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Relationship between self-propelled velocity and Brownian motion
for spherical and ellipsoid particles

Jingwen Wang(VEi#30), Ming Xu(%:#]), and Deming Nie( )"
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The Brownian motion of spherical and ellipsoidal self-propelled particles was simulated without considering the effect
of inertia and using the Langevin equation and the diffusion coefficient of ellipsoidal particles derived by Perrin. The Péclet
number (Pe) was introduced to measure the relative strengths of self-propelled and Brownian motions. We found that
the motion state of spherical and ellipsoid self-propelled particles changed significantly under the influence of Brownian
motion. For spherical particles, there were three primary states of motion: 1) when Pe < 30, the particles were still
significantly affected by Brownian motion; 2) when Pe > 30, the self-propelled velocities of the particles were increasing;
and 3) when Pe > 100, the particles were completely controlled by the self-propelled velocities and the Brownian motion
was suppressed. In the simulation of the ellipsoidal self-propelled particles, we found that the larger the aspect ratio of
the particles, the more susceptible they were to the influence of Brownian motion. In addition, the value interval of Pe
depended on the aspect ratio. Finally, we found that the directional motion ability of the ellipsoidal self-propelled particles
was much weaker than that of the spherical self-propelled particles.

Keywords: Brown motion, self-propelled particle, orientation movement
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1. Introduction

Brownian motion is the phenomenon of the random ther-
mal motion of molecules at the microscopic level.l'! The
sizes of particles in Brownian motion are usually on the scale
of micrometers or smaller, and only smaller molecules ex-
hibit an unbalanced state due to collisions with surround-
ing medium-sized molecules.”! For a long time, Brown-
ian motion has been a significant research topic and has
always garnered widespread interest in theoretical research
fields such as statistical climate dynamics,®! molecular mo-
tion theory*! and thermodynamics.>®! In recent years, Brow-
nian motion has also been fully developed in application-
oriented fields such as traffic flow,[”! finance and economics!®!
and nanomaterials.””) Due to the profound research signif-
icance of Brownian motion, scholars have not only per-

[10-16] byt have also conducted

formed theoretical experiments,
simulations!!7-2 and engaged in joint experimental and sim-
ulation studies.?"!

Traditional numerical methods used to study Brown-
ian motion are primarily Stokes dynamics!?*?! and Brownian

5.123] The motion of Brownian particles is usually de-

dynamic
composed into the two components of fluid motion and parti-
cle motion, which are modeled using the Navier—Stokes equa-

(241 respectively. The most

tions and the Langevin equation,
common method of studying Brownian motion is to exam-
ine the effect of Brownian motion and thermophoresis on heat
transfer in nanofluids.>>->81 The Brownian motion of active

particles in different media in various types of flow fields
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has also been investigated. [29-33] Furthermore, the Brownian
motion of active particles affected by external forces in dif-
ferent electric, magnetic and thermal radiation environments
has been analyzed.**7] In many studies, Brownian motion
is usually considered a minor influencing factor rather than
a major one. Moreover, because of the limitations of experi-
ments and simulations, the study of anisotropic ellipsoidal par-
ticles is usually confined to the two-dimensional or quasi-two-

38441 which hinders thorough investiga-

dimensional region,[
tion into the extent to which Brownian motion exerts a quali-
tative influence on the motion of micro- and nanoparticles.

In order to fill the research gap in this field, Brownian
motion and the coupled motion of micro- and nanoparticles
have been deeply explored. Therefore, our study analyzes
the Brownian motion of micro- and nanoparticles in an un-
restricted region without considering inertial influences, and
excluding other influencing factors. In this case, the effect of
Brownian motion on the motion of spherical and ellipsoidal
self-driven particles in three-dimensional space is evaluated.
This will visualize the relationship between random and di-
rectional motions of self-driven particles, which will play an
important role in providing guidance for the directional trans-
port of nanodevices. Perrin!*-4%! calculated the translational
friction and rotational friction coefficients of the ellipsoid us-
ing Oberbeck’s method*”) and Edwardes’ method, 3! respec-
tively. We apply the formulae derived by Perrin and combine
them with the Langevin equation to simulate the stochastic
motions of common spherical and ellipsoidal self-driven parti-

