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Localization due to disorder has been one of the most intriguing theoretical concepts that evolved in condensed matter
physics. Here, we expand the theory of localization by considering two types of disorders at the same time, namely, the
original Anderson’s disorder and the structural defect disorder, which has been suggested to be a key component in recently
discovered two-dimensional amorphous materials. While increasing the degree of both disorders could induce localization
of wavefunction in real space, we find that a small degree of structural defect disorder can significantly enhance the localiza-
tion. As the degree of structural defect disorder increases, localized states quickly appear within the extended phase to enter
a broad crossover region with mixed phases. We establish two-dimensional diagrams for the wavefunction localization and
conductivity to highlight the interplay between the two types of disorders. Our theoretical model provides a comprehen-
sive understanding of localization in two-dimensional amorphous materials and highlights the promising tunability of their

transport properties.
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The phenomenon that sufficient disorder results in space
localization of wavefunction originates from the model of An-
derson (1958).11 A delocalized-localized transition was found
at a critical order parameter value W /V, where W reflects
the disorder of on-site energy, and V is the hopping integral
between neighboring sites. Anderson’s study inspired many
theoretical works in the last century,?! including the variable-
range hopping®>*! and the scaling theory of localization.>~7]
While analytical and numerical approaches fail to reach a con-
sensus on the exact critical transition value of W /V/, they all

[8-11]1 Begides, a

manage to show the same qualitative picture.
large number of modified Anderson’s models with advancing
numerical calculations and scaling analyses!!'>"'°1 show the
universality of wave localization in disordered systems; ex-
periments in microwaves, acoustics, band gap materials and
cold atoms all agree with the prediction!?*-2%! that the trans-
port behavior exhibits a drastic change due to wavefunction
localization. Disorder induced localization also plays impor-
tant roles in the search for topological quantum states.[?%-%°]
These works highlight that the localization phenomenon has a
general physical picture and broad impact in various research
fields.

Besides these works above with model Hamiltonian ap-
proach, there were extensive theoretical studies focused on
understanding the role of defects in the transport of realis-

tic 2D materials such as graphene.3%-3*! Detailed theoreti-
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cal investigations of the disorders caused by structural and
topological distortions have also provided a good knowledge
of the structure—property relationships in realistic amorphous
materials. 3> In these works, localization lengths within a
few nanometers were identified numerically under different
scenarios, which also helped to establish a deep understand-
ing of Anderson localization in realistic materials. [33-*4]
Although the original Anderson’s localization model is
widely applied to interpret the delocalized-localized transi-
tion and the change of transport properties in amorphous ma-
terials, recent works have indicated that it is not always suf-
ficient for realistic disordered materials. For example, two-
dimensional (2D) amorphous monolayer carbon has been re-
cently obtained in experiments, providing an ideal platform
to examine the structure—property relationship with unprece-
dented precision.[*>*] In particular, Tian et al.!*®! reported a
tuning of electrical conductivity up to 9 orders of magnitude
via controlling the degree-of-disorder in amorphous mono-
layer carbon. A variable hopping model was employed in
the same work to explain the conductivity change, where a
link was made between the electric conductivity and the struc-
tural disorder. The structural disorders are associated with the
so-called medium range order and the structural defects, in-
cluding structural holes and contaminated regions. While the
physics of medium range order can boil down to the original
Anderson’s model, the role of the structural defects can not be
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captured by the original model and the existing extensions. In
addition to monolayer carbon, structural defects can also be
created in a large number of 2D materials using different ex-
perimental techniques, providing opportunity to engineer their
properties with structural defect disorders. [404749]

In this work, we propose a new extension of the Ander-
son localization model by considering simultaneously two dif-
ferent mechanisms of disorders on the 2D lattice. Two order
parameters are introduced, one corresponds to the original An-
derson’s disorder (W /V) and the other characterizes the struc-
tural defect disorder. We then perform systematic numerical
calculations and analyses, which show that both disorders can
induce wavefunction localization, and the interplay between
the two distinct types of disorders gives rise to non-trivial lo-
calization behavior. A diagram of localization is given, where
the cooperation and competition of the two localization mech-
anisms are fully revealed. The electrical conductivity is cal-
culated based on the Kubo—Greenwood formula,%311 which
further illustrates that both types of disorders have significant
impacts on the electron transport.

