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We present the angular distribution of the ejected electron for single ionization of He by fast proton impact. A four-
body formalism of the three-Coulomb wave is applied to calculate the triple differential cross sections at several impact
energies in the scattering, perpendicular and azimuthal planes. Moreover, the three-body formalism of three-Coulomb,
two-Coulomb and first Born approximation models has also been used to study the many-body effect on electron emission
and the validity of the models. In the three-Coulomb wave model, the final state wave function incorporates distortion
due to the three-body mutual Coulombic interaction. In this formalism, we use an uncorrelated and correlated Born initial
state, which consists of a plane wave for the incoming projectile times a two-electron bound state wavefunction of the
helium atom representing the 1s2(1S) state. But, in the case of the three-body formalism, the initial state wavefunction
consists of a long-range Coulomb distortion for the incoming projectile and one active electron of the He atom described
by the Roothaan–Hartree–Fock wavefunction. The structure with a single or two peaks with unequal intensity is observed
in the angular distributions of the triple differential cross sections for the different kinematic conditions. In addition, the
influence of static electron correlations is investigated using different bound state wavefunctions for the ground state of the
He target. In the four-body formalism, the present computations are very fast by reducing a nine-dimensional integral to a
two-dimensional real integral. Despite the simplicity and speed of the proposed quadrature, the comparison shows that the
obtained results are in reasonable agreement with the experiment and are compatible with those of other theories.

Keywords: ionization, cross sections, collision, atoms, ions
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1. Introduction
The study of ionization processes in atoms and molecules

by fast ion impact is important in various areas of physics and
chemistry. It is also a good topic for studying the dynamics
of few-body collisions. In this context, triple differential cross
sections (TDCSs) give us complete information on collision
dynamics and provide the most sensitive tests of different the-
oretical models. Among various ion–atom collisions, single
ionization of a He atom by proton impact is a more funda-
mental reaction, for several reasons. He is the simplest multi-
electron atom in nature and the collision of a proton with He
is a pure four-body problem, which allows examination of the
validity of the theoretical formalisms. The collision dynamics
depends on the kinematic parameters. Most of the theoreti-
cal work on this collision process was done in the scattering
plane,[1–9] where a structure with two peaks has been found
in the angular distribution of electron emission. In this con-
text, several experiments[10–20] have also been performed on
ion–atom collisions due to the remarkable progress of the cold
target recoil ion momentum spectroscopy (COLTRIMS). This
allows us to measure the three-dimensional angular distribu-
tions of the electrons ejected from atoms at given values of
energy and momentum transfer. On the other hand, few the-
oretical works have been done on the TDCSs, either in the
scattering, perpendicular[21–27] or azimuthal planes.[28] There-
fore, the complete dynamics of single ionization of He in the

ground state for different collision planes is more challenging,
both theoretically and experimentally.

Many theoretical calculations have been carried out for
this particular process based on the three-body model. For
example, the first Born approximation (FBA),[19] the three-
body distorted wave (3DW),[29–31] the continuum distorted-
wave eikonal initial state (CDW-EIS),[10,23,32,33] convergent
close coupling (CCC),[34] the three-Coulomb wave (3CW)
or Brauner, Briggs and Klar (BBK) model[35–38] and the
three-body distorted-wave eikonal initial state (3DW-EIS).[39]