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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cles, respectively, compare the spherical and ellipsoidal parti-
cles and analyze the ellipsoidal particles with different length-
to-diameter ratios. The strength of the self-driven velocity and
random motion of the particles is analyzed by referencing the
Péclet number (Pe),!*”! which enables a quantitative compari-
son of the results of the study. The results of this study offer
important insight into the qualitative and quantitative analysis
of the random motion characteristics of micro- and nanopar-
ticles. This enables the strength relationship between self-
propelled and random motions to be analyzed, which can form
the basis of an important theoretical guideline for the applica-
tion of micro- and nanoparticles and resistance to Brownian
motion.

The rest of this paper is organized as follows. Section 2
introduces the numerical method, Section 3 describes the vali-
dation of the model, Section 4 discusses and analyzes the sim-
ulation results, and Section 5 contains the conclusions of the
study.

2. Numerical method

In Brownian motion, the forces acting on the particles ac-

cording to the Langevin equation >3]

are usually categorized as
Brownian forces and fluid resistance. In our simulations, there
were no inertial influences, and the translational and rotational
motions of the passive particles in a homogeneous medium
were independent of each other. For spherical particles, the
translational diffusion coefficient is denoted as Dt and the ro-
tational diffusion coefficient is denoted as Dg, which are de-
fined as

. kBT . kBT
“6mnR’ R 8anR®’

where kg is the Boltzmann constant, 7 denotes the tempera-

D

T

ture, 1 represents the fluid viscosity and R denotes the spheri-
cal radius. Therefore, the translational and rotational stochas-
tic equations of motion for spherical passive Brownian parti-
cles in three dimensions are

$=V2DiE,, (¢ =2DrE,
y=V2Dr§,, { ¢ =+2DrS, 2
z=+/2Dr¢&;, ¥ = V2Dgr&y,
where x, y and z denote the translational position and direc-
tion of the particle, &, &, and &, are zero-mean Gaussian
noise random numbers used for modeling the random effects
of Brownian motion in the translational direction, ¢, ¢ and
denote the different rotational directions of the particles and
o, &y and &y, are zero-mean Gaussian noise random numbers
used for simulating the stochastic effects of Brownian motion
in the rotational direction. Each equation is decoupled from
every other equation.
For a self-propelled particle with velocity U, the rota-
tional diffusive motion is the same as that of a passive spheri-
cal particle. However, the direction of the translational motion

itself is affected by the rotational diffusion. In this case, the
translation and rotation of self-propelled particles are corre-
lated, and the corresponding translational equations of motion
are

x=Ucos@++/2D7&,,
y=Ucos¢ ++/2Dr¢,, (3)
z=Ucosy++/2D1&,.

Unlike spherical particles, ellipsoidal particles are an im-

nl#3:40] calculated

portant class of anisotropic particles. Perri
the translational friction and rotational friction coefficients
of the ellipsoid using Oberbeck’s method*”! and Edwardes’
method,*8) respectively. The translational friction and rota-

tional friction coefficients are expressed as
167 (a* —b?)

' 2a2—p))S—2a’

3271 (a® — b?)

== ma (4a)
G, 2 (a* —b*)b?
YT T3 2a—b2s)
32 4 pt
Gy — Gy — 2 (@ =b) (4b)

3(2a—b28) —2a’

where f] denotes the translational friction coefficient of the
ellipsoid along the long axis, f> = f3 denotes the translational
friction coefficient of the ellipsoid along the short axis, G de-
notes the rotational friction coefficient of the ellipsoid rotating
along the long axis, G» = G3 denotes the rotational friction
coefficient of the ellipsoid rotating along the short axis, a de-
notes the long semi-axis of the ellipsoid, b = ¢ denotes the two
equal short semi-axes of the ellipsoid, B = a/b denotes the as-
pect ratio of the ellipsoidal particles, and S is the coefficient
related to the ellipsoid aspect ratio

2 a++Va*—b?

