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Phononic crystals, as artificial composite materials, have sparked significant interest due to their novel characteristics
that emerge upon the introduction of nonlinearity. Among these properties, second-harmonic features exhibit potential
applications in acoustic frequency conversion, non-reciprocal wave propagation, and non-destructive testing. Precisely
manipulating the harmonic band structure presents a major challenge in the design of nonlinear phononic crystals. Tradi-
tional design approaches based on parameter adjustments to meet specific application requirements are inefficient and often
yield suboptimal performance. Therefore, this paper develops a design methodology using Softmax logistic regression and
multi-label classification learning to inversely design the material distribution of nonlinear phononic crystals by exploiting
information from harmonic transmission spectra. The results demonstrate that the neural network-based inverse design
method can effectively tailor nonlinear phononic crystals with desired functionalities. This work establishes a mapping
relationship between the band structure and the material distribution within phononic crystals, providing valuable insights
into the inverse design of metamaterials.

Keywords: multi-label classification learning, nonlinear phononic crystals, inverse design
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1. Introduction
When mechanical waves propagate in phononic crystals,

they tend to exhibit unique bandgap properties due to wave
scattering or local resonance in the structure.[1] In recent years,
the incorporation of nonlinearity into phononic crystal sys-
tems has significantly expanded the realm of wave propaga-
tion not achievable in linear systems. For instance, nonlin-
ear systems can display novel wave phenomena such as soli-
ton propagation, higher-order harmonic generation, and nonre-
ciprocal wave transmission, which hold considerable practical
significance.[2–5] In nonlinear phononic crystals, as mechani-
cal waves travel through the material, energy can be converted
into waves at higher frequencies. This is a process known as
second-harmonic generation. Second harmonic generation is
a common occurrence in nonlinear crystals, but designing an
ideal nonlinear phononic crystal remains a challenging task
due to the inherent non-uniformity of the material and the
complexity in calculations.[5–7]

Over the past few decades, researchers have designed
phononic crystals by tuning the physical parameters of the
materials to match specific dispersion characteristics.[8,9] This
traditional method requires empirical and experimental sup-
port, and the design process is complex, consuming a lot of
time and computer memory. In recent years, artificial intel-
ligence technology has developed rapidly. Neural networks,

as a crucial component of artificial intelligence technology,
have found widespread application across various fields in-
cluding computer vision, speech recognition, and natural lan-
guage processing. Inspired by advances in artificial intelli-
gence technology, the use of neural networks in the design
of metamaterials has increasingly garnered attention.[10–14]

For example, Peurifoy et al. trained a neural network to
approximate the light scattering properties of multilayered
nanospheres.[15] Finol et al. used a deep convolutional neu-
ral network and a conventional densely connected neural net-
work to predict the eigenvalues of phononic crystals and con-
cluded that the convolutional neural network outperformed
the conventional densely connected neural network.[16] Koll-
mann et al. applied the ResUNet convolutional neural net-
work model for the optimization design of metamaterials.[17]

Li et al. employed an autoencoder and multilayer perceptron
models to establish an intrinsic connection between the two-
dimensional phononic crystal image features, structural topol-
ogy features, and bandgap characteristics.[18] Gurbuz et al.
proposed a method based on generative adversarial neural net-
works to design acoustic metamaterials, successfully imple-
menting inverse design of unit cells.[19] Wei et al. proposed
a general method based on the gradient descent method to
study the inverse design of one-dimensional (1D) phononic
crystals.[20] The variational autoencoder model have been used

†Corresponding author. E-mail: laiyun@nju.edu.cn
‡Corresponding author. E-mail: xzliu@nju.edu.cn
© 2024 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

104301-1

https://doi.org/10.1088/1674-1056/ad6b85
mailto:laiyun@nju.edu.cn
mailto:xzliu@nju.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 33, 104301 (2024)

to study the inverse design problem by Ahmed et al. and Du
et al.[21,22] Ahmed et al. focused on the design of a broadband
acoustic cloak, while Du et al. explored the design of a grat-
ing structure based acoustic wavelength division multiplexing
device.[21,22] Huang et al. adopted both convolutional neural
networks and general regression neural networks in the design
of nonlinear phononic crystals.[23]