At the same time, a few four-body formalisms of differ-
ent models have also been published for the calculation of
the TDCS for single ionization of atoms by ion impact at
intermediate and high impact energies. For example, the
Glauber approximation,[8] the FBA with two-Coulomb wave
(FBA-2CW),[21,22] corrected continuum wave,[2] plane-wave
FBA,[15,40] 3CW[1,9,18,40,41] and CDW-EIS.[42] A frequently
used model for single ionization of a multi-electron atom is
the frozen core approximation. In this approximation, the ion-
ized electron is considered active while the other electron is
inactive. This electron does not change state during the col-
lision, and can therefore be neglected in the calculation. The
other important assumption in this approximation is that all the
electrons in the atom are independent, and therefore the cor-
relations between them can be ignored. This approximation
is valid for high impact energies. On the other hand, correla-
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tion with the initial target atomic wavefunction is considered
in the four-body model and may change the collision dynam-
ics. Thus, the four-body model, with He as a target, represents
a more physically accurate description for ion–atom collisions
and it will give more information about collision dynamics.
So, it may be expected that the four-body model will predict
the experimental results better than the three-body model in
a wide energy range. In Refs. [43–46], it is quite surpris-
ing that the four-body model showed worse agreement with
the experiment than the three-body model. Ghanbari-Adivi
and Velayali[47] studied the difference between three-body and
four-body distorted wave models for the formation of positro-
nium. Their study was primarily focused on the role of corre-
lation in the ground state atomic wavefunction. A significant
difference between the two sets of results was found. Recently,
differential cross sections (DCSs) for capture of a single elec-
tron from He by bare ion impact were calculated using a frozen
core three-body model and an active electron four-body model
within the FBA.[48] Their investigation shows that the inclu-
sion of electron correlation in the four-body model has a mini-
mum effect on the DCS. However, in some cases, for example
with B5+ as a projectile, both models predicted the experimen-
tal results very well.

This paper presents a theoretical study of the angular
distribution of electron emission for the single ionization of
He atoms in the ground state by proton impact for differ-
ent kinematic conditions. Our primary focus is to trace any
differences in the TDCSs by applying a 3CW model based
on the three-body and four-body models (called 3CW-3B and
3CW-4B, respectively) in the scattering, perpendicular and az-
imuthal planes. The TDCSs are presented for H+ projectile
impact with energies of 0.5 MeV·amu−1, 1 MeV·amu−1 and
2 MeV·amu−1. Another motivation is the role of correlation
in the target atomic wavefunction and the validity of the two
models. This work is an extension of our previous work,[49]

where the TDCSs were only calculated in the scattering plane
at impact energies of 0.75 MeV and 1 MeV.

The paper is organized as follows. In Section 2, the theory
of the two formalisms is presented and the partial transition
amplitudes are evaluated. The obtained results are compared
with experiments in Section 3. Finally, the concluding remarks
are given in Section 4. Atomic units (a.u.) are used throughout
unless otherwise noted.

2. Theoretical treatment
In the single ionization of a He atom, a proton of mass MP

and charge ZP impacts with a He atom. One of the electrons
in the target is ionized and the other electron remains bound to
the He, forming He+ (n = 1). This electron does not change
its quantum state, i.e., it is frozen, which screens the nucleus.
As a result, the shape and magnitude of the TDCS results can
be affected by the screening. Even the collision dynamics can

be changed. Therefore, there are some differences observed
in the angular distribution of the ejected electron between the
frozen core and the active electron model. So, the projectile–
frozen target nucleus interaction is changed, which plays an
important role in the single ionization process. To study the
differences between the three-body and four-body models, we
use the exact form of the 3CW in the asymptotic region orig-
inally proposed by BBK.[35] The BBK model is used to study
the mechanism of the ionization process. It mainly incorpo-
rates the pairwise mutual Coulomb interaction among three
unbound charged particles. In the present work, this model
determines the final channel wave function for 3CW-3B and
3CW-4B models. Here a brief outline of two theoretical mod-
els (3CW-3B and 3CW-4B) along with the FBA-2CW model
based on the three-body model is given, where the interaction
between the projectile and residual target ion (PI) and the post-
collision interaction (PCI) are turned off.

2.1. Four-body three-Coulomb wave (3CW-4B)

The TDCS in a.u. is obtained from the following relation:

TDCS = Ne(2π)4 keks

k0
|F(−)(𝑞,𝑘e)|2, (1)

where 𝑘0, 𝑘e and 𝑘s are the momenta of the incoming pro-
jectile, ejected electron and scattered projectile, respectively.
𝑞 = 𝑘0 − 𝑘s denotes the projectile momentum transfer and
Ne is the number of indistinguishable electrons in the atomic
shell. Here, F(−)(𝑞,𝑘e) represents the prior form of the transi-
tion amplitude for single ionization of He by ion impact. The
form of F(−)(𝑞,𝑘e) is given by

