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Based on ab initio calculations, we utilize the mean-field potential approach with the quantum modification in con-
junction with stress–strain relation to investigate the elastic anisotropies and sound velocities of hcp and bcc Be under
high-temperature (0–6000 K) and high-pressure (0–500 GPa) conditions. We propose a general definition of anisotropy
for elastic moduli and sound velocities. Results suggest that the elastic anisotropy of Be is more significantly influenced
by pressure than by temperature. The pressure-induced increase of c/a ratio makes the anisotropy of hcp Be significantly
strengthen. Nevertheless, the hcp Be still exhibits smaller anisotropy than bcc Be in terms of elastic moduli and sound
velocities. We suggest that measuring the anisotropy in shear sound velocity may be an approach to distinguishing the
hcp–bcc phase transition under extreme conditions.

Keywords: anisotropy, phase transition, elastic and sound properties, mean-field potential
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1. Introduction
Beryllium (Be) has only four electrons, the highest De-

bye temperature under ambient conditions in metals, the obvi-
ously anharmonic effect at high temperature, and the possible
hcp–bcc phase transition at high pressure.[1] It is crucial in air-
craft, aerospace, satellite, and nuclear energy industry appli-
cations, especially in extreme conditions, such as inertial con-
finement fusion (ICF) at extremely high temperature and high
pressure.[2,3] Many experiments have been conducted on the
elastic properties of Be under extreme conditions.[4–6] Brown
et al. studied the change of shear modulus (G) in the range
of 19–110 GPa under isotherm compression, while there is a
significant uncertainty in this measurement.[5] McCoy et al.
reported the moduli and sound velocities on Hugoniot from 90
to 190 GPa. They attempted to investigate the hcp–bcc phase
transition, but the sound velocities do not show a noticeable
mutation before melting on Hugoniot.[6]

To reveal the intrinsic properties of Be at high temper-
ature and high pressure, various methods are employed to
study the hcp–bcc phase transition. These methods include
the quasi-harmonic approximation (QHA),[7] phonon quasi-
particle method[8] and thermodynamic integration method.[9]

The two latter methods have high accuracy, but they face a
large number of calculations. Recently, machine learning has
been used to study phase transitions, which can greatly re-
duce research costs.[10] The comparison results indicate that
the anharmonic effect is crucial in the study of properties of
Be at high temperature.[3,8,11,12] Robert et al. proposed the full

QHA to study the temperature-dependent elastic moduli of Be
at ambient pressure and its sound velocities on Hugoniot.[7]

The sound velocities of hcp Be align with the available exper-
iments, whereas the sound velocities of bcc on Hugoniot de-
viated from the experiments of McCoy et al.[6,7] This discrep-
ancy may be due to the strong anisotropy of sound velocities
under extreme conditions.

Sound velocities can be used to understand physical prop-
erties of materials under extreme conditions and to bridge the
theoretical and experimental investigations. For instance, An-
tonangeli et al. obtained the anisotropic sound velocities of
hcp-iron (Fe) at 22 GPa and 112 GPa at room temperature us-
ing the inelastic x-ray scattering (IXS) in a diamond anvil cell
(DAC).[13] The anisotropy in sound velocity of Fe at high pres-
sure sheds light on different propagation velocities of sound
waves on Earth’s core, as reported by Belones et al., based
on the calculated sound velocities as a function of direction
for hcp and bcc Fe.[14] With the sound velocities, ones can
estimate the moduli at high pressure. Although the sound ve-
locities and moduli are theoretically derived from the elastic
constants, their anisotropies are obviously different. To our
best knowledge, there are limited reports on the modulus and
sound velocity anisotropy of Be.[15–18] Kádas et al. suggested
that the significant difference in elastic anisotropy AVR could
be used to study the hcp–bcc phase transition.[18] However,
the general parameter of anisotropy measured in experiments
is still lacking.[18,19] More importantly, it is necessary to calcu-
late the moduli and sound velocities as functions of direction

†Corresponding author. E-mail: gao xingyu@iapcm.ac.cn
‡Corresponding author. E-mail: fuyang@ustb.edu.cn
© 2024 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

116401-1

https://doi.org/10.1088/1674-1056/ad73b0
mailto:gao_xingyu@iapcm.ac.cn
mailto:fuyang@ustb.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 33, 116401 (2024)

and to study the change of anisotropy versus high temperature
and high pressure.