The foregoing research illustrates the viability of uti-
lizing neural network methodologies for the inverse design
of phononic crystal structures. However, current researches
mainly focus on predicting the fundamental parameters of tar-
get linear phononic crystals. Due to the complexity of non-
linear phononic crystal calculations, its design using neural
networks is more challenging. Additionally, a practical issue
arises where predicted material parameters might not corre-
spond to readily available materials in reality. To tackle this
challenge, we opt to utilize existing materials as constituents
for the construction of phononic crystals. We assume each
layer of a multilayer structured nonlinear phononic crystal is
composed of a realistic material. This approach yields a di-
verse sample of phononic crystal structures. Subsequently,
because nonlinear phononic crystals have more complex re-
sponses and it is difficult to obtain analytical solutions for the
spectrum response curves, we have calculated the transmis-
sion curves of all the samples using the ode45 Longo Kuta
method in order to obtain their energy band structure distribu-
tions. Then, the mapping relationship between the band struc-
ture and the phononic crystal structure is established by the
neural network. Finally, after evaluating the prediction perfor-
mance of the neural network, we have successfully established
the mapping relationship between the band structure and the

material distribution of phononic crystals based on Softmax
logical regression (SLR) and multi-label classification learn-
ing (MLCL) method, and realized the inverse design of non-
linear phononic crystals.

2. Theoretical analysis
2.1. Nonlinear phononic crystal models

It is well known that the energy band structure of
phononic crystals is dependent on the composition and ar-
rangement of different materials. Here, we simulate wave
propagation in 1D layered nonlinear phononic crystals made
of a variety of different materials and different arrangements.
Then the wave propagation data are used to provide a large
amount of training data for neural network construction.

The model generating the dataset is depicted in
Fig. 1. Consider longitudinal wave propagation in the one-
dimensional nonlinear phononic crystal. The structure con-
sists of alternating N-layer linear elastic materials with dif-
ferent material combinations, which produce phononic crys-
tals with different topological configurations corresponding to
different energy band structures. Each layer of the phononic
crystal has the same thickness and the j-th layer is filled with
one of m different materials, identified by the number between
1 and m according to the material filled. They are embedded
between two linearly elastic semi-infinite media with the same
properties as material 1. All these linear elastic materials can
be regarded as interconnected at the interface through N + 1
nonlinear elastic interfaces. With different layered materials,
the configurations can be represented by a 1D array, where ρ j

and c j denote the density and sound velocity of the j-th layer,
respectively.

… ρj

cj

Layer 
1 

…

Incident wave

Density ρ 
Wave speed c1 

Linear elastic
semi infinite medium

Nonlinear elastic 
interface

Transmitted
wave

Layer 
2 

Layer 
j 

Layer 
9 

Layer 
10 

Fig. 1. One-dimensional nonlinear phononic crystal model with nonlinear interfaces.

Incident wave

Density ρ1 

Wave speed c1 

Transmitted
wave

ρ1

c1

Fig. 2. Discretized model of the nonlinear phononic crystal (finite
waveguide is approximated as a linearly coupled oscillator, and the in-
terface interaction is nonlinear coupling).

The wave propagation phenomena in this nonlinear sys-

tem are difficult to solve accurately in analytical form, so a dis-

crete mass-spring model of the structure (as shown in Fig. 2) is

developed here for analysis. This is a classical approach that

can be easily implemented for the numerical analysis of this

nonlinear structure.[24–29]

Although the masses in the figure are of the same color,

here we consider that they belong to different materials. The

equations of motion of this structure are analyzed as follows.
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With an initial incentive

uinc (x− c1t) = Acos
(
ωc−1

1 (x− c1t)
)
, (1)

where u is the mass displacement, A is the initial amplitude, ω

is the angular frequency of the wave, and t is the time. If the n-
th layer is a linear elastic layer i (i = 1 or 2), its corresponding
equation of motion is

ρihi

2
ün,1 +

2ρic2
i

hi

(
un,1−un,2

)
=− f

(
un,1−un−1,2

)
, (2)

ρihi

2
ün,1−

2ρic2
i

hi

(
un,1−un,2

)
= f

(
un+1,1−un,2

)
, (3)

where un,1 and un,2 denote the displacements of the first and
second masses of the n-th layer. f denotes the nonlinear inter-
face interaction force.

