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Several mathematical models have been developed to investigate the dynamics of tuberculosis (TB) and hepatitis
B virus (HBV). Numerous current models for TB, HBV, and their co-dynamics fall short in capturing the important and
practical aspect of unpredictability. It is crucial to take into account a stochastic co-infection HBV-TB epidemic model
since different random elements have a substantial impact on the overall dynamics of these diseases. We provide a novel
stochastic co-model for TB and HBV in this study, and we establish criteria on the uniqueness and existence of a non-
negative global solution. We also looked at the persistence of the infections as long its dynamics are governable by the
proposed model. To verify the theoretical conclusions, numerical simulations are presented keeping in view the associated
analytical results. The infections are found to finally die out and go extinct with certainty when Lévy intensities surpass
the specified thresholds and the related stochastic thresholds fall below unity. The findings also demonstrate the impact of
noise on the decline in the co-circulation of HBV and TB in a given population. Our results provide insights into effective
intervention strategies, ultimately aiming to improve the management and control of TB and HBV co-infections.

Keywords: tuberculosis (TB), hepatitis B virus (HBV), white noise, Lévy noise, stochastic model

PACS: 02.50.Ey, 02.50.Fz, 02.50.Ga

1. Introduction

Co-infection of tuberculosis (TB) and hepatitis B virus
(HBV) is a major concern for global health challenge due to
the high prevalence and public health impacts of both dis-
eases, especially in regions with limited resources. This note
explores the epidemiology, pathophysiology, clinical implica-
tions, and management strategies for TB and HBV coinfec-
tion. TB and HBV are both major global health issues. TB
is ranked among the top 10 leading causes of mortality glob-
ally, as of World Health Organization (WHO). In 2018, the
number of newly reported cases of TB was approximately 10
million, and the disease was responsible for causing 1.5 mil-
lion deaths.!! Similarly, HBV affects approximately 257 mil-
lion people globally, leading to cirrhosis, hepatocellular car-
cinoma (HCC), and chronic liver disease.!?] Coinfection rates
vary by region, with higher prevalence in areas where both
diseases are endemic, such as Sub-Saharan Africa and parts
of Asia. TB and HBV both impair the immune system but in
different ways. TB primarily affects the lungs, although it can
disseminate to other organs. It induces a strong cellular im-
mune response which can exacerbate liver inflammation and
damage in HB V-infected individuals. HBV, on the other hand,
can cause chronic hepatitis, leading to liver cirrhosis and HCC.
Co-infection complicates the clinical course of both diseases
by altering immune responses and potentially accelerating dis-
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ease progression. ]

One of the effective methods for exploring the factors re-
sponsible for the spread of infectious diseases within a com-
munity is the techniques of mathematical modeling. It guides
public health planning and responses against diverse infec-
tious hazards in addition to aiding in the knowledge of trans-
mission patterns and potential consequences for particular
illnesses. 8! Furthermore, the mathematical modeling of in-
fectious illnesses benefits more from the application of deter-
ministic and fractional derivatives than from classical deriva-
tives. Because fractional derivatives are better suited to rep-
resent the dynamics of memory effects, which are a common
feature of biological processes, the resulting models are more
realistic and accurate.*~'?! The mathematical models of in-
fectious diseases transmission should also take into consider-
ation the effect of random fluctuations in the dynamics of dis-
eases, which can be investigated via stochastic models. These
models are formulated depending on the underlying assump-

s.[13-151 One type of

tions of the time and the state variable
these stochastic models is when the parameters of the models
are perturbed via a Wiener process.!'®!”) Some other mod-
els, such as those of liver cancer, also exist.!2921] With one-
dimensional white noise, it showed that this noise affected the
extinction of the disease. This result was extended by Ji et
al.”??! to show that when the endemic equilibrium exists then

the small noise could lead to the persistence of the disease.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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Co-epidemics of infectious diseases must be studied in
order to better understand how diseases relate to one another
and to develop preventative and treatment plans. In addition to
providing useful insights into the intricate dynamics of the co-
infections, mathematical models aid in the identification of ef-
ficient management strategies. The emerging scientists in their
research addresses the dynamics of epidemics from various
perspectives, whereas the majority of mathematical models

23.241 Nonetheless, there are not

concentrate on a single illness. !
many instances of mathematical research on co-infection mod-
els in the literature.!”>?%! Though co-infection models have
received less attention, several important researches have ad-
vanced our knowledge of TB and HIV co-epidemics. While
Bacaér et al.!*’! predicted TB transmission in a South African
township using numerical simulations, Naresh et al.[*8! cre-
ated a nonlinear model for TB/HIV co-infection. To account
for treatment effects, Sharomi ez al.*°! evaluated HIV/TB dy-
namics, whereas Roeger e al.[*] investigated co-infection us-
ing a model that allowed for simultaneous infections. These
investigations highlight the usefulness of mathematical mod-
els in identifying and managing co-infections, although further
study in this field is still required.

By determining the conditions under which the endemic
and disease-free equilibrium points exhibit local or global
asymptotic stabilities, one may forecast the persistence or
elimination of a disease within a deterministic framework.
The addition of stochastic noise, as we shall show, ruins
these outcomes.*'=33] Moreover, in stochastic models, espe-
cially when affected by Gaussian or Lévy noise, the condi-
tions that ensure the persistence or eradication of the diseases
are no longer applicable purely from deterministic point of
view.[3431 We use stochastic modeling in order to provide
a stronger basis for our study. By adding stochastic pertur-
bations in the form of Lévy noise to each equation of the
suggested deterministic model, we are able to overcome the
drawbacks of deterministic models. To better represent the
real-world events, we take into account independent jump pro-
cesses for every sub-population in this setting. This method ef-

fectively reflects the variation in discrete elements that impact
the dynamics among various sub-populations.

In this study, we are trying to consider some important
epidemiological and biological features of both TB and HBV
and formulate a stochastic mathematical model that is more
realistic and easy to deal with. A thorough qualitative analysis
of the model is the key contribution of the present work to the
existing body of the literature. Our understanding is that this
is the first comprehensive mathematical modeling for investi-
gation of the qualitative dynamics of HBV-TB co-infection.

This paper is structured as follows: Section 2 presents the
development of the model for TB and HBV co-infection. In
Section 3, we discuss the global positivity of the solution for
this co-infection model. Section 4 examines the conditions un-
der which the model predicts extinction. Section 5 explores the
persistence of the co-infection model. Numerical simulations
that support our theoretical results are provided in Section 6.
Section 7 gives a comprehensive summary of our work. Lastly,
Section 8 contains our conclusion remarks.

2. Model formulation

At any time ¢, the total population N(z) consists of the
following epidemiological states: susceptible individuals (S)
which can catch both the diseases at any time ¢, individuals
infected with HBV (Iy), individuals infected with TB (It), in-
dividuals co-infected with TB and HBV (Iyt), and recovered
individuals (R). The model incorporates the transmission rates
of TB and HBV, natural mortality, treatment rates, and recov-
ery rates. The susceptible population has the recruitment rate
Y and these are via birth or coming into this population from
the outside. All possible interactions of one disease with other
are captured with the help of bilinear incidence rate. Further,
the model assumes mortality and recovery rates in the associ-
ated compartments.

