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The formation of spatial patterns is an important issue in reaction—diffusion systems. Previous studies have mainly fo-
cused on the spatial patterns in reaction—diffusion models equipped with symmetric diffusion (such as normal or fractional
Laplace diffusion), namely, assuming that spatial environments of the systems are homogeneous. However, the complexity
and heterogeneity of spatial environments of biochemical reactions in vivo can lead to asymmetric diffusion of reactants.
Naturally, there arises an open question of how the asymmetric diffusion affects dynamical behaviors of biochemical re-
action systems. To answer this, we build a general asymmetric Lévy diffusion model based on the theory of a continuous
time random walk. In addition, we investigate the two-species Brusselator model with asymmetric Lévy diffusion, and
obtain a general condition for the formation of Turing and wave patterns. More interestingly, we find that even though the
Brusselator model with symmetric diffusion cannot produce steady spatial patterns for some parameters, the asymmetry
of Lévy diffusion for this model can produce wave patterns. This is different from the previous result that wave instability
requires at least a three-species model. In addition, the asymmetry of Lévy diffusion can significantly affect the amplitude
and frequency of the spatial patterns. Our results enrich our knowledge of the mechanisms of pattern formation.

Keywords: asymmetric Lévy diffusion, Turing and wave patterns, Brusselator model

PACS: 02.30.0z, 45.70.Qj

1. Introduction

Since the pioneering work of Alan Turing proposed
a reaction—diffusion chemical model (called the Turing
model),!!! Turing patterns, a type of organized heterogeneous
macroscopic structure, began to be widely investigated in
chemical reaction systems!?) to physical systems!®! and eco-
logical systems,[*! and are still a hot topic in many fields, such
as epidemiology,”! developmental biology!®! and so on. In all
these works, it is implied that the critical eigenvalue of Tur-
ing bifurcation is real. However, wave bifurcation, induced
by a complex critical eigenvalue, has received less attention.
Korvasovéd et al in Ref. [7] pointed out that wave instability
requires at least a three-species model.

Although research on Turing patterns has been going on
for decades, most of the reaction—diffusion systems so far are
modeled by adding normal and cross-diffusion terms into the
original ODE models,3! namely, for a one-step jump of reac-
tants both the waiting time distribution and jump distance dis-
tribution have finite moments. In the real world, the complex-
ity of reactants’ jump processes and the anisotropy of spatial
environments, such as congestion between reactants and trans-
porter proteins helping signaling molecules to rapidly spread
to other positions in cells,”! can affect the diffusion of reac-
tants, leading to anomalous diffusion rather than normal dif-
fusion. Unlike normal diffusion, which is characterized by
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the dependence of the mean square displacement of the dif-
fusing particles on time {(Ax)?) ~ ¢, anomalous diffusion is
characterized by ((Ax)?) ~ t* This diffusion with o > 1,
faster than normal diffusion, is called superdiffusion, and that
with 0 < o < 1, slower than the normal diffusion, is called

(101 Dynamical models with superdiffusion are

subdiffusion.
constructed by replacing the Laplace operator A by the frac-
tional Laplace operator —(—A)%/2, 0 < a < 2. In particular,
when a = 2 fractional Laplace diffusion can reproduce normal
diffusion. Compared with models with normal diffusion, Tur-
ing patterns of models with fractional Laplace diffusion have
some distinct differences!!!"'?l and are explored by the same
methods, such as weakly nonlinear analysis and analysis of the
amplitude equations.!!3-15-16]

An alternative theoretical framework characterizing
anomalous diffusions describes the reactants’ walk processes
by continuous time random walks (CTRWs)!!'7l in a way to
make the inter-event time continuous and fluctuating; this has
been known for over 50 years.!'®! Based on this framework,
Lévy diffusion, an important type of anomalous diffusion,!'#!
is specifically stated through a probability density function
(PDF) with variance of the diverging jump length, which is
a joint PDF of the jump length and the waiting time for one
jumping event.['”) So far, most current works focusing on
Lévy diffusion assume that the PDF of the reactants’ jump
length is symmetric, since the environments of reaction sys-
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tems are homogeneous, resulting in the Lévy diffusion opera-
tors being symmetric and expressed by the fractional Laplace
operators. The real environments are usually heterogeneous or
nonidentical, leading to the result that reactants have different
lengths for each jump in different spatial directions, and im-
plying that asymmetric diffusion of reactants occurs. The PDF
of the jump length for each jump event cannot be symmetric.