S= lo , a>b=c),
5 08 5 ( ) s
2 (Vb —a?
§S=———tan ——— ), (a<b=c).
b2 —a? a

Using the translational and rotational friction coefficients of
the ellipsoid in each direction, we obtain the translational and
rotational diffusion coefficients of the ellipsoid. The transla-
tional diffusion coefficient along the long axis is denoted as D,
and the translational diffusion coefficient along the two short
axes is denoted as D , and they are defined as

ksT ksT

Dj=—— D =—. (6)
= 12

The rotational diffusion coefficient around the long axis is de-
noted as Dg|| and the rotational diffusion coefficient around
the two short axes is denoted as Dg | , and they are defined as

ksT kgT

Dgr|=——, Dr1 =

Gi G (N
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Based on the diffusion coefficients in each direction, the over-
all translational and rotational diffusion coefficients of the el-
lipsoid can be expressed as

Dy+2D, Dr||+2Dgry.
= 73 5 ER = 73 .
The passive and self-propelled motion equations for ellip-

®)

Dt

soidal particles are the same as those for spherical particles
except for the diffusion coefficient, as indicated by a compari-
son between Egs. (2) and (3).

Due to the different diffusion coefficients for spherical
and ellipsoidal particles, the Péclet number (Pe) 441 is calcu-
lated differently. For spherical particles, Pe is calculated as

U

For ellipsoidal particles, Pe is calculated as

U
Po=——— . (10)
v DgrDER

3. Validation

In the process of constructing the model, we chose the
classical mode of the Langevin equation. The influence of in-
ertia was not considered in the simulation process, and the par-
ticles moved in the unrestricted region. The process of Brow-
nian motion was simulated via direct action on the particles
themselves. To simplify the simulation, the parameters of the
particles were set as kT =1, T =0.01, 1 =0.1 and R=06
for the spherical particles, and this is relatively common in
direct numerical simulations. We used Eq. (1) to calculate
Dr and Dy for the spherical particles. Figure 1 shows a di-
agram of the trajectory of a single passive spherical particle,
which is disorderly and irregular (consistent with Brownian
motion). The data were quantitatively verified according to
Einstein’s diffusion formula, and the mean squared displace-
ment of the translational was verified, as shown in Fig. 1(b).
Because a three-dimensional sphere was simulated, the coeffi-
cients of the fitting data shown in Fig. 1(b) were 6D1. The data
were quantitatively verified according to Einstein’s diffusion
formula, and the mean squared displacement of the rotational
was verified, as shown in Fig. 2. Because a three-dimensional
sphere was simulated, the coefficients of the fitting data shown
in Fig. 2 were 6Dr. The fitting results also verified the accu-
racy of the Brownian motion model of the spherical particle.

After the simulation of the spherical particles was ver-
ified, we also verified the simulation of ellipsoidal parti-
cles with § = 2. Ellipsoidal particles have a long semi-
axis (a = 12) and short semi-axis (b = ¢ = 6). We used
Egs. (4)—(8) to calculate Dpr and Dggr for the ellipsoidal
particles. Figure 3(a) shows a diagram of the trajectory of
the ellipsoidal passive particles. The trajectories of the par-
ticles were quantitatively analyzed, as shown in Fig. 3(b).

The fitting data coefficients of the translational are 6Dgr.
In Fig. 4, the fitting data coefficients of the rotational was
6DER.
As shown in Fig. 5(a), the translational friction coefficient

In addition, we further verified the Perrin formula.

linearly increased as the length-diameter ratio of the el-
lipsoid increased. Moreover, Fig. 5(b) shows that the ra-
tio of the translational diffusion coefficient for the ellip-
soidal particles along the major axis to that along the minor

i\ 6
R o r2(t) (b)
0 ——Fitting curve
4t
—20 n g;
£
2l
—40
0 L L .
0 300 600 900

t

Fig. 1. (a) Trajectories of a single passive spherical particle. (b) Mean
squared displacement of the passive spherical particles.
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Fig. 2. Mean squared angular displacement of the passive spherical
particles.
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Fig. 3. (a) Trajectories of a single passive ellipsoid particle with § = 2.
(b) Mean squared displacement of the passive ellipsoid particles.
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Fig. 4. Mean squared angular displacement of the passive ellipsoid par-
ticles.
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axis grows as 3 increases. Theoretically, this ratio is equal to
2 for an infinitely elongated ellipsoid particle.”%! These quan-
titative analyses validated the model verification of the ellip-
soidal particles.

