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School of Optoelectronic Engineering, Chongqing University of Posts and Telecommunications, Chongqing 400065, China
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Quantum entanglement between distant massive mechanical oscillators is an important resource in sensitive mea-
surements and quantum information processing. We achieve the nonreciprocal mechanical entanglement in a compound
optomechanical device consisting of two mechanical oscillators and a spinning whispering-gallery mode (WGM) optical
microresonator. It is found that obvious nonreciprocal mechanical entanglement emerges in this system in the presence of
the Sagnac effect which is induced by the rotation of the WGM resonator, and the nonreciprocal region can be controlled by
tuning the angular velocity of the rotation. The nonreciprocity originates from the breaking of the time-reversal symmetry
of this multimode system due to the presence of the Sagnac effect. The optomechanical coupling and the mechanical in-
teraction provide cooling channels for the first and second mechanical oscillators, respectively. Two mechanical oscillators
can be cooled simultaneously. The simultaneous cooling and the mechanical coupling of two mechanical oscillators ensure
the generation of mechanical entanglement. Furthermore, an optimal mechanical entanglement can be achieved when the
moderate optical frequency detuning and the driving power are chosen. The thermal noise of the mechanical environment
has a negative effect on mechanical entanglement. Our scheme provides promising opportunities for research of quantum
information processing based on phonons and sensitive measurements.

Keywords: optomechanical system, quantum entanglement, nonreciprocity, Sagnac effect

PACS: 03.67.Bg, 42.50.—p, 42.50.Pq

1. Introduction

Quantum entanglement is a valuable resource in quan-
tum technologies, such as quantum computation, quantum
communication, quantum sensing, and quantum information
processing.['> Nowadays, quantum entanglement has been
prepared in many physical systems, including photons,!¢]
trapped ions, " atoms, ®! and superconducting qubits.°! Me-
chanical oscillator, a solid-state system, serves as an effective
carrier for examining quantum effects!'’! and implementing
quantum information processing.!!!l Its tunable coupling to
various physical systems, including the cavity optomechani-
cal system (COMS)!'?13] and the nitrogen-vacancy center in
diamond,'*! enhances its utility. The entanglement between
mechanical oscillators is fundamental to the development of
quantum networks based on phonons, a topic that has garnered
significant attention. Nowadays, various methods for prepar-
ing mechanical entanglement have been proposed,!'>4 in-
cluding use of radiation pressure of a photon hopping cou-
pling between two cavities,!!”! combination of processes of a
cavity cooling and two-mode parametric interaction,!'”! and
utilization of reservoir engineering.?!4! It can be seen that
the optomechanical interaction between cavity field and me-
chanical oscillator plays an important role in the generation of
mechanical entanglement.

The COMS,>! where cavity field couples to mechanical
oscillator via radiation-pressure force, provides a invaluable
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tool for manipulating the quantum properties of the mechan-

[26-31] quantum

ical oscillator, such as mechanical squeezing,
entanglement!!>-20-32331 and ground-state cooling for mechan-
ical oscillators.3*7] The COMS is recognized as an ideal
platform for preparing entangled states, with a particular em-
phasis on quantum entanglement between mechanical oscilla-
tors. Recently, research of the mechanical entanglement based
on COM has made great achievements, [!5-1923.33=401 \yhich
paves the way towards preparation of entangled phonon net-
works and noise-resistant quantum resources.

Over the past several decades, nonreciprocal elements
have proven indispensable for the establishment of noise-
less and lossless quantum networks. In nonreciprocal de-
vices, transmission signals are only feasible in one direc-
tion, while they are blocked in the opposite direction. Op-
tical nonreciprocal devices have been initially studied ex-
tensively due to their potential applications in quantum in-
formation processing based on magnetooptical Faraday rota-
tion effect,[#!#4 the modulation of the refractive index, [#47]
parity-time-symmetric structures,*->°! and so on. The con-
cept of nonreciprocity is further extended to the other as-
pects, the phononic nonreciprocity can be observed in a
wide class of COMS. For instance, nonreciprocal mechani-
cal squeezing, !l nonreciprocal phonon laser,°?! and nonre-
ciprocal cooling of phonon modes."*®! Up to date, nonrecip-