As far as we know, there has been little research on the
spatial patterns of some systems with asymmetric Lévy dif-
fusion. How the asymmetry of Lévy diffusion affects the
spatial patterns remains unclear. In order to answer this
problem, this paper will first establish a generalized model
with an asymmetric Lévy diffusion operator based on the
CTRW theory,[!72%21] and then obtain a general Brussela-
tor model with asymmetric Lévy diffusion. It is well known
that the Brusselator model, proposed by Ilya Prigogine and his
collaborators,??! is a classical model of an autocatalytic re-
action and possesses rich dynamic behaviors.>*! Through our
research, we obtain a general condition for producing Turing
and wave patterns for the Brusselator model with asymmetric
Lévy diffusion. More interestingly, we find that for a certain
set of parameters the Brusselator model with asymmetric dif-
fusion can produce wave patterns, but spatial patterns cannot
form for this model with symmetric diffusion (such as normal
and fractional Laplace diffusion). This implies that the asym-
metry of Lévy diffusion can form spatial patterns, which is
different from the previous result in Ref. [7] that wave insta-
bility requires at least a three-species model.

This paper is organized as follows. In Section 2, a gen-
eral model with asymmetric Lévy diffusion is built based on
CTRW theory. In Section 3, we theoretically and numerically
study the Brusselator model with asymmetric Lévy diffusion,
obtaining the condition for forming Turing patterns, and find
the interesting result that the asymmetry of Lévy diffusion can
produce Turing patterns even though the Brusselator model
with symmetric diffusion for a certain parameter regime can-
not produce spatial patterns. Finally, a brief conclusion is
given.

2. The asymmetric Lévy diffusion model

First, we will use CTRW theory to produce a general-
ized model with asymmetric diffusion. For convenience, here
we consider the CTRW of only a type of particle in one-
dimensional space. Our following model is easy to improve
for multiple kinds of particles in two- or three-dimensional
space. We define c(x,t) to be a concentration of particles
at position x and time ¢ and assume a function ¥(x,7) to be
the joint probability distribution that the particles jump a dis-
tance x after waiting a time ¢ in a single jumping step, where
x is a scalar or vector. If x is a vector, it represents a jump
length vector in two- or three-dimensional space.
ated with this probability distribution are the usual waiting

Associ-

time probability density (WTPD), w(t) = [ W(x,t) dx, and the
probability density for the jump length (JLPD) in a singe-step
jump, x(x) = [y W(x,r)dr. The forms of these two proba-
bility densities decide the normal or anomalous (subdiffusive,
superdiffusive or Lévy diffusive) character of the particles’
diffusion.>*! Then, the renewal equation for the particles is
obtained as

c(x,t) = CP(I)C()@O)-F/R/Ot'P(x—x’7t—t’)c(x’7t/)dt’dx/
+/t<b(t7t’)f(x,t')dt', )
0

where c(x,0) represents the particles’ initial concentration and
@(r) denotes the probability of a waiting time longer than 7,
@(t) =1 — [yw(x')dx’. The heuristic interpretation of Eq. (1)
is that the first term on the right-hand side of Eq. (1) describes
the concentration of the particles not jumping from x over time
t; the second term describes the concentration of the particles
reaching position x at time ¢ after jumping from position x’
and time ¢'; and the third term describes the concentration of
the particles’ reaction, for example degradation or production
at position x and time ¢’ but still retained after the time interval
t —t'. If the reacting particles are among the walkers, then the
reaction function f(x,#) is replaced with f[c(x,t)]. We assume
that WTPD w(r) and JLPD Y (x) are independent of each other,
and then ¥'(x,t) = w(t)x(x). If the WTPD w(¢) has a fat tail,
resulting in its first moment being infinite (or divergent), then
the PDF W (x,t) corresponds to subdiffusion, and if the second
moment of the JLPD is diverging, then the PDF ¥(x,t) cor-
responds to Lévy diffusion. However, if the first moment of
the WTPD and the second moment of the JLPD are both fi-
nite, the PDF ¥ (x,¢) corresponds to Gaussian diffusion in the

long-time limit.!'7]
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Fig. 1. The Lévy probability density is symmetric in the case of 6 = 0.

