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Laser interferometry plays a crucial role in laser ranging for high-precision space missions such as GRACE (Gravity
Recovery and Climate Experiment) Follow-On-like missions and gravitational wave detectors. For such accuracy of modern
space missions, a precise relativistic model of light propagation is required. With the post-Newtonian approximation,
we utilize the Synge world function method to study the light propagation in the Earth’s gravitational field, deriving the
gravitational delays up to order c−4. Then, we investigate the influences of gravitational delays in three inter-satellite laser
ranging techniques, including one-way ranging, dual one-way ranging, and transponder-based ranging. By combining the
parameters of Kepler orbit, the gravitational delays are expanded up to the order of e2 (e is the orbital eccentricity). Finally,
considering the GRACE Follow-On-like missions, we estimate the gravitational delays to the level of picometer. The
results demonstrate some high-order gravitational and coupling effects, such as c−4-order gravitational delays and coupling
of Shapiro and beat frequency, which may be non-negligible for higher precision laser ranging in the future.

Keywords: classical general relativity, post-Newtonian approximation, phase shifting interferometry

PACS: 04.20.–q, 04.25.Nx, 42.87.Bg DOI: 10.1088/1674-1056/ad7af9

1. Introduction
The Gravity Recovery and Climate Experiment (GRACE)

satellites are a very successful space mission. It uses a
high-precision microwave ranging system to measure tem-
poral distance variations between the two satellites and then
to map the Earth’s gravitational field. The GRACE Follow-
On (GRACE-FO) is a continuation of the mission on near-
identical hardware, launched in May 2018. GRACE-FO is
equipped with the novel laser ranging interferometer (LRI),
a technology demonstrator for proving the feasibility of laser
interferometry for inter-satellite ranging measurements. The
LRI measurement is performed by interfering the laser on
the local satellite with the received laser signal transmitted
by the far satellite, and then tracking the phase of the result-
ing beatnote. It provides the inter-satellite ranging measure-
ments with a precision up to 1 nm/Hz1/2 in frequencies above
100 mHz.[1] The successful commissioning of the LRI was an
essential step towards the Laser Interferometer Space Antenna
(LISA) mission,[2] which will use comparable inter-satellite
laser ranging technology between three spacecrafts in deep
space for the detection of gravitational waves. In addition,
LRI will demonstrate precision inter-spacecraft laser interfer-
ometry for future GRACE-FO-like missions. For these space
missions, it is necessary to develop a precise relativistic model
for light propagation in the Earth’s gravitational field. In recent

years, the LRI has undergone notable advancements, enabling
the attainment of pm/

√
Hz scale in the ranging measurements.

LRI of this precision will be equipped in future high-precision
space missions to conduct scientific exploration or test funda-
mental physics.[3] In those missions, it is important to consider
the gravitational effects to the pm scale.

The core concept of general relativity is that the presence
of energy results in the bending effect of space–time, where
objects move along their geodesic in curved space–time.[4] In
contrast to Newton frame where light propagates in straight
lines, general relativity dictates that light follows its geodesic,
leading to the bending of light trajectories in the presence of
massive objects.[5] This bending of light trajectories is of sig-
nificant importance in gravitational physics. Light signal in
the curved space–time can serve as highly effective tools to
explore crucial information about the nature of space–time,
such as measuring the post-Newtonian parameter[6,7] and test-
ing the Lorentz symmetry.[8–10] It is widely applied in high-
precision experiments and measurements, enabling scientists
to gain a deeper understanding of the gravitational effects
caused by massive objects.[11–14]

In the framework of general relativity, the light propa-
gation is determined by the standard method of solving null
geodesic equation. Based on null geodesic equation, the light
propagation has been studied in the case of static spheri-
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cally symmetric space–time,[15,16] and Kerr–Newman space–
time,[17–19] the space–times of rotating stratified ellipsoids,[20]

etc. And Refs. [21–23] conducted an in-depth analysis of
the light propagation up to 1PN, 1.5PN, and 2PN in the
gravitational field of N arbitrarily moving extended bodies.
In addition, based on the world function or time transfer
function, many solutions have been proposed for the light
propagation in the post-Newtonian and post-Minkowskian
approximations.[24–33] These solutions of light propagation
can be applied to space missions to analyze relativistic effects.

In this paper, we use the method of Synge world function
to study the influences of gravitational delay for the GRACE-
FO-like missions. The theoretical model is then integrated
with the actual light path of LRI to analyze the impact of grav-
itational delays. The Kepler orbit model is utilized to evaluate
the magnitude of each gravitational effect term. Considering
GRACE-FO concept and parameters, the influences of gravita-
tional delay are estimated to the level of pm. The organization
of this paper is as follows. In Section 2, we provide a brief
introduction to the world function and its expression to c−4

order. We then use the world function to derive the expression
of the time delay function up to c−5 order. In Section 3, we dis-
cuss the specific expression of the time delay function in the
Earth’s gravitational field. In Section 4, space–time diagrams
are employed to model three types of laser rangings: one-way
ranging, dual one-way ranging, and transponder-based rang-
ing. Furthermore, an analysis is conducted to examine the im-
pact of the time delay function on ranging. In Section 5, we
evaluate the magnitude of each effect of the gravitational de-
lay based on GRACE-FO-like missions and analyze the items
that may reach the magnitude of pm. Finally, in Section 6, we
present the conclusion and outlook.

In this paper, the Newton gravitational constant is given
by G, and the speed of light in vacuum is represented by
c. The Lorentzian metric of space–time is denoted by g,
and the signature adopted for gµν is (+−−−). We assume
that the space–time is covered by a global coordinate sys-
tem (xµ) =

(
x0 = ct,x1,x2,x3

)
. We suppose that the curves

of equations xi = const. are timelike, meaning g00 > 0 any-
where. 𝑎 · 𝑏 is denoted by aibi and Einstein’s repeated index
convention is adopted here. For function f (xρ), f,ρ = ∂ f/∂xρ

means the partial derivative of the function with respect to the
coordinates xρ .

2. World function and time delay function
2.1. Definition of world function

The space–time background can be considered a well-
structured sub-manifold within the universe. Given a point
A on this manifold, there exists a convex neighborhood O that
contains A. Any point B within O has a unique differential

curve that connects it to A. This differentiable curve is also
called a geodesic. The geodesic can be defined by parameters
xµ = xµ(ζ ), where ζ ∈ R and ζA ≤ ζ ≤ ζB. For above two
points A and B, the world function can be expressed as[4]

Ω(xA,xB) =
1
2

∫
ζB

ζA

gµν(xα(λ ))
dxµ

dλ

dxν

dλ
dλ , (1)

where λ is the affine parameter. For the case where A and B
are connected by a null geodesic,

Ω(xA,xB) = 0. (2)

Here, Ω (xA,x) = 0 represents the light cone of A. Solving the
light cone equation for xA yields two distinct solutions x+ and
x−, as the light-like curve equation Ω (xA,x) = 0 intersects the
light cone at two points in the future and in the past. We as-
sume that A denotes the point at which the light signal is emit-
ted, and B corresponds to the point at which it is received. The
corresponding travel time is characterized as

(x0+
B − x0

A) = c𝒯e(tA,𝑥A,𝑥B), (3)

where 𝒯e(tA,𝑥A,𝑥B) is the time transfer function.

