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Gauge field theory is a fundamental concept in modern physics, attracting many theoretical and experimental efforts
towards its simulation. In this paper we propose that a simple model, in which fermions coupled to a dynamical lattice
gauge field, can be engineered via the Floquet approach. The model possesses both an independent Maxwell term and
local Z2 gauge symmetry. Our proposal relies on a species-dependent optical lattice, and can be achieved in one, two or
three dimensions. By a unitary transformation, this model can be mapped into a non-interacting composite fermion system
with fluctuating background charge. With the help of this composite fermion picture, two characteristic observations are
predicted. One is radio-frequency spectroscopy, which exhibits no dispersion in all parameter regimes. The second is
dynamical localization, which depends on the structure of the initial states.
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1. Introduction
Gauge field theory is one of the most important corner-

stones of modern physics. On one hand, gauge theory has
successfully described the fundamental interactions within the
standard model of high-energy physics. On the other hand, lat-
tice gauge theory can also emerge from the low-energy physics
of strongly correlated systems.[1] For example, U(1) lattice
gauge theory can effectively describe the collective fluctua-
tions of frustrated magnetism,[2–4] quantum spin liquids,[5–8]

and the quantum dimer model.[9,10] In fact, dynamical gauge
fields enter the theory naturally in so-called slave-particle de-
composition, whereby the original particles are fractionalized
into slave degrees of freedom. The relative phase between the
slave particles introduces local gauge invariance. Understand-
ing the real-time dynamics of lattice gauge fields is a notable
challenge due to the limits of classical computational methods.
This has stimulated efforts on quantum simulation of gauge
fields in various engineered systems.[11–15]

In cold atom systems, static artificial gauge fields have
been simulated in recent years, including electrical field,[16]

magnetic field[17] and even spin–orbit couplings.[18,19] How-
ever the configurations of those gauge fields are fixed by the
external laser or system geometry. Therefore these fields
have no dynamics, and cannot mediate the interaction between
atoms. The Chicago and ETH groups have realized density-
dependent gauge fields by periodic modulation of the optical

lattice or the interaction,[20,21] while the Stanford group has
realized a cavity-induced one-dimensional spin–orbit-coupled
Bose–Einstein condensate.[22] In these experiments, the arti-
ficial gauge fields are no longer static but can fluctuate with
time. However, local gauge invariance, the key ingredient
of gauge theory, is still missing in those simulations. Re-
cently several groups have successfully simulated a dynami-
cal lattice gauge field with local Z2

[23] and U(1)[24,25] gauge
symmetry in optical lattices, and unusual thermalization and
confinement dynamics in U(1) lattice gauge theories have
been observed.[26–28] However, the realized Z2 lattice gauge
theory[23] is restricted to a double-well geometry. Thus it is
still challenging to simulate the dynamical Z2 gauge field in a
scalable way or in higher dimensions.

In this paper, we propose that a simple model, in which
fermions interact with a dynamical lattice gauge field with lo-
cal Z2 symmetry, can be engineered via the Floquet approach.
Unlike a previous experiment in a double well,[23] our setup is
scalable and can be applied in one, two or three dimensions.
By a unitary transformation, this model can be mapped into
a non-interacting composite fermion system with fluctuating
background charge. With the help of this composite fermion
picture, two characteristic observations are predicted. One is
that the radio-frequency spectrum of the fermions exhibits no
dispersion in all parameter regimes, reflecting the local sym-
metry of the model. The other is the dynamical localization
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of the fermions, which depends on the structure of the initial
states.

This paper is organized as follows. We propose a feasi-
ble model and demonstrate its capability to simulate Z2 lattice
gauge theory in Section 2. Then we further discuss the sym-
metry of our model and map this model into a non-interacting
composite fermion system with fluctuating background charge
in Section 3. Next, in Section 4, we calculate the radio-
frequency spectroscopy, revealing no dispersion. Dynamical
localization is predicted in Section 5. Finally our results are
summarized in Section 6.

2. Experimental setup

In this section, we introduce our model designed for re-
alizing the Z2 lattice gauge field. Our scheme consists of two
kinds of atoms. One is mobile spinless fermions denoted as ĉ𝑟,
used to simulate the matter field; the other is localized spin-
1/2 fermions denoted as d̂𝑟,↑(↓), to simulate the gauge field.
The fermions are trapped in a species-dependent cubic optical
lattice.