In this work, we utilize the mean-field potential
(MFP)[20–24] with new quantum modification (QM)[25] in
combination with the first principles calculations to study
the elastic properties and sound velocities of both hcp and
bcc Be under extreme conditions. We propose the generally
anisotropic indicator at high temperature and pressure. Fur-
thermore, we examine the impact of pressure and temperature
in anisotropies of modulus and sound velocity. We find that the
pressure has a significant affect on the anisotropies of mod-
ulus and sound velocity. The anisotropy of bcc Be is more
pronounced but less sensitive to the pressure and temperature,
compared to hcp Be. Unlike the moduli, the anisotropy in lon-
gitudinal sound velocity of bcc Be is inapparent due to the op-
posite anisotropy between Young’s modulus (E) and G. More
importantly, it may be worth investigating the anisotropy of
shear sound velocities to distinguish the hcp–bcc phase transi-
tion.

2. Method
We obtained the volume-dependent energies, electronic

properties, and elastic constants of hcp and bcc Be from first-
principles calculations at T = 0 K and P = 0–500 GPa. In
the present calculations implemented in the Vienna ab initio
Simulation Package (VASP),[26] the exchange–correlation po-
tentials were treated by the Perdew–Burke–Ernzerhof (PBE)
functional. The electron–ion interaction was described by
the projector augmented wave (PAW) method. The plane-
wave cutoff energy is 600 eV. The Brillouin zone sampling
was performed by the Monkhorst–Pack scheme with 37 ×
37× 25/33× 33× 33 k-mesh for the hcp/bcc structure. The
convergence tolerance level is 10−6 eV for total energy and
0.01 eV/Å for the maximum force on each atom. In the frame-
work of stress–strain relation, the elastic constants were ob-
tained by using the first principles in combination with elastic
deformation matrix proposed by Jian et al.[27]

The calculated static energies and characteristic tempera-
tures derived from the 0-K phonon moments are used to con-
struct the MFP[20–24] with QM.[25] The phonon moments were
calculated based on the phonon density of states by using the
phonopy.[28] By utilizing the MFP with QM, we obtained the
ionic part of the Helmholtz free energy. This method not only
describes the quantum effect at low temperature, but also takes
into account the anharmonic influence at elevated temperature.
The electronic contribution was calculated from 0 K electronic
density of state by Mermin statistics.[29] Using the summation
of static energy, ionic and electronic parts, we arrive at the
multiphase equation of state of solid Be. Notably the phase
boundaries in the P–T diagram are from the results of Robert
et al. (melting curve) and Xian et al. (hcp–bcc boundary).[7,8]

Based on elastic constants at zero temperature, we com-
bined the quasi-static approximation (QSA)[30] with the MFP
method to estimate the elastic properties and sound velocities
at high temperature. The anisotropic thermal expansion coeffi-
cients and specific heat at high pressure and high temperature
were calculated in the framework of MFP. The isothermal elas-
tic constants were obtained via the QSA approach. By com-
bining the thermal properties with isothermal elastic constants,
we could get the isentropic elastic constants, anisotropic elas-
tic moduli and sound velocities at P = 0–500 GPa and T = 0–
6000 K. According to the elasticity theory,[31,32] we could ob-
tain the elastic moduli and sound velocity anisotropy as func-
tions of temperature and pressure. Table S1 and Fig. S1 in the
supplementary material (SM) show our calculated zero tem-
perature elastic constants and elastic moduli for hcp and bcc
Be in the range of 0–500 GPa, respectively. To validate our
approach, we also calculated the isentropic elastic constants
of hcp Be at room temperature (300 K) and elastic moduli.
Our results are in good agreement with experiments.

3. Results and discussion
Considering that the anisotropy of B depends on E and

G, we only study the anisotropy of E and G in the present
work. Figure 1 shows E and G along the crystal directions or
planes and the anisotropy diagram of solid Be across a wide
P–T range. The Miller indices (normal direction of the crystal
plane) are chosen as the direction. E depends on the crystal
plane and crystalline direction equivalently, while G is depen-
dent on different crystal planes. We also show the 3D Young’s
modulus (see Fig. S2 in SM). Therefore, the Miller indices are
appropriate to represent the dependence of directions for both
E and G.