2.2. Time delay function for weak field approximation to
1/c4

For a weak-field gravitational field, the space–time metric
can be regarded as a flat space–time metric plus a gravitational
perturbation. The space–time metric can be expanded by a se-
ries in ascending powers of G[4]

gµv = ηµv +∑
n

g(n)µv , (4)

where g(n)µv = g(n)µv (Gn). According to the property of the metric
component gµρ gρν = δ ν

µ , one has
gµv
(1) =−η

µρ
η

vσ g(1)ρσ ,

gµv
(n) =−η

µρ
η

vσ g(n)ρσ −
n−1

∑
p=1

η
µρ g(p)

ρσ gvσ

(n−p).
(5)

Substituting Eq. (4) into Eq. (1), the world function can be
written as

Ω (xA,xB) = Ω
(0) (xA,xB)+

∞

∑
n=1

Ω
(n) (xA,xB), (6)

where Ω (0) corresponds to the flat space–time, and Ω (n) rep-
resents the perturbation term of Gn. For flat space–time, the
Newton order light-trajectory equation is defined as

xα

(0) (λ ) = (xα
B − xα

A )λ + xα
A , 0 ≤ λ ≤ 1. (7)

Substituting Eq. (7) into Eq. (1), the 0-th order expression of
the world function can be obtained by integrating along the
Newtonian light path

Ω
(0) (xA,xB) =

1
2

ηµv
(
xµ

B − xµ

A

)(
xv

B − xµ

A

)
. (8)
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Under the condition of weak field approximation, the n-th per-
turbation Ω (n) can be also calculated along the Newtonian
light path[4]

Ω
(1) (xA,xB) =

1
2
(
xµ

B − xµ

A

)
(xν

B − xν
A)

×
∫ 1

0
g(1)µν

(
x(0) (λ )

)
dλ , (9)

Ω
(1.5) (xA,xB) =

1
2
(
xµ

B − xµ

A

)
(xν

B − xν
A)

×
∫ 1

0
g(1.5)µν

(
x(0) (λ )

)
dλ , (10)

Ω
(2)(xA,xB) =

1
2
(xµ

B − xµ

A)(x
ν
B − xν

A)
∫ 1

0

[
g(2)µν(x(0)(λ ))

−η
ρσ g(1)µρ(x(0)(λ ))g

(1)
νσ (x(0)(λ ))

−η
ρσ ∂Ω (1)

∂xρ
(xA,x(0)(λ ))

∂g(1)µν

∂xσ
(x(0)(λ ))

]
dλ

+
1
2

η
µν ∂Ω (1)

∂xµ

B
(xA,xB)

∂Ω (1)

∂xν
B

(xA,xB). (11)

The relationship between the time transfer functions and the
world function is as follows:

𝒯 (1)
e =− Ω̃

(1)
e

c |𝑥B −𝑥A|
, (12)

𝒯 (1.5)
e =− Ω̃

(1.5)
e

c |𝑥B −𝑥A|
, (13)

𝒯 (2)
e =− 1

cRAB
[Ω̃

(2)
e + c𝒯 (1)

e Ω̃
(1)
e|1 +

1
2

c2(𝒯 (1)
e )

2
], (14)

where Ω̃
(n)
e|k (tA,𝑥A,𝑥B) = ∂ kΩ (n)/

(
∂x0

B
)k.

3. The time delay function in the Earth’s gravi-
tational field
The covariant nature of Einstein’s theory ensures that

physical measurements remain independent of the choice of
coordinate system. It is essential to select an appropriate coor-
dinate system with definite properties. The geocentric celes-
tial reference system (GCRS) with the center of mass of the
Earth as the origin of coordinates is suitable for studying the
gravitational effects in the vicinity of the Earth. The GCRS is
defined with the coordinates xµ ≡ (ct,xi), with t the geocentric
coordinate time. As IAU Resolution B1.3 (2000),[34] the met-
ric tensor of the GCRS can be expressed in the form of scalar
potential and vector potential

g00 = 1− 2
c2 W + 2β

c4 W 2,

g0i =
2(γ+1)

c3 Wi,

gi j =−δi j

(
1+ 2γ

c2 W + 3δ

2c4 W 2
)
,

(15)

where β and γ are the usual post-Newtonian parameters, and
δ is the post-post-Newtonian parameters (in general relativity

β = γ = δ = 1). The expression of scalar potential W and vec-
tor potential 𝑊 (the Earth’s spin axis is set as z-axis) is given
by[35]

W (𝑥) = GM

[
1
r
−

∞

∑
n=2

1
n!

JnRn
E

∂ n

∂ zn

[
1
r

]]
, (16)

Wi (𝑥) =−1
2

GMεi jkS j
∂

k

[
1
r
−

∞

∑
n=1

1
n!

KnRn
E

∂ n

∂ zn

(
1
r

)]
, (17)

where Kn is the relativistic coefficients, and Jn is the Newto-
nian multipole moments. Suppose that the spatial part of the
geodesic connecting xA and xB lies entirely outside the Earth.
Substituting Eq. (15) into Eqs. (9)–(11), the world function
becomes

Ω
(1) (xA,xB) =− 1

c2

[(
x0

B − x0
A
)2

+ γR2
AB

]∫ 1

0
W dλ , (18)

Ω
(1.5) (xB,xA) =

2(γ +1)
c3

(
x0

B − x0
A
)(

xi
B − xi

A
)∫ 1

0
Wi dλ , (19)

Ω
(2) (xA,xB) =

1
4c4

[
(4β −8)

(
x0

B − x0
A
)2

+
(
8γ

2 −3δ
)

R2
AB

]∫ 1

0
W 2 dλ

− 1
c2

[(
x0

B − x0
A
)2

+ γR2
AB

]
×
∫ 1

0
δ

i j ∂Ω (1)

∂xi
∂W
∂x j dλ

+
1
2

η
µv ∂Ω (1)

∂xµ

B
(xA,xB)

∂Ω (1)

∂xν
B

(xA,xB) . (20)

The world functions can be transformed into the integral of
the scalar potential and the vector potential. For simplicity, we
can introduce differential operators for the kernel function to
express the integral of the scalar potential and the vector po-
tential. To calculate the integral of the gravitational potentials,
we define the kernel function, which is represented as