By carefully tuning the optical lattice, one can greatly
suppress the hopping of the d̂-fermions while retaining the
hopping of the ĉ-fermions. A radio-frequency field is applied
to couple spin-up and spin-down states of the d̂-fermions. The
resulting Hamiltonian, after the tight-binding approximation,
reads Ĥ(t) = Ĥ0 + ĤI +V̂ (t):

H0 = J ∑
𝑟,i

ĉ†
𝑟+𝑎i

ĉ𝑟 +Ω ∑
𝑟

d̂†
𝑟,↑d̂𝑟,↓+h.c., (1)

ĤI = ∑
𝑟

(
U↑n̂d

𝑟,↑n̂c
𝑟 +U↓n̂d

𝑟,↓n̂c
𝑟

)
, (2)

V̂ (t) = ∑
𝑟

[
𝐹 (t) ·𝑟n̂c

𝑟 +h(t)
(

n̂d
𝑟,↑− n̂d

𝑟,↓

)]
, (3)

where 𝑎i = a𝑒i is the basic vector of the cubic lattice and U↑(↓)
is the on-site interaction between the ĉ-fermions and spin-up
(-down) d̂-fermions. We prepare the initial state such that the
particle number of the d̂-fermion at each site is constrained to
be unity, n̂d

𝑟,↑+ n̂d
𝑟,↓ = 1. Since the hopping of d̂-fermions is

suppressed, during the evolution the occupation of d̂-fermions
at each site is conserved to be one. As a result the interaction
between spin-up and spin-down d̂-fermions is irrelevant in this
study.

There are two periodic driving terms. One is an oscil-
lating Zeeman field, h(t) = hcos(ωt), which is applied on
the d̂-fermions. Another is a periodic driving force, 𝐹 (t) =
F sin(ωt)∑

3
i=1𝑒i, which can be realized by linearly polarized

shaking of the optical lattice. The two driving terms share the
same frequency, with a relative phase shift φ . Specifically, the
driving frequency is chosen to be two-photon resonant with
the interaction difference 2ω =U↑−U↓ (here we set h̄ = 1).

To deal with this time periodic driven quantum system,
we first make a rotating wave transformation

R̂(t) = exp
{
−i
∫ t

0
dτ[ĤI +V̂ (τ)]

}
(4)

to eliminate the interaction and driving terms. We obtain the
Hamiltonian in the rotating frame as

Ĥrw(t) = R̂(t)
[
Ĥ(t)− i∂t

]
R̂†(t)

= J ∑
𝑟,i

ĉ†
𝑟+𝑎i

P̂d
𝑟+𝑎i

P̂d
𝑟 ĉ𝑟 e i Fa

h̄ω
sin(ωt)

+Ω ∑
𝑟

d̂†
𝑟,↑P̂c

𝑟,↑P̂c
𝑟,↑d̂𝑟,↓ e i 2h

ω
cos(ωt)+h.c., (5)

where P̂d
𝑟 = n̂d

𝑟,↑ e−iU↑t + n̂d
𝑟,↓ e−iU↓t , and P̂c

𝑟,↑(↓) = (1− n̂c
𝑟)+

n̂c
𝑟 e−iU↑(↓)t are oscillating phase factors, depending on the oc-

cupation of d̂-fermions and ĉ-fermions, respectively.
Subsequently, we apply the high-frequency expansion

to derive the time-independent effective Hamiltonian as
Ĥeff = Ĥ(0)

rw +∑
∞
m=1

[
Ĥ(m)

rw , Ĥ(−m)
rw

]
/(mω)+ · · · , where Ĥ(m)

rw =

1
T
∫ T

0 dtĤrw(t)e−imωt is the Fourier component of the Hamil-
tonian. Here we consider the high-frequency limit, such that
one can only keep to zeroth order, obtaining

Ĥeff ≈ Ĥ(0)
rw

= J ∑
𝑟,i

{
𝒥0(λF)(n̂d

𝑟+𝑎i,↑n̂d
𝑟,↑+ n̂d

𝑟+𝑎i,↓n̂d
𝑟,↓)

−𝒥2(λF)(n̂d
𝑟+𝑎i,↓n̂d

𝑟,↑+ n̂d
𝑟+𝑎i,↑n̂d

𝑟,↓)
}

ĉ†
𝑟+𝑎i

ĉ𝑟

+Ω ∑
𝑟

{𝒥0(λh)(1− n̂c
𝑟)+𝒥2(λh)n̂c

𝑟} d̂†
𝑟,↑d̂𝑟,↓

+h.c., (6)

where λF = Fa/ω , λh = 2h/ω and 𝒥m (λ ) is the Bessel func-
tion.