We start from the non-interacting tight-binding Hamilto-
nian on a 2D square lattice with a single electron band

A IS At
H = 2;. (nyjkaj-k—l,kajyk+Vy71kaj7k+laj7k) +h.c.
Js

+ Y Ejd] ik,
ik

where V, jx and V, j stand for the hopping energy from site
(j,k), Eji is the potential energy of site (j,k). d;yk and d; are
one electron creation and annihilation operators at site (j,k).
A discussion about the relation between our model and real
material is detailed in the supplementary information (SI) Sec-
tion I (SLI). Diagonalization of the corresponding hopping
matrix results in the Hamiltonian’s eigenstates. In the An-
derson localization model, disorder is described by a random
distribution of the on-site energy within [e — W /2,e + W /2].
When neglecting the off-diagonal disorder, namely, choosing
a constant hopping term V, a dimensionless order parameter
(W/V) is used to characterize the degree of disorder.

Inspired by the structural defects in 2D amorphous mate-
rials, such as atomic holes and contaminated regions, we in-
troduce a new parameter to describe the disorder, namely, the
ratio of forbidden sites for electrons (A). To model this new
disorder, we randomly choose some of the sites on the square
lattice, and set their on-site potential as Ep,, which is signif-
icantly larger than the magnitude of the on-site energy and
the hopping kinetic energy. The effect is obvious that the ex-
tremely large on-site potential creates a huge eigenvalue, mak-
ing the corresponding site physically forbidden for electronic
occupation. Thus, the direct outcome is that these high en-
ergy sites are forbidden for electron hopping, which may also
contribute to the localization of wavefunction.

Figure 1 shows a map of the on-site energy on a 30 x 30
square lattice, illustrating the coexistence of the two types of
disorders. The red patches correspond to the forbidden sites
and the on-site energy fluctuation due to Anderson disorder is
shown with blue colors. We expect both types of disorders
to make contribution to the localization of wavefunction and
reduce the electrical conductivity. In the following, we dis-
cuss numerical results performed on a 30 x 30 square lattice,
where W /V varies from 0 to 8 and A is within 0.25.05%] The
Fermi energy is set as Er = 0 and the energy of forbidden sites
is set as Ey, = 1000 V. Configuration averages are taken over
Npaths = 200 randomly generated models to get converged re-
sults. More details, convergence tests, additional results and
extended analyses are discussed in the SI.

0
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Fig. 1. A potential energy map on a 30 x 30 square lattice with two
types of disorders. The two order parameters are W /V =4 and A = 0.02.
The red isolated patches indicate random distributed forbidden sites with
En = 1000. The blue colored patches correspond to the disorder from
random distribution of the on-site energy.

<)
On-site energy

To have a direct view of how wavefunction localizes, we
calculate the occupation number |y;|? for each site i. Fig-
ure 2(a) shows an example of the extended state, where many
sites have non-zero occupations. For a localized state, the
electron only occupies one site as displayed in Fig. 2(b). A
larger set of visualization diagrams are presented in SLII. In
Figs. 2(c) and 2(d) we show the wavefunctions of three states
in the extended system and the localized system along one lat-
tice dimension, respectively. For an extended system, wave-
functions of many states are delocalized as in Fig. 2(c), while
for a localized system every state has its electron occupying
one site. In addition to the extended phase and the local-
ized phase, we also identify the existence of a broad transition
regime where mixed phases may appear.