In order to study asymmetric Lévy diffusion, we need to
introduce the JLPD y(x) with an Lévy strictly stable density
function, which possesses infinite jump length variance. Its
characteristic function is given by

2() = exp (~oPnf (). @
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where ng( k) = |k|B exp (i(sign(k))@m/2).>>) The parameter
B (0 < B <2)is an index that characterizes the stability of a
Lévy distribution. If the parameter § is less than 2, then the
Lévy distribution is equipped with a long tail (see Fig. 1). The
parameter 0, with || < min{f3,2 — B}, represents the skew-
ness that describes the degree of asymmetry of the distribution
(see Fig. 2), wherein the Lévy distribution is symmetric about
the origin for 6 = 0 but asymmetric about the origin for 6 # 0.
I'(-) is the gamma function. On the other hand, the Laplace
and Fourier transforms of w and ) have the following approx-
imations:

Ww(s) ~1—1%%+0(7%), (3a)
2k ~1—cPnb () +or*). (3b)

For the different parameters «, 6 and f3, the PDF ¥(x,7) cor-
responds to the different types of diffusions (see Ref. [17] for
details). In Eq. (3), the memory (or a non-Markov process) of
the particles’ jumping event can be mathematically described
by setting @ € (0,1). When o = 1, the waiting time of the par-
ticles’ jumping event follows an exponential distribution, that
is, it is memoryless (or a Markov process). For Eq. (1), we
apply the spatial Fourier transform with respect to the space
variable x and the Laplace transform with respect to the time
variable ¢, obtaining

sclk,s) = (1—w(s))elk,0) +sw(s) g (k)(k,s)
+(1=(5)) f(k,s). (4)

Substituting Eq. (3) into Eq. (4), simplifying this equation and
retaining only a leading order, one can obtain

oPnp (k)=
+c(k,s)

+sa71?(k,s). (5)

s%(k,s) = s* '¢(k,0) —

The inverse Laplace—Fourier transform of Eq. (5) yields

% :dDgC(XJ)JroI,f(x,t), (6)
where
DB f(x) = (1 +ﬁ){sm[(ﬁ+e /2] Wdé

+ sin[(B — 9717/2/ fwﬁ()dg} 7

The Fourier transform of Dg satisfies .F{Dg(p(x);k} =
B ()@(k). d = P /7 and o1}~
operator, [?%! defined by

% is a fractional integral

o C(r) = — | /'(r-z’)*%(;')d/. ®)

F(l—a 0

If B = 2, the Lévy diffusion operator (7) degrades into normal
diffusion, whose diffusion operator is given by A and whose

Fourier transform is |k|2. For 0 < 8 < 2, 8 =0, the diffusion
operator (7) can describe the symmetric Lévy diffusion of the
particles, whose Fourier transform is given by |k\ﬁ , which cor-
responds to the fractional diffusion operator AP. So, the JLPD
x(x) we consider here is a more general distribution, includ-
ing normal and fractional Laplace diffusion. Equation (6) is a
general asymmetric anomalous diffusion model.
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Fig. 2. The effect of skewness 6 on the Lévy distribution with a fixed
B: (a) with B = 1.8 and (b) with § = 1.5.

Since we mainly focus on how the asymmetry of Lévy
diffusion affects Turing patterns, this paper will investigate the
case of o = 1 for the system (6), that is, the case of divergent
variance of the JLPD, as follows:

dc(x,1)
dt
Usually, the first divergent moment of the WTPD can produce

= dDgc(x,t) + f(x,1). 9)

a fractional derivative with respect to time. For this case, in
Ref. [28] we have shown that the fraction-derivative system
can form spatial patterns even though its first-derivative coun-
terpart cannot have spatial patterns.

3. The Brusselator model with asymmetric Lévy
diffusion

3.1. General conditions for Turing and wave instabilities

In the previous section, we derived a generalized asym-
metric Lévy diffusion system. Of course, this system can be
expanded into the case of multiple kinds of reactants in two-
or three-dimensional space. On the other hand, the Brusselator
model is a well-known paradigm for studying Turing patterns.

110202-3
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Next, we will consider the Brusselator model with asymmetric
Lévy diffusion as follows:

d

ait‘:z)gwa—(bﬂ)uﬂzv, (10a)
0
a—‘; = dng+bu— u’v, (10b)

where u and v denote the concentrations of activator and sub-
strate, respectively. The parameter d is a diffusion rate that
is scaled by the diffusion rate of u. Since we focus on spa-
tial patterns regardless of boundary effects, the model (10) is
equipped with a periodic boundary and the initial conditions
are denoted as

u(x,0) = up(x), v(x,0)=vp(x).
This model has a spatially homogeneous steady state denoted
by E, = (uy,vs) with
Ve = —. (11)

The model (10) without the Lévy diffusion term is a classical
ODE system, and for this case the stability of E, is determined
by the following characteristic equation:

A3 — Ao Ao +Do =0, (12)
where
Agy=b—1-d*, Dy=d".