F(−)(𝑞,𝑘e)

= 〈χ(−)
3C (𝑟1,𝑠1,𝑅)φ+

He(𝑟2)|V 4B
i |χi(𝑅)φHe(𝑟1,𝑟2)〉, (2)

where χi(𝑅) is the incident projectile plane wave, φHe(𝑟1,𝑟2)

is the target atomic wavefunction, φ
+
He(𝑟2) is the bound state

of the residual He+ ion (n = 1) and χ
(−)
3C (𝑟1,𝑠1,𝑅) represents

the correlated wavefunction of the three unbound charged
particles[35] in the final state. V 4B

i is the Coulomb interaction
between the projectile and atom given by

V 4B
i =

(
2
R
− 1
|𝑟1−𝑅|

− 1
|𝑟2−𝑅|

)
. (3)

Here 𝑟1, 𝑟2 and 𝑅 are the position vectors measured relative
to the target nucleus for the two electrons in the atom and the
projectile, respectively. The transition amplitude of Eq. (2)
contains nine-dimensional integrals. Following Ref. [9], this
integral is reduced to a two-dimensional real integral.

2.2. Three-body three-Coulomb wave (3CW-3B)

The second electron of the He atom remains in the ground
state of the final ionic state He+, i.e., it does not change the
quantum state, therefore the inactive electron is neglected in
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the calculation. This electron screens the target nucleus. Then,
the three-body transition amplitude becomes

F(−)(𝑞,𝑘e) = 〈χ(−)
3C (𝑟1,𝑠1,𝑅)|U3B

i |χ+
i (𝑅)φHe(𝑟1)〉, (4)

where U3B
i =

( 1
R −

1
|𝑟1−𝑅|

)
. Here, φHe(𝑟1) is the initial bound

state wavefunction of He, where one active electron is de-
scribed by the Roothaan–Hartree–Fock (RHF) wavefunction.
This is a more sophisticated single-electron wavefunction and
is given by

φHe(𝑟1) =
n

∑
j=1

ξ j e−δ jr1 , (5)

where ξ j and δ j can be found in Ref. [50]. χ
+
i (𝑅) is the

Coulomb distorted wave for the incident projectile and the cor-
responding distorted potential is Ui. We note that χ

(−)
3C is the

same for the three-body and four-body models. Equation (4)
contains a six-dimensional integral which is reduced to three-
dimensional integrals. All integrals are performed numerically
using the Gauss–Legendre quadrature method.

2.3. Three-body two-Coulomb wave (2CW-3B)

In this approximation, the scattered projectile is treated as
a plane wave and the ejected electron motion is influenced by
both the projectile and the target ion. On the other hand, the
initial state wavefunction remains the same as in the 3CW-3B
model. So the transition amplitude is given by

F(−)(𝑞,𝑘e) = 〈χ(−)
2C (𝑟1,𝑠1)χs(𝑅)|U3B

i |χi(𝑅)φHe(𝑟1)〉. (6)

2.4. Three-body first-Born approximation (FBA-3B)

In the FBA calculations, only the interaction between the
electron leading to ejection and the target is accounted for.
This is a one-center calculation. Therefore,

F(−)(𝑞,𝑘e) = 〈χ(−)
1C (𝑟1)χs(𝑅)|U3B

i |χi(𝑅)φHe(𝑟1)〉. (7)

In the FBA, both the PI interaction and PCI are absent.
Special attention has been given to convergence dur-

ing the numerical integration of the transition amplitude that

contains a function f (τ) = τ iγ−1(1− τ)−iγ by transform-
ing a confluent hypergeometric function to complex contour
integration.[9,51] Here γ is a Sommerfeld parameter that be-
comes very small with increasing velocity of the scattered
proton and the ejected electron. As a result, the function is
more oscillatory. However, the consequences of the three-
dimensional integral for the three-body model and the two-
dimensional integral for the four-body model are tested prop-
erly and the results presented here are correct up to an accuracy
of 0.1%. For the three-body formalism, the three-dimensional
integral comprises two contour integrals that have been trans-
formed to a real integral ranging from 0 to ∞[52] and the Lewis
integral[53] with the same limit. On the other hand, the four-
body ionization amplitude contains only two-dimensional in-
tegrals with one contour integral and the Lewis integral. Thus,
the dimension of the transition amplitude is reduced compared
with our previous work.[41] Therefore, the present computa-
tions are very fast and economical in time relative to other
theories. Finally, all the real integrations are carried out nu-
merically by the Gauss quadrature method.