rocal quantum entanglement has attracted much attention due
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to its potential applications in quantum information process-
ing, and many schemes of nonreciprocal entanglement>3->7]
are implemented by using the spinning resonator where the
counterpropagating modes undergo an opposite Fizeau drag
caused by the optical Sagnac effect. By using the Fizeau fre-
quency shift of optical mode, the optomechanical interaction
between optical mode and mechanical mode can be controlled
for different driving directions when the other parameters are
unchanged, so nonreciprocal mechanical entanglement[53] or

[54] can be obtained. The real-

optomechanical entanglement
ization of nonreciprocal mechanical entanglement motivates
the growing body of experimental and theoretical works which
devote to complex phonon-based quantum information pro-
cessing and transmission.

In this paper, we study the nonreciprocal mechanical en-
tanglement in a multimode COMS comprising of two me-
chanical oscillators and a spinning whispering-gallery mode
(WGM) resonator. A spinning WGM resonator coupled to a
mechanical oscillator, and this mechanical oscillator also me-
chanically coupled to another mechanical oscillator. An obvi-
ous nonreciprocal mechanical entanglement can be observed
when the WGM resonator is spinning. We find that the non-
reciprocal mechanical entanglement can be tuned by the an-
gular velocity of the rotation and the driving power. The non-
reciprocity can be destroyed by the thermal noise of the me-
chanical environment.

2. Optomechanical model

As shown in Fig. 1, we consider a compound system con-
sisting of two mechanical oscillators and a spinning WGM
microresonator. This WGM resonator spins clockwise at an
angular velocity 2. When a pump light with frequency @y is
coupled into and out of the resonator via a waveguide from the
left or right hand side, the optical mode experiences a Fizeau

shift, i.e., @ — @, + Ap, with[8]
nr o, 1 Adn
A=+ (1 L f—), 1
F c n2  ndi S

where @, is the resonance frequency of the resonator without
spinning, n and r are the refractive index and the radius of
the WGM resonator, respectively, ¢ (1) is the speed (wave-
length) of light in vacuum. The dispersion term drn/dA, char-
acterizing the relativistic origin of the Sagnac effect, is rela-
tively small in typical materials (~ 1%). When the resonator
is driven from its left (right) side, Ar > 0 (Ar < 0).

When an optical driving field inputs from the left-hand
side, the Hamiltonian of the system in the frame rotating at
Hy = wqa’a can be expressed as (h = 1)

,

-
S (a5 +p))

Hy = (Ac+ Ap)a'a+ Z
j=12

—goa'aqi —nq1q2 +€a(a—a’), 2

where a (a") is the annihilation (creation) operators for the
optical mode. A, = @. — wq is the frequency detuning be-
tween the cavity field and the pump field with amplitude &g4;
gj and p; are the position and momentum operators of the me-
chanical oscillator j with frequency ®,;, respectively; go =
%\/W is the single-photon coupling strength be-
tween the first mechanical resonator and the WGM resonator.
There is the mechanical coupling between two mechanical os-
cillators via the so-called position—position interaction,>*! n
denotes the mechanical coupling strength.

g3

.

-
n
<> <>
q1 q2
\/
wd
/_\

Fig. 1. Schematic of the spinning optomechanical system. A clockwise
spinning microresonator with angular velocity £ can be coupled to the
first mechanical oscillator via the radiation-pressure force by driving the
system from left or right hand side with the frequency @wy. Two mechan-
ical oscillators are coupled to each other via the “position—position” in-
teraction.