F(𝑥,𝑥A,𝑥B) =
∫ 1

0

1
r

dλ

=
∫ 1

0

1(
xα

B − xα
A

)
λ + xα

A
dλ

=
1

RAB
ln
(

ρ+

ρ−

)
|𝑥=0

, (21)

F(𝑥,𝑥A,𝑥B) =
1

RAB
ln
(
|𝑥−𝑥B|+ |𝑥−𝑥B|+RAB

|𝑥−𝑥B|+ |𝑥−𝑥B|−RAB

)
, (22)

∂F
∂xi

B
=−

RAB,i

R3
AB

ln
(

rA + rB +RAB

rA + rB −RAB

)
−

xB,i

rAr2
B(1+𝑛A ·𝑛B)

+
rA + rB

rArB(1+𝑛A ·𝑛B)

RAB,i

R2
AB

, (23)

where ρ± = |𝑥−𝑥A|+ |𝑥−𝑥B| ±RAB and RAB = |𝑥B −𝑥A|
represent the Euclidean norms of 𝑥A and 𝑥B. Then the integral
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of the gravitational potential can be rewritten as the differential
operators acting on the kernel function∫ 1

0
W dλ = GM

[
1−

∞

∑
n=2

1
n!

JnRn
E

∂ n

∂ zn

]
F, (24)

∫ 1

0
Wi dλ =−1

2
Gεi jkS j

∂
k

[
1−

∞

∑
n=1

1
n!

KnRn
E

∂ n

∂ zn

]
F, (25)

where 𝑆 = I𝑒z is the moment of inertia of the Earth. By sub-
stituting Eqs. (24)–(25) into Eqs. (18)–(20), the expressions of
the world function can be obtained. To describe the influences
of mass multipole moments, we define the quantity as

TAn(𝑥A,𝑥B) =
1
n!

AnRn
E

∂ n

(∂x3)n F, (26)

where we introduce the coefficient A2n to represent J2n or K2n

to increase the concision of the following expressions. In
Eq. (26), we have used the following abbreviations:

TAn (𝑥,𝑥A,𝑥B) =
1

RAB
AnRn

E

n

∑
m=1

[
1

ρ−n−m+1 − 1
ρ+

n−m+1

]
×Θnm (𝑥,𝑥A,𝑥B) , (27)

where

Θnm (𝑥,𝑥A,𝑥B) = (−1)n−m

× ∑
i1,··· ,im

(
(n−m)!

i1!i2! · · · im!
m
Π

l=1
[Sl (𝑥,𝑥A,𝑥B)]

il

)
, (28)

Sl (𝑥,𝑥A,𝑥B) =
1

|𝑥−𝑥A|l−1 C(−1/2)
l (𝜅A)

+
1

|𝑥−𝑥B|l−1 C(−1/2)
l (𝜅B), (29)

where C(−1/2)
l is the Gegenbauer polynomial of degree l, and

κA/B =
𝑘·(𝑥−𝑥A/B)
|𝑥−𝑥A/B|

. The summation sign of the above formula

satisfies the following formula:{
i1 +2i2 +3i3 + · · ·+mim = n,
i1 + i2 + · · ·+ im = n−m+1.

(30)

To calculate the 2rd world function of Eq. (20), the first
term (the integral term of the gravitational-potential square)
can be calculated as∫ 1

0
W 2 dλ = G2M2

∫ 1

0

1
r2 dλ , (31)

where due to the limitation of the accuracy of space mis-
sions, the high-order terms of spherical harmonic coefficients
in gravitational potential are neglected (this approximation
will be discussed later in the numerical analysis). Similarly
one can define the quadratic kernel function

Φ (xA,xB) =
∫ 1

0

1
r2 dλ =

arccos(𝑛A ·𝑛B)

rArB

√
1− (𝑛A ·𝑛B)

2
. (32)

Then, the second term of Eq. (20) can be calculated by further
mathematical procedure

− 1
c2

[(
x0

B − x0
A
)2

+ γR2
AB

]∫ 1

0
δ

i j ∂Ω (1)

∂xi
∂W
∂x j dλ

=
G2M2

c4

[(
x0

B − x0
A
)2

+ γR2
AB

]
×
[(

1+
rA

rB

)
1

R2
AB

(
x0

B − x0
A

)2
+ γR2

AB

rArB +(𝑥A ·𝑥B)

−
(
x0

B − x0
A

)2 − γR2
AB

R2
AB

F (xA,xB)

rB
−2γΦ

]
. (33)

The third term of Eq. (20) does not involve integration and can
be calculated directly.

In conclusion, the total time delay contribution can be ex-
pressed as follows:

𝒯e ≡ 𝒯 (Shapiro)
e +𝒯 (J2)

e +𝒯 (J3)
e +𝒯 (J4)

e

+𝒯 (S)
e +𝒯 (K1)

e +𝒯 (G2)
e , (34)

where the first term is the well-known Shapiro time delay, the
second, third and fourth terms represent the contribution of
mass multipole moments, the fifth and sixth terms indicate the
contribution of the rotation of the Earth, and the seventh term
is the contribution of G2, and their expressions are given by

𝒯 (Shapiro)
e =

GM (1+ γ)RAB

c3 ln
(

ρ̂+

ρ̂−

)
, (35)

𝒯 (J2)
e =

GM(1+ γ)J2R2
E

2c3

{[
1

(ρ̂−)2 − 1
(ρ̂+)2

]
[κ̂A + κ̂B]

−
(

1
ρ̂−

− 1
ρ̂+

)
(

1− (κ̂A)
2
)

rA
+

(
1− (κ̂B)

2
)

rB

}, (36)

𝒯 (J3)
e = (−1)

GM(1+ γ)

c3 J3R3
E

{(
1

ρ̂3
−
− 1

ρ̂3
+

)
(−1)

3
(κ̂A + κ̂B)

3

+

(
1

ρ̂2
−
− 1

ρ̂2
+

)
(−1)(κ̂A + κ̂B)

(
1
rA

[
1
2
(1− κ̂

2
A)

]
+

1
rB

[
1
2
(1− κ̂

2
B)

])
+

(
1

ρ̂−
− 1

ρ̂+

)
×
(

1
r2

A

κ̂A

2
(1− κ̂

2
A)+

1
r2

B

κ̂B

2
(1− κ̂

2
B)

)}
, (37)

𝒯 (J4)
e = (−1)

GM(1+ γ)

c3 J4R4
E

{(
1

ρ̂4
−
− 1

ρ̂4
+

)
(−1)

4
(κ̂A + κ̂B)

4

+

(
1

ρ̂3
−
− 1

ρ̂3
+

)
(κ̂A + κ̂B)

2
(

1
rA

[
1
2
(
1− κ̂

2
A
)]

+
1
rB

[
1
2
(
1− κ̂

2
B
)])]

+

(
1

ρ̂2
−
− 1

ρ̂2
+

)
(−1)
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×
[

1
2

(
1
rA

[
1
2
(1− κ̂

2
A)

]
+

1
rB

[
1
2
(1− κ̂

2
B)

])2

−(κ̂A + κ̂B)