To create a new model for the co-infection of the TB and
HBYV, we make use of a compartmental approach to capture
the dynamics

90) _ g BbOS0)  FOS0)  piahe S0 g,

dlgt(f) _ ﬁHIH](Vt)S(z) B 511H(tN)IT(t) (a4 o DY)

dIcTu(t) B WTE\?S(I) - &IT(;IHO) ~(n+r+dh(),

dlp:iTt(f) _ ﬁHTIH”]FV(t)S(t) N 611H(tN)1T(t) N 521T(21H(t) (),

digl‘) = ouly(t) +nikr(t) + Milur(t) — dR(1). "
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Table 1. Parameters and their explanations.

Parameters Explanation Source
@ rate (.)f new sus;eptible individuals assumed
entering population
d natural death rate Ref. [36]
Br transmission rate of TB Ref. [36]
Bu transmission rate of HBV Ref. [36]
Bur transmission rate of HBV and TB Ref. [36]
(7] recovery rate from HBV assumed
[0%) death rate due to HBV assumed
ba TB recovery rate for individuals assumed
b2 death rate due to TB assumed
m recovery rate from HBV and TB Ref. [36]
m death rate due to HBV and TB Ref. [36]
8 HBYV and TB infection rate assumed
& HBYV and TB infection rate assumed

The parameters in the model are well described in Table 1.

Constructing and analyzing this coinfection model repre-
sents a novel and essential step toward addressing the dual bur-
den of TB and HBV. It provides a robust tool for researchers
and public health officials to design and implement more
effective control measures, ultimately contributing to better
management and reduction of these coexisting infectious dis-
eases.

(i) Disease-free equilibrium point

The disease-free equilibrium (DFE) of a mathematical
model represents a state where the population has no presence
of the disease, i.e., the number of infected individuals is zero.
For the given model, we find the DFE by setting the rates of
change of all compartments involving infected individuals to
zero and solving for the equilibrium values. At the DFE, there
are no infected individuals, so Iy = 0, It = 0, and Iyt = 0.

Thus, we set Iy = 0, It = 0, and Iyt = 0 in the system of
equations and solve for § and R

v
(S*aI;I7I'T“aII>-KITaR*): <da0707070>~ (2)

(ii) Stability of the disease-free equilibrium

The stability of the DFE is crucial for predicting the po-
tential for an epidemic. To evaluate this stability, we com-
monly examine the basic reproduction number (BRN), ROD.
This number denotes the mean number of secondary infections
produced by a single infected person in a population where ev-
eryone is vulnerable to the virus. When the BRN ]R(l)) is less
than 1, the DFE is stable, indicating that the infection is likely
to be eradicated. Conversely, if R(')) exceeds 1, the DFE be-
comes unstable, suggesting that an epidemic could occur.

]R(])):Max< Pu _ Pr P ) 3)
ogt+td nt+rnt+d m+m+d

This calculation shows that RP depends on the transmission
rates of TB and HBV (fr), (Bu), and (Bur), and the com-
bined rates of recovery, treatment, and natural death (o +
ow+d), (i +1r+d), (N +n2+d). These factors collectively
determine the potential for the spread of coinfection within the
population.

The dynamical behavior of most epidemics, such as TB
and HBYV, is greatly influenced by random factors. By incor-
porating both white noise and Lévy noise into the model (1)
co-infection model, we improve its ability to capture the com-
plex, dynamic nature of infectious disease spread, ensuring
more accurate predictions, and better informing public health
strategies and interventions.

dS() _  Palu(®)S@)  Pri(®)S(t)  Purhar(1)S()
dr N N N
dIH(l‘) . ﬁHlH(I)S(t) _ 51[H(I)IT(I)
dt N N
div(t) _ Brir(t)S(t)  &alr(t)u(r)
dr N N

—dS(t) + 01 S()dW (1) + /X Z0(x)S( N (dr, d),

— (o + o +d) (1) + oIy (t)dWs (f) + /X Z>(x) I (¢t )N(dt, dx),

—(n+r+d)ht)+osl(t)dWs(t) + /X Z3(x)Ip(t7)N(dt, dx),
dIHT(l‘) _ ﬁHTlHT(I)S(t) n 5111-1(1‘)]]“(1‘) I &IT(I)IH(I) B

dr N N N
+ | Zi) i )(dr, d),

dR(z
dr

where dW;(z), (i = 1,...,5) represents independent Wiener
processes (white noise) with mean zero and variance dr, af-
fecting each compartment S, Iy, I, Iyt, R with intensities o,
03, 03, O4, and Os, respectively. Defined on a filtered probabil-
ity triple (stochastic basis) (£, F, (Ft)i=0 ,P) equipped with a

(M1 + M2+ d)lur(¢) + oulur (1) dWa(t)

) = (XllH(t)+’)/1]T(t)+T]11HT(I)—dR(l‘)+65R(t)dW5(t)+/)(Zs(x)R(t7)N(dt,dx), “4)

\
filtration satisfying the usual criteria. S(¢7), g (t~), Ir (1),

R(t7), Itu (1) denote the left limits of S(¢), Iu(¢), It(¢), R(¢),
Ity(t). Z, (n=1,...,5) are five independent Poisson count-
ings associated with five finite characteristic Lévy measures
N, (L=1,...,5) defined on a measurable set R>\{0}.
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3. Global existence and positivity

Certainly! Let us formulate a theorem and establish
the global positivity of solutions for the stochastic epidemic
model (4), which incorporates TB and HBV co-infection dy-
namics, white noise, and Lévy noise. Consider the stochas-
tic TB and HBYV co-infection model (4) described by the sys-
tem of differential equations, where S(z), Iu(t), It(¢), Iar(z),
R(t) > 0, and N(dt, dx) represents a Poisson random measure
with intensity measure dx.

Theorem 1 Given any starting points

Xo = (5(0),14(0),Ir(0), Int(0), R(0)) € D, |

the perturbed system (4) has a unique global solution A; =
X(t) = (S(t),a(t),lr(t),lur(t),R(¢)) for + > 0, which re-
mains in D with unit probability, that is

IE”{(S(t),IH(t)JT(t),IHT(t),R(t)) eDVt> 0} =1

Proof The coefficients of model (4) are ‘locally Lipschitz
continuous’. Given any initial states
Xo = (5(0),14(0),Ir(0), lrr(0),R(0)) € D, there is a unique
local solution X, = X (¢) = (S(¢),Iu(t),Ir(¢), Iar(¢),R(¢)) on
t € [0,%), with 7. being the explosion time.[*!! Suppose,
po > 0 is relatively large so that S(0), I(0), It(0), Iur(0),
R(0) all exist in [1/pg, po]. Now, ¥p > po, let us define

p=int{r €050 ¢ (5o0) ot ¢ (3.0 ) o) ¢ (1.0 ) ortinl) ¢ (5p) ok ¢ (5.0) .

where, inf ¢ = oo, and ¢ represents the empty set. It is clear that, 7, is increasing as p — «. We have 7., = limy_,..7p, so that
Too < T, almost surely (a.s.). We only need to show 7., = oo a.s., so that T, = oo and (S(¢), Iy (¢),Ir(¢),Iar(¢),R(¢)) € D a.s for all

t>0.