In the strong-driving regime, the cavity and the mechan-
ical modes will be in the large steady-state amplitudes, we
can write the operators a = o + 8a, q; = ¢s; + 6q;, and
pj=rps;+ Op;, where o and gs; (ps;) are the steady-state
amplitudes of the cavity mode and the mechanical mode j,
respectively. The equations of steady-state amplitudes can be

derived as
o — —igy _ 80 W, | 0t]?
K+iAL N @y Oy — 12
gon|af?
s, = — >, Psy, =Ps, =0, 3)
2 OOy -2 T

where the effective optical frequency detuning A! = A; —
804s,; K is the damping rate of the cavity mode. The quantum
Langevin equations for the linearized system can be written as

da=[—i(Al+ Ar) — k]8a+1G8q) + V2K ai,

Sq'j = wm_/-spja
Op1 = — W, 0q1 — Y, Op1 + N0 +G*8a+Gdd' + &,
0p2 = —Wn, 6G2 — Y, 6p2 +M0q1 + &2, 4)

where 8a;, and & i—1,2 are the input zero-mean vacuum noise
operator of the cavity mode and the zero-mean value Brownian
noise operator of the j-th mechanical oscillator, respectively.
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G = go is the linearized optomechanical coupling strength.
The correlation functions of the related noise operators are

(8af, (1) 8ain(t")) = (Sain (1) Sai(t")) = 0,
(8ain(t)8al (1) = 8(t —1),

<g/(t)§j(t/)> = '}/mj(znm,- +1)8(¢ —l‘/),
for @, /Ym; > 1, )

where %,; is damping rate of the mechanical mode, n,;, =
[exp(7iy; /kT) — 1]7! is the mean thermal phonon number,
kg is the Boltzmann constant, and T is the environmental tem-
perature of the mechanical resonator bath. Introducing the am-
plitude and phase quadratures for the cavity mode,

80, = (8a+8a")/V2, 8P, = (8a—38a")/(V2i), (6)
and, accordingly, its input quantum noise quadratures
5O™ = (8aiy + 8al ) /N2, SP™ = (8ay, — 8al)/(V2i).(7)
Then, Eq. (4) can be written in the matrix form
f@&)=Mf(6)+n(r), ®)
where

f(t) =[6Q4,6P4,8q1,6p1,642,0p2]",
n(t) - [msQin’\/2?51_‘)1H707§170752]T’ (9)

and the 6 x 6 time-independent matrix M is given by

-k Al -G 0 0 0
—-Al —x G 0 0 0
0 0 0 o 0 0

M= ! e 10
G G —Op ~Yu N 0 (10)
0 0 0 0 0

0 O n 0 —@n —Yu,

Here, G* and G” are the real and imaginary parts of the effec-
tive optomechanical coupling rate G| = v/2go0t = G* 4 iG”,
respectively. The stability of the system can be ensured when
In all
subsequent calculations, the stability of the system has been
checked.

The zero-mean Gaussian nature of the vacuum input noise

the real parts of all eigenvalues of M are negative.

and thermal noise, and the linearized Hamiltonian ensure that
the evolved state of the system will remain the Gaussian nature
at all times, the dynamics of the system can be characterized
by a 6 x 6 covariance matrix (CM) V with elements

Vkl = <fk(t)fl(t) +fl(t)fk(t)>/27 kvl = 172737475767 (11)
the motion equations in Eq. (4) can be expressed as

V() =MV(t)+V()M" +D, (12)

where D = Diag[k, k,0, ¥in, (20m, +1),0, ¥, (21, +1)] is the
diagonal noise correlation matrix.

When the stability condition is fulfilled, the equation of
motion for the CM V in Eq. (12) can be reduced as the Lya-
punov equation

MV +VM" = —D. (13)

In order to calculate the quantum entanglement between
two mechanical modes, we adopt the logarithmic negativity,
which is defined as[®"!

