CHinese PuysicaL Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Quantum state estimation based on deep learning

Haowen Xiao( M i 3) and Zhiguang Han(#i15)
Citation:Chin. Phys. B, 2024, 33 (12): 120307. DOI: 10.1088/1674-1056/ad78d7
Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

In-situ deposited anti-aging TiN capping layer for Nb superconducting quantum circuits

Hao-Ran Tao(Mii54R), Lei Du(#1:#%), Liang-Liang Guo(5[++%), Yong Chen(f45), Hai-Feng Zhang(ikifFIg),
Xiao-Yan Yang(#/N#€), Guo-Liang Xu(#E[E K), Chi Zhang(7k i), Zhi-Long Jia(Pi & %), Peng Duan(Exfi§), and
Guo-Ping Guo(5l & °F)

Chin. Phys. B, 2024, 33 (9): 090310. DOI: 10.1088/1674-1056/ad6a3c

Variational data encoding and correlations in quantum-enhanced machine learning

Ming-Hao Wang(-F F¥) and Hua Lii( £ #E)
Chin. Phys. B, 2024, 33 (9): 090307. DOI: 10.1088/1674-1056/ad5c3b

Quantum block coherence with respect to projective measurements

Pu Wang(LE£), Zhong-Yan Li(Z=8#1), and Hui-Xian Meng(dn 2 5%
Chin. Phys. B, 2024, 33 (8): 080308. DOI: 10.1088/1674-1056/ad50c1

General multi-attack detection for continuous-variable quantum key distribution with

local local oscillator

Zhuo Kang(JE 11}), Wei-Qi Liu(x1|4EFH), Jin Qi(5547), and Chen He(%1/%)
Chin. Phys. B, 2024, 33 (5): 050308.  DOI: 10.1088/1674-1056/ad2bf2

Fringe removal algorithms for atomic absorption images: A survey

Gaoyi Lei( 7§ 5 i), Chencheng Tang (3 %), and Yueyang Zhai(#2 K [H)
Chin. Phys. B, 2022, 31 (5): 050313. DOI: 10.1088/1674-1056/ac3758


https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad78d7
https://doi.org/10.1088/1674-1056/ad78d7
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad6a3c
https://doi.org/10.1088/1674-1056/ad6a3c
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad5c3b
https://doi.org/10.1088/1674-1056/ad5c3b
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad50c1
https://doi.org/10.1088/1674-1056/ad50c1
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad2bf2
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad2bf2
https://doi.org/10.1088/1674-1056/ad2bf2
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac3758
https://doi.org/10.1088/1674-1056/ac3758

Chin. Phys. B 33, 120307 (2024)

Quantum state estimation based on deep learning

Haowen Xiao( {4 ) and Zhiguang Han(# 5 5%)"

School of Information and Communication Engineering, Hainan University, Haikou 570228, China

(Received 14 June 2024; revised manuscript received 28 August 2024; accepted manuscript online 10 September 2024)

We used deep learning techniques to construct various models for reconstructing quantum states from a given set of
coincidence measurements. Through simulations, we have demonstrated that our approach generates functionally equiva-
lent reconstructed states for a wide range of pure and mixed input states. Compared with traditional methods, our system
offers the advantage of faster speed. Additionally, by training our system with measurement results containing simulated
noise sources, the system shows a significant improvement in average fidelity compared with typical reconstruction meth-
ods. We also found that constraining the variational manifold to physical states, i.e., positive semi-definite density matrices,
greatly enhances the quality of the reconstructed states in the presence of experimental imperfections and noise. Finally, we
validated the correctness and superiority of our model by using data generated on IBM Quantum Platform, a real quantum