The diffusivities of the ellipsoid particles were also dif-
ferent from those of the spherical particles because of the
When other conditions did
not change, the diffusion strengths of the passive ellipsoidal

different length-diameter ratio.

particles with different  values were also different. Fig-
ure 6(a) shows that the diffusion tracks of the ellipsoidal par-
ticles with different 8 values were slightly different. Passive
ellipsoid particles with larger 8 values had smaller diffusion
ranges, while particles with smaller  values had larger diffu-
sion ranges. As shown in Fig. 6(b), we quantitatively analyzed
the mean squared displacement of the ellipsoidal particles with
different B values. The passive diffusion ability of particles
with larger  values was worse, which was consistent with
the linear relationship between the translational friction coef-
ficient for ellipsoidal particles and 8, as shown in Fig. 5(a).

2.0
sol (@) (b)
o o
20t I IS Y
A . . //’,’ Q :
1} o7 |
356 9 12 g 4 8
g B0

Fig. 5. (a) Verification of the relationship between the translational fric-
tion coefficient for ellipsoid particles and 8. (b) Verification of the re-
lationship between the translational diffusion coefficient for ellipsoid
particles and f3.

w
T

(r3(t))

O _ 1 1 1
0 300 600 900
t

Fig. 6. (a) Trajectories of a single passive ellipsoid particle with differ-
ent values of 3. (b) Mean squared displacement of the passive ellipsoid
particle for different values of f3.

4. Results
4.1. Single active spherical Brownian particle

After the simulation of the passive spherical particles was
validated, we simulated a self-propelled spherical particle.
The coupling between the self-propelled velocity and Brow-
nian motion of the spherical particle was examined. We in-
vestigated how the trajectory and mean squared displacement
of the self-propelled spherical particle changed with different

values of Pe. Figure 7 shows the calculation results of the tra-
jectory and mean squared displacement of the spherical self-
propelled particles at low values of Pe. Figure 7(a) indicates
that the larger the value of Pe, the less obvious the trajectory
fluctuation caused by the influence of Brownian motion of the
particle, and the larger the overall range of motion of the par-
ticle. In the quantitative analysis shown in Fig. 7(b), the co-
efficient of the fitting data is 6Dt when the passive diffusion
of the spherical particle was verified. This is used to represent
the mean squared displacement of the passive particle in the
ideal state. According to the results shown in Fig. 7(b), the
mean squared displacement of the particle was still linear at
low values of Pe. However, as Pe increased, the mean squared
displacement became nonlinear. As shown in Fig. 8(a), for
high values of Pe, the self-propelled velocity of the dominant
particle and the influence of Brownian motion are not obvi-
ous, so the trajectory of the particle is relatively smooth and
the range of particle trajectory is large. In the quantitative
analysis shown in Fig. 8(b), the calculated results of the mean
squared displacement of the particles gradually tend to be in
the form of a quadratic function as the value of Pe increases.
When the calculated results of the mean squared displacement
of the particles are closer to the quadratic function, the motion
mode of the particles tends to be more self-driven motion.

8
6 L
O —~
=
Fa
=
200 «
2 L
—2005 . —>J-a00 . ‘ ‘ ‘
Yy 200 0 0 300 600 900

t

Fig. 7. (a) Trajectories of the active spherical particle at lower values
of Pe. (b) Mean squared displacement of the active spherical particle at
lower values of Pe.

ey, 100
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~ 60
0 N }/ 40 -
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1000 N . =
~1000 1050 0 300 600 900
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Fig. 8. (a) Trajectories of the active spherical particle at higher values
of Pe. (b) Mean squared displacement of the active spherical particle at
higher values of Pe.