(
1
r2

A

κ̂A

2
(1− κ̂

2
A)+

1
r2

B

κ̂B

2
(1− κ̂

2
B)

)]
+

(
1

ρ̂−
− 1

ρ̂+

)[
1
r3

A

(
1
4

)[
5κ̂2

A
2

(1− κ̂
2
A)−

1
2
(1− κ̂

2
A)

]
+

1
r3

B

(
1
4

)[
5κ̂2

B
2

(1− κ̂
2
B)−

1
2
(1− κ̂

2
B)

]]}
, (38)

𝒯 (S)
e =

GM (γ +1)
c4

(
1
rA

+
1
rB

)
(𝑛A ×𝑛B) ·𝑆
(1+𝑛A ·𝑛B)

, (39)

𝒯 (K1)
e =

GM (γ +1)K1RE𝑆

RABc4 ·

{[
1

(ρ̂+)
2 − 1

(ρ̂−)
2

]
× [(𝑛A +𝑛B)×𝑅AB] (κ̂A + κ̂B)

+

[
1

ρ̂+
− 1

ρ̂−

][
(𝑅AB ×𝑘)

(
1
rA

+
1
rB

)

− κ̂A (𝑅AB ×𝑛A)

rA
− κ̂B (𝑅AB ×𝑛B)

rB

]}
, (40)

𝒯 (G2)
e = −G2M2RAB

4c5 [4β −8−8γ −3ε]

× arccos(𝑛A ·𝑛B)

rArB

√
1− (𝑛A ·𝑛B)

2

+
G2M2RAB

c5

[
(1+ γ)2

rArB (1+𝑛A ·𝑛B)

]
. (41)

4. Modeling of the inter-satellite ranging
Using the analysis of the ranging principle presented in

Ref. [36], we extend the analysis of relativistic time delay
on the original basis. The LRI measures the interference of
light signals, and its essence is the phase difference of light.
The phase of light can provide all the information about light
propagation in the gravitational field. Inter-satellite ranging
involves measuring distance changes between satellites by ex-
changing laser signals. ρ(t) is defined as the instantaneous
distance between two satellites

ρ (t) = ρinst (t) = |𝑟1 (t)−𝑟2 (t)| , (42)

where the space vectors 𝑟1 and 𝑟2 are defined in the quasi-
inertial non-rotating system GCRS. In the following content,
we discuss three ranging models, namely, one-way ranging,
dual one-way ranging, and transponder-based ranging, and de-
rive their respective phase expressions.

4.1. One-way ranging

The space–time diagram of one-way ranging optical path
is shown in Fig. 1. The satellite S/C i sends a light signal at the

moment E. After transmitting in free space, this light signal
is received by satellite S/C j at moment C, and then interferes
with the local signal at the moment A. Therefore, the output
of the phasemeter on the satellite S/C j is

ϕPM| j (tA) =
∣∣Φin, j (τ j (tA))

∣∣
=
∣∣Φi| j (τ j (tA))−Φ j| j (τ j (tA))

∣∣
= ±

(
Φi| j (τ j (tA))−Φ j| j (τ j (tA))

)
, (43)

where tA is the coordinate time of the phasemeter in GCRS.
The symbol Φ represents the measured value obtained from
the phase meter, and the subscript |l (l = i, j) indicates the
physical quantity observed in the co-moving system of |l. The
transmitting satellite is denoted by S/C i, and the receiving
satellite by S/C j. The output ϕPM| j (tA) is measured in the co-
moving coordinate system of S/C j, where “+” indicates that
the received signal laser phase is higher than the local laser
phase (i.e., Φi| j (τ j (tA))>Φ j| j (τ j (tA))). The local laser phase
emitted by S/C j is expressed in its co-moving coordinate sys-
tem as Φ j| j (B) = ω̄ j| j · τ j (tB). As the world line of light is a
constant phase line, the signal phases of the transmitting and
receiving space–time points are equal. Therefore, the phase
expression of the local laser signal of S/C j in its co-moving
coordinate system can be obtained as

Φ j| j (τ j (tA)) = Φ j| j (A) = Φ j| j (τ j (tB)) = Φ j| j (B)

= ω̄ j| j · τ j (tA −∆tBA) , (44)

where ∆tBA is the difference between the coordinates of two
space–time points. To convert the optical signal from S/C i to
S/C j, the phase of light is transformed from the co-moving
system of S/C i to S/C j using the Lorentz invariant property
of light phase Φi| j(A) = Φi|i(A) based on the relationship be-
tween phase and angular frequency

Φi| j (τ j (tA)) =
∫

τ j(tA)
ωi| j (τ j) dτ j + const.

= ω̄i|i · τi (tA −∆tEA) . (45)

Then with this relation, the output of the phasemeter receiving
S/C j can be rewritten as

ϕPM| j (t) = ±ω̄i|i · τi (tA −∆tEA)∓ ω̄ j| j · τ j (tA −∆tBA)

+const., (46)

where the travel time of photons between events, denoted by
∆t, incorporates the relativistic effects.

Let us introduce the variable δτ (t)≡ t −τ (t), where τ is
the proper time of a satellite. From the general relativity, the
relation between proper time and coordinate time is given by

τ (t) =
1
c

∫ √
c2g00 +2cg0ivi +gi jviv j dt, (47)
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where v = dxi/dt is the coordinate velocity. In the weak grav-
itational field approximation, the proper time of the satellite
can be expressed as

τ (t) = t
(

1− v2

2c2 − W
c2 − γWv2

c4 +
2(γ +1)

c3 𝑊 · 𝑣
c
+

βW 2

c4

)
+O

(
c−5
)
. (48)

It can be estimated δ τ̇ (t)∼ GM/(REc2) ∼ 10−10.
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Fig. 1. The space–time diagram of the optical path of one-way ranging.
(i) E event represents the space–time point of the optical signal emitted
by S/C i; D event represents the space–time point when the laser signal
flies out of S/C i and enters the vacuum environment; C event represents
the space–time point when the transmitted laser signal enters S/C j; B
event represents the space–time point when the local laser signal is emit-
ted by S/C j; A event represents the interference between the transmitted
signal of S/C i and the local optical signal of S/C j. (ii) The red part and
dark blue part are the actual light path, and the green part is the ideal
light path. (iii) Because the complex structure inside the satellite has a
relativistic deflection effect on the light path, the light path in the ED seg-
ment and the BA segment is not a quasi-slanted straight line. The DC
segment is the propagation of light in a vacuum, which is considered as
an ideal situation.