In the case of the spring-type interface with weak
quadratic nonlinearity, the nonlinear interface equation is

f (∆u) = K (1−β∆u)∆u. (4)

In Eq. (4), K is the linear interface stiffness, β is a positive pa-
rameter representing the nonlinearity of the interface, and ∆u
represents the relative displacement at the interface.

The boundary conditions of the model are

ρ1c1u̇0 = K (u1,1−u0)−βK2 (u1,1−u0)
2

−2ρ1c2
1uinc (−c1t) , (5)

ρ1c1u̇N+1 = −K (uN+1−uN,2)+βK2 (uN+1−uN,2)
2 , (6)

where u0 is the end of the first semi-infinite medium, which
is the displacement at x = 0, and uN+1 is the beginning of the
second semi-infinite medium.

Rearranging the above equation gives

u̇0 =
K

ρ1c1
(u1,1−u0)−

βK2

ρ1c1
(u1,1−u0)

2

−2Aω sin(ωt), (7)

ün,1 = −4c2
i

h2
i

(
un,1−un,2

)
− 2K

ρihi

(
un,1−un−1,2

)
+

2βK2

ρihi

(
un,1−un−1,2

)2
, (8)

ün,2 =
4c2

i

h2
i

(
un,1−un,2

)
+

2K
ρihi

(
un+1,1−un,2

)
− 2βK2

ρihi

(
un+1,1−un,2

)2
, (9)

u̇N+1 = − K
ρ1c1

(
uN+1−uN,2

)
+

βK2

ρ1c1

(
uN+1−uN,2

)2
. (10)

We can use Eqs. (7)–(10) to solve the numerical solution for
the displacements at the end of this structure in the ODE45
solver. After obtaining the displacement signal at the end
of the waveguide, the second harmonic amplitude A2ω is ob-
tained by processing the steady state signal using the fast

Fourier transform. In order to better extract the features, the
transmission spectral profile of the second harmonic can be
obtained by calculating the transmittance based on

T = 10log
∣∣∣∣A2ω

βA2

∣∣∣∣ . (11)

2.2. Getting the dataset

In order to obtain the dataset that can be used for MLCL
neural networks, for this model, the choice of the material for
each layer is the main variable that affects the second harmonic
behavior. The material selection problem involves the classi-
fication function of the neural network. Therefore, the input
of this neural network should be the band structure of the sec-
ond harmonic transmission curve and the output is N parallel
layers, each of which outputs the corresponding material pa-
rameters.

The layers of nonlinear phononic crystals should not be
chosen too few, which tends to lead to a lack of diversity in
the band structure of the training samples. It is also not ad-
visable to have too many layers, which may make the training
more difficult. Therefore we choose the number of phonon
crystal layers N as 10. In order to make the first passband and
stopband of the transmission curves fall in the range of 0 to
1 MHz as much as possible, we chose the materials in Table 1
to form the nonlinear phonon crystal layer. The materials se-
lected are aluminum, steel, and magnesium, and the common
parameters of the constituent materials are shown in Table 1.
The other parameter settings are: each layer’s thickness h is
0.003 m, linear stiffness K is 6× 1013 N/m, nonlinear coeffi-
cient β is 5× 103, and initial excitation amplitude A is 5 µm.
We number three materials as 1, 2, and 3 and randomly fill
them in 10 layers, then 310 phononic crystal configurations are
obtained. So each phonon crystal configuration can then be
represented by a 10-bit array of 1, 2, and 3 randomly arranged.

Table 1. Material parameters of aluminum, steel, and magnesium.