computer.
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1. Introduction

Quantum state estimation is the process of determining
the state of an unknown quantum system through a series of
measurements. For multi-qubit quantum states, the number of
measurement settings required grows exponentially with the
number of qubits.!!! Additionally, determining the physically
valid density matrix corresponding to the measurement data it-
self requires a substantial amount of resources. Quantum state
tomography (QST) was the earliest method used for quan-
tum state estimation.?) Smith implemented four-qubit quan-
tum state estimation from noisy data using the least-squares
method.3] Mastriani proposed an optimal quantum state esti-
mation method based on improved Kalman filtering.'*! Lukens
et al. introduced an improved Bayesian quantum state estima-
tion method.® In 1986, Rumelhart proposed the backpropa-
gation learning algorithm for multilayer artificial neural net-
works, addressing the training issues of multilayer networks
and leading to widespread applications of artificial neural net-
works in pattern recognition, automatic control, signal pro-
cessing and other fields.[®! In the field of quantum state estima-
tion, Xu demonstrated QST using neural networks and proved
the superiority of using neural networks for quantum state esti-
mation in terms of time complexity.!”) Tao ez al. achieved QST
from local measurement information using fully connected
neural networks, providing an effective method for scalable
state tomography of large-scale quantum systems. ¥ Giacomo
successfully implemented QST of entangled states with over a
hundred qubits using neural networks and achieved high pre-
cision.

In this paper we first use traditional methods to measure
the density matrix of quantum states. Then we try different
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neural networks to establish the mapping relationship between
the measurement results of quantum states and the density ma-
trix of quantum states through large-scale data training, in or-
der to estimate quantum states. Different neural networks are
designed first. Then, the input—output pairs for training and
validation of the neural network are constructed based on the
correspondence between the quantum density matrix and the
system output measurement values. Subsequently, using the
generated samples, supervised training of the designed neural
network model is performed using backpropagation to obtain
the weight parameters of the network estimator. Finally, any
output value of a quantum system is input into the trained net-
work estimator, and while obtaining the network output a nor-
malization transformation is applied to obtain a density ma-
trix that satisfies the properties of being positive semi-definite,
having unit trace and being conjugate symmetric. The density
matrix estimated by the neural network is then compared with
the density matrix constructed by traditional QST to determine
the optimal neural network estimation.

2. Standard QST method

Quantum estimation techniques, including those applied
in optomechanics, provide a robust framework for enhancing
the accuracy of rotational speed measurements.!®! The den-
sity matrix contains all the information about a quantum sys-
tem. Therefore, by obtaining the density matrix of a system
its properties can be fully understood. QST is a method for
reconstructing the density matrix of a quantum state using sta-
tistical information.!!%1! In a 2"-dimensional Hilbert space,
the density matrix of any n-qubit system can be determined by
4" — 1 real parameters. Determining these 4" — 1 real parame-
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ters involves performing projection measurements on multiple

m."2-14 Quantum bits can be realized

copies of the same syste
in many quantum systems. This section focuses on the funda-
mental principles of standard quantum state reconstruction for
qubit systems and its implementation on IBM quantum pro-

CESSOors.

2.1. Single-qubit tomography

Single-qubit QST is a method for reconstructing the den-
sity matrix of a single-qubit system. The density matrix in
such a system is defined by three real parameters for the di-
agonal elements and one complex parameter for the phase of
the off-diagonal elements. By conducting a series of measure-
ments in various bases, statistical data can be gathered to re-
construct the density matrix.

Single-qubit QST is an important technique in the field
of quantum information that can be used to verify the state of
quantum bits, assess the performance of quantum systems and
play a crucial role in applications such as quantum computing
and quantum communication.

Consider a single-qubit system whose state is fully de-
scribed by a 2 x 2 density matrix. We select a set of
measurement bases that satisfy the condition of informa-
tion completeness for performing projection measurements.
From the obtained statistical results, we estimate the val-
ues of the density matrix. Here, we choose to utilize the
Pauli operators (07,0,,03) as observable projectors for the

15,16

measurements. 13161 The relationship between the density ma-

trix p of an n-qubit system and the Stokes parameters S; is

n
p= Z Siy insenin Oy @ Ojy @ ... Oy, (D

0150250 51n

Sivizyin = Tr{po;, ®0;, ®...0;,_, }. 2)
According to the single-qubit system, we have

Tr{S0p} = Ro)+ Py =P + Py,

Tr{61p} = P o+ =P 0-m) = Aoy~ Aays
Tr{62p} = P o)1) TP (o-1) = P — Py
Tr{63p} = Py — Py = Py — P). )

By measuring these probabilities, a density matrix can be con-
structed.