To quantify the strength of the self-propelled velocity and
random motion, the mean squared displacement of the particle
for different Pe values was fitted to a power law as a function
of t. By analyzing the fitting index o, the motion state of the
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self-propelled particle was determined. As shown in Fig. 9, as
the value of Pe increased, the fitting index reached a value of 2
during the growth process. This signified that traditional self-
propelled motion dominated and Brownian motion was sup-
pressed. In addition, according to the fitted values, when Pe
is less than 30, the index value shows a trend of increasing,
but when Pe is greater than 30, the exponential growth begins
to decrease and tends to be stable, and when Pe is greater than
100, the index value basically no longer increases. Thus, when
Pe was less than 30, the particle was still significantly affected
by Brownian motion, and when Pe was greater than 30, the
self-propelled motion of the particle began to be stronger than
Brownian motion. When Pe was greater than 100, the parti-
cle was completely controlled by the self-propelled velocity,
suppressing the Brownian motion.

2.0

1.0

0 100 200 300
Pe

Fig. 9. Relationship between Pe and the mean squared displacement
index of the self-propelled spherical particle.

4.2. Single active ellipsoidal Brownian particle

An ellipsoidal particle with B = 2 was selected to ana-
lyze the coupling effect between the self-propelled velocity
and Brownian motion of a single ellipsoidal self-propelled par-
ticle. Figure 10 shows the calculation results of the trajectory
and mean squared displacement of the self-propelled ellipsoid
particle at low values of Pe. Figure 10(a) shows that the larger
the value of Pe, the smaller the fluctuations of the particle’s
trajectory and the larger the range. In the quantitative analysis
shown in Fig. 10(b), the coefficient of the fitting data is 6Dgr
when the passive diffusion of the spherical particle was veri-
fied. This is used to represent the mean squared displacement
of the passive particle in the ideal state. According to the re-
sults shown in Fig. 10(b), the mean squared displacement of
the particle was still linear at low values of Pe. However, as
Pe increased, the mean squared displacement became nonlin-
ear. As shown in Fig. 11(a), for high values of Pe, the trajec-
tory of the particle was relatively smooth with a low degree
of jitter and a larger trajectory range. In the quantitative anal-
ysis shown in Fig. 11(b), the mean squared displacement of
the particle reflected the shape of a quadratic function towards
pure self-propelled motion at high values of Pe.

6+ - - Pe=0.01 (b)
Pe =
--—Pe=5
- -Pe=10 =
4+ Pe =20 L

— Fitting curve,.” ..~ /

(r3(8))

% 300 600 900
¢

Fig. 10. (a) Trajectories of the active ellipsoid particle at lower values
of Pe. (b) Mean squared displacement of the active ellipsoid particle at
lower values of Pe.
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Fig. 11. (a) Trajectories of the active ellipsoid particle at higher values
of Pe. (b) Mean squared displacement of the active ellipsoid particle at
higher values of Pe.

We also fitted the mean squared displacement of the el-
lipsoidal self-propelled particles to a power law as a function
of ¢ for different Pe values. The results are shown in Fig. 12.
As Pe increased, the fitting index approached a value of 2. In
contrast to the spherical particle, the exponential growth of the
ellipsoidal particle was not stable, exhibiting oscillations that
prevented it from eventually stabilizing at a value of 2. This
was caused by the anisotropy of the ellipsoid particle. The el-
lipsoid particle was not as stable as the spherical particle, and
the diffusion coefficient of the ellipsoid particle was different
on both the long and short axes. Thus, oscillations between
states dominated by self-propelled motion and Brownian mo-
tion occurred.

2.0

1.5

1’00 100 200 300

Pe

Fig. 12. Relationship between Pe and the mean squared displacement
index of the self-propelled ellipsoid particle.

Figure 12 indicates that for the ellipsoidal particle, when
Pe was less than 60, the particle was still significantly affected
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by Brownian motion, but when Pe was greater than 60, the
self-propelled velocity of the particle was increasing. When
Pe was greater than 120, the particle was completely con-
trolled by the self-propelled velocity, suppressing the Brown-
ian motion. However, compared to the spherical self-propelled
particle described in the previous section, the ellipsoidal self-
propelled particle was more susceptible to Brownian motion.