Ex = max[0, —In(2v7)], (14)

where v© =2712{Y (Vyy) — [L(Vuv)? —4detVy]'/2}1/2 and
Y. (Vuv) = detA 4 detB — 2detC is the 4 x 4 CM associated
with the two mechanical modes, with t and v describing the
two mechanical modes and expressed as

Viy = (CA} g) (15)

3. Nonreciprocal mechanical entanglement

In the following discussion, we study the realization of
the nonreciprocal mechanical entanglement. As shown in
Fig. 2(a), we plot the logarithmic negativity Ex as a function
of the optical detuning A,/ @y, . In our numerical simulations,
experimentally feasible values'®'=%3] are employed: n = 1.44,
r=0.3 mm, A = 1064 nm, and P = 20 mW. We choose the
rotation speed 2 = 5 kHz. Nowadays, £ can be increased
even up to GHz values based on a levitated OM system, 64
so £ =5 kHz is experimentally feasible. The other param-
eters are chosen as @, = W, = 27 x 10 MHz, m; =my =
250 ng, Y, = Yy = 107 @, Mpn, = My, = 1y = 100, and
N = 0.3@,,. Moreover, the frequency shift induced by radi-
ation pressure is very small compared to the detuning of the
cavity field, i.e., gogs, < Ac, thus we set Al = A, for sim-
plicity in the following calculation. It can been seen from
Fig. 2(a) that nonreciprocal mechanical entanglement can be
realized. There are two nonreciprocal mechanical entangle-
ment segments (shadowed blue bottom region) on the A, axis.
When the WGM resonator is spinning and the optical detun-
ing A, is within the left (right) shadowed blue bottom region,
the mechanical entanglement emerges (vanishes), i.e., Ex > 0
(Ex = 0) for A > 0 (Ar < 0), whereas it vanishes (emerges),
i.e., EN =0 (Enx > 0) for Az < 0 (Ag > 0). Note that the non-
reciprocal mechanical entanglement vanishes for a stationary
WGM resonator, the degree of the mechanical entanglement
remains constant regardless of driving directions. The phys-
ical mechanism for the generation of the nonreciprocal me-
chanical entanglement can be explained as follows. The op-
tomechanical interaction between the cavity mode and the first
mechanical oscillator, and the mechanical coupling between
two mechanical oscillators links three modes together. The
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cavity provides a direct cooling channel for the first mechan-
ical oscillator, while the mechanical interaction provides the
channel to extract the thermal excitations from the second me-
chanical resonator. Thus, two mechanical oscillators can be
cooled simultaneously, which can be verified from Fig. 2(b),
we plot the the final mean phonon numbers 7! and n} of two
mechanical oscillators as a function of the optical detuning
Ac/ @y, , the optimal cooling and the optimal mechanical en-
tanglement emerge at the same A./ @y, , and the cooling ef-
ficiency of two mechanical oscillators is direction-dependent,
the effective cooling of the mechanical oscillators is basic for
the generation of mechanical entanglement. The nonreciproc-
ity originates from the breaking of the time-reversal symmetry
of this compound system, which is induced by the Sagnac ef-
fect.

(a) 0.08 . . . . : -
Ap<0
h
0.06 - /
/
/
/
/
& 0.04f /
/
/
/
/
0.02 /
!
/
!
!
0 " L .
(b) 0.5 T T T
—— Ag<O,n!
0.4} A=
Ap >0, n{
0,3» ___AF<O,TL£
s — == Ap=0, nf
0.2 Ap >0, nf
O 1 1 1 1 L 1
0.6 0.7 0.8 0.9 1 1.1 1.2 1.3

Ao/ Wi,

Fig. 2. (a) Logarithmic negativity En and (b) the final mean phonon
numbers nﬁ and n£ versus optical detuning A/ @y, for different driving
directions. The shadowed blue bottom region corresponds to the region
where the nonreciprocal mechanical entanglement exists.

According to Fig. 2, rotation of the WGM resonator is
necessary for the emergence of the non-reciprocal mechanical
entanglement, so angular velocity of the rotation is an impor-
tant physical quantity in the investigation of the non-reciprocal
mechanical entanglement. To this end, logarithmic negativity
E\ is shown in Fig. 3 as a function of the optical detuning A,
at various angular velocities upon driving the WGM resonator
from its left-hand side Ag > 0 or right-hand side Ar < 0. From
Fig. 3, it is shown that logarithmic negativity Ey shifts linearly
with 2, a red shift [see Fig. 3(a)] and blue shift [see Fig. 3(b)]

are generated for Ar < 0 and Ag > 0, respectively. Obviously,
non-reciprocal mechanical entanglement can be modulated by
controlling Q. The frequency region where the non-reciprocal
mechanical entanglement exists also increases with increasing
Q.