The corresponding physical processes are illustrated in
Fig. 1. The lattice shaking largely modifies the hopping of the
ĉ-fermions so that it is dependent on the spin configuration of
the localized d̂-fermions. If the spins polarize in the same di-
rection on the nearest-neighbor sites, there is no energy offset
for the ĉ-fermions. Consequently, the lattice shaking merely
renormalizes the bare hopping to J𝒥0(λF) (see Figs. 1(a) and
1(b)). Conversely, if the spin polarizations are opposite to each
other, energy imbalance of ±

(
U↑−U↓

)
arises. Then the ĉ-

fermions will absorb (emit) two energy quanta from (to) shak-
ing to hoppig, resulting in an amplitude of J𝒥2(λF). More-
over, the phase of these two energy quanta is imprinted to the
hopping (see Figs. 1(c) and 1(d)).

Similar to the hopping process, the spin flip of the d̂-
fermions is also modified by the oscillating Zeeman field.
The modification is dependent on the charge density of the
ĉ-fermions. If nc

𝑟 = 0, the Rabi frequency is merely renormal-
ized by the oscillating Zeeman field (see Fig. 1(e)). If nc

𝑟 = 1,
two energy quanta are absorbed(emitted) to assist the local
spin flip (see Fig. 1(f)).
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(a)

(b)

r r+ai

cr

dr,↑

dr,↓

U
↑
↩
U
↓
=

2
h
ω

JJ0↼λF↽ JJ0↼λF↽

JJ-2↼λF↽e-i2φJJ2↼λF↽ei2φ

ΩJ0↼λh↽ ΩJ2↼λh↽

(c)

Fig. 1. The physical processes for the effective Hamiltonian. Red circles rep-
resent the spinless ĉ-fermions hopping in the lattice, while blue circles with
an arrow represent the spinful localized d̂-fermions. (a), (b) The renormalized
hopping of ĉ-fermions in the case of same-spin polarization of d̂-fermions be-
tween the neighboring sites. (c), (d) Shaking assistant hopping of ĉ-fermions
in the case of opposite spin polarization of d̂-fermions. (e) The renormalized
spin flip of d̂-fermions in the absence of ĉ-fermions. (f) The shaking assistant
spin flip of d̂-fermions in the presence of ĉ-fermions.

Then we fine tune the parameter as 𝒥0 (λF) = 𝒥2 (λF)

and 𝒥0 (λh) = 𝒥2 (λh). This can be achieved by choosing
λF = λh = 1.84118 or 5.33144 (see Fig. 2). As a result, we
obtain

Ĥeff = J𝒥2(λF)∑
𝑟,i

[
n̂d
𝑟+𝑎i,↑−

(
1− n̂d

𝑟+𝑎i,↑

)]
×
[
n̂d
𝑟,↑−

(
1− n̂d

𝑟,↑

)]
ĉ†
𝑟+𝑎i

ĉ𝑟

+Ω𝒥2 (λh)∑
𝑟

d̂†
𝑟,↑d̂𝑟,↓+h.c. (7)

Note that the total number of the d̂-fermions at each site is
fixed n̂d

𝑟,↑ + n̂d
𝑟,↓ = 1, thus the effective Hamiltonian can be

further simplified as

Ĥeff = J𝒥2(λF)∑
𝑟, j

(
n̂d
𝑟+𝑎i,↑− n̂d

𝑟+𝑎i,↓

)
×
(

n̂d
𝑟,↑− n̂d

𝑟,↓

)
ĉ†
𝑟+𝑎i

ĉ𝑟

+Ω𝒥2 (λh)∑
𝑟

d̂†
𝑟,↑d̂𝑟,↓+h.c. (8)

Then we use the Pauli matrix to represent the spin degree of
freedom of the local d̂-fermions as σ z