Material Serial number Densities (kg/m3) Sound velocity (m/s)

Aluminum 1 2680 6420
Steel 2 7860 6073

Magnesium 3 1800 6055

In these nonlinear phononic crystal configurations, be-
cause of the translational symmetry, it may happen that
phononic crystals of different configurations correspond to the
same distribution of band structures. Translation symmetry
means that one array will be equal to another after translation.
For example, the arrays 1112233111 and 1111112233 exhibit
translational symmetry, and arrays of this type will correspond
to the same band structure. This data with different configu-
rations corresponding to the same band structure will interfere
with the neural network training and thus reduce the general-
ization of the neural network. Therefore, we need to filter the

104301-3



Chin. Phys. B 33, 104301 (2024)

phononic crystal configurations with translational symmetry

and keep only one configuration to optimize the neural net-

work training. In addition to this, we need to exclude configu-

rations in which the band gap does not exist to avoid increasing

the learning difficulty of the neural network.

From the filtered phononic crystal configurations, we se-

lected 3000 sets as datasets for the neural network, including

2700 sets as the training set and 300 sets as the testing set. Af-

ter obtaining the second harmonic transmission curves of non-

linear phononic crystals, further features need to be extracted

to be used as training data available for neural networks. The

detailed steps are as follows: determining the frequency range

of the passband and stopband of the second harmonic accord-

ing to the transmission curve. Then the entire frequency range

is divided into multiple small intervals, and the thresholds are

set to determine whether each small interval belongs to the

passband or stopband. We use the number 1 to denote the

passband and the number 0 to denote the stopband. So that the

band structure of the second harmonic can be represented by a

simple 1D array of 1 and 0.

In this paper we use the MLCL neural network to con-

struct a mapping between second harmonic band features and

material-type composition.

3. Principle and basic structure of multi-label
classification neural network
MLCL neural network is a neural network model for deal-

ing with multi-label classification problems. In the multi-
label classification problem, each sample can be assigned to
many categories, unlike the traditional single-label classifica-
tion problem, in which each sample can belong to only one
category. Multi-label classification problems are common in
real-life situations, such as image recognition where a pic-
ture may contain multiple objects, each of which needs to be
correctly labeled. This also has applications in natural lan-
guage processing, such as in topic categorization of news ar-
ticles, where a single article may cover more than one topic.
In this paper, the MLCL neural network is used to classify
the material components of nonlinear phononic crystal multi-
layer structures, which solves the problems of finding effec-
tive materials in reality and having simple material distribu-
tion in previous research methods. We mainly use Softmax
logistic regression and MLCL neural networks. Softmax lo-
gistic regression is used to implement the selection of material
type classification of the layered structure. MLCL, i.e., hav-
ing multiple outputs and being able to process multiple tasks
simultaneously, is used to determine the distribution of mate-
rials in each region. The model of the neural network is shown
in Fig. 3.

… …

Hidden layers
Output layer

Input layer 

… …

… …

… …

Softmax layer

Task 1

Task 2

…

Task N

Loss 1

Loss 2

Loss N

Average loss Optimize

Fig. 3. The MLCL neural network model diagram.

The MLCL neural network, consists of an input layer, a
hidden layer, an output layer, and a Softmax layer, where the
neurons of the neighboring layers are connected to form the
overall neural network model. The input data of each sam-
ple enter the input layer through forward propagation. Subse-
quently, each layer of the network performs numerical calcu-
lations using the output data of the previous layer as the in-
put data and passes the results of the calculations to the next
layer. This process of information transfer and computation
in each layer constitutes the forward propagation of the neural

network.