3. Results and discussion
In general, there are three common geometries for ion–

atom or ion–molecule collisions that may be used to calculate
the TDCS. From the TDCS results we study the collision dy-
namics in different kinematical regimes. In this context, we
mention that Ren et al.[54,55] have studied the angular distri-
butions of the ejected electron by calculating the TDCS in
different collision planes. The coplanar geometry or scatter-
ing plane (x–z plane) (Fig. 1(a)) is defined by the incoming
proton of momentum 𝑘0 (with energy E0) and the outgoing
electron of momentum 𝑘e (with energy Ee) always being in
the same x–z plane. In this plane, the scattered proton and
the ejected electron are detected. However, in the perpendic-
ular plane, the scattered proton is still on the scattering plane,
while the ejected electron is detected on the y–z plane (shown
in Fig. 1(b)). In the third plane, the so-called azimuthal plane,
the scattered proton also remains in the scattering plane and
the ejected electron is in the x–y plane as in Fig. 1(c).
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Fig. 1. The x–z, y–z and x–y planes represent (a) the scattering plane, (b) the perpendicular plane and (c) the azimuthal plane. The momentum
of the incident projectile, scattered projectile and the emitted electron are 𝑘0, 𝑘s and 𝑘e, respectively.
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To check the validity of 3CW-3B and 3CW-4B as well as
other theoretical calculations, we have calculated the TDCS
and TDCS multiplied by |sinθe|, named TDCS*, as a func-
tion of the polar and azimuthal angles of the ejected electron
for several electron emission energies (Ee) and momentum
transfers (𝑞). The results are displayed in Figs. 2–5, respec-
tively. We compare the theoretical values given by the 3CW,
2CW and FBA distorted wave models based on the three-body
formalism, respectively, and the four-body formalism of the
three-Coulomb wave (3CW-4B) with available experimental
data. In the present work, we use the four-parameter wave-
function of Byron and Joachain[56] for the ground state of the
He target He(1s2). It is given by

φHe(𝑟1,𝑟2) =
N
4π

(Ae−αr1 +Be−β r1)(Ae−αr2 +Be−β r2), (8)

where N = 4
[

A2

α3 +
B2

β 3 +
16AB

(α+β )3

]−1
, with A = 2.60505, B =

2.08144, α = 1.41, β = 2.61 and binding energy εi =

−2.86167 a.u. This wavefunction φ(𝑟1,𝑟2)
[56] includes the

static correlations that are of a spectroscopic nature. Con-
versely, a dynamic correlation is present in the perturbation
potential that causes the transition to a collision. Here the
function φ(𝑟1,𝑟2) is independent of angle. Therefore it in-
cludes radial correlations not angular correlations. We also
use the simplest uncorrelated one-parameter wavefunction of
Hylleraas[57]

φHe(𝑟1,𝑟2) =

(
α3

π

)
e−α(r1+r2), (9)

where α = 1.6875 is the effective charge for He with binding
energy εi =−2.847656 a.u.

In the present investigation, we focus our work on these
geometries (shown in Figs. 1(a)–1(c)) in ion–atom collisions.
In coplanar and asymmetric geometry, several theoretical as
well as experimental works have been done at intermediate
and high impact energies. Among these the agreement is quite
good on the scattering plane. However, in the case of the per-
pendicular and azimuthal planes, few theoretical works have
been found for p–He collisions. Since there are not sufficient
experimental data in the literature for different kinematic pa-
rameters and different collision planes, we only present the
theoretical TDCS results. The main features of the electron
emission pattern are the presence of the well-known strong
binary and weak recoil peaks. The binary peak is oriented
roughly along the direction of momentum transfer 𝑞, thus cor-
responding to electrons emitted after a single binary collision
with the projectile. During the binary collision, the passive
electron and the target ion are considered as spectators. In the
opposite direction to 𝑞, the recoil peak is found to arise due
to a two-step classical double-scattering mechanism. So, this
weak peak is mainly governed by strong elastic scattering from
the nucleus.