(a) 0.08 : : : : . .
— — —2=0kHz
Q=5kHz
N=10kHz 7/
/
0.06} /
/
/
/
/
z L /
& 0.04 ;
/
!
/
/
0.02} /
/
I
/
/

b) 0.08 T T T T T
( ) — - =0kHz
——Q=5kHz Ap>0
———0=10kHz
\
0.06f \ 1
\
\
\
- \
& 0.04+ \ ]
\
\
\
\
0.02f \ ]
\
\
\
\
O L 1 1 !
0.5 0.6 0.7 0.8 0.9 1 1.1 1.2

A/ Wi,
Fig. 3. Logarithmic negativity Ex versus optical detuning Ac/ @y, at
various angular velocities 2 when the WGM resonator is driven from
its (a) right-hand side Ar < O or (b) left-hand side Ar > 0. All other
parameters and the meanings of three color lines are the same as those
in Fig. 2.

Entanglement is closely related to the environment tem-
perature. To investigate the influence of the environment tem-
perature on nonreciprocal entanglement, in Fig. 4, we plot Ex
as a function of the thermal phonon numbers n,,. The maxi-
mal value of mechanical entanglement decreases rapidly with
ny,, which means that the thermal noise has a negative impact
on the entanglement characteristics of mechanical oscillators.
Nonreciprocal mechanical entanglement still can be achieved
even when n,, = 200. A low temperature is beneficial to pre-
pare nonreciprocal mechanical entanglement.

The optomechnaical coupling determined by the driving
power provides a crucial bridge for the realization of the non-
reciprocal entanglement. In order to investigate the depen-
dence of the mechanical entanglement on driving power, we
show the contour plots of Ey as a function of P and A in Fig. 5
when the WGM resonator is stationary. The optimal mechan-
ical entanglement emerges at the optical frequency Ac ~
and the driving power P = 62.88 mW. The reason is that the
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optimal cavity-assisted cooling efficiency of first mechanical
oscillator is maximum in the red-detuned regime where the
production of a cavity photon is accompanied by the disap-
pearance of a phonon, and the counter-rotating-wave term in
the linearized optomechanical coupling causes the small de-
viation of @,,. At first, with the increase of P, the average
number of photons in the cavity increases according to Eq. (3),
the optomechanical interaction is enhanced, the cooling effect
of two mechanical oscillator is improved, so the mechanical
entanglement gradually becomes stronger. However, when P
is strong enough, with the increase in P, the rotating wave
approximation in the linearized interaction between the cav-
ity mode and the first mechanical mode is not well satisfied,

the cooling effect of the first mechanical oscillator decreases,
so an optimal mechanical entanglement is obtained when a
proper P and A, are chosen. By spinning the resonator, an op-
posite Fizeau frequency shift of the counterpropagating modes
results in the difference in the effective frequency of the opti-
cal mode for different driving directions, but does not change
the relationship between the driving power and the mechani-
cal entanglement. Therefore, the driving power can be used to
modulate the maximum mechanical entanglement in the non-
reciprocal region on Ac-axis. Hence, the modulation of the
driving power can be an important tool used to control the non-

reciprocal mechanical entanglement.

0.14 0.08

0.12
0.10 0.06
. 0.08

] 5 0.04

0.06

0.04 0.02

0.02

Aof Wi,

A/ Wi,

—— Ap<0 0.0157 (¢)
-—-Ap=0
Ap>0
0.010
z
R
0.005
,,,,,,,,, ob———
1.4 0.6

Fig. 4. Logarithmic negativity Ex as a function of optical detuning A,/ @,,, for different thermal phonon numbers n,, with (a) n,, =0, (b) n,, = 100,
and (c) n,, = 200. All other parameters and the meanings of three color lines are the same as those in Fig. 2.