Measurement on a real quantum computer on IBM Quan-
tum Platform (IBM Q) (defaults to the {]0),|1)} eigenstates
of the Pauli operator 03. Therefore, it is necessary to ap-
ply appropriate quantum gates for transformation: adding a
Hadamard gate (H gate) is equivalent to measuring in the

eigenstates {%, %} of the Pauli operator o; adding

ST rotation gates and H gates is equivalent to measuring in

the eigenstates { |O>\+[i2|1>, |O>\}i2|]>

} of the Pauli operator o;; not

adding any gate is equivalent to measurement without apply-
ing any operator, equivalent to measuring in the eigenstates of
03.

The gates applied in multi-qubit system tomography are
tensor products of the gates applied in single-qubit system to-
mography (Fig. 1). For example, on IBM Q default measure-
ments are performed in the eigenstates {|00),|01),]10),|11)}
of the Pauli operator 03 ® 03. Applying the gate H ® H to
measure Tr(o;p) oy, H gates are applied to each qubit, fol-
lowed by measurement. The gate ST ® H is applied to mea-
sure Tr (0,p) 0>, where ST gates and H gates are applied to the
first qubit, and an H gate is applied to the second qubit, fol-
lowed by measurement. The gate / ® H is applied to measure
Tr (03p) 03, where no operation is applied to the first qubit and
an H gate is applied to the second qubit, followed by measure-
ment.

State preparation Measurement

qo—H——Hﬁi

q1 H

c 2 Ho 1
— i v

q1 H — | X
2 1 WO

qo— H —

Fig. 1. The tomography process of a two-qubit system on IBM Q, with
X, Y and Z representing the Pauli operators o7, 02 and 03.

2.2. Measurement on IBM Q

Since the required probabilities are fixed, we do not need
to measure all the Stokes parameters. Instead, we can just
measure the following Stokes parameters to obtain all the re-
quired probabilities and then calculate the remaining Stokes
parameters:

S11 = (Ppy—Pay) © (Ap) — Pa))
= Ppp) — Ppay — Pap) T Paa),
S12 = (Ap)—Pu)) @ (Pr) — Py
= Ppr) —Ppry — Par) T PaL)
13 = (Ap)—Pu)) @ (Py — Pv))
= Ppuy — Ppvy — Pan) + Pav),
$21 = (Pr)—P) @ (Pp) — Pa))
= Prp) — Plra) — PLp) + PlLa).
$22 = (Pry—Piy) ® (Pr) — Py
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'rR) — Plre) = PlLr) + Prr),
$23 = (Pr) = Pry) @ (Py — Py)
Pryy = Prvy = Py + Py,
S31 = (Puy—Pvy) © (Pp) — Pay)
‘D) — Plra) — Bvp) + Byay,
S32 = (Py—Pvy) @ (Pr) — Ppy)
Ry — Puwy — Bvr) + Py,
S35 = (Puy —Pvy) @ (Py — Pv))
) — Pavy = Pyviy + Pyvy).- @)

Therefore, we can calculate the following Stokes param-
eters:

So1 = (Py+Byy) © (Ppy — Pay)

~Aap) + Paa),
(Py +Pyy)
pr) — Fpr) = Plar) + Plar,
So2 = (Puy+Pvy) @ (Pry — Ppy)

—Pov) — Pan) + Play),
@ (P +Py))
~ o) + Ara,
(P —Bv))

Prry+Prry,

— Ppa)
Sio = (Pp)—Pa)) ®

|DD)

DH)
$20 = (Pr)—Pp))

kD) — Plra)
(Pry +Pv)) @

IrR) — Plrr) —

So3 =

0.4854 +0.00001
—0.0010+0.03811i
0.0010+0.00541
0.4082 —0.02591

0.0499 +0.0000i

0.0029 —0.00241

Imaginary

Fig. 2. Density matrix.