𝑟 = n̂d
𝑟,↑ − n̂d

𝑟,↓, σ x
𝑟 =

d̂†
𝑟,↑d̂𝑟,↓+ d̂†

𝑟,↓d̂𝑟,↑, and σ
y
𝑟 = −i(d̂†

𝑟,↑d̂𝑟,↓− d̂†
𝑟,↓d̂𝑟,↑). So the

effective Hamiltonian can be expressed as

Ĥeff = J̃ ∑
𝑟,i

σ
z
𝑟+𝑎i

σ
z
𝑟(ĉ

†
𝑟+𝑎i

ĉ𝑟 +h.c.)+ Ω̃ ∑
𝑟

σ
x
𝑟, (9)

where J̃ = J𝒥0 (λF) and Ω̃ = Ω𝒥0 (λh). This Hamiltonian
describes a dynamic Z2 lattice gauge field coupled to spin-
less fermions. We note that the fermion hopping phase factor

e iθ ∼σ
z
𝑟+𝑎i

σ z
𝑟 could be ±1. That means the Peierls phase θ is

either 0 or π , rather than a continuous value in U(1) gauge the-
ory. Moreover, σ

z
𝑟+𝑎i

σ z
𝑟 does not commute with the Maxwell

term, Ω̃ ∑𝑟 σ x
𝑟, in the Hamiltonian. As a result, unlike the

static gauge field, the Peierls phase in this lattice will fluctuate
in real-time dynamics.

(a)

(b)

Ωσrl

Jσriσrj

x

ri rj

z z

J0↼λ↽

J2↼λ↽

λ2
λ1

λ

0 1 2 3 4 5 6

0.8

0.4

0

-0.4

B
e
ss

e
l 
fu

n
c
ti
o
n
s

~

~

Fig. 2. (a) Illustration of the Z2 lattice gauge theory given by Hamilto-
nian (9). Local spins live on each lattice site. Spinless ĉ-fermions can
hop between the lattice sites. The hopping amplitude depends on the
configuration of the local spins. (b) Fine tuning of modulations. The
solutions of 𝒥0 (λ ) = 𝒥2 (λ ) are λ1 = 1.84118 and λ2 = 5.33144.

The Hamiltonian (9) can also be dualed to the standard
Z2 lattice gauge theory, where gauge fields τ are defined on
the link, with coupling terms ĉ†

𝑟+𝑎i
ĉ𝑟τz

𝑟, star terms ∏+ τx
𝑟+𝑎i/2

and flux terms ∏� τz
𝑟 in the Hamiltonian. We could define the

duality τ
z
𝑟+𝑎i/2 = σ

z
𝑟+𝑎i

σ z
𝑟. The first term in Hamiltonian (9)

becomes the standard coupling term and the second term be-
comes the star term. Moreover, the definition imposes the con-
straint that ∏� τz

𝑟 = 1, which is equivalent to having a large
flux term.

3. Symmetry
As we have emphasized, in contrast to density-dependent

gauge fields that lack local gauge symmetry,[20–22] our model
exhibits a local Z2 gauge symmetry at each site. The gauge
transformation operator is given by

Ĝ𝑟 = e iπ n̂c
𝑟σ

x
𝑟. (10)

Under this gauge transformation, the operators transform as

Ĝ𝑟 ĉ𝑟Ĝ†
𝑟 =−ĉ𝑟, (11)

Ĝ𝑟σ
x
𝑟Ĝ†

𝑟 = σ
x
𝑟, (12)

Ĝ𝑟σ
z
𝑟Ĝ†

𝑟 =−σ
z
𝑟. (13)
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With the transform formula given above, it is straightforward
to verify that

[Ĝ𝑟, Ĥeff] = 0, (14)

[Ĝ𝑟2 , Ĝ𝑟1 ] = 0 (15)

for any given site. That means the the Hamiltonian and Ĝ𝑟 can
share the same set of eigenstates

Ĥeff |ψm (𝑔)⟩ = Em (𝑔) |ψm (𝑔)⟩ , (16)

Ĝ𝑟 |ψm (𝑔)⟩ = g𝑟 |ψm (𝑔)⟩ , (17)

where vector 𝑔 = (g𝑟1 ,g𝑟2 , . . .) labels one gauge sector with
gauge charge g𝑟 = ±1. This separates the Hilbert space,
spanned by the eigenstates of the effective Hamiltonian, into
distinct gauge sectors. In each sector, Ĝ𝑟 is a good quantum
number, and thus can be replaced by its eigenvalues g𝑟. As a
result, in this gauge sector, Eq. (10) can be expressed as

g𝑟 = e iπ n̂c
𝑟σ

x
𝑟. (18)

This is nothing but the Z2 Gauss law similar to electrodynam-
ics. Here e iπ n̂c

𝑟 is the Z2 charge carried by the matter field,
g𝑟 is the local gauge charge and σ x

𝑟 is the electrical field. In
real-world scenarios, we are constrained in the gauge-invariant
subsector, where the background charge is zero. However, in
our synthetic world we can prepare the initial states at differ-
ent subspaces, or even the superposition of several subsectors.
That leads to richer dynamics of the gauge field.

