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Levitated optomechanical systems represent an excellent candidate platform for force and acceleration sensing. We
propose a force-sensing protocol utilizing an optically levitated nanoparticle array. In our scheme, N nanoparticles are
trapped in an optical cavity using holographic optical tweezers. An external laser drives the cavity, exciting N cavity modes
interacting simultaneously with the N nanoparticles. The optomechanical interaction encodes the information of the force
acting on each nanoparticle onto the intracavity photons, which can be detected directly at the output ports of the cavity.
Consequently, our protocol enables real-time imaging of a force field.
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1. Introduction

Optomechanics is a fascinating field that explores the
interaction between optical and mechanical degrees of free-
dom and it has a wide range of applications in various
scientific domains.!'-® Following the pioneering work by
Ashkin and Dziedzic,®'! levitation of nano- and micro-
scale dielectric objects has become a widely used technique
el'2-14) and engineering.!>~!"1 An optically levitated
dielectric nanoparticle in vacuum serves as an ultrasensitive
detector with great potential in precision measurements!!8-221
and the study of fundamental physics.[>23-33] Currently,
force sensitivity as low as 1072 N/y/HzB3**] and sub-
ug/vHz (g = 9.8 m/s?) acceleration sensitivity3*=38! have
been demonstrated experimentally. Additionally, as the mo-
tion of a levitated dielectric nanoparticle is cooled into the
quantum ground state,3°~*!! levitated optomechanical systems
enter the quantum regime, opening the door to performing in-
terferometry at macroscopic scales to test the limits of quan-
tum superposition principle. >3]

Recently, there has been significant interest in the levita-
tion of multiple nanoparticles, ***! which holds promise for
using arrays of strongly coupled oscillators to explore com-
plex interacting systems and sensing. For example, optically
levitated nanoparticles have been used to study the dipole—
dipole interaction experimentally ! and the strong long-range
interaction.!*”) Theoretical schemes have been proposed to
generate the entanglement between the motion of the center
of mass of nanoparticles!*®*’1 by employing an array of opti-
cally levitated nanoparticles.

In the field of precision measurement, schemes for gradi-
ent measurement using a pair of levitated nanoparticles!>%->!1
and for acceleration sensing employing an array of levitated
nanoparticles?! have been proposed. However, the measure-
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ment of a force field with a three-dimensional space struc-
ture utilizing multiple nanoparticles has not yet been explored.
Here, we present a force field sensing method using an ar-
ray of optically levitated nanoparticles, enabling real-time full-
profile imaging of a force field.

A simplified schematic of the experimental setup
is shown in Fig. 1. Using holographic optical tweezers
(HOT),['7331' N nanoparticles are trapped in a Fabry—Perot
cavity. An external laser beam drives the cavity and excites
N standing wave cavity modes, which simultaneously interact
with the center of mass motion of the N particles. The in-
formation of the force impacting each nanoparticle is encoded
into the cavity modes through the optomechanical interaction.
As a result, detecting the cavity modes with a homodyne de-
tector enables the imaging of the force field.

I[Homodyne
detection

________________________________

o SLM
=

T

Q000

Driving beam
Fig. 1. A simplified schematic of the experimental setup. An array of
nanoparticles is trapped in a Fabry—Perot cavity using holographic op-
tical tweezers (HOT). An external laser beam drives the cavity, exciting
multiple modes that simultaneously interact with the nanoparticles. The
transmission of the cavity mode is monitored by a homodyne detector.
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2. Hamiltonian and dynamics
The Hamiltonian of the whole system in a frame rotating

at pumping frequency vf) reads

] -
= Z{ Alala; + ¢ <a1+am + Y gijdlaig

=1 i,j=1

+Z{ (P44 +qu2}, (1)

where d; is the annihilation operator of the ith cavity mode,
Al = ! — v}, is the detuning of the ith cavity mode with fre-
quency @ from the pumping laser, and &; is the pump strength.
g; and p; denote the dimensionless position and momentum
operators of the jth particle, respectively, £; is its oscilla-
tion frequency, and f; is the external force acting on it. g;;
is the coupling strength between the ith cavity mode and the
Jjth nanoparticle. This coupling strength depends on the fre-
quency of the cavity mode and the equilibrium position of the
nanoparticle (see Appendix A for details).