The ODE model corresponding to Eq. (10) at E, is stable when
b < a*+ 1, and when b > a* + 1 periodic orbits appear.

In this section, we will discuss effect of the symmetry of
the Lévy diffusion mechanism on pattern formation. First, we
need to substitute the normal mode solution

(\bf) = (E;)exp(lkt+ik-r) (13)

into Eq. (10), where A; is the growth rate of the perturbation in
time ¢. k is its wave number and r presents a spatial position.
Then one can obtain the following dispersion relation:

AZ — Ay M+ Dy =0, (14a)

where
A= —(1+d)9 (k) + Ao, (14b)
Dy = d¢* (k) + ¢ (k)Bo + D, (14c)
Bo=d*—d(b—1), (14d)
9 (k) = [k|P exp (i (sign(k))67/2). (14e)

This equation possesses complex coefficients, which is differ-
ent from previous equations with real coefficients. Its eigen-
values can be given as

Ay £ /A2 — 4Dy
= —

> ; (15a)

where

Af—4Dy = (d—1)*¢* (k) — 20 (k)[Ao(1 +d) + 2By
+ A3 —4Dy. (15b)

After some tedious calculations, the real and imaginary parts
of the eigenvalue A respectively read

Re(A) = {—(d—i— 1)\k|ﬁcos(u)+Aoi\/Iﬂ /2, (16a)
Im(A) = —(d+l)|k|ﬁsin(u)j:2\/k(g_m] /2, (16b)
where

u = sign(k)0m/2, (16¢)
R=(P+VP+02) /2, (16d)

P = (1—d)?|k]*P cos(2u) — 2|k|P cos(u)
x [Ao(1 +d) +2Bo] + A — 4Dy, (16e)

Q = (1—d)*[k*P sin(2p) — 2|k|P sin(p)
x [Ao(1+d) +2By]. (16f)

The occurrence of spatial patterns depends on the eigenvalue
A for which Re(4;) > 0 for some k > 0. A critical value
of a parameter is either diffusion parameters or otherwise, at
which there is a quadratic tangency of the dispersion curve
Re(A;) = 0. This is a Turing or wave bifurcation depending
on Ay. In detail, if the eigenvalue Ay is a real number for k € K
and crosses zero from negative to positive as k changes in K,
where K is a wavenumber set, then Turing instability occurs. If
At is a complex number, its real part changes from negative to
positive, the imaginary part of A, however, remains nonzero,
and then wave instability occurs. Therefore, we can obtain a
general condition of Turing or wave instability

Ao+ VR > (1+d)|k|P cos(u), for k0. (17)

This is our first result. In particular, when 8 = 0 we can obtain
a condition of Turing instability

2
{b<a +1, (18)

d(b—1)—a*>2aVd.

This can obtained from inequality (17) by tedious calculation.
For 6 # 0, inequality (17) is the condition of wave instability
if the imaginary part of A; is always nonzero. It is worth notic-
ing that wave instability occurs in this two-component system
equipped with asymmetric Lévy diffusion. This is different
from the previous result in Refs. [7,27] that the minimal num-
ber of components for wave instability to occur is three.
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3.2. Normal and fractional Laplace diffusions

In this section, we will give the theoretical and numerical
results of the Turing patterns for the model (10). For numer-
ical simulations, spatial discretization should first be consid-
ered. Throughout this paper, in one-dimensional space, we
uniformly discretize the spatial region with length L = 8 into
L = 128 lattices. For the two-dimensional case, the model (10)
is restricted to a square region with side length L = 8, and is
discretized into a two-dimensional lattice with L, = 128 lat-
tices in the horizontal direction and L, = 128 lattices in the
vertical direction. We assume that the model (10) is equipped
with a periodic boundary, and that its initial conditions are
randomly taken as u(x;,t) = ug + éi(l) and v(x;,1) = ug + éi(z),
where {£/},i=1,2,...,128,j = 1,2, follow a uniform dis-
tribution on [0,1]. After performing a fast Fourier transform
for discrete space variables according to the spectral method
for PDEs,*”! we obtain a group of ODEs, and then numeri-
cally calculate them by the Runge—Kutta method. Our pro-
grams are written in the Julia programming language.