To develop the output of the phasemeter, Eq. (46), we in-
troduce two quantities of light angular frequency{

ω̃ =
ω̄i|i+ω̄ j| j

2 ,

∆ω̃ =
∣∣ω̄i|i − ω̄ j| j

∣∣ . (49)

Then substituting Eq. (49) into Eq. (46), the output of the
phasemeter can be reexpressed as

ϕPM| j (t) = ∆ω̃t ∓ ω̃∆tEB −
∆ω̃

2
(∆tEA +∆tBA)

∓ ω̃ · (δτi (t)−δ τ̇i (t) ·∆tEA −δτ j (t)+δ τ̇ j (t) ·∆tBA)

− ∆ω̃

2
(δτi (t)−δ τ̇i (t) ·∆tEA −δτ j (t)+δ τ̇ j (t) ·∆tBA)

+ const., (50)

where ∆tEB represents the difference between the photon travel
time from the transmitting satellite to the photodiode on the
receiving satellite and the travel time from the local laser to
the photodiode on the receiver. It can be separated into the

expected value of the instantaneous distance ρinst and the rela-
tivistic time delay of the photon between the satellites, repre-
sented by ∆tPQ,corr. In an ideal situation, the ideal value and
the actual measured value are assumed to be equal ∆tEB =

∆tEA −∆tBA = ρinst(t)/c0 +∆tPQ,corr = ∆tPQ, where c0 repre-
sents the speed of light in a vacuum. The variable ∆tPQ de-
notes the time taken for light to propagate between hypothet-
ical events P and Q. Specifically, it represents the coordinate
time between these two events when a photon is emitted from
the centroid of the transmitting satellite and received at the
centroid of the receiving satellite in the GCRS system. Con-
sidering these terms in Eq. (50), the one-way ranging (OWR)
phase expression can be obtained as

ϕ
(OWR)
PM| j (t) = ∓ω̃ ·

[
ρinst(t)

c0
+(1−δ τ̇i(t)) ·∆tPQ,corr +δτi(t)

−δ τ̇i(t) ·
(

ρinst(t)
c0

+∆tBA

)
−δτ j(t)+δ τ̇ j(t) ·∆tBA

]
−∆ω̃

2
·
{
−2t +

(
ρinst(t)

c0
+2∆tBA

)
+(1−δ τ̇i(t)) ·∆tPQ,corr

+δτi(t)−δ τ̇i(t) ·
(

ρinst(t)
c0

+∆tBA

)
+δτ j(t)−δ τ̇ j(t) ·∆tBA

}
+ const. (51)

4.2. Dual one-way ranging

As shown in Fig. 2, the dual one-way ranging (DOWR)
can be considered as a superposition of two one-way rangings,
one-way ranging from S/C i to S/C j and one-way ranging from
S/C j to S/C i. In the S/C j to S/C i one-way ranging, the phase
of the S/C i phasemeter can be obtained in an analogous OWR
analysis by following rules:

(a) For the situation where the functions of two satellites
i and j are exchanged, it is reflected in the formula as exchang-
ing all subscripts i and j.

(b) Since the frequency order is unchanged during the ex-
change, the signs ± and ∓ need to be exchanged in the expres-
sion.

(c) All event labels like A,B, . . . are replaced by the cor-
responding primed variables. According to the above nota-
tion, we can obtain the expression of the phase of the S/C i
phasemeter corresponding to Eq. (51)

ϕ
(OWR)
PM|i (t) = ±ω̃ ·

[
ρinst (t)

c0
+(1−δ τ̇ j (t)) ·∆tP′Q′,corr

+δτ j (t)−δ τ̇ j (t) ·
(

ρinst (t)
c0

+∆tB′A′

)
−δτi (t)+δ τ̇i ·∆tB′A′

]
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−∆ω̃

2
·

{
−2t +

(
ρinst (t)

c0
+2∆tB′A′

)
+(1−δ τ̇ j (t)) ·∆tP′Q′,corr

+δτ j (t)−δ τ̇ j (t) ·
(

ρinst (t)
c0

+∆tB′A′

)

+δτi (t)−δ τ̇i ·∆tB′A′

}
+ const., (52)

where the above formula defaults to ω̄i|i > ω̄ j| j. It is as-
sumed that the relative velocity ρ̇inst between the two S/C is
low enough that the Doppler frequency shift does not change
the frequency order (ρ̇inst/c0) · ω̄i|i <

∣∣ω̄ j| j − ω̄i|i
∣∣. Combining

Eqs. (51) and (52), the phase expression of DOWR becomes

Θ(t) = ϕ
(OWR)
PM|i (t)−ϕ

(OWR)
PM| j (t)

= ±ω̃ ·

{
2ρinst(t)

c0
+
[
(1−δ τ̇ j(t)) ·∆tP′Q′,corr

+(1−δ τ̇i(t)) ·∆tPQ,corr
]

−δ τ̇ j(t) ·
(

ρinst(t)
c0

+∆tB′A′ −∆tBA

)

−δ τ̇i(t) ·
(

ρinst(t)
c0

+∆tBA −∆tB′A′

)}

−∆ω̃

2
·

{
2(∆tB′A′ −∆tBA)+

[
(1−δ τ̇ j(t)) ·∆tP′Q′,corr

−(1−δ τ̇i(t)) ·∆tPQ,corr

]
−δ τ̇ j(t) ·

(
ρinst(t)

c0
+∆tB′A′ −∆tBA

)

+δ τ̇i(t) ·
(

ρinst(t)
c0

+∆tBA −∆tB′A′

)}
+const. (53)

The DOWR phase expression can be converted into an equiv-
alent distance by the following formula:

ρΘ (t) =
c0 ·Θ (t)
∓2 · ω̃est

, (54)

where ω̃est represents the best estimate of the average angu-
lar frequency of both satellites. The average laser angular fre-
quency of different satellites is denoted by ω̄i|i and ω̄ j| j, which
are functions of coordinate time. The timing problem becomes
complicated due to the theory of relativity in the context of
curved space–time. The first step to obtain the instantaneous
distance is ρΘ (t), which separates the time delay part from the
expression

∆ρDOWR,corr (t) =
c0

∓2 · ω̃est

{
± ω̃ ·

[
(1−δ τ̇ j) ·∆tP′Q′,corr

+(1−δ τ̇i) ·∆tPQ,corr

]
−∆ω̃

2
·
[

∆tP′Q′,corr −∆tPQ,corr

−δ τ̇ j ·∆tP′Q′,corr +δ τ̇i ·∆tPQ,corr

]}
. (55)
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Fig. 2. (a) The space–time diagram of the actual optical path and (b) the
space–time diagram of the ideal optical path.