For hcp and bcc Be, both E and G show a significant
change on different crystal planes. Walsh et al.[16] and Kuk-
senko et al.[17] measured the change of E with directions for
polycrystalline hcp Be from 287 (275) GPa to 341 (340) GPa
at ambient pressure. Our calculated E of single crystalline
hcp Be is from 275 GPa to 333 GPa. Considering the un-
certainty of measurement, experimental results are consistent
with our single-crystalline E. For the polycrystalline materi-
als, the measured E is an average value. The largest E of bcc
Be is on (111) planes, while the smallest G is on (111) planes.
The opposite case also occurs on (001) planes. Compared with
bcc Be, the anisotropic value of hcp Be is smaller. While the
elastic anisotropy is more sensitive to pressure for hcp Be,
it derives from the change of structural parameter c/a (see
Fig. S3 in SM). With the pressure increasing to 400 GPa, the
c/a ratio changes from 1.575 to 1.620. We note that for hcp Be
the elastic anisotropy indicated by E and G becomes stronger
as c/a ratio approaches the ideal axial ratio (see Fig. S3 in
SM).
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Fig. 1. Pressure-dependent Young’s modulus E and shear modulus G at 0 K for hcp (a) (0–400 GPa) and bcc (b) (100–500 GPa)
phase (Here ξ = 2c/a for hcp structure). The anisotropy diagram of ∆E (c) and ∆G (d) for hcp and bcc Be in the ranges of pressure
(0–500 GPa) and temperature (0–6000 K).

Many anisotropic parameters were proposed to quantify
the anisotropy of modulus. Zener’s ratio AZ = 2C44/(C11 −
C12)

[31] and Every’s ratio AE = (C11 −C12 − 2C44)/(C11 −
C44)

[32] are only proper to describe the intrinsic anisotropy
of cubic lattice, for instance, bcc Be. The two other indica-
tors AVR = (GV −GR)/(GV +GR)

[19] and AU = 5(GV/GR)+

BV/BR − 6[33] are derived from the G and B of Voigt and
Reuss bounds. These anisotropic indicators do not suggest the
change of E and G moduli along crystalline direction. Herein
we define the simple ratio parameters (∆E = Emax/Emin and
∆G = Gmax/Gmin) to describe the anisotropy of elastic moduli
(∆ = 1 means the isotropy). The anisotropic parameters ∆G,
AVR, AU and AZ have almost identical trends with the increas-
ing pressure (see Table S2 and Fig. S4 in the SM). Such as
hcp Be, AU has a slope of ten times than AVR in the range of
0–500 GPa, and ∆G has a slope of 3.7 times than AU. As for
the bcc Be, the slopes between ∆G, AVR, AU, and AZ are also
multiple relationships. This is due to fact that these parameters
are mainly derived from the shear elastic properties, but they
are weak to describe the anisotropy of Young’s modulus.

The diagrams of modulus anisotropy under extreme con-
ditions are further shown in Figs. 1(c) and 1(d). Because of
the strong dependence of crystal plane, the bcc Be shows at
least 1.4- and 1.8-times anisotropy of E and G than hcp at the
hcp–bcc phase boundary. Meanwhile, the maximum differ-

ence of B between two phases is at most 1%, and both differ-
ences between two phases for E and G are not more than 10%
at the hcp–bcc phase boundary. In contrast, the difference of
anisotropy between two phases is apparent. The anisotropy
of E and G is 1.5–1.7 and 1.5–1.9 for hcp at phase bound-
ary, and the anisotropy of E and G is 3.1–3.4 and 2.9–3.0 for
bcc. In addition, the anisotropy of E and G is less sensitive to
the temperature at different pressures for both hcp and bcc Be.
The increase of temperature slightly hinders the anisotropy.
In contrast, the increase of pressure obviously strengthens the
elastic anisotropy at different temperatures. The anisotropy of
E and G in hcp depends more on pressure than that in bcc Be
at different temperatures.