Making a global unitary transformation,[33] Û =

exp(i π

2 ∑𝑟 σ z
𝑟n̂c

𝑟), we find that the matter field and the gauge
field are bound

Û ĉ𝑟Û† =−iσ z
𝑟 ĉ𝑟, (19)

Ûσ
z
𝑟Û† = σ

z
𝑟, (20)

Ûσ
x
𝑟Û† = σ

x
𝑟 (1−2n̂𝑟) . (21)

As a result, the Hamiltonian and Ĝ𝑟 are transformed into

Ĥ ′ = ÛĤeffÛ† = J̃ ∑
𝑟,i
(ĉ†

𝑟+𝑎i
ĉ𝑟 +h.c.)

+Ω̃ ∑
𝑟

σ
x
𝑟 (1−2n̂𝑟) , (22)

Ĝ′
𝑟 = ÛĜ𝑟Û† = σ

x
𝑟. (23)

Note that, after transformation, the Hamiltonian explicitly in-
cludes local gauge transformation operator Ĝ′

𝑟, which is now
σ x
𝑟. Thus in one particular gauge sector we replace σ x

𝑟 by its
eigenvalues g𝑟, obtaining

Ĥsub (𝑔) = J̃ ∑
𝑟,i
(ĉ†

𝑟+𝑎i
ĉ𝑟 +h.c.)−2Ω̃ ∑

𝑟

g𝑟n̂c
𝑟, (24)

where a constant term Ω̃ ∑𝑟 g𝑟 has been ignored.
By being constrained in one gauge sector, this lattice

gauge model is mapped into non-interacting fermions mov-
ing in the potential of the background gauge charges. These
fermions are so-called ‘orthogonal’ fermions,[29–32] which are
a composite of local spins and ĉ-fermions. This mapping is
similar to the integral out of the longitudinal electrical field to

obtain the Coulomb interaction in Maxwell’s theory. In our
model, there is no Coulomb interaction between the particles,
but only coupling between the matter field and the background
charges. Thus the eigenstates of the system can be expressed
as

|ψm (𝑔)⟩= Û† |ϕm (𝑔)⟩⊗ |𝑔⟩ , (25)

where |ϕm (𝑔)⟩ is the eigenstate of orthogonal fermions in the
gauge sector labeled by 𝑔, Ĥsub (𝑔) |ϕm (𝑔)⟩= Em (𝑔) |ϕm (𝑔)⟩.
And |𝑔⟩ is the spin state, |𝑔⟩= ∏𝑟 (|↑⟩𝑟 +g𝑟 |↓⟩𝑟)/

√
2, satis-

fying Ĝ′
𝑟 = σ x

𝑟 |𝑔⟩= g𝑟 |𝑔⟩.
At the half-filling, we numerically find the ground state

as ∣∣ψgs
〉
= Û† |CDW⟩⊗ |SDW⟩ (26)

in a one-dimensional lattice. The local spins form a spin den-
sity wave (SDW)

|SDW⟩= ∏𝑟

|↑⟩𝑟 + e i𝑄·𝑟 |↓⟩𝑟√
2

, (27)

where 𝑄= ∑
d
i=1

π

a 𝑒i. This gives staggered background gauge
charges, Ĝ′

𝑟 |SDW⟩= e i𝑄·𝑟 |SDW⟩. The orthogonal fermions
form a charge density wave (CDW)

|CDW⟩= ∏
𝑘

α̂
†
low (𝑘) |0⟩ . (28)

Here
α̂

†
low,𝑘 = cos

θ𝑘

2
ĉ†
𝑘− sin

θ𝑘

2
ĉ†
𝑘+𝑄,

with

tanθ𝑘 =− J̃
Ω̃

∑
d
i=1 cos(kia) .

This ground state can be generalized to two and three di-
mensions. It can be understood in two limits. First if J̃ → 0,
the ground states have ⟨n̂𝑟⟩= 1 (0), as g𝑟 =+1 (−1) to lower
the on-site energy. There are innumerable states possessing the
same energy, but for a finite J̃ the SDW configuration will min-
imize the kinetic energy at the half-filling. Second, at Ω̃ → 0,
the ground state is a Fermi sea of orthogonal fermions. When
opening Ω̃ , the SDW will scatter the orthogonal fermions by
a momentum 𝑄. At the half-filling, this matches the Fermi
surface nesting, leading to gap opening and a CDW.