When data pass through the hidden layer of the neural
network, the exact computational process involves two main
steps: weighting and activation. The weighting process is
when the data pass through the hidden layer it will multiply all
the neuron outputs of the previous layer with the weight coef-
ficients matrix and accumulate them and add the accumulated
result with the bias parameter of this layer to get the inputs of
the neurons. The activation process is a nonlinear transforma-
tion of the weighted inputs through an activation function to
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introduce nonlinearity in the network.
After the computation in the hidden layer, the data were

imported into N parallel output layers. Each output layer is re-
sponsible for outputting the parameter values of the material of
the corresponding layer to describe the phononic crystal con-
figuration. Unlike the hidden layer, the output layer does not
require an activation function, but rather by linearly transform-
ing the output of the previous layer and passing the result to the
final Softmax layer. This is designed to directly output the raw
values of each output layer, while the Softmax layer is used
to normalize these values into probability distributions for ef-
ficient multi-category classification. This structure allows the
neural network the flexibility to handle multiple parallel tasks.
The computational process of the Softmax layer is designed to
convert the network output into a probability distribution. In
particular, the Softmax function converts the original output
value of a vector into a set of probability values such that the
sum of these probability values is equal to 1. Given a vector
z = [z1,z2, . . . ,zm], the Softmax function is computed as fol-
lows:

Softmax(z)i =
ezi

∑
m
j=1 ez j

, (12)

where Softmax(z)i denotes the i-th element of the Softmax
function’s output, and e is the base of the natural logarithm.
the output of the Softmax layer is a probability distribution,
with each element denoting the probability of the correspond-
ing category. Typically, the neural network selects the cate-
gories as those with the highest probability.

Then we measure the difference between the model out-
put and the actual label by means of the cross-entropy function
which is used as a loss function. For the multicategorization
problem, assuming that the model has m output categories, the
actual labels are t, and the output of the model is y (denoting
the predicted probability of each category), the multicatego-
rization cross-entropy loss function L is formulated as

L(y, t) =−
m

∑
i=1

tilog(yi) , (13)

where ti is the ith element of the actual label and yi is the i-th
element of the model’s predicted output. This formula weights
and takes the negative sign of the predicted probabilities for all
categories to get the final loss value. In practical training, the
smaller the cross-entropy loss, the closer the model output is
to the actual label. Therefore the goal of the optimization algo-
rithm is usually to minimize the cross-entropy loss. Because
there are N labels in the nonlinear phononic crystal inverse de-
sign in this paper, we need to average the cross-entropy loss
of N tasks as the total loss function. Finally, it is optimized by
back propagation algorithm to achieve the suitable accuracy
requirement.[30]

In addition, we need to define the correctness of the pre-
dictions for the training and testing sets. Predictive correct-
ness of training set and testing set is a metric used to evaluate
performance during the training. The prediction correctness
Trainacc and Testacc of the training and testing sets are de-
fined in the following equation:

Trainacc,Testacc =
1

MTrain,MTest

1
m

×
MTrainMTeat

∑
a=1

m

∑
b=1

[Eq(ŷab,yab)],

Eq(ŷab,yab) = 1, ŷab = yab,

Eq(ŷab,yab) = 0, ŷab 6= yab, (14)

where MTrain and MTest denote the numbers of samples in the
training and testing sets, and ŷab and yab denotes the predicted
and true values of the b-th label of the a-th sample. Too many
neurons may lead to overfitting, while too few neurons may
lead to underfitting. Therefore, the method of verifying the
performance of the testing set is used to determine the appro-
priate number of neurons. When the correctness of the predic-
tions are as expected, it indicates that the neural network can
successfully construct the mapping relationship between the
harmonic band structure and the material arrangement.

4. Results and discussion
The inverse design process is shown in Fig. 4. First, we

set the frequency range under study to 0 MHz–1 MHz so that
the first passband and first stopband of each sample are in-
cluded in the studied frequency range as much as possible.
Then we use 1000 Hz as the unit frequency to divide the whole
frequency range and set the threshold to determine the unit fre-
quency is whether passband or stopband. This threshold is de-
termined by both the transmission curve shape and the design
goals. Based on the shape of the existing transmission curve,
the threshold is set to −80 dB. The passband is set to 1 and
the stopband is set to 0 according to the threshold. The band
features of the target transmission curve are represented by a
1D 0–1 array, which is then fed to the trained neural network.
The network outputs the desired material distribution for each
layer, from which the predicted second harmonic transmission
curve can be obtained.