Figure 2 shows longitudinal and shear sound velocities vl,
vs1, and vs2 along different propagation directions at wide pres-
sures for hcp and bcc Be. We find from Fig. 2(a) that the direc-
tion of minimum vl is along [21̄1̄0] with θz = 90◦ (θz is the an-
gle from the z axis) at 0 GPa, while the minimum direction of
propagation is monotonically changed to θz = 60◦ at 400 GPa.
The change of propagation direction leads to that Steinle–
Neumann’s parameters[34] (∆l = [vl([0001])/vl([21̄1̄0])]2 =

C33/C11, ∆s1 = [vs1(θz = 45◦)/vs1([21̄1̄0])]2 = [C11 +C33 −
2C13]/4C44 and ∆s2 = [vs2([0001])/vs2([21̄1̄0])]2 = C44/C66)

are insufficient to well describe the anisotropy of longitudinal
sound velocities for hexagonal systems at high pressures. We
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note that the anisotropy of sound velocity A∗ = (vmax
s /vmin

s )2

proposed by Ledbetter et al. has been used to distinguish
the anisotropic properties between the hexagonal and cubic
systems.[35] However, this parameter is only applicable to
shear sound velocity and does not distinguish between dif-
ferent branches of sound velocities.[34] We propose a univer-
sal form (∆l = (vmax

l /vmin
l )2, ∆s1 = (vmax

s1 /vmin
s1 )2, and ∆s2 =

(vmax
s2 /vmin

s2 )2) to describe the anisotropy of sound velocities
(∆ = 1 means isotropy). This form can give the almost same
anisotropy parameters as Steinle–Neumann’s parameters[34] at
0 GPa, also our definition can excellently distinguish the lon-
gitudinal and shear sound velocities at different pressures [see
Eqs. (S6)–(S10) in the SM for detailed analysis].

Figure 3 shows the anisotropic diagrams of longitudinal
and shear sound velocities. The trend of anisotropy with tem-
perature and pressure is similar to the case of moduli. No-
tably, the bcc Be is slightly anisotropic in longitudinal sound
velocity, whereas its E and G keep a strong anisotropy. This
is attributed to the opposite trends of E and G in the differ-
ent directions of planes. The anisotropy of longitudinal sound
velocity for bcc phase is not obviously more significant than
that of hcp Be. However, Fig. 3 shows the large difference in
anisotropy of shear sound velocity between hcp and bcc Be. It
could be worth trying to distinguish the phase transition by the
measurements on anisotropy of shear sound velocities. Beason
et al. have reported that the measurement of sound velocities
in Hugoniot experiments is used to clear the phase transition
for magnesium during the shock compression process. How-
ever, the difference in sound velocities between hcp and bcc is
not apparent.[36] A similar case could occur for Be because the

sound velocity is not mutated on Huogoniot in experiments,
and the theoretical calculations of sound velocities are very
close for the bcc and hcp phases.

30

25

20

15

10

5

S
o
u
n
d
 v

e
lo

c
it
y
 (

k
m

/
s)

35

30

25

20

15

10

5

S
o
u
n
d
 v

e
lo

c
it
y
 (

k
m

/
s)

vl vs1 vs2

vl vs1 vs2

0 GPa
100 GPa
200 GPa
300 GPa
400 GPa

hcp

bcc

[2110]
- -

[2111] [0001]
- -

[100] [110] [111] [001]

100 GPa
200 GPa
300 GPa
400 GPa
500 GPa

(a)

(b)

Fig. 2. Pressure-dependent longitudinal (vl) and shear sound velocities
(vs1 and vs2) along different propagation directions at 0 K for hcp (a)
(0–400 GPa) and bcc (b) (100–500 GPa) phases. Two branches s1 and
s2 of shear sound velocities are along different polarization directions
(s1 is polarized perpendicular to basal plane while s2 is polarized in the
basal plane.[34]

Fig. 3. Anisotropy of longitudinal (∆l) (a) and shear (∆s1 and ∆s2) [(b), (c)] sound velocities for hcp and bcc in the ranges of pressure (0–500 GPa) and
temperature (0–6000 K).