Under the strong driving condition, each operator can be
rewritten as the sum of its classical steady-state mean value
and a small quantum fluctuation operator, i.e.,

ai— o+ai, §4;—q;+q;, pj—pi+pj 2
Employing the standard linearization procedure,’®*! one can
obtain the quantum Langevin equations (QLEs) in terms of
the quantum fluctuating operators

é,’ = (IA + = )
dj = ;pj,

N
P = —9;4;—vp;— ). Gij (dﬁ&f) —fi+&, 3
i=1

ZlGqu]+\/7al )

where k; and y; are the decay rates of the ith cavity mode
and the jth nanoparticles, respectively. The classical Langevin
equations regarding the classical steady-state mean values are
presented in Appendix B. A; = AL+ Y ; gijq; and Gij = og;;
are the effective detuning and coupling strength that depend
on the steady-state mean values. The operator ”“ in Eq. (3)
accounts for the input noise of the ith cavity mode, which has
zero mean value, and the correlation function

(@ nay (") =

where we have assumed the equilibrium mean photon number
of the thermal bath is

S d(t—1'), )

1
s = . ~0
i exp [hol /kgT] — 1

due to the high optical frequency 7. /kgT >> 1, and ;7 stands
for the Kroneker symbol. é ; 18 the input noise of the Brownian

force acting on the jth nanoparticle, whose correlation func-
tion is given by

do ei0(1=') ¢
2r

ho

The involved mechanical frequencies are never larger than

(&8 () = Ql

hundreds of MHz. Therefore one can make the approximation

wcoth ( 12 ) ;28T
2T ) =V he;

N - _
with the mean thermal phonon number
= (exp[n®;/(kT)] — 1)

As a result, the correlation function of Brownian noise can be

safely considered Markovian, 53! i e.,

()& (1)) =y (2™ +1) 8(t —1')8;. (6)

By introducing the amplitude and phase quadrature operators
of the cavity field

@)

the QLEs (3) become

Xi= AY—EX—&—\FX‘”,

Y;

N
~ K n A
A *EYI*\/EZGUQJ‘F\/ Kin‘m,

QJ"‘YJQJ“"-Q 41] < ZGUX fj"'&])

The QLEs show that the motion of the nanoparticles, §;, has
a response to the external force field, f ;. At the same time,
the motion information of the nanoparticles is imprinted in the
cavity field, )?,- and )A’, As aresult, imaging of a force field can
be realized through measuring the cavity field.

Transforming the QLEs above into the frequency domain
by Fourier transform, one obtains

153

i = AXCY+\/7XCXIH
Y, = _AIXCX \fxc ZG,qu—I—\/E){CY,m
j=1
4 = xh (—ﬁZGuXi—fﬁéj) : ©)
i=1
j Q; o
where ¥, = — /2 T and xm 7/2_171;20 —2 are the susceptibil-

ities of the ith cavity mode and the jth nanoparticle, respec-
tively. The susceptibilities describe how an observed quantity
responds to a signal or noise.
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For the sake of simplicity, we introduce the vector and
matrix forms of operators and quantities in QLEs (9), defined

as
2 2 s 17T
X= %% K] (10)
2 2 5 1T
v=[hb o 0] a1
a=1[61, 4, ..., v, (12)
. ae A 2. 1T
xin = [in Kin X,{}‘} , (13)
. ae A 2. 1T
LR (14)
T
e=16.8, .. 8], (15)
fE[flvf2a “'afN] 9 (16)
and
A] K]
A= , K= , 17
Ay KN
e P2y
XCE bl XmE 9y (18)
2 o
Gi1 ... Gin
G=| : .. |, (19)
Gy1 ... Gyn

where X and Y denote the quadrature operator vector of
the cavity field; g denotes the position operator vector of the
nanoparticles, X in yin and & denote the noise operator vec-
tors of the cavity field and the nanoparticles, respectively; f
denotes the force vector of the force field; A and x are the
matrices of the detuning and the decay rate of the cavity field,
respectively; x. and xn are the matrices of the susceptibili-
ties of the cavity modes and the nanoparticles, respectively; G
is the matrix of the coupling strength. The QLEs (9) can be
rewritten as