Next, we first discuss two kinds of diffusion operators:
When
B =2 and 6 = 0, the Lévy diffusion operator D% turns into

normal and fractional Laplace diffusion operators.

the Laplace operator A, i.e., the normal diffusion operator; for
0 < B <2 and 6 =0, the Lévy diffusion operator Dg becomes
the fractional Laplace operator. For these two cases, their dis-
persion relations (14) can be written as

A2 —[Ao— (1 +d)KP) 2y +d kP
+ k[P By+Dy=0, 0<p<2. (19)

Model (10) with 8 = 0 can undergo Turing and Hopf
bifurcations depending on the real eigenvalues A; in Eq. (14).
Here, we perform numerical simulations for A; with a big-
ger real part with the help of Eq. (16) with @ = 4.5 and
d = 8, since equation (14) has two eigenvalues. Let b be a
control parameter of the Turing pattern for the system (10).
be = (1+ay/1/d)? is the critical point for forming Turing
patterns. Figure 3 shows the bigger real part of A, and its cor-
responding imaginary part with respect to the wave number k.
When 6 = 0, the eigenvalues are real numbers; otherwise they
are imaginary numbers. For the case of 6 =0 and b =6 < b,
i.e., the diffusion operator is a symmetric normal or fractional
Laplace operator, A; is a real number and less than zero for
k # 0, implying that Turing patterns cannot appear. Taking
the parameters a =4.5,d =8, f =1.2, b=6 and 6 =0,
we plot the spatio—temporal trajectories of system (10) in
one-dimensional space in Figs. 4(a) and 4(b), finding that the
system (10) tends to the spatially homogeneous steady state
E.. In addition, when b > b, the system (10) with normal or
fractional diffusion can produce spatial patterns with differ-
ent phases and stripes for different bs, which were obtained in
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3 00
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Fig. 3. The real (a) and imaginary (b) parts of A; in Eq. (7) versus
the wavenumber k for the different parameters 8, 6 and b (d = 8 and
a=4.5).

(a) (b)

Fig. 4. Time evolution of model (10) with symmetric or asymmetric
diffusion in one-dimensional space (a =4.5,b=6,d =8 and § = 1.2).
Panels (a) and (b) show the dynamical trajectories of u and v for 6 = 0.
The positive equilibrium E, = (4.5,1.33) is stable. Panels (c) and (d)
show the dynamical trajectories of u and v for 6 = 0.5.

previous work./?3! Figure 6 illustrates the three different
phases of the spatial patterns: stripes and hexagons. Fur-
thermore, the Turing patterns of system (10) with fractional

Laplace diffusion are implemented numerically for b > b,
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with the finding that fractional Laplace diffusion can change
the shape of the spatial patterns compared with those pro-
duced by the system (10) with normal diffusion. How frac-
tional Laplace diffusion affects the patterns will be explored
in the following subsection.

3.3. Asymmetric Lévy diffusion

Next we will uncover how the asymmetry of Lévy diffu-
sion affects the stability of E* for system (10). When 6 # 0,
the eigenvalues A; in Eq. (14) are complex numbers according
to Eq. (16). If one of these eigenvalues possesses a real part
greater than zero then wave instability occurs for system (10)
and wave patterns appear.

For the case of 6 # 0 (i.e., the diffusion operator is asym-
metric), equation (19) can have at least one eigenvalue with a
positive real part and non-zero imaginary part for k # 0 (see
Fig. 3), implying that a wave pattern occurs. In Figs. 4(c) and
4(d), the system (10) with 8 = 0.5, in which the diffusion op-
erator is asymmetric, are numerically implemented, showing
that the system (10) finally evolves into a spatially heteroge-
neous steady state, i.e., wave patterns arise. These patterns
are illustrated in Fig. 5. The subfigures on the first row in
Fig. 5 show wave patterns for # and v in one-dimensional
space. The subfigures on the second row show wave pat-
terns in two-dimensional space. As a result, the asymmetry
of Lévy diffusion can produce wave patterns, even though the
system (10) equipped with normal or fractional Laplace diffu-
sion cannot produce any spatial patterns in a certain parameter
regime. This is our second main result.
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()

(b)
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1.4

S 4571
1.3

4.01

3 4 5 6 7 1.0 1.2 14 16

Fig. 5. The wave patterns of u and v. The wave patterns on the first
row are performed in one-dimensional space. Those in the second row
are their corresponding two-dimensional wave patterns (@ =4.5,d =8,
b=6,0=0.5and f =1.2).