To quantify the localization behavior, we calculate the
normalized participation ratio (NPR),!>** which is defined

as

N2
NPR; = (L2 Y [of1")

n=1
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where N? sites are considered, L = Na is size of the system,
a is the lattice constant and ¢/ is the component of the i-th
eigenfunction projected on the n-th site.

For 2D systems, NPR should satisfy the following condi-
tions:

£2,

L2,

NPR ~ for extended states,

for localized states,

where & is a constant characterizing the localization length of
the corresponding state. Therefore, for large L, NPR remains
finite for extended states and vanishes for localized states.
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Fig. 2. Visualization of the extended and localized states. [(a) and
(b)] Occupation number of a randomly selected state on the two-
dimensional lattice from an extended system (W/V =0; A =0) and a
localized system (W /V = 0; A = 0.2). [(c) and (d)] Three wavefunctions
plotted along one lattice dimension. The wavefunctions are real due to
the Hermitian matrix.

Figures 3(a) and 3(b) plot NPR values of all eigenstates
under A = 0-0.5, W/V =0 and W/V = 0-8, A = 0, respec-
tively. Each NPR curve represents one set of parameters. Ac-
cording to our design of the Hamiltonian, as A increases only
AN? sites should have vanishing NPR, and one expects a dis-
continuous function of the NPR curve plotted as a function of
the state index. However, figure 3(a) shows that the curves
drop to zero continuously apart from the fully extended sys-
tem (blue line). The overall non-vanishing NPR of the other
states also decays to zero as A increases. At around A = 0.4,
the whole NPR curve is reduced to ~ L2, where a full local-
ization of the whole system occurs. These observations show
that (i) the structural defect disorder can induce a mixture of
localized and extended states in the system; (ii) a small por-
tion of structural defects can cause global localization of the
whole system. In contrast, the original Anderson type disorder
W /V induces a smoother transition from the extended phase at
W/V =0 to around W/V = 6 where most of the states have
vanishing NPR.

If we take these two order parameters together into con-
sideration, the system consists of a rich variety of phases.
To further classify them, we define a new parameter 1 =

%, where (NPR)(N) is the average value of all eigen-

states’ NPR for an N x N lattice. The definition of 1) is inspired
by the fact that for the fully localized phase NPR ~ N~2, while
for the extended phase NPR of all eigenstates is independent
of N. With such a definition, we have nn = 0.25 for pure ex-
tended states, and 11 = 1 for pure localized states. Figure 3(c)
shows a colored contour diagram of 1 as a function of the two
order parameters W /V and A.

(a) eA=0 e)XA=020e)=0.4 (b) eW/V=0eW/V=40W/V=38
*A=0.1 eX=0.3 eX=0.5 oW/ V=2eW/V=6
0.4 \ 0.4 \
= 0.3 . 0.3
2 Y & 3
Z 0.2 Z 0.2
°
0.1 0.1
0 0
0 300 600 900 0 300 600 900
State index State index
0.85
0.75
0.65
S5
0.55
0.45
1T
0.35
0.15 0.20 0.25
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Fig. 3. Quantification of localization under different order parameters.
(a) and (b) NPR values plotted for different eigenstates under differ-
ent order parameters. Finite and vanishing NPRs correspond to the ex-
tended and localized states, respectively. (a) NPR for W/V = 0 and
A =0,0.1,0.2,0.3,0.4,0.5 (lines from top to bottom). (b) NPR for A =0
and W/V =0,2,4,6,8 (lines from top to bottom). (c) The localization
contour diagram plotting 1 as a function of the order parameters W /V
and A. The red lines indicate the two boundaries ( = 0.6 and 11 = 0.8)
separating three phase regimes: (I) the extended phase, (II) the crossover
regime with mixed phases and (III) the localized phase.