X = xe (AY+\/EX“‘) ,
Y =xc (~AX - V2Gq+ VrY™),
4=Xm (—szTX _f +£) . (20)

Solving the above QLEs, the expression of the cavity mode
amplitude quadrature operator is given by

X = V2xxm (F - +xG 'x;'A7 VX
+xG'VRY™, 1)

where

—{[G'x.'A X+ G Al —2xmGT) L (22)

Using the standard input—output relation X% = X" — \/k X
and the vector of the cavity output field operator
XOl]t Xout Xout . X()llt T (23)
one obtains
AXM = _fi ¢+ BX"+CY™ (24)
with
1
A= —xp'x '"Vk, 25
ﬁxm X (25)
B = A1-VkxG 'x.'A7 VK], (26)
C = —Txm‘G NS (27)

Equation (24) shows that the information of the force field is
encoded in the output field of the cavity via the optomechani-
cal interaction.

According to the definition of the power spectrum density
(PSD) for an operator O in the frequency domain

So0(@) = [ (0" (@)0(@)de, 28)

the PSDs of the force field are given by

Srr(0) = SF¥ (o) — Sge(w) — (B* o B) Sy (o)
—(C*oC) Sy (o), (29)

where o denotes the Hadamard product and the vectors of
PSDs are defined as follows:

St1(®) = [S5,(0), Spp (@), -, S (@], (30)
Ség (@) = [Se e, (@), Se,, (@), -y Sgyey (@)],  BD)
(©) [Xlxl B (@), - Sy (@) 6D
[ i Yzyz(w) iY“NYNm)}T, (33)

S (0) =[S 1(0), SH(@). ... S N(@)]". 34

The elements of the vectors Syf(®), Sgz(0), S¥y(w), and
Sin (@) are calculated through the definition of PSD in
Eq. (28). The elements of the vector S$% () are calculated
by

Sout
XX l Z A
kK

Ap(@)SP (0)  (35)
with the definition of the cross-PSD for operators P and O

Spo(@) = [ Z<ﬁ*<w)Q(w’)>dw’. (36)

It is noteworthy that the area under the PSDs of the force yields
the variance of the force,!!! i.e.,

do

=] _Spn@)5e. @7
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As shown above, with the measurement results of
S%% (@), the parameters of the system, and Eq. (29), one can
obtain the imaging of the force field, the vector Sys(®), which
contains the information of the force acting on each nanopar-

ticle.

3. Numerical simulation

We numerically simulate the dynamics of a cavity op-
tomechanical system, including N cavity modes and N par-
ticles, via the following Markovian master equation:

. 1 N

where p is the density operator of the optomechanical system
and

A~

Hp J o+ i ( 2 A
5 = Z il d; Z {2 pj-l-qj)—I—fj(t)qj
i=1 j=1

+ Z Gij (dj +di) gj (39)
ij=1
is the linearized Hamiltonian. The Lindblad superoperator
L(p) is given by

+ (A +1) (2b;pb] ~ Bjbsp — pbib; ) | (40)

where b; = (§; +ip;)//2 is the annihilation operator of the
Jjth nanoparticle. Without loss of generality, we assume that
the time-dependent external force acting on the jth nanoparti-
cle, f;(t), is in the form of f;(r) = A cos(/t) with the am-
plitude A] and the resonance frequency Q]