Figures 2(a)–2(l) show the TDCS results in coplanar
and asymmetric geometry for the ionization of a He atom
by 1 MeV proton impact. We choose three momentum trans-
fers q = 0.5 a.u., 1 a.u. and 1.75 a.u. due to the availability
of experimental data[18] (filled circles). For each value of 𝑞,
the ejected electron of energy Ee is chosen at 2.5 eV, 5 eV,
10 eV and 20 eV. Our theoretical calculations are compared
with the experimental results[18] and the other theoretical cal-
culations using the wave-packet convergent close-coupling
approach (WP-CCC)[28] (orange curve). These figures also
include the results obtained by the same 3CW-4B approach
using the correlated wavefunction of Byron and Joachain[56]

(violet curve) for the ground state of the He atom along with
our 2CW-3B (blue curve) and FBA-3B (red curve) models.
The result obtained by the distorted wave four-body (DW-
4B)[49] (dash-dotted magenta curve) is also included in the
same figure. This result exhibits better agreement with the ex-
periment. On the other hand, both the 3CW-4B results using
correlated and uncorrelated wave functions underestimate the
measurement. This may be due to the fact that in the DW-4B
model the incoming projectile is described by a Coulomb dis-
torted wave while that for 3CW-4B is described by a plane
wave. A comparison between the present 3CW-3B (black
curves) results, the more successful WP-CCC (orange curve)
model and the experimental data shows that all are in excellent
agreement for all kinematical parameters. This is expected in
the 3CW model, because the final state wavefunction incorpo-
rates distortions due to the pairwise Coulomb interaction. This
wavefunction is asymptotically correct when all interparticle
separations are large. It is also noted that all the particles in
the final state are treated on an equal footing. Furthermore, in
the entrance channel of the three-body formalism, the relative
motion between the projectile and the target is described by
the Coulomb distorted wave χ

+
i (𝑅) in Eq. (4). On the other

hand, the WP-CCC is a semi-classical two-center formalism
in which the total scattering wavefunction is expanded on the
basis of target-centered continuum pseudostates. This ap-
proximation incorporates the coupling between channels and
multiple scattering. From these figures, it is also found that the
3CW-4B results using the correlated wavefunction[56] (violet
curve) are slightly lower than the 3CW-3B results in the region
of the binary peak, while the two sets (3CW-3B and 3CW-4B)
of results follow exactly the same pattern. This is obvious be-
cause the bound electronic state of He+ in the 3CW-4B model
does not affect the dynamics at high impact energy where
the frozen core approximation is valid. At the same time,
FBA-3B (red curve) and 2CW-3B (blue curve) do not agree
well with the experimental findings because neither theory ac-
counts for the PI interaction. It is noted that the importance of
PI interaction for single ionization of an atom was verified in
earlier work.[3,6,8,49] The bound electron wavefunction of He+
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(n = 1) and the perturbation potential is different in the three-
body formalism than in the four-body formalism. Moreover,
the treatment for the target wavefunction in the initial channel
is completely different from the four-body model. These are
the reasons for the discrepancies between the two sets of re-
sults (i.e., the three- and four-body formalisms). Therefore, a
comparison of the TDCS results using the two-electron wave-
function and one active electron wavefunction of He in the

ground state affects the results in the region of the binary peak.

