excited state 2pσ and the second excited state
2pπ of HeH2+. (b) Two ionization mechanisms are designed for calculation:
(i) resonance excitation and (ii) direct ionization.

We investigated the PMDs and PADs of H+
2 and HeH2+

in a circularly polarized laser field using different ioniza-
tion mechanisms. The momentum distributions of H+

2 and
HeH2+ under the two ionization mechanisms were simulated
at laser intensities I0 = 5×1013 W/cm2, 8×1013 W/cm2,
1×1014 W/cm2. From Figs. 2(a1)–2(a3) and 2(c1)–2(c3), it

can be concluded that the PMDs of H+
2 and HeH2+ in the y di-

rection increase gradually with increasing intensity under both
ionization conditions. For H+

2 , the PMDs (Figs. 2(b1)–2(b3))
present a two-lobe structure under (ii). However, under sce-
nario (i), the PMDs in Figs. 2(a1)–2(a3) present a four-lobe
structure. For HeH2+ in Figs. 2(d1)–2(d3) , the PMDs ex-
hibit a six-lobe structure with (ii). Nevertheless, under sce-
nario (i) in Figs. 2(c1)–2(c3), the PMDs become a four-lobe
asymmetric structure. Under scenario (i) in Figs. 2(c1)–2(c3),
the asymmetry of the PMDs gradually increased with increas-
ing laser intensity. The above phenomena can be elucidated
by the two-center interference and ultra-fast ionization model
of molecules[24,41,44] as follows.

(i) Resonance excitation
For H+

2 , the pulse frequency ω = 0.455 a.u., leads to a
1sσg–2pσu resonant excitation. Since the laser frequency is
close to the frequency of two-photon ionization, it is believed
that the main mechanism was two-photon ionization on the
PMDs of H+

2 . In the two-photon ionization process, the tran-
sition amplitude can be expressed as

𝐴 ∝ 〈ψc|𝑟 ·𝐸 |ψn〉〈ψn|𝑟 ·𝐸 |ψ0〉
∼ (dx1 cosθ +dy1 sinθ)(dx2 cosθ +dy2 sinθ)

∼ dx1dx2cos2
θ +dy1dx2 sinθ cosθ

+dx1dy2 cosθ sinθ +dy1dy2sin2
θ , (9)

𝐴x ∼ dx1dx2cos2
θ +dx1dy2 cosθ sinθ ,

𝐴y ∼ dy1dx2 sinθ cosθ +dy1dy2sin2
θ , (10)

where the ejection angle between the position of the electron
𝑟 and the laser field is denoted by θ . The initial, intermedi-
ate, and continuous states are denoted as |ψ0〉 , |ψn〉, and |ψc〉,
respectively. The total distribution is the sum of the square
modulus of the transition amplitudes in the x and y directions
and the interference term.

|A|2 = |Ax|2 +
∣∣Ay
∣∣2 +A(x,y), (11)

A(x,y) = Ax
∗Ay +AxAy

∗

∼ sinθcos3
θ + cos2

θsin2
θ

+sin2
θcos2

θ + sin3
θ cosθ . (12)

The angular range of θ is considered to be from −π to π .
Thus, sinθ = −sin(−θ), cosθ = cos(−θ), where the inter-
ference term is

A(x,y) ∼ (−sinθcos3
θ)+ cos2

θsin2
θ

+sin2
θcos2

θ +(−sin3
θ cosθ). (13)

The calculated results of the PADs in Fig. 3(a) predicted
by Eq. (13) are also in good agreement with the TDSE in
Figs. 2(a1)–2(a3), showing a four-lobe structure, and the max-
imum values were distributed at 135◦ and 315◦. Therefore, in
scenario (i), two-photon ionization plays a dominant role in
the PMDs in H+

2 .
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Fig. 2. (a1)–(a3) and (b1)–(b3) PMDs and PADs of H+
2 in resonance excitation (ω = 0.455 a.u.) and direct ionization (ω = 1.52 a.u.) with

laser intensity, respectively. (c1)–(c3) and (d1)–(d3) PMDs and PADs of HeH2+ in resonance excitation (ω = 0.3 a.u.) and direct ionization
(ω = 1.52 a.u.). From top to bottom, the laser intensity was set to I0 = 5×1013 W/cm2, 8×1013 W/cm2, and 1×1014 W/cm2.