4.3. Active ellipsoid Brownian particle at different aspect
ratios

In the verification phase, we found that the diffusion co-
efficients of the ellipsoid particles with different aspect ratios
were different. Therefore, in the analysis of the ellipsoidal
self-propelled particle, we also simulated the motion of an el-
lipsoidal self-propelled particle for different values of 8. Fig-
ure 13 shows the trajectories and mean squared displacement
of the ellipsoidal self-propelled particle with different 8 val-
ues for the same Pe (Pe = 100). The trajectory diagram shown
in Fig. 13(a) indicates that the trajectory range and oscilla-
tion amplitudes of the ellipsoidal particles with different val-
ues of B differed significantly. In addition, Fig. 13(b) shows
that for the same Pe value, the larger the value of 3, the higher
the susceptibility of the ellipsoid particle to Brownian motion,
and the lower the effect of self-propulsion. For further anal-
ysis, the mean squared displacement of the ellipsoidal parti-
cle with different values of § was fitted to a power law as a
function of ¢ for different Pe values, and the results are shown
in Fig. 14. The figure shows that the ¢ value of the ellip-
soidal particle with different § values exhibited an increasing
trend as Pe increased. However, the growth trends of the ellip-
soidal particles with different 3 values were different, and the
growth trends of « for the particles with larger 8 values were
slower and more unstable. This demonstrates that under the
same conditions, ellipsoidal particles with smaller values of
possess superior anti-Brownian motion characteristics and are
capable of greater degrees of autonomous motion. This sig-
nificant difference is related to the anisotropy of the ellipsoid
particle. In the case of self-propelled particles, the transla-
tion and rotational diffusion of the ellipsoid are coupled. This
exacerbates the instability of the motion of the ellipsoidal par-

ticles.
nmm
\”\’.8 :\2/ . 601 B (b)'
(@) —-.B=2 )
- B=3 //
13000 A )
B=3\ 40k G—5 )
= /
l2000 = )
5 .
N \g/ ) ,
B=5 11000 20l p
4 L
. z e . s
—3000N, = i:/‘\\' 0 P .’./-;:':? RSN C i
Y 0 — > 0 Y L )
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Fig. 13. (a) Trajectories of the active ellipsoid particle with different
values of 3 for Pe = 100. (b) Mean squared displacement of the active
ellipsoid particle for different values of  for Pe = 100.
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Fig. 14. Relationship between Pe and the mean squared displacement
index of the self-propelled ellipsoid particle for different values of 3.

5. Conclusion

By using the Langevin equation to simulate the motion
states of spherical and ellipsoidal self-propelled particles un-
der the influence of Brownian motion, we obtained the follow-
ing conclusions.

(1) For spherical particles, when Pe was less than 30, the
effect of Brownian motion on the particle was still dominant,
and when Pe was greater than 30, the self-propelled velocity of
the particle was dominant. When Pe was greater than 100, the
particle was completely controlled by the self-propelled veloc-
ity, and the Brownian motion was suppressed. For ellipsoidal
particles with small B (f = 2), when Pe was less than 60, the
effect of Brownian motion on the particle was still dominant,
and when Pe was greater than 60, the self-propelled velocity
of the particle was dominant. When Pe was greater than 120,
the particle was completely controlled by the self-propelled
velocity.

(2) The self-propelled spherical particle resisted Brown-
ian motion more effectively than the self-propelled ellipsoidal
particle under the same conditions. For ellipsoidal particles,
the smaller the 3, the stronger the resistance to Brownian mo-
tion.

Our simulation is mainly restricted to particles without
the influence of inertia. Furthermore, in the simulation, we ex-
plore what kind of different states of motion different-shaped
particles will have under the influence of Brownian motion.
The conclusions obtained provide insight into what types of
effects Brownian motion can have on different shapes of par-
ticles. This plays an important role in guiding the design of
modern microdevices, especially in the study of how to sup-
press Brownian motion.
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