Suppose T., < oo, then we shall have a pair of constants 7 > 0 and { € (0,1) such that P{tw<7} > {, so that we have an

integer p; > po with

Pltwcr} > EVp > p1. (©6)

Define C? function V; : RS — Ry by
Vl (SaIH7ITaIHT7R) =
Applying It6’s formula on Eq. (7), we have

dVi(S,Iu, It,Iut,R) =

(S— 1 —lnS) + (IH —1 —1111]_[) + (IT —1 —lnIT) + (IHT —1 —lnIHT) + (R— 1 —lnR). @)

LYV di+01(S—1)dW(¢) + 02 (Iy — 1) dW(t) + o3 (It — 1) dWs(¢)
+mam_4ymmg+angDM%@ygégm@s

—In(1 +Z; (x)))N(dt, dx)

+/ [Z2(x) Iy — In(1 4+ Z(x))]N(dt, dx) +/ [Z3(x) It — In(1+ Z3(x))]N(dt, dx)
X be

+ [ Zulhr ~In(1+ Zy)I¥(dr, 00 + [ (25 (0R

where

dV < | 1) ( BHIHS BrirS  BurlarS
= (1-= _
S N N
+

L LY (PatuS 511H1T
El F§ EﬁTITS &lrly

_|_

+74+ /X [Z4(x) — In(1+ Z4(x))]vdx

—1In(142Zs(x))]N(d¢, dx), (8)

—dS> dt—i-6212+/X[Zl(x)—1n(1+Z1(x))]vdx

~(or+ar i )+ 2+ [ 7200 a1+ (o)
2

(’yl —l—’)/z—I-d)IT) dl—i—% —l—/X[Z3(x) —111(1 +Z3(x))]vdx

ButlutS 511H1T O lrly
1-— — d)1 dr
+< IHT>< N + N + N (m+m+d)hr

1 o3
+ 175 oIy + oty + vilr + Mgt — dR dt+7+/X[Zs(x)fln(1+Zs(x))]vdx,

¥  Buln  Prlr | Barlar
— (¥ —dS—dly — dly —dlyr —dR) + | — —
LYV ( dS —dlyg —dIt — dIyt d)+|: S N N N +d
S 61 S S &Iyl It
+ —Bi+£+(a1+az+d)—m—+@+(y+y2+d) PurS _ oikulr _ Solrly
N IgTN IgTN
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1 2
—O.
2 5

ouly  nit TthT

+(1‘I1+T]2+d)} +[ —————

+d] 50 12+%0'22+%O'32+%0}%+
+/[Zl(x)—ln(1 —Zl(x))]vdx—i—/ 1Z>(x) —In(1 —Zg(x))]vdx—i—/ 1Z5(x) — In(1 — Z3(x))]vdx
X JX JX

+ /X 1Z4(x) — In(1 — Zu () vdx+ /X 1Z5(x) — In(1 — Z5(x))]vdx,

LV <Y¥Y—dN+(ou+am+d) +(n+p+d) + (M +mn+d)
Puln | Priv | Purlur | Silr | Sln
At N + N N + N N
1 1 1 1
+3 1+2 +§G32+50'f+7652+/[Zl(x)—ln(l—Zl(x))]vdx—i—/[Zz(x)—ln(l—Zz(x))]vdx
+/ Z3(x) — In(1— Z3(x)) vdx+/ Z4(x) —In(1 - Z4(x) vdx+/ Z5(x) — In(1 — Zs(x))]vdx. ©)

Noting that S+ Iy + It + Iyt + R < ¥/d, Iy/N < 1, It /N < 1, we have

1 1
LY < 5d+0‘1+0‘2+}’1+Y2+ﬂ1+n2+ﬁﬁ+ﬁr+ﬁm+5l+82+50'12+§622
1 1 1 .
+§o§+§o§+§c§+c =:G, (10

where G* = max{ [y [Zi(x) — In(1 + Z;(x))|N(dt, dx)}, i = {1,2,3,4,5}.
Since G is a positive constant which is independent of S, Iy, I, Iur, R, and ¢, we can obtain

dVy (S, Iy, It,Ig7,R) < Gdit +01(S— 1)dW; (t) + 62 (Ig — 1) dWa (¢) + o3 (It — 1) dW;(¢)
+ oa(lur — 1)dWa(t) + os(R— 1) dWs(t). (11)
By integrating both sides of Eq. (11) from O to T' A 7, and assuming expectations, we may get the following result
EWVi(S(T Atg), (T ATg), It (T A tg), It (T A Tg),R(T A T,))] < V1i(S(0),14(0), 11(0), It (0),R(0)) + GT < oo, (12)

Set I, = {1, <t} for g > g; by Eq. (6), P(I1,) > p. Noticing that for every & € IT,, there is at least one of S(7,,7), [ (T,, 7),
It(1g,7), It (T4, ), and R(7,, 7r) that equals either g or 1/g. Hence S(7g, ), In(Tg, ), It(T, ), It (T, ), R(T,, ) are no less
thang—1—1Ingorl/g—1—1Inl/g=1/g—1+1Ing. Consequently,

1
VA (5 T80 ). 5 ). (5, m) R5 ) 2 (g1 ~ng) (£ =1 ng ). (13
Here, a A\ b represents the minimum value between a and b. Considering Eqgs. (12) and (13), it follows that
Vl (S(O)7IH(O)aIT(O)7IHT(O)7R(O)) +GT > E[IHng (S(Tga ﬂ)le(Tg7 n)aIT(Tgv ﬂ:)leT(Tgv n)aR(Tgy 75))]

Ze{(g—l—lng)/\<;—1+lng)], (14)

where Iz, denotes the indicator function of I1,. Allowing & to
approach infinity results in a contradiction.

oo >V (S(O),IH(O),IT(O),IHT(O),R(O)) + GT = oo.

Hence, it follows that 7., = o almost surely. This con-
cludes the proof of Theorem 1.