3. Using a neural network to estimate the quan-
tum state

The complexity of traditional QST methods increases ex-
ponentially with the number of qubits, and due to noise ef-
fects their accuracy often remains limited. On the other hand,
some neural network models can be used to accurately and ef-
ficiently approximate the nonlinear Schrodinger equation un-
der consideration and predict the dynamic behavior of soli-

—0.0010—-0.03811

—0.0085 —0.0122i

@ (P + Pv))
—Pryy + Py (5

—Py))

~ Pry)

(P

= Pra)

S30 =

According to Egs. (1) and (2), we obtain the density ma-

trix
_ 1[(Soo,
P= 2\ 5% So.
So.2 . So,3 )
So,0 S0,0
n (Sl 0 NB
S0,0 So,o

S13
o)
2.1

( So,o

S$3
S S0
83,0 83,1
S0.0 So0
830 833
6
So,o S0,0 ﬂ ©

We constructed nine quantum circuits based on IBM Q
for observing Bell states. According to Eqgs. (4)—(6), we ob-
tained the density matrix (Fig. 2)

0.0010-0.00541  0.4082+0.02591

—0.0058 +0.0122i  0.0029 4-0.00241 7
0.0235+40.0000i  0.0010—0.0146i |

0.0010+4-0.01461  0.4463 4-0.00001i.

ton solutions.[!”! Here, we use neural networks to estimate the
density matrix of quantum states. Due to their excellent gener-
alization and learning abilities they can efficiently be utilized
for quantum state estimation.

3.1. Building neural networks

As the number of qubits increases, noise interference and
the time required for traditional measurement methods rapidly
increase, making the standard methods impractical. At this
point, employing neural networks to estimate quantum states
is clearly advantageous as it effectively reduces noise interfer-
ence and accelerates measurement time. This section focuses
on quantum states of two qubits, which result in a total of 16
possible measurement outcomes. These outcomes form a vec-
tor set used as input for the neural network, representing the
measurement vectors. Therefore, the designed neural network
has 16 input nodes. The final output of the network is an es-
timated density matrix, with a size of 4 X 4. Considering that
density matrices can be complex, they need to be separated

120307-3
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into real and imaginary parts, resulting in two matrices. These
two matrices are then flattened column-wise into vectors and
concatenated together as the output. Clearly, the output layer
has 32 nodes, with the first 16 representing the real part of
the density matrix and the latter 16 representing the imagi-
nary part. The loss function adopts the mean squared error
(MSE) between the estimated matrix and the true matrix. Sub-
sequently, we will verify the feasibility of the neural network
in estimating quantum states with three or more qubits. For
the estimation of a three-qubit quantum state, the network ar-
chitecture is basically the same, with only modifications to the
input and output layers needed.

3.2. Training dataset construction

In this section we first utilize supervised learning with
multilayer perceptron (MLP) and convolutional neural net-
works (CNNs) to estimate quantum states. As this is super-
vised learning, we need to construct training and testing sam-
ples to train the model. Additionally, we manually introduce
noise into the training set to enhance the model’s generaliza-
tion ability.

Here, we use measurement operators constructed from
Pauli matrices to measure the density matrix, where all mea-
surement outcomes form vectors as input samples. For an
n-qubit quantum system, the measurement operators, con-
structed from Pauli matrices, are randomly selected from a set
of n matrices.[!8] Then, the normalized tensor product of these
matrices is calculated to give

_01®0®:- 0y

Wi ®)
vd
For W;, the measurement outcomes y; satisfy
yi=tr (Wfpk) = vec (W;) vec (py) . )

This formula illustrates that given a measurement algorithm
W;, the measurement value of the density matrix py is y;. Then
we construct the required input as a one-dimensional vector

b= [y1,¥2,---,Ydxd) (10)

and add a Gaussian noise sequence e;

br = (vec (Wy),vec (Wa),...,vec (W) vec (pr) +ex. (11)

[19]

The density matrix p'"”' corresponding to its measurements is

_ 9o
. w(ole,) (12)

where @, is a d X r Wishart matrix, with elements following
a normal distribution with mean 0 and standard deviation 1.
When the rank r = 1, it represents a pure state density ma-
trix. It can be verified that the density matrix generated using

this method, which is used as an output sample for the neural
network, satisfies the properties of being a Hermitian matrix,
positive semi-definite and having unit trace.

During the training of the neural network, since it is su-
pervised learning, we first need to generate a known density
matrix. Then, the input to the neural network is a series of
observations of this generated density matrix and the output is
the estimated density matrix. So then we can obtain a random
density matrix p by randomly generating a Wishart matrix that
satisfies the above conditions.