4. Radio-frequency spectroscopy
The effective Hamiltonian introduced above has two in-

triguing properties, one of which is absence of a dispersion
relationship.[34] This property will be the focus of this section.
To initiate our discussion, let us recall the spectral function
given by

Aab (𝑘,ω) = +i
∫

dt ∑
𝑟

G> (𝑟, t) e−i(𝑘·𝑟−ωt), (29)

Aem (𝑘,ω) =−i
∫

dt ∑
𝑟

G< (𝑟, t) e−i(𝑘·𝑟−ωt). (30)

Here the Green functions G> (𝑟, t) and G< (𝑟, t) are given by
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iG> (𝑟2 −𝑟1, t) = +
〈
ĉ𝑟2 (t) ĉ†

𝑟1
(0)
〉

β
=+

1
Z ∑

𝑔,m
e−βEm(𝑔) ⟨ψm (𝑔)| e iĤefft ĉ𝑟2 e−iĤefft ĉ†

𝑟1
|ψm (𝑔)⟩ , (31)

iG< (𝑟2 −𝑟1, t) = −
〈
ĉ†
𝑟1
(0) ĉ𝑟2 (t)

〉
β
=− 1

Z ∑
𝑔,m

e−βEm(𝑔) ⟨ψm (𝑔)| ĉ†
𝑟1

e iĤefft ĉ𝑟2 e−iĤefft |ψm (𝑔)⟩ . (32)

Transforming into the orthogonal fermion picture, we have

iG> (𝑟2 −𝑟1, t) = +∑
𝑔,m

e−βEm(𝑔)

Z
⟨𝑔|⊗ ⟨ϕm (𝑔)| e iĤ ′t

σ
z
𝑟2

ĉ𝑟2 e−iĤ ′t
σ

z
𝑟1

ĉ†
𝑟1
|ϕm (𝑔)⟩⊗ |𝑔⟩

= +∑
𝑔,m

e−βEm(𝑔)

Z

〈
𝑔′𝑟2

|𝑔′𝑟1

〉
⟨ϕm (𝑔)| e iĤsub(𝑔)t ĉ𝑟2 e−iĤsub

(
𝑔′𝑟1

)
t ĉ†

𝑟1
|ϕm (𝑔)⟩ , (33)

iG< (𝑟2 −𝑟1, t) = −∑
𝑔,m

e−βEm(𝑔)

Z
⟨𝑔|⊗ ⟨ϕm (𝑔)|σ z

𝑟1
ĉ†
𝑟1

e iĤ ′t
σ

z
𝑟2

ĉ𝑟2 e−iĤ ′t |ϕm (𝑔)⟩⊗ |𝑔⟩

= −∑
𝑔,m

e−βEm(𝑔)

Z

〈
𝑔′𝑟2

|𝑔′𝑟1

〉
⟨ϕm (𝑔)| ĉ†

𝑟1
e iĤsub

(
𝑔′𝑟1

)
t ĉ𝑟2 e−iĤsub(𝑔)t |ϕm (𝑔)⟩ . (34)

Here |𝑔′𝑟⟩ = σ z
𝑟 |𝑔⟩. This means that the background charge

distribution 𝑔′𝑟 is opposite from 𝑔 at the site 𝑟. Therefore
we have

〈
𝑔′𝑟2

|𝑔′𝑟1

〉
= δ𝑟2,𝑟1 . This indicates that single par-

ticle(hole) excitation cannot propagate, since they are bound
with local spins (19). Then we obtain

iG> (𝑟2 −𝑟1, t) = +δ𝑟2,𝑟1 ∑𝑔
p𝑔S>𝑔 (𝑟, t) , (35)

iG< (𝑟2 −𝑟1, t) = −δ𝑟2,𝑟1 ∑𝑔
p𝑔S<𝑔 (𝑟, t) , (36)

where

S>𝑔 (𝑟, t) =
Tr
{

e−β Ĥsub(𝑔) e iĤsub(𝑔)t ĉ𝑟 e−iĤsub(𝑔′𝑟)t ĉ†
𝑟

}
Tr
{

e−β Ĥsub(𝑔)
} , (37)