For all the considered values of low momentum transfer and

at three different electron emission energies, the experimental

data[18] show a double-peak structure: a large binary peak

near the 𝑞 direction and a smaller recoil peak in the vicinity of

−𝑞, while the momentum transfer is low (shown in Figs. 2(a)–

2(f)). But, in the case of high momentum transfer q= 1.75 a.u.
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Fig. 2. Triple differential cross sections for single ionization of He in the ground state by 1 MeV proton impact in the scattering plane as a
function of electron emission angle for three sets of electron emission energies and momentum transfers, as indicated in each figure. The green
curve, black curve, blue curve and red curve represent the present 3CW-4B (uncorrelated wavefunction[57]), 3CW-3B, 2CW-3B and FBA-3B
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and other sets of Ee, a single binary peak is observed. This
structure was also obtained in earlier works.[21,22,28,29] There-
fore, we can say that the double-scattering mechanism is in-
significant compared with single scattering, while the projec-
tile momentum transfer is high. Again, the height of the binary
peak decreases with increasing momentum transfer. This is
due to the interaction between the projectile and target ion and
the projectile and electron. As also seen from these figures, the
maximum discrepancy between the two curves using uncorre-
lated (green curve) and correlated (violet curve) wavefunctions
of He in the 3CW-4B model occurs in the binary peak region.
This means that in the binary peak region, the static electronic
correlation has a significant influence on the ionization pro-
cess, while in the other angular region the difference between
the two curves is marginal. It is also noted that the binary peak
shifts towards the smaller emission angle with increasing elec-

tron emission energy at a fixed value of projectile momentum
transfer. This is due to projectile–electron interaction in the
final state, i.e., the PCI effect. After direct ionization, the pro-
jectile attracts the outgoing electron and distorts the trajectory
of that electron in a forward direction. The figures also show
the results obtained using the 2CW-3B calculations, where the
Coulomb distortion due to the relative motion between two
nuclei is ignored in the final state. The results are exactly the
same for FBA-3B. Some discrepancies both in the position and
absolute values of the TDCS have been found between 3CW-
4B and FBA-3B. The reason for this is the absence of PCI and
PI interactions in FBA-3B and only PI interaction in 2CW-3B.
One can also see that, with increasing momentum transfer at
fixed Ee, the position of the binary peak moves towards larger
ejection angles. This is due to the change in the direction of
the momentum transfer.
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Fig. 4. Present TDCS results for single ionization of He by 0.5 MeV, 1 MeV and 2 MeV proton impact in the perpendicular plane as a
function of electron emission angle for the electron emission energies and momentum transfers indicated in each figure. Full green, blue and
red curves represent 0.5 MeV, 1 MeV and 2 MeV using 3CW-3B and the corresponding dotted curve obtained from 3CW-4B calculations using
uncorrelated wavefunctions. The dash-dotted curve represents the WP-CCC results.[28]

In Fig. 3, we show the TDCS results multiplied by |sinθe|
(so-called TDCS*) for a proton impact energy of 1 MeV. Both
the TDCSs (TDCS and TDCS*) produce equivalent informa-
tion about the ionization process. The traditional TDCS form
is used to study the binary and recoil peaks, as already dis-
cussed for Fig. 2. It is presented on a linear scale so that
the shift of the peak is clearly seen among different mod-
els. On the other hand, TDCS* is presented on a logarithmic
scale. A few comments should be made regarding the kinks
in the TDCS* results near the forward and backward regions
of the ejection angles. Kinks in the vicinity of 0◦ and 180◦

are found in TDCS* in which three nodes are present at 0◦

and ±180◦. The kinks appear due to the asymmetry of the
TDCS, which was mentioned in Ref. [18]. We note that the
kinks appear in the 3CW-3B and 3CW-4B calculations using
correlated and uncorrelated wave functions and WP-CCC[28]