3.3. Loss function and fidelity

The neural network needs to determine a loss function
for training and a method to assess its effectiveness. Here,
we adopt mean squared error (MSE) as the loss function and
fidelity as the metric to assess the accuracy of the neural net-
work

on on PN 2
Xt X |pi,j — Pl
= )

(13)

where p is the generated true density matrix, p is the estimated
value of the density matrix during the network training process
and n is the number of qubits. We train the neural network by
minimizing the MSE value. Since the output of the neural net-
work is an approximation of the true density matrix, it may not
necessarily satisfy the three properties required by the density

matrix: Hermiticity, semi-definiteness and unit trace?"’

p=p", p=0, t(p)=L (14)

We use p, as the density matrix output by the neural network.
To ensure that the quantum pure state satisfies the three prop-
erties, the output p of the neural network is normalized

pipr
w(pip:)

We use fidelity as a metric to evaluate the effectiveness of the

p= 5)

experimental results, with p representing the estimated density
matrix and p the true density matrix

Fo.p) = (VP ). (16)

The fidelity ranges from 0 to 1.[>!] When the difference
between ¢ and p is smaller the value of F (p, &) approaches
1, and when the two matrices are exactly the same the fidelity
is 1.

3.4. Using three different neural networks to estimate
quantum state

3.4.1. Multilayer perceptron

We employ mini-batch learning with a batch size of 128.
The optimizer used is Adam and the activation function is
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ReLU; weight decay is applied to prevent overfitting. The
network architecture consists of two hidden layers with 1024
nodes each (Fig. 3). We want to generate a training dataset
containing 10000 samples.

> ®
A T ANSSS
/ Z f, S - \ =
YIE— / R
NS4 — =
2} —
Neels e Y
X 4»‘&‘5‘ s
R e . =
) 2N sy
A\
’ §; \ = % T 7 <
o I
O

|
NN

0

i‘gﬁ§\§ ——
\:% X /

Hidden layer eR1024 Output layer eR!6

Input layer eR1® Hidden layer eR1024

Fig. 3. Multilayer perceptron.

According to Eq. (12), we let the rank » = 1 so we can
obtain the superposition state density matrix as output sam-
ples. Then, based on Eq. (11), we obtain the input samples.
A total of 15000 samples were generated, with 10000 used as
the training set samples and 5000 as the test set samples. The
batch size was set to 256, and the number of training epochs
was set to 10. The relationship between the defined loss func-
tion and the number of training epochs is depicted in Fig. 4.

1.0 .
-=r="""1

0.8

——— Train loss
0.6 1< Train acc
0.4 4
0.2

2 4 6 8 10
Epoch

Fig. 4. The training process for a multilayer perceptron.

The final training loss function reaches the order of 1073,
with a training accuracy of 98.6%. This validates the density
matrix generated from the real observations of the input for the
two-qubit system.

3.4.2. Convolutional neural networks

CNNs possess several advantages. The convolutional op-
erations of a CNN only involve local regions of input and
weights, rather than fully connecting to the entire input. This
reduces the number of parameters in the network, alleviating
the risk of overfitting, and enables effective handling of high-
dimensional data. Furthermore, CNNs can automatically learn
suitable feature representations from raw data for the task at

hand.?>>*l Through the backpropagation algorithm, the net-
work adjusts weights to minimize the loss function, thereby
enabling the network to efficiently extract task-relevant fea-
tures. To convert a one-dimensional vector into an image, the

input vector
b= [V1,¥2;- -+ Ydxd] - a7

For a two-qubit system, where d = 4, each set of d values
should be listed separately on one line

yroo Y2 Y3 4

b= |Ys Yo )1 s (18)
Yo Yo JYir Y12
Y13 Y4 Y15 Y16

As each value in every measurement set represents a
probability within the range [0, 1], we need to optimize this
input for better performance of the CNN. Here, we apgly the
following transformation to b to obtain a new matrix by that
better suits the requirements of the CNN

by = 255b,. (19)

3.4.3. AlexNet

We input a 4 x 4 image with eight channels and expand it
into a 55 image with 96 channels using a max-pooling layer.
Then, we transform it into a 27 x 27 image with 256 channels
using a max-pooling layer, and transform this into a 13 x 13
image with 384 channels using a convolutional layer twice.
Next, this is transformed into a 13 x 13 image with 256 chan-
nels using a convolutional layer. Finally, a global pooling
layer is used to flatten it into a one-dimensional vector, then
it is passed through a fully connected neural network with two
hidden layers, each containing 2048 nodes. Dropout is applied
with a probability of 0.5 to avoid overfitting during this pro-
cess, and a 16-parameter output vector is obtained (Fig. 5).