Figure 4 shows our calculated hcp (0–203 GPa), bcc
(180–215 GPa) T –P, P–ρ and vl–P (vb-P) relationships on
Hugoniot. Our Hugoniot T –P relationships of both hcp and
bcc Be are in good agreement with the results of McCoy et
al.[6,37] Our P–ρ results of the two phases are almost all within
the experimental errors.[6,37] We find that the density could not
be used to differentiate hcp–bcc transition due to the close den-
sity and temperature near the phase transition pressure.

Our calculated sound velocities of hcp and bcc Be are

close to the experimental results at pressure P < 150 GPa.[6,7]

Above 150 GPa, the experimental longitudinal sound veloc-
ity of McCoy et al. rapidly decreases with increasing pressure
and is close to the bulk sound velocity of about 201 GPa. This
process could be considered as shock melting process and the
solid-liquid mixture could be in such a range.[7,38] The max
difference between two phases is less than 0.5 km/s for all
theoretically sound velocities, which is much smaller than the
measurement error (1 km/s) given by the experiment.[6,7] This
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means that there is no sudden change in sound velocities on
Hugoniot around phase boundary. It is challenging to validate
the phase transition by directly measuring sound velocities.

Figure 5 shows the longitudinal and shear sound veloci-
ties, and their upper and lower limits at isotherms. Here the
upper limit and lower limit mean the maximum and minimum
sound velocities for the direction-dependent sound velocity.

The interval of direction-dependent sound velocity could help

us to understand the discrete values of sound velocities from

the static high-pressure experiment for the polycrystal mate-

rial. As discussed on Young’s modulus along crystalline di-

rection, our predicted interval of elastic modulus covers the

measured results.
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When the phase transition happens at high pressure for
Be, the sound velocities do not significantly change (not ex-
ceeding 1%). By measuring longitudinal and shear velocities,
it is difficult to distinguish the hcp–bcc phase transition. How-
ever, the shear sound velocity has a large anisotropy change
between hcp–bcc transition (the bcc’s ∆s1 and ∆s2 are at least
1.9 times than those of hcp). The upper and lower limits of
the shear sound velocities at phase transition are significantly
different. It could be worth trying to measure the anisotropy of
shear sound velocity to distinguish the phase transition at high
temperature and high pressure. This method has been shown
to work under static high-pressure experiments. For example,
Mao et al.[39] obtained the direction-dependent sound veloc-
ity at P = 39 GPa and 211 GPa for single-crystal iron, and
Antonangeli et al.[13] found the anisotropy difference at two
pressures P = 22 GPa and 112 GPa, via measuring the sound
velocities along two crystal directions. Accordingly, we spec-
ulate that the sound velocities along different crystal directions

could show the enormous change near the phase boundary of
hcp–bcc. It means that we could compare measurements in
different directions, or multiple sets of measurements to study
the phase boundary in experiments. Meanwhile, it could help
us to understand the discrete values of sound velocities for the
polycrystal material.

4. Conclusion
In summary, based on first-principles calculations of a

wide pressure range, we have combined the MFP with QM
and QSA to study the elastic properties under extreme condi-
tions (T = 0–6000 K and P= 0–500 GPa). A general indicator
of anisotropy is proposed for elastic modulus and sound veloc-
ity. We find that bcc Be exhibits a greater anisotropy than hcp
in terms of the E and G moduli and sound velocities. The
anisotropies in both the modulus and sound velocity of hcp Be
are more sensitive to pressure because of the change of c/a
induced by compression. Additionally, the opposite trends of
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E and G in different crystal planes of bcc Be result in smaller
anisotropy in longitudinal sound velocities. We observe that
the compression enhances the anisotropy in both modulus and
sound velocity, while the temperature has a slight inhibitory
effect on the elastic anisotropy. The significant difference in
shear sound velocity anisotropy between hcp and bcc Be sug-
gests that measuring the sound velocities anisotropy of Be un-
der extreme conditions such as Hugoniot may help distinguish
the hcp–bcc transition.

Supplementary material
See the supplementary material for the calculated elas-

tic constants and moduli, as well as a comparison of some
anisotropic parameters and anisotropy phase diagram and
analysis of extreme directions in sound velocities.
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