We study the inverse design of a 1D nonlinear phononic
crystal composed of three materials: aluminum, steel, and
magnesium. The number of hidden layers is set to have four
layers, and the number of neurons in each layer is 2000, 1000,
500, and 500, respectively. To improve the overfitting phe-
nomenon of the training process, the dropout operation is
added between each hidden layer and 10% of the neurons be-
tween each layer are randomly discarded.[31] To speed up the
training and overcome the gradient vanishing, the RELU func-
tion is used as the hidden layer activation function.[32] Adam’s
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algorithm is used to update the network parameters and opti-
mize the total loss loss.[33]

Target transmission curve

1D array

Multi label classification

learning neural network

Distribution of
materials in each layer

Predicted transmission curve

1 1 1 ... ...0 0 0 0 1 1 1 ...

Fig. 4. Flowchart of the MLCL neural network for designing nonlinear
phononic crystals.

The total loss during training (loss) and training set pre-
diction correctness with the training i iterations (Epoch) are
shown in Fig. 5. After 2000 iterations, the total training loss
decreases from 1.05 to 0.6. The training set prediction cor-
rectness gradually increases with the number of iterations and
finally stabilizes at 95%. The trained neural network is tested
using testing set and its testing set predictions can be correct
up to 90%.

0 500 1000 1500 2000
0.4

0.6

0.8

1.0

Epoch

Loss
Training set prediction
correctness

Fig. 5. Graph of loss and training set prediction correctness with iterations.
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Fig. 6. The distribution of the number of correctly predicted layers in
the testing set.

We need to predict the material distribution of 10 layers
of phononic crystals, so we can use the number 10 to indicate
that it is completely predicted correctly, with the number 9
to indicate that 9 layers are predicted correctly, and so on. As
shown in Fig. 6, the distribution of the number of correctly pre-
dicted layers in the testing set, the vast majority of the dataset
predicts the correct number of layers up to 8 or more, which
accounts for about 80% of the total number of samples.

A sample of 9, 8, and 7 correctly predicted layers in the
test set are given, respectively, and their target transmission
curves and the transmission curves predicted by the neural net-
work are made as Figs. 7–9. In the figure, the gray area is the
area where the input target transmission curve is “1”, and the
white area is the area where the input target transmission curve
is “0”. ODE denotes the target transmission curve, and MLCL
denotes the transmission curve computed by the MLCL neural
network prediction.
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Fig. 7. Predicting the correct sample of 9 layers (ODE indicates the
target transmission curve, MLCL indicates the transmission curve pre-
dicted by the MLCL neural network prediction).
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Fig. 8. Predicting the correct sample of 8 layers.

It can be seen that the samples with 8 or more correct
layers of prediction have good prediction accuracy, then the
samples with 8 or more correct layers of prediction can be
considered as successful prediction. And the prediction cor-
rectness of the model is about 80% indicating that the predic-
tion is satisfactory. The results demonstrate that it is possi-
ble to realize the inverse design of the material arrangement
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of nonlinear phononic crystal structures based on neural net-
works with MLCL. Besides, since the probabilistic property
of variational autoencoder helps the model to learn the statisti-
cal properties of the data distribution, variational autoencoder
can be subsequently combined with existing MLCL method,
which may further improve the efficiency and the accuracy of
the inverse design.
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Fig. 9. Predicting the correct sample of 7 layers.

5. Conclusion
The paper transforms the phononic crystal inverse design

problem into a multi-classification problem for each compo-
nent material of the configuration based on MLCL neural net-
works. Taking the target energy band structure transmission
curve as the input to the neural network, the network will
directly output the material arrangement configuration of the
corresponding phononic crystal. We consider the diversity and
complexity of material properties and structural configurations
when constructing the dataset, aiming to ensure that the neural
network model is capable of effective inverse design and ex-
hibits good generalization performance. The design method is
based on real material permutations, which is easier to realize
than previous methods. At the same time, the method is more
efficient than traditional methods based on analytical theory
and parametric analysis. Therefore, our work opens a different
approach of applying the method of neural networks to solve
the inverse design problem of nonlinear phononic crystals.
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