For HeH2+, the pulse frequency ω = 0.3 a.u. leads to a
2pσ–2pπ resonant excitation. Since the laser frequency we se-
lected was similar to the frequency of three-photon ionization,
it is believed that the main mechanism was three-photon ion-
ization on the PMDs of HeH2+. In the three-photon ionization
process, the transition amplitude is

𝐴 ∝ 〈ψc|𝑟 ·𝐸x |ψm〉〈ψm|𝑟 ·𝐸x |ψn〉〈ψn|𝑟 ·𝐸x |ψ0〉
∼ (dx1 cosθ +dy1 sinθ)(dx2 cosθ +dy2 sinθ)

×(dx3 cosθ +dy3 sinθ), (14)

𝐴x ∼ dx1dx2dx3cos3
θ +dx1dy2dx3cos2

θ sinθ

+dx1dx2dy3cos2
θ sinθ +dx1dy2dy3 cosθsin2

θ ,

𝐴y ∼ dy1dx2dx3 sinθcos2
θ +dy1dy2dx3sin2

θ cosθ

+dy1dx2dy3sin2
θ cosθ +dy1dy2dy3sin3

θ , (15)

where the ejection angle between the position of the electron
𝑟 and the laser field, is denoted by θ . |ψ0〉 is the initial wave
function, |ψm〉 and |ψn〉 are the intermediate state wave func-
tions, and |ψc〉 is the wave function of the continuous state.
The total distribution is the modulus square of the transition
amplitudes in the x- and y-directions plus the interference term

|A|2 = |Ax|2 +
∣∣Ay
∣∣2 +A(x,y), (16)

A(x,y) = Ax
∗Ay +AxAy

∗

∼ sinθcos5
θ + sin2

θcos4
θ + sin3

θcos3
θ

+cos2
θsin4

θ + cosθsin5
θ . (17)

The angular range of θ is considered to be from −π to π .
Thus, sinθ = −sin(−θ), cosθ = cos(−θ), where the inter-

ference term is

A(x,y) ∼ (−sinθcos5
θ)+ sin2

θcos4
θ +(−sin3

θcos3
θ)

+cos2
θsin4

θ +(−cosθsin5
θ). (18)

The calculated results of the PADs in Fig. 3(c) predicted
by Eq. (18) and TDSE in Figs. 2(c1)–2(c3) both showed a
four-lobe structure. However, the intensity was not consistent
with that of the PADs. Because the molecular Coulomb poten-
tial is not included in the ultrafast ionization model, which is
a simplified two-center model, the intensity of the anticipated
findings is incompatible with the results of the TDSE simu-
lation. Thus, the PMDs of HeH2+ are dominated by three-
photon ionization in scenario (i).

(ii) Direct ionization
For H+

2 , the interference term can be obtained from equa-
tion (A.3) in Ref. [27]

A(x,y)
σg ∝ 2cos2(𝑝 ·𝑅/2)ψ2

1s(|𝑝|). (19)

The calculated results of the PADs in Fig. 3(b) predicted
by Eq. (19) were also in good agreement with those of TDSE
(Fig. 2), both of which showed a two-lobe structure, and the
maximum values were distributed at 90◦ and 270◦. Therefore,
two-center interference plays a dominant role in the PMDs
of H+

2 under scenario (ii). Figure 2(b3) shows the results in
a CP laser pulse (30 nm, 1×1014 W/cm2), which is similar
to the experimental observation findings in a CP laser pulse
(800 nm, 6×1014 W/cm2) in Fig. 1(e) in Ref. [42]. Due to the
non-spherical Coulomb potential and the laser field’s helicity
(which is consistent with previous experimental studies[42,43]),
the calculated PMDs are primarily distributed along the y-axis
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and have a small angle of deflection, the direction of which
coincides with the laser field’s rotational direction.[41,42]

For HeH2+, the initial coordinate space wave function
takes the following form:

ψ2p(𝑟) = ψ2p(𝑟−𝑅/5)+ψ2p(𝑟+4𝑅/5). (20)

In momentum space, the initial wave function can be ex-

pressed as follows:

φ(p) =
(

1√
2π

)3 ∫
e−i(𝑃+𝐹 )·𝑟

ψ2p(r)dr. (21)

In our calculation, because of Up ≤ Ip,F ≤ p, it can be
obtained that

φ(p) ∝

(
1√
2π

)3 ∫
e−i𝑃 ·𝑟

ψ2p(r)dr. (22)
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Fig. 3. The PADs of (a) H+
2 and (c) HeH2+ predicted by Eqs. (13) and (18) under resonance excitation, and the PADs of (b) H+

2 and (d) HeH2+

predicted by Eqs. (19) and (27) under direct ionization.