reproduces the experimental data.[18] But this type of struc-
ture is weak in the case of FBA-3B and 2CW-3B calcula-
tions. Moreover, we notice a relative angular shift (ranging
from 0◦ to 10◦ in the direction of 𝑞) of the experimental data
with respect to our FBA-3B and 2CW-3B calculations for all
kinematic conditions. The reason for such a shift is due to
the absence of higher-order interaction terms as already men-
tioned in Ref. [15]. However, the other two models (3CW-
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3B and 3CW-4B) agree comparatively better with the experi-
mental findings. We should also remember that the structure
disappears as projectile momentum transfer increases. Fur-
thermore, 3CW-4B is in better agreement with the experiment
than 3CW-3B, except for Ee = 2.5 eV and 5 eV at q= 1.75 a.u.
We observe that the two sets of results using correlated (dot-
ted green curve) and uncorrelated (solid green curve) wave-
functions do not exhibit a significant change in the angular
distribution except for a few kinematic conditions. Again, we
include the results in Figs. 3(a), 3(e) and 3(i) obtained with
DW-4B[49] (dash-dotted magenta curve) model. We find good
agreement with the experiment as well as the present 3CW-4B
results. A description of the initial wave functions for DW-
4B and 3CW-4B models has already been given. We must
mention that for the DW-4B model the scattered projectile and
ejected electron are described by the Coulomb distorted wave
in the final state. However, in the 3CW-4B model, it is de-
scribed by a three-Coulomb distorted wave due to the motion
of three charged particles. The expressions for TDCS and
TDCS* carry equivalent information and that for TDCS can
be easily employed to understand its detailed angular distribu-
tion. On the other hand, TDCS* seems to be informative in
places where measurements are hardly possible. This is evi-
dent from the sharp variation of our theoretical results around
θe = 0◦ and θe = 180◦ (Figs. 3(a)–3(l)).

Figure 4 exhibits our TDCS results in the perpendicu-
lar plane for the same kinematic conditions as used in Fig. 2.
There are no experimental data in the literature for these kine-
matic conditions so we present only the results obtained using
our models (3CW-3B and 3CW-4B) and the WP-CCC results
of Abdurakhmanov et al.[28] The TDCS in this plane is signif-
icantly smaller than the TDCS results for the scattering plane.
For all the cases considered we see one strong binary peak at
θe = 0◦ and the other maximum is in the backward direction
(±180◦).

At q = 0.5 a.u., the height of the strong peak decreases
with increasing electron emission energy. It is clear that the
strong peak gets narrower and sharper with increasing elec-
tron emission energy. It is also noted that the relative differ-
ence in height between the strong peak and secondary peaks
(at±180◦) increases and the secondary peak height goes on di-
minishing compared with the strong peak as the electron emis-
sion energy increases. Good agreement between our models
(3CW-3B and 3CW-4B) and WP-CCC is observed. One no-
table fact is that for a fixed electron emission energy, the TDCS
curve with a lower impact energy (0.5 MeV) dominates over
those with higher impact energies (1 MeV and 2 MeV).

For q = 1 a.u., we see a different picture of TDCS com-
pared with that for q = 0.5 a.u. Here initially, at Ee = 2.5 eV,
the secondary peak height is greater than the strong peak at
0◦. However, with increasing electron emission energy the

strong peak starts to dominate the secondary peaks and the
dominance becomes most prominent for Ee = 20 eV. Other
properties remain almost same as for q = 0.5 a.u.

In addition, there is a substantial difference between the
two sets of results obtained with the three- and four-body
formalisms. When the momentum transfer is increased to
q = 1.75 a.u. (Figs. 4(i)–4(l)), the TDCS is maximum at 0◦

for a high impact energy (2 MeV); this is completely different
(Figs. 4(a)–4(h)) for q = 0.5 a.u. and 1 a.u. This structure is
found in both the calculations (3CW-3B and 3CW-4B). For a
high value of q = 1.75 a.u., the sharp peak eventually sepa-
rates into several peaks, especially in the 3CW-4B model with
increasing electron energy. This feature may be a clear signa-
ture of the higher-order effects. This structure is not observed
in our three-body formalism or the WP-CCC model.[28]
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Fig. 5. TDCS for single ionization of He in the azimuthal plane by 1 MeV
proton impact as a function of azimuthal ejection angles and for an ejected
electron energy of 6.5 eV and q = 0.75 a.u. The black and green curves rep-
resent the results for 3CW-4B using uncorrelated wavefunctions and 3CW-
3B. The blue curve (post) and dashed red curve (prior) show the CDW-4B
results.[3] Filled circles are experimental results.[15]