N = O

Fig. 6. Turing patterns of u and v for different parameters b: b =7 for
the subfigures on the first row, b = 9 for the subfigures on the second
row and b = 13.3 for the subfigures on the third row (6 =0, d = 8 and

a=4.5).
10
5
0

Fig. 7. Spatial patterns of the system (10) with § = 1.2, b = 13.3,
a=4.5 and d = 8. On the first row 8 = 0 and on the second row
6=0.5.
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In Fig. 7, we numerically simulate the system (10) with
fractional Laplace and asymmetric diffusion, respectively,
finding that both fractional and asymmetric diffusion can
change the phases of the spatial patterns compared with the
patterns in the third row in Fig. 6. In order to uncover how
fractional and asymmetric diffusion, respectively, affect the
spatial patterns we now focus on the spatial patterns in one-
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dimensional space, i.e., the system (10) is numerically calcu-
lated in one-dimensional space. In Fig. 8, panels (a) and (b)
show the stationary spatial patterns of the system (10) with
fractional Laplace diffusion in one-dimensional space; their
corresponding power spectra are in panels (¢) and (d), find-
ing that fractional diffusion changes the phase and frequency

12

(a)
10f ]

0

|
N
8 or
N
I

(o)

0]
@]

Power spectrum
-
=R=)

1
o=
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of the spatial patterns but rarely the amplitude of the patterns.
Figure 9 illustrates the power spectra of the spatial patterns
arising from the system (10) with asymmetric Lévy diffusion,
showing that the asymmetry factor can significantly change
the amplitude and frequency of the spatial patterns. This is
our third main result.
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Fig. 8. One-dimensional patterns of the system (10) with symmetric Lévy diffusion (b = 13.3, a = 4.5, d = 8 and 6 = 0). Panels (a) and (b)
show the one-dimensional patterns of u and v, respectively. Panels (c) and (d) are the power spectra of the patterns of u and v, respectively.
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Fig. 9. The power spectrum of the one-dimensional spatial patterns coming from system (10) with asymmetric Lévy diffusion (b = 13.3,
a=4.5,d=38and 3 = 1.2). (a) The power spectra of u’s patterns. (b) The power spectra of v’s patterns.

4. Conclusion

Turing patterns have been researched for decades since
the pioneering work of Alan Turing. Some researchers are
still paying attention to spatial patterns. However, most cur-
rent work assumes that the environments of reaction systems
are uniform, so diffusion mechanisms, such as Gaussian diffu-
sion, fractional Laplace diffusion and nonlinear diffusion,?*!
are assumed to be symmetric in all space directions. How-
ever, the real environments of the systems are heterogeneous,
often resulting in the diffusion mechanisms being different in

each spatial direction, i.e., asymmetric. Up to now few pa-

pers, as far as we know, have studied this problem. Here,
we apply the CTRW to build a generalized diffusive model
with anomalous diffusion, including Gaussian diffusion (nor-
mal diffusion), symmetric fractional Laplace diffusion (sym-
metric Lévy diffusion) and asymmetric Lévy diffusion. In
addition, we research the Brusselator model with asymmetric
Lévy diffusion as an example as the Brusselator is a classical
mathematical model and possesses rich dynamic behaviors.
For this model we give the general condition for the forma-
tion of Turing and wave patterns, and find that the asymme-

try of Lévy diffusion can produce wave patterns, even though
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this model with normal and fractional Laplace diffusion can-
not produce steady spatial patterns for certain parameters. The
asymmetry of Lévy diffusion can significantly affect the am-
plitude and frequency of the spatial patterns. Our results are
new and interesting, and enrich the currently known mecha-
nisms of pattern formation.

In this paper, we mainly consider symmetric and asym-
metric Lévy diffusion due to the divergence of the second mo-
ment of the particle’s jumping length in one-step jumps. The
divergence of the first moment of waiting time of a one-step
jump leads to the generation of a time fractional derivative.
This case has been set out in detail in our previous work. >8]
However, we cannot research in depth the case when the first
moment of the waiting time and the second moment of the
jumping length diverge together (namely, the model in (6)).
How its spatial patterns form is still an open problem, and will
be studied in future work.
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