4. Extinction analysis of the model

It is essential to investigate conditions under which an
epidemic can be eliminated from the population while re-
searching the dynamics of an epidemic system. We will talk

about such situations in this part of the manuscript. First, some
basic notations will be introduced, after which adequate con-
ditions for the extinction of both illnesses will be derived. Let

= %/O[X(s)ds

Lemma 1 Let (S, iy, I, Iy, R) be a solution of Eq. (4)
subject to the conditions (S(0),(0),/r(0), lr(0),R(0)) €
RS, then ass.,

us suppose

lim S(t) +IH(I) +IT(T) —|—IHT(t) +R(t)

—o0 t

—0. (15

110203-5
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Moreover, if d > [(67V 05 V 05 V 07 V 02)] /2, then Since the findings may be obtained by applying the same
1t strategy as in the proofs of Lemmas (2.1) and (2.2) from the
lim = [ S(u)dW;(u) =0, . .
=t Jo work of Ref. [31], the proof of this lemma is not needed.
lim b T (1) dWa (u) =0 The stochastic system (4) threshold quantity R may be
t— t Jo ’

written as follows:

t—e f Jo
t E _
thm % IHT(M)dW4(u) — O, RO - maX{RHyRT7RHT}7 (17)
—eot Jo
1 t
tlL%; A R(u)dWs(u) = 0. (16) where
' |
Ry = Bu ’
(51+oc1+a2+d+0'22/2+/X[Z2(x)—ln(1+Z2(x))]v(dx))
R _ ﬁT
T — )
(847 +y2+d+c32/2+/x[z3(x)_1n(1+z3(x))}v(dx))
o B

(m+Ma+d-+0}/2+ [ [Zs() =n(1+Zu(0)]v(d)

The following theorem is worthy to state for the extinction of infection.

Theorem 2 For any given initial value: (S(0),(0),I1(0), l7(0),R(0)) € R, the solution (S(¢), I (), Fr(t), Iyt (0)(¢)R(t))
of the system (4) has the following properties.

(i) If Ry < 1, then HBV goes to extinction almost surely (a.s). (i) If Rt < 1, then goes to extinction a.s. (iii) If Ryt < 1,
then the co-infection of both diseases goes into extinction a.s.

It means, if d > [(6} V 03 V05 V067V 62)]/2 and RE < 1, then

InIy(t Inly(t InIgr (¢
hmw <07 hmw <07 IHM<O7 a.s.
t—oo t t—3o0 t {—3o0 t
That is the diseases go into extinction with probability 1.
Moreover,
lim (S(t)) = ki lim (Iy(t)) =0, lim (Ir(r)) =0, lim (Iyr(r)) =0, lim (R(r)) = 0. (18)
{00 d’ t—e e ? e 300

Proof Integrating both sides from 0 to # for model (4), yields

S(1)=S(0) _ ,_ PulluS) Pr(iS) Puc(Sh)

4 (N) <N> (N)

+- / [ / Z,(x)S(t )N (ds dx)} dr,

—d(s)y+ =t /O ()i (r)

IH(t);IH(O) ﬁH<IHS> 51§$;T> (o + 0 +d) {1 /S )dWa(r
[ / Zo(x (dt,dx)} dr,
X
(1) = Fr(0) _ PBr(hS) 52<IT1H>
p TNy (N > —n+n+d) )+ /IT )dWs(r

/ { / Z3 ()l (e )N (di dx)] dr,

fr (1) :IHT(O) BHT<I<]H>TS> + l §$;T> + 5222;1{> — (M +m+d){Iur) + % ./(:IHT(T)CIW4(V)

7 /U ) (¢ )N(df,dx)}dn
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w = o (Iu) +n (Fr) + M (Iur) — d(R(1)) + %/OIR(r)dW5(r)

/ [ / Zs(x)R()N(dr dx)} dr.

Proof (I) If we apply It6 formula to the second equation in Eq. (4), we have

I o1yl
dlnky(r) = [ﬁHNHS B 1]3 T

- /X [Z2(x) — In(1 + Z3(x))]vdx.

If we integrate Eq. (20) within [0,¢] and then divide through by ¢, we have

Infy(f) — Infig (0) _ By [ON 5, 1) (Ir)

! ) )
—I—;/X[ln(l—i-Zz(x))]N(dt,dx)—/[Zg(x)—ln(l—i—Zz(x))]v(dx)

1 o2
— (o + o +d)IH] Edt — 72dt + 0 dWi (1)

o2 o [
(a1+a2+d)—72+72/0 AW (r)

<PBu—(Gi+a1+op+d)— > +O-2/ dWi(r
+1/[1n(1+zz(x))]fv<dz,dx) /[ 5 (%) — In(1 + 25 (x))]v(dx)
— Bu— (61+a1+a2+d++/ ) —In(1 —|—Zz(x))]v(dx))
+% /0 AWa(r) + /X (1 + 25 (x))]N(dr, dx)
62
- <51+a1+062+d+22+/[22(x)1n(1+Zz(x))]v(dx)) (Ru—1)
X

5 /dW2 /[1n(1+Zz( NIN(dt, dx).
In addition, let
= % /Ot sz(r>+%/); [In(1 +Z5(x))]N(dr, dx),

be a continuous (locally) martingale and My;(0) = 0. From Lemma 1 and ¢ — oo, we have

MH(l‘)
t

lim sup =0.

100

If Ry < 1, then equation (21) becomes

t—yoo
Equation (23) above implies
limIz(z) =0, a.s.
t—>oo
Proof (II) Likewise, if It formula is applied to the third equation of Eq. (4), we have

Inlt (Z) —Inlt (0)

o3
SIS < @t pd+ Dot [ (2360~ In(1+ Zo(0)v(dx) (R — 1)
X

+2 [Caws )+ [ 1+ 25 (ar, 0).
Here let
Mr(t) = %/Ot dws(r) +%/X[ln(l +Z3(x))]N(dt, dx),

be a locally continuous martingale and My(0) = 0. With Lemma 1 and # — oo, we have

Mr(t
lim sup% =0.

f—voo
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If Rt < 1, then equation (25) results in

Inly (¢
lim supﬁ
=30 t

Equation (27) above implies
}Lm Ir(t) =0, as.

Proof (IIT) Using Eq. (24), Eq. (28), and adopting Itd6 formula on the fourth equation of Eq. (4), we have

IIIIHT (l) - lnIHT (0)
t

< <n1+n2+d+c§+/x[z4(x)1n(1+Z4(x))}V(dx)> (Rur—1)

+%/Ot dW4(r)+%/X[ln(l+Z4(X))W(dfadx)-
Let
M (¢ /dW4 )+ — /ln (14 Z4(x))]N(dz, dx)

be a locally continuous martingale and Myt (0) = 0. With Lemma 1 and 7 — o, we obtain

Myt (l‘)
t

lim sup =0.

t—boo

If Ryt < 1 is satisfied, then equation (29) becomes

InIgr(t
lims piHT()

[—ro0
The above equation (31) implies that
tlim Int(t) =0, as.
—yo00

The last equation of system (19), and using Eq. (24), Eq. (28), Eq. (32), and t — oo, then we can obtain

lim (R(1)) =0, as.
From Egq. (19), yielding
S(l‘) :S(O) n IH(I) —tIH(O) n IT(Z‘) :IT(O) n IHT(t) —tIHT(O)
_ PultuS)  pr(iS)  Pur(Shr) (s) Bu(tuS) & (Iulr)
(N) (N) (N) (N) (N)
Br(IS) & (Irhu) Bt (IurS) N 8i(lulr) & (Irly)