S<𝑔 (𝑟, t) =
Tr
{

e−β Ĥsub(𝑔)ĉ†
𝑟 e iĤsub(𝑔′𝑟)t ĉ𝑟 e−iĤsub(𝑔)t

}
Tr
{

e−β Ĥsub(𝑔)
} , (38)

and p𝑔 = Tr{e−β Ĥsub(𝑔)}/∑𝑔 Tr{e−β Ĥsub(𝑔)}. Consequently
the momentum-resolved radio-frequency spectrum shows
no dispersion at any given temperature, Aab/em (𝑘,ω) =

Aab/em (ω). In addition, adding (removing) the ĉ-fermions to
(from) the system, will flip the local spins, which will create
a local impurity potential for the orthogonal fermions. This
process is similar to x-ray absorption or emission in solid
materials.[35–40] The non-dispersion relationship can be un-
derstood in this way: the local gauge symmetries separate the
Hilbert space into different subspaces, and these subspaces are
mutually orthodox and labeled with different 𝑔. As argued in
Ref. [34], adding (ĉ†

𝑟1
) or removing (ĉ𝑟1 ) a fermion will scat-

ter the state |ψm (𝑔)⟩ in the subsector labeled with 𝑔 into the
subsector labeled with 𝑔′𝑟1

. And 𝑔′𝑟1
, as denoted as earlier, is

opposite to 𝑔 at site 𝑟1. To return to the subsector labeled by 𝑔,
one has to remove or add a fermion at the same site otherwise
the system will be excited to other subsectors. Such a con-
straint gives a δ -function in Eqs. (35) and (36). After Fourier
transformation, that leads to a spectrum without dispersion.

ω
/
J

5 10 15 20

(b)(a)

(d)(c)

8

4

0

-4

-8

~
ω
/
J

8

4

0

-4

-8

~

−π 0 π 5 10 15
ka Aab↼k↪ω↽

−π 0 π 5 10 15
ka Aem↼k↪ω↽

5 10 15 20

Fig. 3. (a), (c) Momentum resolved radio-frequency emission or ab-
sorption spectrum function for a half-filled one-dimensional lattice at
zero temperature. (b), (d) Radio-frequency emission or absorption spec-
trum function at a given momentum. The dashed line is the single-
particle density of state in a spin density wave background charge dis-
tribution. The calculation is done in a lattice with length 100 and
Ω̃/J̃ = 0.6.

Since Ĥsub (𝑔) is quadratic, we can calculate S>𝑔 (𝑟, t),
S<𝑔 (𝑟, t) and p𝑔 via the trace formula.[40] We obtain

S>𝑔 (𝑟, t) = det [1− f𝑔 +U (t) f𝑔]

× ⟨𝑟|
[
U−1 (t)+

f𝑔
1− f𝑔

]−1

e−iHsub(𝑔)t |𝑟⟩ , (39)

S<𝑔 (𝑟, t) = det
[
1− f𝑔 + f𝑔U−1 (t)

]
× ⟨𝑟|

[
U−1 (t)+

1− f𝑔
f𝑔

]−1

e−iHsub(𝑔)t |𝑟⟩ , (40)
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p𝑔 =
det
(

f−1
𝑔

)
∑𝑔 det

(
f−1
𝑔

) , (41)

where

U (t) = e−iHsub(𝑔′𝑟)t e iHsub(𝑔)t , f𝑔 = [e−βHsub(𝑔)+1]−1.

The zero temperature spectrum is plotted in Fig. 3. The dashed
line is the single-particle density of state in a spin density wave
background charge distribution. As we discussed above, the
spectra are dispersionless and exhibit in-gap peaks, which im-
ply bound states of the ĉ-fermions and local spins. The finite
temperature spectra are plotted in Fig. 4. Note that when tem-
perature increases, the peaks in spectra are broadened, indicat-
ing melting of the SDW of background local spins.

1

2

3
(a)

Aab

Aem

0.1

0.2

0.3

0.4
(b)

-5

0.05

0.10

0.15

(c)

0.02

0.04

0.06

0.08

0.10

0.12

0.14 (d)

Aab

Aem

Aab

Aem

Aab

Aem

0 5

ω/J~
-5 0 5

ω/J~

-5 0 5

ω/J~
-5 0 5

ω/J~

Fig. 4. Absorption and emission spectra at different finite temperatures.
The blue lines are absorption spectra and the red lines are emission spectra:
(a) kBT/J̃ = 0.02, (b) kBT/J̃ = 0.5, (c) kBT/J̃ = 2, (d) kBT/J̃ = 10. The
simulation is on a one-dimensional lattice with length 10, and Ω̃/J̃ = 0.6 at
half fillings.