We classify the extended, crossover and localized phases
revealed above as I, II and III, respectively. As a result, there
are two steps in the localization transition, namely, the step
from the extended phase to the crossover regime with mixed
phases; and the step to the fully localized phase. To this end,
we choose two critical values for 17, which are indicated as red
lines in Fig. 3. For the boundary between the extended phase
and the crossover regime, we recall that the original Anderson
transition point is near W/V = 6! and A = 0, so we take
the contour line of 7 which crosses this conventional tran-
sition point, i.e., M = 0.6, to represent the boundary. The
second boundary is set at 1, = 0.8 because numerical calcula-
tions show that as A rises, 1] drastically increases to 11 = 0.75—
0.85 and then slowly approaches 11 = 0.9—1 for larger disorder
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(SLIII). We note that in real systems 1] may not reach the ideal
value 1 because of finite N and incompleteness of localization.
Therefore, 1> = 0.8 can be considered as the boundary enter-
ing the fully localized phase.

It is quite clear that the three phase regions are well sepa-
rated by the variation of A. Tuning the ratio of randomly dis-
tributed forbidden sites within a range of approximately 10%
can already achieve the transition from the extended phase to
the fully localized phase. This is not affected significantly by
the choice of the other parameter W/V given that the value
is within a reasonable range. This observation is in good
agreement with previous studies concerning various sources

33.34] I the SLIX we show results calcu-

of structural defects. !
lated on a honeycomb lattice, where the same conclusion can
be reached.

An even more interesting observation is that the two types
of disorders are not only trivially additive to each other, but
cooperation and competition might exist. With a finite A, con-
tour lines of 1 extend towards the left as W /V increases from 0
to 1, then rightwards until W /V increases to 4. The change of
the direction of contour lines means that the localization firstly
increases and is then suppressed before W/V = 4. The rea-
son for such an anomaly is further discussed in SL.V. It is also
worth noting that a similar re-entrant behavior was recently re-
vealed in the one-dimensional model of quasi-periodic lattice
with staggered on-site potential. %! The key point is that while
both Anderson disorder and hole defect disorder can induce
significant localization separately, their combination renders a
more complicated picture than one might anticipate.

To further understand how the two types of disorders af-
fect the transport property, we calculate the conductivity ¢ us-

ing the Kubo—Greenwood formula>%-3!]

o = lim (n/(0l?)) / dE'Y Y (el ()IB)[

af Jj
x8(E'+w—Ep)d (E'—Eq),

where L is the length of the system, |@), |B) are eigenstates of
the Hamiltonian and correspond to eigenvalues Eq < E < Eg.
For a current flows in the x-direction, J,(j) is the current oper-
ator, and is defined as

Je(J) = iEZ,Vx,jk (aj7kTaj_17k *h.C.) .
k

More computational details are discussed in SI.VI, and
calculations for larger lattice size N using linear scaling
methods®"-°! are supplemented in SI.XI.

Figure 4 plots the conductivity for different parameters
of W/V and A. The two critical contour lines with values 1
and 1, separating regions of different degrees of localization
are also shown. Although it is expected that the increase of
both disorders can lead to the reduction of conductivity, it is

interesting to see that the effects of disorder on the conductiv-
ity do not follow exactly the same trend as the localization. It
suggests that different from the conventional Anderson local-
ization, a metal-insulator transition is no longer necessarily
synchronized with the extended—localized transition. Only a
small portion of the forbidden sites are needed to cause the lo-
calization, but to induce a reduction of the conductivity a quite
large number of forbidden sites are needed. This is reasonable
because localized electrons can still contribute to conductivity
via hopping mechanisms, and only when all the hopping paths
are blocked by enough number of forbidden sites, the conduc-
tivity can be strongly suppressed. From the perspective of the
density of states (DOS) as displayed in SL.VIIL, DOS near the
Fermi energy decreases more rapidly as a function of W /V
compared to that of A.