Finally, we look at the electron emission spectrum in
the azimuthal plane. Here, Fig. 5 shows our results for the
TDCS. In this context, we mention that Gassert et al.[15] mea-
sured the TDCS (filled circles) in this plane at 1 MeV pro-
ton impact for an emission energy of 6.5 eV and momentum
transfer q = 0.75 a.u. This figure also includes the results of
Bidvari et al.[3] obtained by the post (blue curve) and prior
(red dashed curve) forms of the four-body continuum-distorted
wave (CDW-4B) approximation. We find a good level of
agreement for the binary peak, especially the prior form of
CDW calculated with inter-nuclear interaction included (red
curve). So it seems that the binary interaction between the
projectile and ejected electron represents a significant role for
this plane. On the other hand, the 3CW-4B version accurately
predicts the shape and location of the binary peak, although the
absolute value is slightly higher than the experiment in the bi-
nary region. Figure 6 exhibits our predictions in the azimuthal
plane for other kinematic conditions where no experimental
results are available in the literature. Both the calculations
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(four-body, three-body) and WP-CCC results[28] show a sin-
gle binary peak at 0◦ with two maxima on either side of the
peak, similar to Fig. 5. In the 3CW-4B results using the cor-
related wave function we observe a fair agreement in the an-
gular distribution of TDCS in all kinematic conditions except
q= 1.75 a.u., Ee = 2.5 eV (Fig. 6(i)). The shape is not so sharp
as in other figures. On the other hand, Fig. 6(l) seems to have
a bit of an unusual structure. For an impact energy of 0.5 MeV
(solid magenta curve) we see two additional weak peaks on ei-
ther side of that at φe = 0◦. This may be the manifestation of a
higher-order effect that is also prominent in the perpendicular

plane (Fig. 4(l)). One can see that with increasing momentum
transfer (for a fixed electron emission energy), the two max-
ima on either side of the peak diminish and are almost flat for
q = 1.75 a.u. A strong peak is found at 0◦, which is simi-
lar to the results in the perpendicular plane. The results are
larger at higher impact energies, i.e., in the azimuthal plane the
cross sections become large for a high impact energy. More-
over, as the ejection energy and momentum transfer increase,
the binary to recoil peak ratio increases again until the recoil
peak eventually disappears. Thus, no recoil peak is found at
q = 1 a.u. and 1.75 a.u. for all sets of ejection energies.
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4. Summary and conclusion
In conclusion, the electron emission spectra in the scatter-

ing, perpendicular and azimuthal planes for several kinemat-
ical conditions have been investigated using a distorted-wave
model based on the three-body and four-body formalisms. For
this study, we chose simple p–He collision due to the availabil-
ity of experimental data. We find a good level of accuracy in
DW-4B models compared with 3CW-3B and 3CW-4B. Again,
3CW-3B gives better results than 3CW-4B which exposes the
accuracy of the frozen core approximation in the high-energy
region. Other than the small shift of the peak in the binary
region, FBA-3B and 2CW-3B models reproduce the structure
which is in agreement with the experiment for TDCS*. More-
over, our models do not work well for high projectile momen-
tum transfer due to the absence of polarization that was used
in many studies for high projectile energies. Its use is based
on the idea that the electric field due to the incoming projec-
tile gives an instantaneous distortion of the passive electron.
Therefore, the interaction of that electron with the projectile
can be modified. In the scattering plane, an intense binary
peak and weak recoil peak occur except for high momentum
transfer. Clearly, kinks in the vicinity of 0◦ and 180◦ emission
angles in the calculations of TDCS* are found in the forward
and backward emission angles that are verified by the WP-
CCC approximation as well as the experimental results. In
the perpendicular and azimuthal planes, the strong peak posi-
tion does not shift as kinematic parameters change. However,
in the case of the azimuthal plane, the intensity ratio of the
binary to recoil peak diminishes as the electron ejection en-
ergies and projectile momentum transfer increase. Finally, it
should be remembered that the electron correlation of the ini-
tial state wavefunction affects the TDCS results, especially in
the region of the binary peak.
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