Figure 2 illustrates the numerical results of a cavity op-
tomechanical system containing two cavity modes and two
nanoparticles. Figures 2(a), 2(b) and 2(c), 2(d) show the vec-
tors of the PSDs of the cavity output field, S§% (@), and the
external force, S ff( ), respectively. The external forces im-
pacting the two nanoparticles are set as fj(¢) = 0.5cos (0.3¢)

and f>(7)

responding to that of the external force are observed in both

= 0.5co0s (0.5¢). Two peaks at the frequencies cor-

the PSDs of the cavity output field and the force, respectively.
The two PSDs of the forces corresponding to the frequencies
Q! =0.3 and Q7 = 0.5 have an almost equal height (filled
area) because of the same amplitude A} = A? = 0.5. Accord-
ing to the connection between the variance and the PSD in
Eq. (37), we integrate the PSDs around the peaks 2! = 0.3
and Qf2 = 0.5 over the noise floor in (¢) and (d) and obtain

the variances of the forces (f2) ~ 0.9 and (f3) ~ 0.8. These

results are consistent with the variances calculated from the

analytical expression (f2) = (f7) = 0.125.
2000 2000
(a) — Sxxa1(w) () — Sxx.2(w)
1500 1500
a o
»n 2]
& &
1000 1000
500 500
0 02 04 06 08 0 02 04 06 08
w w
200 200
(c) —Sypa(w) (d) — Sypa(w)
150 150
g 2
& 100 & 100
50 50
0 02 04 06 08 0 02 04 06 08
w w

Fig. 2. The results of the numerical simulation: (a), (b) and (c), (d) show
the vectors of the PSDs of the cavity output field, S§% (@), and the external
force, Sy¢(), respectively. The parameters are set as follows: the mechan-
ical frequency Q| = Qz =1, the damping rate y; = 5 = 0.5, the thermal
phonon number 7' = 715" = 0.1, the cavity detuning A; = Ay =5, the cav-
ity decay rate x; = k» = 10, the coupling strength G;; = 0.1, G2 = 0.05,
G21 =0.05, and Gy, = 0.1, and the external forces f;(¢) = 0.5cos (0.37) and
f2(t) =0.5¢c0s (0.5¢).

In addition, the numerical results of the external forces
with two frequency components, i.e., fj(t) = Afl cos (.Qf] ')+
A%z cos (.Qf] 2t) are also presented in Fig. 3. Similarly, the peaks
at the corresponding frequency components of the external
force are observed in the PSDs.

200

(a) — Sspa(w)
150
a
A, 100
50
0.1 0.2 0.3 5 0.6 0.7

(®) — Syra(w)

2
A, 100
50

0.6 0.7 0.8

w

Fig. 3. The results of the numerical simulation: (a) and (b) show
the vectors of the PSDs of the external force, Syr(®). The exter-
nal forces are set as follows: f1(r) = 0.5cos(0.3r) 4+ 0.2cos (0.67) and
f2(t) =0.3cos (0.4¢) +0.4cos (0.5¢). The other parameters are the same
as those in Fig. 2.

4. Feasibility analysis of the protocol

Our scheme can be realized experimentally by employing
holographic optical tweezers trapping multiple nanoparticles
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in a driven optical cavity. A feasible experimental realization
based on the method in Ref. [46] is given as follows.

As shown in Fig. 1, a trapping beam is expanded to over-
fill the apertures of the spatial light modulator (SLM) and the
microscope objective (MO). The laser beams created by the
SLM are imaged with a 4f image system onto the MO that
creates an array of tightly focused optical tweezers used to
trap an array of nanoparticles in a Fabry—Perot cavity. The
cavity is driven by another external laser beam (driven beam),
allowing multiple excited cavity modes to interact with the
nanoparticles.’®-%% The transmission of the cavity modes is
monitored through homodyne detection. The coherent scatter-
ing and interference effects between the trapping and driven
beams are suppressed both by orienting the tweezer polariza-
tion along the cavity axis to minimize the mode overlap and
by tuning the two lasers far apart in frequency space. By ma-
nipulating the phase (and amplitude) of the laser beam using
the spatial light modulator, one can precisely trap and move
nanoparticles in the cavity. In addition, since the loading of the
particle array is probabilistic, a rearrangement protocol utiliz-
ing an auxiliary beam!®! can be implemented to improve the

success probability of loading.