By substituting Eq. (20) into the above equation, it can be
deduced that

φ(p) ∝ e−i𝑃 ·𝑅5 + e i𝑃 · 4𝑅5 . (23)

Finally, the transition amplitudes of HeH2+ molecular
ions in the x and y directions are

Ax ∝
1√
2

c(x)Ex0(ε)
1√

1+ ε2
cos(α)

×
(

e−i𝑃 ·𝑅5 + e i𝑃 · 4𝑅5
)
ϕ(p), (24)

Ay ∝
1√
2

c(y)Ey0(ε)
1√

1+ ε2
sin(α)

×
(

e−i𝑃 ·𝑅5 + e i𝑃 · 4𝑅5
)
ϕ(p), (25)

where the ionization probabilities in x and y directions are de-
noted by c(x) and c(y).

The square modulus of the x- and y-direction transition
amplitudes plus the interference term equals the total distribu-
tion

|A|2 = |Ax|2 +
∣∣Ay
∣∣2 +A(x,y). (26)

Then, the modulus of the transition amplitude in the x di-
rection can be written as

|Ax|2 ∝
1
2
(
c(x)
)2E2

x0(ε)
1

1+ ε2 cos2(α)

× [2+2cos(𝑃 ·𝑅)]ϕ2(p). (27)

The PADs in Fig. 3(d) predicted by Eq. (27) are consis-
tent with the calculated results of the TDSE in Figs. 2(d1)–
2(d3), both of which show a six-lobe structure. Therefore, in
scenario (ii), the modulus of the transition amplitude in the
x-direction played a dominant role in the PMDs of HeH2+.
Moreover, in scenario (ii), the PMDs of H+

2 and HeH2+ are
dominated by the two-center interference model.

In order to further investigate the causes of the momen-
tum distributions produced by H+

2 and HeH2+ in scenario (i),
the time-dependent populations of H+

2 and HeH2+ are pre-
sented in Fig. 4. It can be observed that at the end of the laser
pulse, for H+

2 , the sum of the population of the ground state
and excited state is 0.95; for HeH2+, the sum of the popula-
tion of the ground state and excited state is 0.4, which means
that the ionization of HeH2+ is much stronger than that of H+

2
at the end of the laser pulse. Thus, the intensity of the PMD
for H+

2 should be lower than that for HeH2+, which is in agree-
ment with Figs. 2(a) and 2(c).
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Fig. 4. (a) The time-dependent population of the ground state (1sσg) and the
first excited state (2pσu) of H+

2 in the scenario of resonance excitation. (b) The
time-dependent population of the first excited state (2pσ ) and the second ex-
cited state (2pπ) of HeH2+ in the scenario of resonance excitation.
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4. Conclusion
The photoionization of symmetric (H+

2 ) and asymmet-
ric (HeH2+) molecular ions in a CP laser field was theoreti-
cally investigated. Under the two designed ionization condi-
tions, our results show that the PMDs of H+

2 and HeH2+ in
the y-direction were gradually enhanced with increasing in-
tensity. In the direct ionization scenario, the PMDs of H+

2 and
HeH2+ are dominated by the two-center interference model.
In the resonance excitation scenario, the PMDs of both H+

2
and HeH2+ exhibit a four-petal structure, two-photon ioniza-
tion takes a leading role in the PMDs of H+

2 , and the PMDs of
HeH2+ are dominated by three-photon ionization. In addition,
we found that the PMDs of HeH2+ exhibited greater asymme-
try than that of H+

2 in the resonance excitation scenario and the
intensity of the PMDs for HeH2+ was higher than that of H+

2 .
This is related to the fact that at the end of the laser pulse the
ionization of HeH2+ is much stronger than that of H+

2 . The
time evolution of the electron population was used to explain
this phenomenon in detail. In the resonance excitation sce-
nario, the PMDs and ionization of molecular ions are stronger,
which means that more abundant molecular dynamics infor-
mation can be obtained. It is also helpful to investigate the
internal motion and reaction dynamics of molecules.
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