96@ 55X55
. 256@ 2727 384@ 13x13
3@ 4X4 iuput
Max-pooling Max-pooling
Dropout Dropout
Max-pooling
|:|<— - | |[-— )
16 output 256@ 13x13 384@ 13x13
2048 2048

Fig. 5. AlexNet.

With a batch size of 128 and using the Adam optimizer
with the ReL.U activation function, we conducted experiments
on the case where the number of samples for eigenstate selec-
tion is 10000. However, the batch size is adjusted to 256. We
set the number of epochs to 10. The relationship between the
mean squared error loss (MSELoss) and the number of train-
ing epochs is depicted in Fig. 6.
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1.01 L lmmommpmmmmr ==
-
0.8 1
0.6 - Train loss
=== Train acc
0.44
0.24
04
2 4 6 8 10
Epoch

Fig. 6. The training process of AlexNet.

After training is complete, we use the trained estimator to
validate the estimation of the density matrices in the test set.
For the density matrix to be estimated, diag(1,0,0,0), we utilize
the trained state estimator for estimation. Then, we transform
the results of the estimator using Eq. (9), retaining five deci-
mal places. The estimated result is as follows: the fidelity is
calculated to be 0.999999976 and the RMSE is 0.000002695.
Additionally, the estimated result satisfies the three properties
of a density matrix. It can be observed that in estimating the
eigenstates, the wide neural network estimator designed in this
paper achieves an accuracy of over 99% fidelity estimation
precision, with an RMSE accuracy reaching 1074,

3.4.4. ResNet

ResNet demonstrates strong performance and inter-
pretability in estimating quantum states, effectively address-
ing gradient issues, handling complex quantum features and
thereby improving the accuracy and stability of quantum state
estimation. The introduction of residual connections helps al-
leviate the gradient vanishing and exploding problems com-
monly encountered in deep neural networks. This makes it

4x4 Conv
[ BN

_________________

easier for quantum state estimation models to converge dur-
ing training and obtain stable results. Additionally, its archi-
tectural design enables the network to easily construct deep
structures exceeding a thousand layers. Such depth structures
better capture the complex features of quantum systems, en-
hancing the model’s representational power and ability to learn
more complex and abstract feature representations.>>-2’! For
quantum state estimation, this means that the network can bet-
ter capture non-locality and entanglement features of quantum
systems, thereby improving estimation accuracy. The resid-
ual connections of ResNet make the network easier to inter-
pret, and by analyzing residual blocks (Fig. 7), one can gain a
clearer understanding of the feature extraction and transforma-
tion processes the network undergoes when learning quantum
state estimation tasks.

4
| ReLu |

t

I Batch Norm I

| 3%3 Conv I
t
| ReLu |

|
|
I
|
:
|
t |
|
I
|
|
|

I Batch Norm I

1
| 3%3 Conv |

Fig. 7. Residual blocks.

[e——— 3X ResNet blocks ——>|

_________

Global average pool

Fig. 8. ResNet.

1.07 b mmr =TS
0.81
0.6 Train loss
=== Train acc
0.4
0.2
04 i ' . ’
2 4 6 8 10
Epoch

Fig. 9. The training process of ResNet.

To adopt residual blocks batch normalization is used af-
ter addition. To transform the observation one-dimensional
vector into a 4 X 4 image and input it into a residual convolu-
tional network the following steps are used: first, the network
parameters are optimized using batch normalization. Then,
it is passed through a 3 x 3 max-pooling layer and after that
through four residual blocks. Finally, the result is output
through a global pooling layer; we use the Adam optimizer
and ReLU activation function (Fig. 8).

For the experiment with a sample size of 10000 for eigen-
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state selection a batch size of 256 and 10 epochs are used. The
relationship between the MSELoss function and the number
of training epochs is shown in Fig. 9.