4.3. Transponder-based ranging

Figure 3 shows the space–time diagram of the optical path
of transponder-based ranging. Each satellite performs light
emission and reception, with both conducting interferometric
phase readout, similar to DOWR. Equation (50) can be used
to obtain the interferometric phase of the slave satellite at time
tA

ϕ
(OL)
PM|S (tA) = ±ω̄M|M · τM (tA −∆tEA)

∓ω̄S|S · τS (tA −∆tBA)+ const. (56)

The ϕ
(OWR)
PM| j (t) is further rewritten by using Eq. (51) (namely,

t → tA|i → M| j → S)

ϕ
(OL)
PM|S(tA)

= ∓ω̃ ·
{

ρinst(tA)
c0

+(1−δ τ̇M(tA)) ·∆tPQ,corr

+δτM(tA)−δ τ̇M(tA) ·
(

ρinst(tA)
c0

+δ tEB,ifo +∆tBA

)
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−δτS(tA)+δ τ̇S(tA) ·∆tBA

}
−∆ω̃

2
·
{
−2tA +

(
ρinst(tA)

c0
+2∆tBA

)
+(1−δ τ̇M(tA)) ·∆tPQ,corr

+δτM(tA)−δ τ̇M(tA) ·
(

ρinst(tA)
c0

+∆tBA

)
+δτS(tA)−δ τ̇S(tA) ·∆tBA

}
+ const. (57)

Likewise, the laser frequency of the master satellite is greater
than that of the slave satellite, and the Doppler frequency shift
effect does not alter the order of the laser frequency. The
slave satellite’s S/C uses a feedback control loop, specifically
a phase-locked loop,

ϕ
(CL)
PM|S (τS (tA)) = ωoff,S · τS (tA)+ const. (58)

The phase of the slave satellite closely follows a linear func-
tion with a slope of ωoff,S, and the zero point of this function
is obtained by imprinting the phase information of the laser
emitted by the master satellite onto the phase information of
the slave satellite, which is then reflected back to the master
satellite. By using the world line of light as a constant phase
line and considering the Lorentz invariance of phase, it is pos-
sible to obtain

ΦB (τS (tB)) = +ΦRX (τS (tA))∓ωoff,S · τS (tA)

= +ω̄M|M · τM (tE)∓ωoff,S · τS (tA) . (59)

The reflection phase at event A is denoted by ΦRX (τS (tA)). As
with DOWR, it is necessary that the Doppler frequency shift
is smaller than the offset frequency, so that the relative mo-
tion between the satellites cannot reverse the frequency order,
specifically (ρ̇inst/c0) ω̄M|M < ωoff,S. The laser signal reflected
from the slave satellite is transmitted back to the master satel-
lite, where this signal interferes with the local laser to obtain
the beat frequency phase

ϕPM|M (tA′) = ±ω̄M|M · τM (tA′ −∆tB′A′)

∓ω̄M|M · τM (tA′ −∆tEA′)

+ωoff,S · τS (tA′ −∆tAA′)+ const. (60)

The ∆tEB′ can be written as a combination of the related term
and the corrected term of the instantaneous ranging term ρinst

∆tEB′ =
2ρinst

c0
+∆tQPR,corr = ∆tQPR = ∆tEA′ −∆tB′A′ , (61)

where ∆tQPR,corr represents the relativistic delay correction for
the round-trip process between satellites, and ∆tQPR represents
the gravitational delay correction for the photon from point Q
to point P and then to point R along the actual trajectory of the

optical path. By using Eq. (61), Eq. (60) can be rewritten as
an expression with information of instantaneous ranging

ω̄M|M · τM (tA′ −∆tB′A′)− ω̄M|M · τM (tA′ −∆tEA′)

= ω̄M|M · (1−δ τ̇M (tA′)) ·
(

2ρinst

c0
+∆tQPR,corr

)
. (62)

Considering the time difference ∆tAA′ , it can be expressed
as

∆tAA′ = ∆tE ′B′ +∆tB′A′ −∆tE ′A

=
ρinst (tA′)

c0
+∆tPQ,corr (tA′)+∆tB′A′ −∆tE ′A. (63)

Based on the above analysis, Eq. (57) can be rewritten as

ϕPM|M (t)

= ±ω̄M|M ·
(

2ρinst

c0
+(1−δ τ̇M (t)) ·∆tQPR,corr

−δ τ̇M (t) · 2ρinst

c0

)
−ωoff,S ·

{
− t +

ρinst (t)
c0

+(1−δ τ̇S (t)) ·∆tPQ,corr (t)+∆tB′A′ −∆tE ′A +δτS (t)

−δ τ̇S (t) ·
(

ρinst (t)
c0

+∆tB′A′ −∆tE ′A

)}
+ const. (64)

The phase observations in transponder-based ranging schemes
can be converted to equivalent inter-satellite distances

ρMS =
c0 ·ϕPM|M (t)− c0 ·ϕ(CL)

PM|S (t)

±2ω̃est
+ const., (65)

where ω̃est is the best estimate of the mean angular frequency
of the two satellites, namely, ω̃ =

(
ω̄M|M + ω̄S|S

)
/2. This

method is to pull the phase after the phase-locked loops of
the slave satellite to the same coordinate time as the master
satellite in the GCRS coordinate system, and then calculate the
difference. Another approach is based on delaying the phase
of the slave satellites

ρMS =
c0 ·ϕPM|M (t)− c0 ·ϕ(CL)

PM|S

(
t − ρinst,est(t)

c0

)
±2ω̃M|M,est

+const., (66)

where ρinst,est(t) is the estimated value of ρinst(t). The denom-
inator of this expression is the estimated frequency ω̃M|M,est of
the master satellite’s laser, and this method can eliminate the
error caused by the inaccurate estimation of the slave satel-
lite’s laser frequency. As the same analysis of Eq. (55), the
time delay part can be expressed as

∆ρTBR,corr =
c0

±2ω̃M|M,est

[
± ω̄M|M · (1−δ τ̇M (t)) ·∆tQPR,corr

−ωoff,S · (1−δ τ̇S (t)) ·∆tPQ,corr
]
. (67)
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Fig. 3. Space–time diagram of master and slave satellites.

5. Estimation of gravitational delay in GRACE-
FO-like missions
The gravitational delay leads to an extra delay in the light

propagation, which may affect the results of laser ranging in
the high-recision space missions. In this section, we estimate
the influences of gravitational delays on the laser ranging of
the GRACE-FO-like missions. Considering the ranging accu-
racy in the future space missions, the gravitational delays are
evaluated to the level of picometer. The orbit parameters are
those of the GRACE-FO mission, as shown in Table 1. By us-
ing some useful relations for the Keplerian orbits (Eqs. (A1)–
(A4) in Appendix A), the expressions for the world function
can be expanded in terms of orbital parameters to the order e2

𝒯 (Shapiro)
e =

GM (1+ γ)dAB

ac3

×
(
1+ ecosωGt + e2cos2

ωGt
)
, (68)

𝒯 (J2)
e =

GM (1+ γ)J2R2
E

2c3
dAB

a3 (2cos2
θ − sin2

θ)

×
(
1+3ecosωGt +3e2cos2

ωGt
)
, (69)