P (mW)

20

0.6 0.7 0.8

0.10

0.08
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0.04

0.02
0.9 1.0 1.1 1.2 1.3

Ac/wml

Fig. 5. Logarithmic negativity Ex versus optical detuning Ac/®,,, and
driving power P. Here we choose Ar = 0, the other parameters remain
the same as those in Fig. 2.

In fact, many works have shown the nonreciproc-
ity of quantum effects in spinning optomechanical
systems, 233460671 guch as the nonreciprocal enhancement
of remote mechanical entanglement, >3] the nonreciprocal op-
tomechanical entanglement, 1541 and the nonreciprocal me-
chanical squeezing.!%”! In these schemes and in our scheme,
the rotation-induced Sagnac frequency shift affects the reso-
nance condition of the optomechanical interaction, then the
quantum properties of the cavity field and mechanical os-
cillator can be controlled in different directions. For exam-
ple, the work for the realization of the nonreciprocal remote
entanglement between two spatially separated mechanical

oscillators®3 was proposed based on two spinning optome-
chanical resonators which are indirectly coupled through a
telecommunication fiber, and two mechanical oscillators do
not need to interact directly. The rotation-induced Sagnac fre-
quency shift of the cavity mode causes the difference in the
optomechanical coupling for different driving directions, so
the mechanical entanglement which is obtained through the
radiation-pressure-induced interactions is nonreciprocal. Un-
like this scheme, 3 our scheme only consider a three-mode
system and two mechanical oscillators coupled to each other,
the origin of the nonreciprocity of mechanical entanglement
is similar to Ref. [53], where the breaking of the time re-
versal symmetry of compound system due to Sagnac effect
causes the Fizeau frequency shift of the cavity mode, while
the generation of mechanical entanglement comes from the
direct interaction between two mechanical oscillators and the
effective cooling of two mechanical oscillators by using the
optomechanical coupling and mechanical interaction. Simi-
larly, the preparation of the nonreciprocal optomechanical en-
tanglement in Ref. [54] has also utilized the rotation-induced
Sagnac—Fizeau frequency shift to make that the cavity mode
is only resonant with the Stokes or anti-Stokes sidebands in
one driving direction, which is the same as our scheme, then
the directional optomechanical entanglemnent is generated.
Moreover, the relationship between the optical backscattering
losses and the nonreciprocity was investigated comprehen-
sively in Ref. [54]. In addition, the physical mechanism for
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the generation of the nonreciprocal mechanical squeezing in
Ref. [67] is partially similar to that of our scheme, both of
which use the opposite Sagnac—Fizeau frequency shift for two
counterpropagating optical modes in the spinning resonator to
realize the resonance between the optical mode in a specific
direction and the anti-Stokes sideband scattered by the me-
chanical mode, so the different cooling efficiencies of the me-
chanical oscillator in different directions can be achieved. Our
ultimate goal is to achieve nonreciprocal mechanical entangle-
ment, and it is designed to generate nonreciprocal mechanical
squeezing.

4. Conclusion

In summary, we present a scheme for preparing the non-
reciprocal mechanical entanglement based on a spinning op-
tomechanical system comprising of two mechanical oscillators
and a spinning optical resonator. The optical Sagnac effect in-
duced by the rotation of the optical resonator leads to the non-
reciprocity. The optomechanical coupling provides the direct
cooling channel for the first mechanical oscillator, and the me-
chanical interaction provides the channel to extract thermal ex-
citation from the second mechanical oscillator, the mechanical
entanglement is induced by the simultaneous cooling and the
mechanical coupling of two mechanical oscillators. The fre-
quency region where nonreciprocal mechanical entanglement
emerges can be broadened with the increase of the angular ve-
locity of the rotation of the optical WGM resonator. The non-
reciprocal mechanical entanglement can be modulated by the
driving power and the optical frequency detuning. A low en-
vironment temperature is beneficial to the preparation of the
nonreciprocal mechanical entanglement.
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