4. Comparison and summary

After determining the density matrix p for the quantum
state, we use the standard Jacobi method to find its eigenval-
ues. For the MLP, the eigenvalues of the reconstructed den-
sity matrix and fidelity are 0.0013, 0.0024, 0.0258, 0.9643
and F = 0.9933, and satisfy trace(pmrp) = 1, p;,ILP = PMLP-
For AlexNet, the eigenvalues and fidelity of the reconstructed
density matrix are 0.0000, 0.0020, 0.0248, 0.9732 and F =
0.9953, and satisfy trace(pajexnet) = 1, P];ICXNel = PAlexNet-
For ResNet, the eigenvalues and fidelity of the reconstructed
density matrix are 0.0000, 0.0000, 0.0267, 0.9733 and F =
0.9962, and satisfies trace(presNet) = 1, p;esNet = PResNet- All
eigenvalues are positive semi-definite. Thus, deep learning
methods produce positive semi-definite density matrices. It
is important to investigate the quality and effectiveness of the
reconstructed density matrix in a noisy environment. We add
noise to the data v; for each measurement of the two-qubit
polynomial state using beta, Gaussian and uniform distribu-
tions, and add five noise coefficients: 0.02, 0.04, 0.06, 0.08
and 0.1.

We conducted 100 runs for each noise coefficient on each
of the three networks. The mean fidelity of the reconstructed
density matrix was calculated. Our analysis, as depicted in
Figs. 10-12, reveals that ResNet yields the highest-fidelity
density matrix, while the lowest fidelity is observed with MLP.
The least favorable fidelity achieved by MLP is approximately
0.98 in a Gaussian distribution noise setting with a coefficient
of 0.1, around 0.976 for a beta distribution and approximately
0.963 for a uniform distribution. Therefore, all networks ex-
hibit superior performance in a Gaussian distribution noise
environment. On one hand the benefits of quantum informa-
tion stem from the quantum non-locality inherent in entangled
states, known for applications such as quantum teleportation
and dense coding. Conversely, quantum entanglement offers
novel computational avenues, thus rendering its creation and
assessment pivotal. Our study employed both network and
conventional QST techniques to reconstruct the density matri-
ces of entangled states with two and three qubits, respectively.
We assessed the efficacy of these methods in constructing den-
sity matrices of entangled states.

Figures 13 and 14 depict the reconstruction of the den-
sity matrix of the two-qubit entangled Bell state |y) =
% (|01) +|10)) using standard QST and MLP-based deep
learning. QST was further conducted on IBM Q hardware
(IBM Q Manila), yielding 36 outcomes from 1000 measure-
ments. The eigenvalues of the reconstructed density matrix via
QST were found to be —0.0129, 0.0402, 0.0747 and 0.8970,

with a fidelity of 0.9903 and a trace equal to 1, satisfying Her-
miticity but not positive semi-definiteness. Subsequently, we
employed deep learning for density matrix estimation, utiliz-
ing the same 36 measurements as input data for the neural net-
work. Following state estimation using the neural network, all
eigenvalues became positive.

1.000 .\

0.995 =*

0.990

0.985

0.980 —o MLP

0.975 AlexNet
—— ResNet

0.970

0 0.02 0.04 0.06 0.08 0.10

Fig. 10. Performance of MLP, AlexNet and ResNet in Gaussian noise
distributions.

1000
\.
0.995
0.990 \
—— MLP
AlexNet
0.985 —— ResNet
0.980

0 0.02 0.04 0.06 0.08 0.10

Fig. 11. Performance of MLP, AlexNet and ResNet in beta noise distri-
butions.

1.000
0.995
0.990
0.985
0.980
0.975
0.970
0.965
0.960

—— MLP
AlexNet
—— ResNet

0 0.02 0.04 0.06 0.08 0.10
Fig. 12. Performance of MLP, AlexNet and ResNet in uniform noise
distributions.

Real Imaginary
ea

Fig. 13. Reconstruction of the density matrix based on tomography.

The entangled W state of three qubits is represented as
ly) = %(|001)+|010>+ |100)). Studies show that the W
state remains quite stable in real physical systems. Unlike
other entangled states, the W state can maintain entanglement
even with particle loss or decoherence. In contrast, states like
the Greenberger—Horne—Zeilinger state lose all entanglement
if one particle is lost.[?8 This stability means that the W state
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is widely used in quantum information processing, forming the
basis for quantum memories, quantum secure direct commu-

nication and universal quantum cloning machines.