5. Dynamical localization
After investigating the absence of a dispersion relation-

ship in the effective Hamiltonian, we now turn our attention to
another property, that is, dynamical localization. Consider the
time evolution of the initial states

|ψ(0)⟩= Û† |ϕ(0)⟩⊗∏
𝑟

|↑⟩𝑟 , (42)

where |ϕ(0)⟩ is the initial state of orthogonal fermions and
|↑⟩𝑟 is the local eigenstate of σ z

𝑟, σ z
𝑟 |↑⟩𝑟 = |↑⟩𝑟. One

can expand |↑⟩𝑟 by the local eigenstates of Ĝ′
𝑟 as |↑⟩𝑟 =

1
2 (|+1⟩𝑟 + |−1⟩𝑟). So the initial state can be recast as

|ψ(0)⟩=
√

2
−NsÛ† |ϕ(0)⟩⊗∑

𝑔

|𝑔⟩ , (43)

where Ns is the number of lattice site. Note that this wave
function is a superposition of different subspaces. If we fo-
cus on the behavior of the fermions, the expectation value of a

fermion operator reads

⟨O(t)⟩= 1
2Ns ∑

𝑔

⟨ϕ(0)| e iĤsub(𝑔)tOe−iĤsub(𝑔)t |ϕ(0)⟩ . (44)

We can see that e−iĤsub(𝑔)t |ϕ(0)⟩ is the time evolution of the
non-interacting orthogonal fermions in a subsector with given
background charge distribution. The summation is identical
to the ensemble average of the orthogonal fermions moving
in disorder potential. So this dynamics is similar to the An-
derson model, expect that the potential here has a binary dis-
tribution rather than a uniform distribution. In one or two di-
mensions, this dynamics exhibits localization.[41–46] However,
if we choose the initial state Û† |ϕ(0)⟩⊗∏𝑟 |+1⟩𝑟, which is
in one subsector, the orthogonal fermions feel a uniform po-
tential with no background charge fluctuations. Consequently,
localization phenomena are absent in this scenario.

0 10 20 30
0

1

2

3

4

5

Ω/J/.∼ ∼

Ω/J/.∼ ∼

Ω/J/.∼ ∼

Fig. 5. Wavepacket spreading of one fermion in a one-dimensional lat-
tice gauge field. The initial state of the solid lines is Û†ĉ†

0 |0⟩⊗∏𝑟 |↑⟩𝑟 ,
while the initial state of the dashed line is U†ĉ†

0 |0⟩⊗∏𝑟 |+1⟩𝑟 . The
simulation is done on a lattice with length 21.

Moreover, we calculate the spreading of a single fermion
wavepacket in one dimension (see Fig. 5). Starting from the
uniform background charges, the width of the wavepacket,

W =

√
⟨∑𝑟 𝑟

2ĉ†
𝑟 ĉ𝑟⟩−⟨∑𝑟 𝑟ĉ†

𝑟 ĉ𝑟⟩2, grows linearly with time.
However, if the initial state is a superposition state the width
is saturated at long times, so the disorder effect in the dynam-
ics is led by the background charge fluctuation, which is the
consequence of the superposition initial states. It should be
emphasized that local gauge symmetry is crucial in these dy-
namic localizations. Since local gauge symmetry separates
the Hilbert space into different subspaces, different subspaces
have different configurations of background gauge charges.
When we start from a superposition of different subspaces, the
fluctuations of the background gauge charges play the role of
local disorder potential of fermions. That makes the fermions
localized.

6. Summary and outlooks
We propose a Floquet approach to simulate a simple lat-

tice gauge model. Our method is feasible with current exper-
imental techniques, and is adaptable to systems in one, two
or three dimensions. The effective Hamiltonian is obtained
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by keeping to the zeroth order of 1/ω expansion. The next
order processes break the local gauge symmetry. However,
those terms are highly suppressed in the large driving fre-
quency limit, such that the gauge-invariant dynamics will not
be affected in the typical time scale of the experiment. The
predicted dispersionless spectrum can be observed via widely
used radio-frequency spectroscopy in ultracold atomic sys-
tems. Dynamic localization can be detected by in situ mea-
surement in optical lattices.
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