=¥

— (o + o +d)(Iy)

) - ) —(n+nrn+d) )+ ) ) + ) —(m +m+d){Iar)

o [! o [! o3 (! oy (!
+71/ S(r)dW; (r) +—2/ IHdWZ(r)+73/O ITde(r)+74/() TyrdWa(r)

1
+;/ /Z1 N(dt dx)] dr
+%/ /Zz IH dl dx ]dr—i— / |:/ Z3 IT dl dx)]d
0
1 t
+;/ /Z4 IHT d[ dx)] dr,
0

M) = ﬁ/'S(r)dwlm+9/t1Hdw2(r)+@/'szw3(r)+%/’1HTdB4(r)

41 /[/zl dtdx]dr+ /Uz2 V(i dtdx}dr—l— /[/23 Yir(1™
/ [ / Z4() ()N (dr dx)}dr

where

110203-8
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is locally continuous and M(0) = 0. Now applying Lemma 1  holds for all > 0,
as t — oo, and using Eq. (24), (28), and (32), as t — o, we

t
have v Inj(r) > Zot — & / i) ds+J(0), as, (8
lim (S(t)) = —, as. 0
e d liminfj(r) > =0 as. (39)
Which prove the conclusion. e - E ’

where {Z,Z) € D | Z >0 and &y > 0}.13

In this part, we shall outline the assumptions for the aver-

S. Persistence

In this section, we will make the examination of the long-  a0¢ persistence of the system (4). The fundamental objective
term effects of the condition. Initially, we establish the average ¢ this section is described in the following Theorem 3.
persistence according to the definition provided by the authors
in Ref. [35].

Definition 133381 We consider the persistence or preser-

Theorem 3 If Rg > 1, then for any initial approxima-
tion (So, o, Fro, Into, Ro) € Ri, the epidemic Ij(r) satisfies

the following equation:
vation of system (4) under the following assumption:

!
litrginf% I(r)dr>0, as. (34) 4 [\/ RS — 1}
w tJo .
htrgglfIH(t) > Bt BB a.s. (40)

We may also require fundamental results as provided by

Ref. [38], to verify epidemic persistence. And similarly,
Lemma 2 [(strong law)*!] If a continuous function

{D(#)}o<: exists as a local martingale such that as t — 0 it liminf/p(¢t) >0, liminflyr(t) >0, 41)

diminishes, then e e

D where
limD(t) =, as. = lim b =0, as. (35)
t—oo t—oo f Fy
, D(t) . D(r) Ci= ~
fmsup—= <0, as. =lm==0 as (6 (d+o,2/z+ /X 1Z0(x) = In(1 4+ 2, (x))}vdx)
Lemma 3 Consider j € C([0,00) x IT,(0,0)) and J €

C([0,00) x IT, D). If Thus, we can infer that the disease will persist in the so-
ciety.
. J(t
lim ) =0, as. 37) Let us state
1=t |
L4
RS = BuPrPur 7 42)
<d—|— 612/2—|-/ [Z1(x) —In(1+4Z, (x))]vdx)(blcldl)
X
where
o2
b = <(X1 +on+d+ 72 +/X[Zz(x) —In(1 +Zz(x))}vdx) ,
o2
a=(ntmras 5o [0 -m0+ 2@ ).
o2

d; = (771 +np+d+ 74 —|—/X[Z4(x) —In(1 —|—Z4(x))]vdx> .

Proof Let,

y1 = —(CllnS—(Czlan—(C31HIT—(C4IHIHT. (43)

In Eq. (43), Cy, C,, C3, and Cy4 are fixed and we may calculate these later.
Utilizing 1t6’s formula on Eq. (43), it follows that

dy] = Ly] —Cio01dW; (l) —(Cszsz(l‘) —C3G3dW3(t) —(C4G4dW4(l‘)
_c /X [Z1(x) — In(1 + Z; (x)]N(dr, dx) — C; /X 1Z>(x) — In(1 + Z(x)| N (dt, dx)

_C; / 175 (x) — In(1 + Z3 (x)]N(dt, dx) — Cs / 1Z4(x) — In(1 + Zs (X)) (dr, dx), (44)
X X
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where

let

let

Ly = CiL(—1nS) + CoL(—1Inly) + C3L(—1Inlp) + C4L(—Inlyr)

IN

IN

_ CuPurS  Cabilulr  Cabolrly

62 c
+(Cz(a1+oc2+d+22+/x {Zz(x)—ln(l —l—Zg(x))]vdx) +C; <y1+y2+d+3

Ci¥Y CiBulu  CiBrir  CiBurlar Co?

Nty t—y  tCd+—1+C /X Zy(x) —In(14Z (x)) |vdx
_CopuS | Coif C,0?

CobuS | C20lr oo+ o ta)+ 222 4 | |72 =11+ 23 | vax

N N 2 X
(C S  Cs36 Cs02

3£r 3;3,2 H +Ci(n+p+d)+ 3263 +C3{/X {Z3(x)ln(1+Z3(x))} vdx}

N v v +C4(n1+n2+d)+c420-‘%+(34{/x [Z4(x)ln(1+Z4(x))]vdx}

( CISlP B czlgHs B ngl\?rs B Q%{TS) e <d+ %12 +/X {Zl (x)—In(14+2, (x))}vdx)

2
2

+/ [23 (1423 (x ))]vdx)+(C4<m+T]2+d+62‘%+/X [Z4(x)—1n(1—|—Z4(x))]vdx)
+ CiBulu + Ci Brir + Ci Burlur
—44/CC2C3C4¥ BuPrPur + Ci <d++/ { x)—In(1+2Z(x ))} vdx)

2
+C, (OC1 + o -‘rd-l-?z +/X |:Zz(x) —In(1 +Zz(x))] vdx) +C; (’)/1 + 7 -‘rd-l-?S

+/X[23(x)—1n(1+z3(x))]vdx)+C4<n1+n2+d+‘;‘%+/x[24(x)—1n(1+z4(x))]vdx)
+ CiBulu + CiBrir + Ci Burlur,

y
(Cl = )
(d+c712/2+/X [Zi(x) —In(1+Z, (x))]vdx)
(Cz: ‘II )
<a|+a2+d+622/2+/ X) —In(1+4Z(x ))]vdx)
Cs = ¥ ’
(}’1+Yz+d+632/2+/ x) —In(1+Z3(x ))}vdx)
(C4: ¥ ’
(n1+nz+d+of/2+/ x) —In(1+Zs(x ))]vdX>
2
a= d+c;1—|—/X[Zl(x)—ln(1+Z|(x))]vdx),
0.2
b= a1—|—0£2+d—|-f2—|—/ Zz(x)—ln(l—FZz(x))}vdx),