Real Imaginary

Fig. 14. Reconstruction of the density matrix based on deep learning.

Using IBM Q, we created a three-qubit W state with an
initial state of |000) by applying a series of quantum gates,
including Ry rotation gates, controlled-Z gates and controlled-
NOT gates, as shown in Fig. 15.

400

401

q0>

3

c0

Fig. 15. Measurement of the three-qubit quantum state.

Real

Imaginary

Fig. 16. The density matrix obtained through residual neural networks
in deep learning methods is shown in Fig. 17.

Real

0.05

Fig. 17. Density matrix obtained through residual neural networks in
deep learning methods.

Standard quantum tomography and deep learning meth-
ods were then used to reconstruct the density matrix of the
W state. The experimentally reconstructed density matrix, de-
scribed in coordinates from |000) to |111), is similar to pre-
vious superposition and Bell states; quantum tomography of
the W state was also conducted on quantum hardware (IBM Q
Manila), with a measurement count set to 1800, yielding 512
measurement outcomes. After obtaining estimated values for
63 parameters r;, ;, ;; = 1 (normalized due to the density ma-
trix with 79 9 o = 1), they were substituted into Eq. (6) to derive
the density matrix p. The final density matrix obtained fea-
tured negative eigenvalues of 0.0280, 0.0280, 0.0166, 0.0166,
0.0041, 0.0041, 0.0159, 0.0159, 0.0440, 0.0440, 0.0594,
0.0594, 0.0887, 0.0887, 0.8325 and 0.8325. The density ma-
trix obtained through standard QST is shown in Fig. 16.

The fidelity F = 0.9743 of the density matrix obtained
through classical QST and ResNet corresponds to eigenval-
ues and fidelities of 0.0000, 0.0000, 0.0042, 0.0126, 0.0231,
0.0509, 0.0668, 0.8420 and F' = 0.9837. We find that using a
network always results in a semi-positive definite density ma-
trix and the fidelity of the density matrix is better than using
the standard QST method. In addition to traditional methods,
incorporating feedback control and quantum error correction
can significantly enhance multi-parameter estimation in quan-
tum systems.!?°! Finally, for large quantum systems such as a
10-qubit system the dimensionality of the input vector reaches
the order of 10°. Consequently, using a MLP for estimation is
no longer effective. When using CNNss for estimation, ResNet
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is employed. The input is a 1024 x 1024 matrix, and we mod-
ify the output to be a two-channel 1024 x 1024 matrix. One
channel represents the real part of the density matrix and the
other represents the imaginary part of the density matrix. Nor-
mally ResNet can easily handle 1024-pixel images, so train-
ing this network to estimate 10-qubit quantum states is clearly
feasible. Therefore, this method can effectively handle large
quantum systems. However, it is worth noting that the size
of the quantum state matrix grows exponentially. For quan-
tum states with more than 14 qubits, the size of the input and
output matrices exceeds 10000 x 10000. At this point, using
convolutional networks may also become impractical due to
computational complexity.

5. Conclusion

In this paper we successfully employed neural networks
based on deep learning to estimate the reconstruction of sep-
arable and entangled states of two and three qubits. Subse-
quently, we compared this approach with the standard quan-
tum state tomography (QST) method. The comparison in-
dicates that neural networks estimate the quantum state as a
whole and incorporate prior knowledge of the density ma-
trix from the outset. This incorporation ensures the positive
semi-definiteness and normalization of the matrix, thus sig-
nificantly reducing statistical errors. Additionally, the three
models employed in the neural network include multilayer
These
models have limited adjustable parameters, simple adaptation

perceptron (MLP), AlexNet and residual networks.

processes and are independent of gradient information. It is
noteworthy that MLP demonstrates the highest convergence
rate, while the residual neural network produces the highest-
quality reconstructed density matrix. Furthermore, all these
algorithms outperform the standard QST method in fidelity.
Therefore, neural network estimation of quantum states has
been proven to be more effective in the presence of statistical
noise and limited measurement quantities.
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