8 I—1.7
7] —2.0
23 S
64, 3
‘\‘ =29
> 51 .6 £
. i
44 %
1 L 3.2 T
8
L 3.5 o
—
3.8
—4.1

Fig. 4. Conductivity diagram as a function of the order parameters W /V
and A. For better visualization, the W /V < 1.2 part is not shown because
the decay near W ~ 0+ is too rapid. Green lines show the two localization
boundaries from Fig. 3 (112 =0.6,0.8).

It is worth noting that in the studies of Tian et al. the in-
sulating samples have many structural holes and contaminated
sites, [*! corresponding to A > 0.5 and W /V < 3 (SLX). In that
regime a variable range hopping model is more suitable and
can describe the conductivity behavior very well. In the SL.IX
we also show numerical results and analyses on the honey-
comb lattice, which resembles the true structure of amorphous
monolayer carbon. The enhancement of localization due to
structural defect disorder is also observed, supporting the main
conclusion of this study. However, we shall note that the hon-
eycomb lattice involves a new degree of complexity due to the
semi-metallic nature. One can notice the anomalous behavior
in the weak localization regime and other differences in other
parameter regimes. While some behaviors can be straightfor-
wardly understood by the semi-metallic band structure,[60-61]
further theoretical works are desired to reveal more details
about the impact of structural defect disorder.[6>63!

In the future, when the quality of 2D amorphous materials
is improved to a regime where the number of forbidden sites is
within 20%, we expect the conductivity to follow the current
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model. Even in this regime, one can achieve a tuning of the
conductivity by as much as 2 orders of magnitude. In contrast,
when A is small, the Anderson disorder can suppress the con-
ductivity more effectively, where the conductivity reduces by
at most 7 magnitudes when W /V increases beyond 6. A simi-
lar behavior of both disorders is that the decay of conductivity
mainly occurs at weak localization, namely, small W /V and A
(SLVID).

While the electrical conductivity reveals rich information
of transport properties, it is more rigorous to extract the trans-
port localization length £ to the thermodynamic limit when
analyzing localization effects. Therefore, we further carry
out a scaling analysis of the dc conductivity discussed above.
Within the strong localization regime, the electrical conduc-
tance decays exponentially with the system size N. i.e.,

G(N) o< e N,

In the weak localization regime, the exponential relation
does not hold, so by extracting & as a function of W/V and
A, we are able to identify the transition line for localization of
transport properties at 1/§ — 0. The weak and strong local-
ization regimes are divided in Fig. 5, where we take a linear
extrapolation from finite 1/N to 1/N = 0. Similar to the wave
function localization diagram in Fig. 3, there is a reentrant lo-
calization behavior for W /V within 2 and 4, indicated by the
dark red band. Comparison between the wave function local-
ization diagram, the conductivity diagram and the transport
localization length diagram demonstrates consistently that the
interplay of the two types of disorders creates a much more
complicated picture of localization.

8
& I )
L0.002
6. U\C/')
)
51 -0.001 a
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0 : : 2 5 / =
0 0.05 0.10 0.15 0.20 0.25
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Fig. 5. Transport localization length & as a function of the order parameters
W /V and A. 1/& = 0 marks the division line between the weak localization
regime (blue part) and the strong localization regime (red part).

To conclude, in this work we introduce an extension of
the Anderson’s localization model with randomly distributed
forbidden sites, inspired by the structural defect disorder in 2D
amorphous materials such as structural holes and contaminat-
ing sites. Numerical calculations and analyses show that the

structural defect disorder can interplay with Anderson’s dis-
order to enhance the localization, driving the extended phase
first to a mixed phase then to a fully localized phase, pro-
viding a more versatile control of the electrical conductivity
of 2D materials. Our model provides a more comprehensive
understanding of the localization phenomenon and electronic
transport in 2D systems, which shall motivate further investi-
gations, for example, the role of the interplay of different types

of disorders on other transport properties,'®* on other emer-

[29,65-67

gent phenomena, I and in three-dimensional disordered

systems. [68.6%]
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