(
(
(Y +7z+d+—+/ Z3(x) — In(1 + Z3(x ))]vdx>,
i~

n1+n2+d+f+/ Za(x) —In(1+Z4(x ))]vdx),

Ay
Ly, < —44/ % +4Y + C, Puly + C Brir + Cy Burlur

110203-10
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- _4'1/[\/%— 1} +CiI(Bu + Br + Pur)

~ {\/]ng _ 1} - CI(But+ B+ Burr). (46)

By substituting Eq. (46) into Eq. (43) and integrating both sides with respect to stochastic hepatitis B problem (4), we obtain

y1(8(t),1(z)) = 1(5(0),1(0))
t

2 2 /
Gy osWs(1) _C4G4W3(t) _g, X

< —4y <\/RT3— 1) +Ci(Bu + Br+ Pur)I(r) — Cy

0'12W1(l) _C, G%Wz(l)
t t

[Z1(x)S —In (1 +Z; (x))]N(dt, dx)

t

t t

/ [Z> ()l — In (1 + 22 (x))] N(dr, dx)
Cy X

t

. /X 1Z5(0)Fr —In (14 25 (x))] N (dr, dx)
3

t

/ 124 () Fer — In (1 + Z4 (x)] N (dr, dx)

e, [
< 4IP<\/RT(S)1)+C1(BH+BT+BHT)<I(I)>+H(t), “
where
@ = —¢, Glzv‘t’l(t) _c, Gzzv‘t’z(f) e G?Wtfa(t)

Lo /X 12, (x)S — In (1+ 2, (x))] N(dr, dx) —cz/X [Z2(x)I = n (14 Z3(x))] N (dt, dx)

t t
/X 125 (0) e —In (14 Z ()] N(dt, d)

t
/X (24 () e — In (14 Z4 ()] N (dr, )

_(C3 ;

From the strong law as stated in Lemma 2, we arrive at

lim I1(1) =0, (48)

t—ro0

from Eq. (47), we have

Cl(ﬁH+ﬁT+[3HT)<I(t)> >4y (\/ng_ 1) _ @
e (S(t),1(t)) —y1 (5(0),1(0)). )

t

Drawing from Lemma 3 and Eq. (50), the limit superior of

Eq. (49) yields
()
ll[rgl;lf<](t)> > Ci Bt Br i Bar) >0 as. (50)

Thus, this implies that

liminfly(¢) >0, liminfly(¢) >0,

limianHT(t) > 0.
f—o0 t—>o0 t—oo

Thus, the proof of Theorem 3 is finished.

—Cy

t

‘6. Numerical scheme and simulations

To further verify the authenticity of the theoretical analy-
sis carried out in the previous sections and to explore the in-
herent randomness in the underlying diseases, in this part, we
give some of the numerical simulation results. The theoret-
ical results associated with both deterministic model (1) and
stochastic model (4) are numerically verified using different
settings of the parameters. We choose the time interval from 0
to 200 and the initial values of the state variables as

(S, Iy, I, Iyt R) = (150,170, 150, 150, 70).

This numerical scheme will facilitate the validation of our the-
oretical results through simulations. Secondly, we aim to il-
lustrate how specific variables and parameters influence the
behavior of the model. By achieving these goals, our aim is
to enhance our comprehension of the model’s dynamics and
glean insights into the impact of different factors.

For developing a numerical method tailored to model (4),
we adopt a robust approach detailed in Ref. [38], which has
proven effective across various studies (see Refs. [38,39]). Our
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methodology assumes x* € X, N* ¢ N,n=0,1,2,...,N*, and
At = T /N* signifies the time step size over the interval [0, T].
Additionally,

N' = S"+ I+ B+ I+ R,

AW@"ZW’,’(I,,H)—Wi(t,,):\/AitG{’, |

_ ﬁHSnIHn _ BTSnITn

ﬁHTSnIHTn

where o' are independent Gaussian random variables AV. Fur-
thermore, AL", defined as AL" = L(t,+1) — L(t,), follows a
Poisson distribution with intensity v, where X = (0,+oc0) and
v(X) = 1. Consequently, the numerical approach, specifically
the Milstein technique applied to model (4), is structured as
follows:

Sn+1 =S+ ('P N N
1
+5015, (AW - Ar),

BuSnlun  Silulr
N N

IH(rH»l) = I+ (

1
+—-0oly, ((AWZH)Z — Al) s

N — dSn) At + 61, AW + Z; (x*) S, AL,

— (g +a+ d)IHn) At + GzIHnAWZ" +Z,(xX)I,AL,

2
Splta  Slral . .
ueny = o+ (P00~ 200 4 )i, ) A ol 0+ 225 L
1
+5 03k (AWS)* —Ar),
Tut,Sn O1lunl S lun I
lyr(nr1) = Dt + (ﬁHT ;\I[Tn 1 };7 - I]{\; ™ (my +772+d)1HT) Ar

* 1 n
+ouluT, AW, + 7/4()6 )IHT,,AL,, + §G4IHT,, ((AW4 )2 _ Al) ,
Rn+1 = Rn + (alIHn + N ITn + nlIHTn - an) Ar + GSRHAWSn +ZS (x*)RnALn

+%05Rn ((AW2)? — Ar) .

Furthermore, it is important to note that, apart from the
numerical technique used in this article, an alternate approach
called the PPTEM method!*’! may be used to achieve an ap-

proximate solution for the suggested model.

6.1. Numerical simulation on extinction

Two different discretisation approaches are used when
one using computational methods to simulate stochastic pro-
cesses. First, the time parameter has to be discretized. The
random variables are then approximated with artificially de-
veloped finite time series datasets. To replicate a Lévy pro-
cess with stable and independent increments at discrete time
points, the easiest method is to generate random integers from
an indefinitely divisible distribution. To explain the long-
run behavior of the model and to verify the biological im-
portance of the underlying system, we have chosen values of
the parameters as ¥ = 0.08, Bt = 0.05, d = 0.02, By = 0.04,
Bur = 0.04, oy = 0.20, oy = 0.02, n; = 0.10, N2 = 0.05,
Y =0.01, 11 =0.03, § = 0.01, 6, = 0.04 and the noise in-
tensities assumed o7 = 0.75, 6, = 0.45, 03 = 0.35, 04 = 0.20,
o5 =0.20, and Z,(Y) = —kZ(Y) /(1 +Z(Y)?),Y = 0.5, with
k1 =0.55, ko =0.40, k3 = 0.65, k4 = 0.30, and ks = 0.45.