𝒯 (J3)
e =

GM(1+ γ)J3R3
EdAB cosθ

2a4c3

[
1+4ecosωGt

+4e2 cos2
ωGt +(sin2

θ)5e2 cos2
ωGt

]
, (70)

𝒯 (J4)
e = (−1)

GM(1+ γ)

c3 J4R4
E

{
−dAB

a5 cos4
θ

×(1+5ecosωGt +5e2 cos2
ωGt)

+
dAB

4a5 cos2
θ sin2

θ
(
7+35ecosωGt +59e2 cos2

ωGt
)

−dAB

4a5 sin4
θ
(
1+5ecosωGt +12e2 cos2

ωGt
)

+
dAB

8a5 sin2
θ(5cos2

θ −1)

×(1+5ecosωG +5e2 cos2
ωGt)

}
, (71)

𝒯 (S)
e =

GS (γ +1)sinθ

ac4
dAB

a

×
(

3
2
+2ecosωGt +

e2

2
cos2

ωGt
)
, (72)

𝒯 (K1)
e =

GM (γ +1)K1RES
c4

dAB

a3 cosθ

×
(
1+3ecosωGt + e2cos2

ωGt
)
, (73)

𝒯 (G2)
e = −G2M2RAB

4c5a2 [4β −8−8γ −3δ ]

×
(
1+2ecosωGt + e2cos2

ωGt
) arccos(𝑛A ·𝑛B)√

1− (𝑛A ·𝑛B)
2

−G2M2RAB

c5

[
(1+ γ)2

a2

(
1+3ecosωGt

×+3e2cos2
ωGt +

e2

2
sin2

ωGt
)]

, (74)

where dAB is the interspacecraft range, e is the orbital eccen-
tricity, θ is the angle from the axis of the Earth rotation to
orbital plane, ωG = (1/2)(ωA +ωB), ωA/B is the orbital angu-
lar frequency of satellite A/B, and a is the semi-major axis of
the orbit.

Table 1. The parameters of the GRACE-FO mission.

Parameter Value

Earth’s mass M = 5.9722×1024 kg
Gravitational constant G = 6.67×10−11 m/

(
kg · s2)

The eccentricity of Earth 0.0033528
Interspacecraft range dAB = 270 km

Earth radius RE = 6371 km

Based on those orbit parameters in Table 1, one can esti-
mate the gravitational delay effects. For the estimation of the
gravitational delay, the maximum term is the Shapiro term,
which corresponds to the relativistic post-Newton parameter
γ = β = ε= 1

cΓ
(Shapiro)

e ∼ 351×
(

1+10−3 cosωGt +10−6cos2
ωGt

)
µm,

(75)

and after some calculations, the other terms are given by

c𝒯 (J2)
e ∼ (410cos2

θ −205sin2
θ)(1+3×10−3 cosωGt) nm,

(76)

c𝒯 (J3)
e ∼ −383cosθ pm, (77)
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c𝒯 (J4)
e ∼ −430

[
cos4

θ − 7
4

cos2
θ sin2

θ +
1
4

sin4
θ

−1
8

sin2
θ(5cos2

θ −1)
]

pm, (78)

c𝒯 (S)
e ∼ 252sinθ pm, (79)

c𝒯 (K1)
e ∼ GM (γ +1)K1RES

c4
dAB

a3 ∼ 10−1 pm. (80)

The above contributions may need to be considered for pi-
cometer level ranging. The contribution of higher-order mass
multipole moment is given by cΓ

(J4)
e ∼ 10−3pm, which is neg-

ligible. To calculate the contribution of the G2 term, one can
use the vector relation with L’Hopital’s rule

lim
𝑛A·𝑛B→1

arccos(𝑛A ·𝑛B)√
1− (𝑛A ·𝑛B)2

= lim
𝑛A·𝑛B→1

(
1

𝑛A ·𝑛B

)
= 1. (81)

Therefore, the G2 term becomes cΓ
(G2)

e ∼ 10−1 pm, which is
nonnegligible.

In laser ranging space missions, a laser with a wavelength
of λ = 1064 nm is typically selected. The corresponding laser
frequency can be obtained as ω̃ = c/λ = 282 THz. Further-
more, the beat frequency is usually set to ∆ω̃ = 10 MHz, giv-
ing us ∆ω̃/ω̃ = 3.54×10−8. Considering the desired magni-
tude of 1 pm, we must take into account the coupling effect

of the beat frequency term and the first-order correction of the
time delay Shapiro term

cΓ
(Shapiro)

e
∆ω̃

ω̃
∼ 12.4

(
1+10−3 cosωGt

)
pm. (82)

This effect is of significant importance for the magnitude of
phase modulation, as the beat frequency term is exclusively
reserved for the Shapiro term and cannot be overlooked.
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Fig. 4. Various terms of the gravitational delay.

Table 2. The estimations of the gravitational delay on the GRACE-FO-like missions.

Terms Parameter Magnitude

Shapiro c𝒯 (Shapiro)
e 351 µm

Earth mass multipolar moment J2 c𝒯 (J2)
e (410cos2 θ −205sin2

θ) nm

Earth mass multipolar moment J3 c𝒯 (J3)
e −383cosθ pm

Earth mass multipolar moment J4 c𝒯 (J4)
e −430[cos4 θ − 7

4 cos2 θ sin2
θ + 1

4 sin4
θ − 1

8 sin2
θ(5cos2 θ −1)] pm

Earth’s rotation S c𝒯 (S)
e 252sinθ pm

Earth’s rotation expansion K1 c𝒯 (K1)
e 10−1 pm

Gravitational 2PN term c𝒯 (G2)
e 10−1 pm

Coupled effect of Shapiro and beat frequency c𝒯 (Shapiro)
e

∆ω̃

ω̃
12.4 pm

Coupled effect of Shapiro and Doppler effect c𝒯 (Shapiro)
e δ τ̇ (t) 10−1 pm

Regarding the effect caused by the conversion between
proper time and coordinate time, it can be expressed as

δ τ̇ (t) =
v2

2c2 +
W
c2 +

γWv2

c4 − 2(γ +1)
c4 (𝑊 ·𝑣)− βW 2

c4 , (83)

where the first term is the time dilation effect and the second
term is the gravitational redshift. It can be inferred that these
two terms are coupled to the Shapiro term, resulting in a sub-
picometer effect

cΓ
(Shapiro)

e δ τ̇ (t) ∼ GM (1+ γ)dAB

ac2

(
v2

2c2 +
GM
REc2

)
∼ 10−1 pm. (84)

For a summary, figure 4 presents an intuitive schematic dia-
gram for various terms of the gravitational delay. In Fig. 4,

the light blue line represents the contribution of Earth’s mass

cΓ
(Shapiro)

e . The red, brown and purple lines indicate the con-

tributions of Earth’s mass multipole moments J2, J3, and J4,

respectively. The green and dark blue lines depict the contri-

butions of Earth’s rotation. The pink line is the contribution

of the coupled effect of the Shapiro term and the beat fre-

quency. The black line represents the coupled effect of the

Shapiro term with the Doppler effect. And the sky blue line

represents the contribution of gravitational 2PN terms. The

estimated gravitational delays are listed in Table 2.