5. Conclusion and outlook

We have developed a protocol for force field sensing us-
ing an array of optically levitated nanoparticles. Employ-
ing holographic optical tweezers, N nanoparticles are trapped
within a Fabry—Perot cavity. An external laser drives the cav-
ity, exciting N cavity modes interacting simultaneously with
the N nanoparticles. The optomechanical interaction encodes
the information of the motion of the particles onto the intracav-
ity photons, which can be detected at the cavity output using
homodyne detection. Consequently, our protocol enables real-
time full-profile imaging and dynamic evolution monitoring of
a force field.

In our protocol, multiple cavity modes are used to couple
with the motion of the nanoparticles. Although these cavity
modes are distinct in the frequency domain, interference be-
tween them may occur when a large number of cavity modes
are employed. This issue should be studied and addressed
in future research. An improved approach may involve us-
ing a tunable-frequency cavity mode to replace multiple cav-
ity modes. Furthermore, our protocol currently only images
the force field along the cavity axis direction, resulting in one-
dimensional imaging of a force field. As a next step, we plan
to extend our scheme to achieve three-dimensional imaging of

a force field.

Appendix A: The coupling strength between the
cavity mode and nanoparticle

In the Rayleigh regime, where the nanoparticle radius
is much smaller than the cavity mode wavelength r < A,
a nanoparticle is coupled with the cavity mode through the
dipole—dipole interaction, and the interaction Hamiltonian is
described by

fycav—par At A
Hij = —hU,'j(T‘)ai ai,

(AD)
where we make use of the rotating wave approximation (RWA)
and the fast-oscillating terms &;éz; and d;d; are neglected. The

position-dependent cavity frequency shift U(r);; is given by

30l (e =1\, i .2
Uij(r) = wi *e\e 2 )l

(A2)

where ij is the volume of the nanoparticle, V/ is cavity mode
volume, &, is the electric permittivity of the particle, and

@) = 1F (o)

2 2 2

Wig 5 Zyj 2zj
=—bh kix ] '] A3
) cos” (kix;j) exp < W,-Z,o exp W%O (A3)

is the cavity mode profile with the waist w; ¢ and the wave
number k; = 27t/ A; of the cavity mode. Here, the cavity axis is
along the x-axis direction. Since the amplitude of the oscilla-
tion is small, we can expand the particle motion £ around the

trap position x(} via Taylor expansion and obtain
cos? (kix;) ~ cos” (kix%) — sin (2kixd)kit; + O(£2).  (A4)
irj) ~ irj iAj )R jl:

The linear optomechanical interaction Hamiltonian is given by

Al = ng;ial aik;, (A5)
where the coupling strength is
8ij = ﬁqépUlgwék,- sin (2kix(])») exp (21> exp <zj>
Wio W0
Js 7
(A6)

with the zero-point fluctuation qip = /h/(2m;Q;) and Ug =

j
%Re (%) It shows that the coupling strength g;; is depen-
dent on the frequency @! of the cavity mode and the equilib-

rium position of the nanoparticle x?.

Appendix B: The classical Langevin equations

Starting from the Hamiltonian (1), by employing the
standard linearization procedure,>*! we obtain the quantum
Langevin equations QLEs (3) in terms of the quantum fluctua-
tion operators, together with a set of classical Langevin equa-
tions (CLEs) in terms of the classical mean values,

K.
('X,' = — <1A, + El) o; —i£,',
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45 =Q;p},
- 2
P =—,q5—vp5— Y gijlail’, (B1)

i=1

where A; = Al + Y ;8ijq;- By setting the time derivatives to
zero in Eq. (B1), we obtain the steady-state mean values as

: N 2
i , ] gilal
! p;:o, q;:— E ¥,

= Ta K (B2)
i4i+ 3 =1

o

which determine the effective detuning and coupling strength
in QLEs (3) in the main text.
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