By using these values of parameters, we estimated the

threshold parameter and it was observed that Rg < 1. The nec-

D

essary condition for the disease’s extinction whose dynamics
is given by model (4) is given in Theorem 2. The conclusion
of Theorem 2 holds if and only if Rg < 1, as the numerical
simulation results verify. Stochastic extinction is a notion that
this behavior correctly illustrates. Since any trajectory, noise-
free or with a standard distribution, behaves the same way,
we refer to this situation as total extinction. Theoretically, the
condition Rg < 1 ensures the existence and stability of the
disease-free equilibrium point for the underlying determinis-
tic system. Likewise, we proved results about the extinction
of the disease via analyzing the stochastic model under simi-
lar conditions. We simulated the model and obtained graphi-
cal illustrations in Figs. 1(a)-1(e). If the associated threshold
parameters are less than unity, the susceptible curves will al-
ways lies above the ¢ axis as supported by Fig. 1(a). Further,
the approaching of other compartments towards zero and the
extinction of the disease are verified by Figs. 1(b)-1(e). By
comparing the dynamics of all of the curves, we can notice
that all of the curves approaching the steady state. The curves
that accounts Lévy jumps have huge fluctuation but stabilizes
itself very quick compare to the rest of trajectories. It is also
prominent to mention that these fluctuations covers majority

of the data points while fitting model (4) with data and hence
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make the model more practical.

—— Levy noise
600 @ — SDE
— ODE
400
S
200
0
0 40 80 120 160 200
Time (days)
—— Levy noise
3000 (b) — SDE
— ODE
< 2000
N
1000
0
0 40 80 120 160 200
Time (days)
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e
~
200
0
0 40 80 120 160 200
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(d) —— Levy noise
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120 — ODE
T2 80
~
40
0
0 40 80 120 160 200
Time (days)
600
(e) —— Levy noise
—— SDE
— ODE
400
=
200
0
0 40 80 120 160 200

Time (days)
Fig. 1. The graph illustrates the dynamic behavior of the compartments
S(1), Iu(t), It(t), Iar(t), and R(¢), comparing the results from the stochas-
tic system (SDE with Lévy and white noises) to those from the underlying
deterministic system. This behavior is observed when the corresponding
threshold parameters are below unity, highlighting the long-run dynamics
of the respective population. (a) The dynamic behavior of the class S()
when the respective thresholds are less than one, (b) the plot illustrates the
behavior of the /g compartment over time, (c) the graph depicts the long-
term behavior of I(¢) class as time progresses, (d) the dynamics of Iyr-
compartment over time under the condition Rg < 1, (e) the plot illustrates
the change in the R(¢) compartment over time.

6.2. Numerical simulation on persistence

Let us now explore the scenario of the persistent infec-
tion. We verify the persistence of the disease in numeri-
cally and we take the parameter values as follows: ¥ = 0.80,
PBr = 0.58, d = 0.50, By = 0.40, Pur = 0.50, oy = 0.20,
o = 0.20, n; = 0.10, n, = 0.05, 3 = 0.10, 51 = 0.20,
81 = 0.30, & = 0.40, and the noise intensities assumed to
be o] = 0.55, Oy = 0.70, O3 = 0.30, Oy = 0.50, O5 = 0.40,
and Z;(Y) = —kZ(Y)/(1+Z(Y)?), Y = 0.5, with k; = 0.55,
ky =0.35, k3 = 0.70, ks = 0.30, and ks = 0.45. By using these
values of parameters, we estimated the threshold parameter
and observed that Rg > 1, indicating that the hypothesis of the
Theorem 3 are fulfilled. This suggests that even under the in-
fluence of a weak noise, the epidemic will persist rather than
dying out.

The numerical simulations confirm this conclusion, as
shown in Figs. 2(a)-2(e), where the epidemic curves obtained
from system (4) remains stable around the average disease
value. This behavior of model’s trajectories supports the con-
clusions of the Theorem 3. It could be noticed from the figures
that over an extended period, the intensity of the noise affects
the extent to which the solution fluctuates around the deter-
ministic equilibrium states. In particular, the temporal average
tends to align closely with the endemic equilibrium, especially
at lower noise intensities. This finding underscores the impor-
tance of considering environmental fluctuations in biological
dynamics.

Moreover, the stochastic volatility sometimes exhibits
significant upward jumps and clusters at high levels, further
emphasizing the impact of the noise. In contrast to the scenario
where ROE < 1 and the necessary condition for disease extinc-
tion is met (as discussed in Theorem 2), the case of Rg > 1
shows that the epidemic persists, even under the weak noise.
This persistence is in the stark contrast to the concept of the
stochastic extinction, where trajectories behave the same way
regardless of the noise, leading to the total extinction. Here,
the persistence and fluctuations highlights the model’s adapt-
ability to real-world scenarios, making the model more practi-
cal and realistic. The trajectories with Lévy jumps are visible
with huge fluctuations particularly as shown in Figs. 2(b) and
2(e). Due to its quality of covering more data points, the am-
plitude of fluctuations of the curves accumulating Lévy jumps
around the deterministic equilibrium states are much higher in
comparison with the SDE. Like in the case of the extinction,
here too, the curves with Lévy jumps quickly stabilizes itself
appealing the utilization of Lévy jumps in the stochastic mod-

eling.
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Fig. 2. The graph compare the outcomes of the underlying determinis-
tic system with the stochastic system (4) (SDE with both Lévy and white
noise), explaining the dynamic behavior of the compartments S(r), Iy (7),
Itv(t), Inr(t), and R(r). The results are based on persistence of the dis-
ease assuming that the associated threshold parameters are greater than one.
(a) The change in S(z)-compartment when the respective thresholds exceeds
unity, (b) the dynamic behavior of the class i (¢) explaining persistence of
the disease, (c) he graph depicts the long-term behavior of It(¢)-class as
time evolves when the values of the thresholds are greater than one, (d) the
dynamics of Iyr-compartment over time under the condition ROD and ]Rg are
greater than unity, (e) the plot illustrates the change in the R(r) compartment
over time.

6.3. Impact of parameters Py, Br, and Byt

In this part of the manuscript, we will explore the relative
impact of the parameters Py, Br, Bur on the dynamic behavior
of the classes Iy, It, and Iyt obtained from model (4). The
rest of the parameters have been fixed and assumed from the
section describing the extinction of the disease. Figure 3(a)
shows the overall progress in the compartment /iy while con-
sidering three different values of By. The figure suggests a
direct relation between the variable and parameter. We can
notice that with an increase in Py, the corresponding infec-
tion tends to grow and further, the fluctuation of the stochastic
curve tend to increase. Figure 3(b) explains the dynamics of
the It-class keeping in view three different values of Br. The
figure suggests that infection due TB will continue to grow as
we increase the corresponding transmission coefficient. Fur-
ther, the fluctuation in the It curves tend to increase with an
increase in Br. A similar relationship could be built in state

variable Iyt and PByr as explained in Fig. 3(c).
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Fig. 3. The relative impact of the parameters Py, Br, Bar on the infected
compartments obtained from system (4). (a) The plot shows the relative
impact of the parameter By on the state variable Ig(7), (b) the plot depicts
the impact of the parameter Br on the TB infection, (c) the graph explains
how the compartment Iyr(r) behaves as a variation occurs in values of the
parameter Byr.
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By analyzing all subplots in Fig. 3, we can see that the
influence on the class infected compartment tends to dimin-
ish with decreasing values of By, Br, Byr. Thus, the param-
eters By, Br, Pur and the infection variables are directly re-
lated. For stochastic curves, it seems sense that the relation-
ship would appear to be inverse. The primary explanation for
this is that infection intensities are a major factor in whether
the virus spreads among people or not. Therefore, if one were
to lower the By, Br, But values, co-infection might be avoided
and managed. By reducing the transmission coefficient and as-
suming sufficiently high stochastic disturbances, it is possible
to completely eradicate co-infection. The overall picture of
this simulation is that for reducing all three types of infection,
one must decrease values of the underlying parameters called

the transmission coefficients.