In the case of dual one-way ranging and transponder-

based ranging, the formula can be simplified as follows:

∆tQPR,corr/2 = ∆tP′Q′,corr = ∆tPQ,corr = ∆tcorr and ω̃est = ω̃ are

not taken into account in this study to estimate only the order
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of magnitude of the measurements. Thus, we have

∆ρDOWR,corr = −c0𝒯e + c0𝒯 (Shapiro)
e

(
v2

2c2 +
GME

REc2

)
, (85)

∆ρTBR,corr = c0𝒯e ∓
∆ω̃

ω̃

c0𝒯 (Shapiro)
0

2

−c0𝒯 (Shapiro)
e

(
v2

2c2 +
GME

REc2

)
. (86)

Comparing one-way ranging (OWR) and transponder-based
ranging (TBR) shows that OWR experiences fewer coupling
terms of the Shapiro effect in both beat frequency and time
delay than TBR.

6. Conclusion

With the rapid advancement of laser ranging technology,
various near-Earth space missions may use high-precision in-
terferometers for scientific experiments and a precise relativis-
tic model for observables is required. Therefore, it is impor-
tant to evaluate the influences of the gravitational delays on
the GRACE-FO-like missions. Within the post-Newton ap-
proximation, we utilize the Synge world function method to
study the light propagation in the gravitational field. In the
GCRS, the time transfer delay is expanded to the order of c−5

for the light propagation in Earth’s gravitational field, which
corresponds to the gravitational delay effects to the order of
c−4. Further considering the possible ranging requirements
of GRACE-FO-like missions, we investigate the influences
of gravitational delays on three ranging techniques, includ-
ing one-way ranging, dual one-way ranging, and transponder-
based ranging.

Based on the Keplerian orbits, the semi-analytic expres-
sions of gravitational delay are derived in the terms of the or-
bital parameters. This formulation allows us to analyze the
gravitational effects on the GRACE-FO-like missions. Based
on the concept and parameters of GRACE-FO-like, we evalu-
ate the influences of the gravitational delays on the laser rang-
ing. For the accuracy of picometer level, it includes the contri-
butions of the Earth’s mass, mass multipole moments, Earth’s
rotation, and gravitational 2PN term. Furthermore, we inves-
tigate the coupling effects of the Shapiro effect to beat fre-
quency, and the Shapiro effect to Doppler shift, whose con-
tributions may be nonnegligible in the picometer accuracy.
Finally, we estimate the magnitudes of various terms on the
range, including contributions of the Earth’s mass, mass mul-
tipole moments, Earth’s rotation, gravitational 2PN term, and
coupling effects of Shapiro to beat frequency and Doppler
shift. Our result is also applicable to relativistic analysis of
analogous space missions.

Appendix A: Some useful relations for Keplerian
orbits

In this appendix, we introduce some useful relations to
evaluate the magnitudes of various gravitational delays that
involve combinations of orbital parameters of GRACE-FO-
like satellites. We assume that two satellites are in the same
Keplerian orbit around the Earth, with the semi-major axis
a = RE +hG (where hG is the orbital altitude) and eccentricity
e (e ≪ 1), but with different eccentric anomalies ℰA and ℰB.
However, since the model used does not take into account the
influence of non-gravitational and relativistic effects on the or-
bit, this assessment has practical significance only in terms of
order of magnitude, and precise values cannot be calculated.
Based on these assumptions, the expression for the associated
quantity of satellite A is as follows:

𝑟A = a
(

cosℰA − e,
√

1− e2 sinℰA

)
, (A1)

rA = a(1− ecosℰA) , (A2)

𝑛A =

(
cosℰA − e

1− ecosℰA
,

√
1− e2 sinℰA

1− ecosℰA

)
, (A3)

𝑣A =

√
GMa
rA

(
−sinℰA,

√
1− e2 cosℰA

)
. (A4)

For simplicity, we introduce two angles αAB and βAB{
ℰA = βAB −αAB,
ℰB = αAB +βAB,

(A5)

where

αAB =
dAB

2a
+O

(
d3

AB,e
2) , βAB = ωGt +O(dAB,e) , (A6)

ωG =
1
2
(ωA +ωB)+O(e)≡

√
GM
a3 +O(e) . (A7)

Then some relations between two spacecrafts can be de-
termined using Eqs. (A1)–(A4)

RAB = 2asinαAB
√

1− e2cos2βAB, (A8)

𝑅AB = 2asinαAB

(
−sinβAB,

√
1− e2 cosβAB

)
, (A9)

𝑛AB =
1√

1− e2cos2βAB

(
−sinβAB,

√
1− e2 cosβAb

)
. (A10)

The z-axis represents the plane of rotation of the satellite
around the Earth, and θ represents the angle between the plane
of rotation around the Earth and the axis of rotation of the
Earth, 𝑘 ·𝑛A = 𝑘 ·𝑛B = cosθ . Since the eccentricity e is small
enough, the above quantity can be expanded by a small quan-
tity ecosωGt. To analyze possible contributions to the picome-
ter level, some terms in the gravitational delays are carried out
to the second order terms, resulting in

v2
A =

GM
a

(
1+2ecosℰA −2e2cos2ℰA

)
, (A11)
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ln
(

rA + rB +RAB

rA + rB −RAB

)
=

dAB

a
×
(
1+ ecosωGt + e2cos2

ωGt
)
, (A12)

1
rA + rB +RAB

− 1
rA + rB −RAB

=
−2RAB

(rA + rB)
2 −R2

AB

=
−dAB

2a2

(
1+2ecosωGt +2e2cos2

ωGt
)
, (A13)

1

(rA + rB +RAB)
2 − 1

(rA + rB −RAB)
2

=
−dAB

2a3

(
1+3ecosωGt +3e2cos2

ωGt
)
, (A14)

1

(rA + rB +RAB)
3 − 1

(rA + rB −RAB)
3

=
−3dAB

16a4

(
1+4ecosωGt +4e2cos2

ωGt
)
, (A15)

1
rA

+
1
rB

=
1

a(1− ecosℰA)
+

1
a(1− ecosℰB)

=
2
a
(1+ ecosωGt) , (A16)

𝑛A ·𝑛B = 1−2ecosωGt − e2sin2
ωGt, (A17)

𝑛AB × (𝑛A +𝑛B)

=
(
2+ e2 +4ecosωGt +4e2cos2

ωGt
)
𝑘, (A18)

dAB

RAB
=

1√
1− e2cos2βAB

= 1+
1
2

e2cos2
ωGt. (A19)
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