6.4. Impact of Lévy noise

As stated in the above subsections, the impact of the Lévy
noise on the dynamic behavior of a stochastic model is not ig-
norable. Therefor, in this section, we simulated model (4) and
impact of both noises on the dynamics of the model as de-
scribed in Figs. 4(a) and 4(b).
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Fig. 4. The random system (4) describes the behavior of the impact of noise.
(a) When 01 =0.75, 6, = 0.60, 03 = 0.80, 04 = 0.55, 05 = 0.45, (b) when
o1 =0.70, 02 = 0.40, 63 = 0.70, 64 = 0.50, 05 = 0.40.
For both single and co-infected compartments, it is shown
that increasing noise intensities accelerates the process of ex-

tinction. This simulation confirms that the solutions of the

stochastic system oscillate around the endemic equilibrium for
modest noise intensities, which is consistent with the find-
ings of Theorem 3. The solution does not, however, oscil-
late about the EEP for bigger values of the white noise terms.
This demonstrates that persistent attempts to increase stochas-
tic disruptions via vulnerable people, together with providing
appropriate care and treatment for those who are sick, might
significantly lessen the transmission and circulation of co-
infection within the community as depicted in Fig. 4. More-
over, the fluctuations in the curves with Lévy noises are higher

while keeping the intensities at lower values.

7. Discussion

This study introduced a novel stochastic model to under-
stand the co-infection dynamics of hepatitis B and tuberculo-
sis. The model was investigated for a global positive solution
using the Lyapunov functional theory. The model was further
checked for extinction and persistence properties and it was
proved that when Rg < 1, both of the diseases tend to extent.
For Rg > 1, the co-infection exist and in such scenario, the
stochastic curves oscillate around the endemic equilibrium of
the deterministic model. Both the extinction and persistence of
the infections were confirmed through simulations. A conver-
gence toward the steady state may be shown in the extinction
situation by comparing the dynamics across all curves. The
Lévy jump curves, in particular, show notable oscillations but
stabilize faster than the others as shown in Fig. 1. The model
is more reliable and useful in real-world situations since these
variations span various data points. This shows that to more
accurately represent the intricate dynamics seen in real bio-
logical systems, stochastic components like Lévy leaps must
be included. These results, taken together, support the model’s
applicability in forecasting disease behavior and guiding suc-
cessful management measures. Figure 2 intends to portray the
case of persistence. From the figure, it is evident that noise in-
tensity has a long-term effect on how much the solution oscil-
lates about the deterministic equilibrium states. Interestingly,
the temporal average generally agrees well with the endemic
equilibrium, especially at lower noise levels. This emphasizes
how important oscillations in the environment are to biological
processes. Furthermore, stochastic volatility periodically ex-
hibits notable upward leaps and clusters at high levels to high-
light the effect of noise. Here, the model’s adaptation to actual
events is highlighted by its persistence and fluctuations, which
add to its practicality and realism. There are noticeable varia-
tions in the trajectories that have Lévy leaps. Curves with Lévy
leap around the deterministic equilibrium because of their in-

creased capacity to encompass a greater number of data points.
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We also numerically investigated the impact of parameters Py,
Br, Bur on the infection variables. Referred to Fig. 3, we ob-
tained that these parameters and variables are strongly corre-
lated. Naturally, the connection should appear to be inverse
for stochastic curves. The main theory explaining this is that
viral transmission between individuals is largely dependent on
the severity of the infection. As a result, co-infection may be
prevented and controlled if the values of By, Br, Bur decline.
Complete elimination of co-infection is achievable if the trans-
mission coefficient is decreased and strong enough stochastic
disturbances are assumed. In this simulation, the general result
is that lower values of the underlying parameters, known as the
transmission coefficients, are required to reduce all three forms
of infection. It is crucial to note that there are some reasons
why the proposed model and observations are not entirely per-
fect. The findings are based on both local mathematical anal-
ysis and a model that ignores many common aspects, includ-
ing the influence of human behavior, various other structuring
variables, and the growth of antibiotic-resistant to tuberculo-
sis. Since this is the first time the dynamics of HBV-TB co-
infection have been examined, a research program addressing
these determinants is still necessary.

8. Conclusion remarks

In this study, we have introduced a novel stochastic model
for exploring the co-infection dynamics of TB and hepatitis
B. It was demonstrated that a positive global solution to the
stochastic model exists and is unique. The case in which the
solution of the proposed system oscillating around the deter-
ministic model’s endemic equilibrium is determined by formu-
lating the Lyapunov function. Furthermore, the co-infection
model was investigated for the persistence and suitable condi-
tions were derived. To verify theoretical findings on the ex-
tinction and durability of co-infection between tuberculosis
and TB in the community, numerical simulations were con-
ducted. We studied the cases when the related threshold num-
bers, both stochastic and deterministic, are more than one and
below one. Subsequently, we confirmed the derived theoret-
ical results through simulations for different scenarios of the
threshold parameter. Biologically, both the extinction and per-
sistence of the infections were confirmed through simulations.
Additionally, graphical illustrations are provided explaining
the random fluctuations brought on by stochastic Lévy noises.
A convergence toward the steady state may be shown in the ex-
tinction situation by comparing the dynamics across all curves.
The Lévy jump curves, in particular, show notable oscillations
but stabilize faster than the others. According to numerical

data and already conducted research on the co-dynamics of

these infections, increasing funding to lower HBV prevalence
may be a useful strategy for limiting or controlling the effects
of tuberculosis. Programs that expedite the treatment of active
TB patients, however, may result in notable decreases. Given
that there are around 8 million new cases of active tuberculo-
sis each year, a program could be possible. Insights into dis-
ease interactions and a basis for future research exploring more
complicated interactions and additional elements for wider ap-
plications are provided by this study, which tackles important
aspects of the dynamics of co-infection between tuberculosis
and herpesvirus.

The future research could focus on incorporating addi-
tional factors such as multi-drug resistance, varying transmis-
sion rates in different populations, and the impact of vacci-
nation programs. Additionally, exploring co-infections with
other diseases, socio-economic factors, and the effect of pub-
lic health interventions on long-term dynamics could provide
more comprehensive insights. One can also think about age-
structure, delay effect and non-Gaussian noise in such and re-
lated studies in future.
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