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Molecular-frame photoelectron momentum distributions (MF-PMDs) have been studied for imaging molecular struc-
tures. We investigate the MF-PMDs of CO2 molecules exposed to circularly polarized (CP) attosecond laser pulses by
solving the time-dependent Schrödinger equations based on the single-active-electron approximation frames. Results show
that high-frequency photons lead to photoelectron diffraction patterns, indicating molecular orbitals. These diffraction
patterns can be illustrated by the ultrafast photoionization models. However, for the driving pulses with 30 nm, a devia-
tion between MF-PMDs and theoretically predicted results of the ultrafast photoionization models is produced because the
Coulomb effect strongly influences the molecular photoionization. Meanwhile, the MF-PMDs rotate in the same direction
as the helicity of driving laser pulses. Our results also demonstrate that the MF-PMDs in a CP laser pulse are the super-
position of those in the parallel and perpendicular linearly polarized cases. The simulations efficiently visualize molecular
orbital geometries and structures by ultrafast photoelectron imaging. Furthermore, we determine the contribution of HOMO
and HOMO-1 orbitals to ionization by varying the relative phase and the ratio of these two orbitals.

Keywords: molecular-frame photoelectron momentum distributions, single-active-electron approximation
frames, ultrafast photoionization models
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1. Introduction
Following rapid advances of ultrashort intense laser tech-

nology, it has become possible to image and manipulate nu-
clear and electronic dynamics of molecules in attosecond tem-
poral and sub-Ångström spatial resolutions.[1–4] Free-electron
laser as a new light source can provide such ultrashort time
resolution and high-brightness laser pulses.[5–7] Küpper et al.
have experimentally achieved the detection for x-ray diffrac-
tion patterns of gas targets utilizing the x-ray free-electron
laser.[8] In Ref. [9] the authors reported that molecular two-
photon double ionization of D2 can be traced by using the ex-
treme ultraviolet (XUV) free-electron laser.

Molecular-frame photoelectron momentum distributions
(MF-PMDs) encode structural and dynamical information of
a target system, which allows it to be used for control-
ling ultrafast electronic dynamics and imaging the molecular
orbital.[10–14] Considerable efforts have been devoted to in-
vestigate the photoelectron momentum distributions (PMDs)
of atoms and molecules based on electron diffraction and
interference.[15–22] Zuo et al. theoretically proposed that one
can extract the molecular structure from laser-induced electron
diffraction (LIED) based on a pump-probe scheme.[16] LIED
has been experimentally observed in O2 and N2, which car-
ried the information about the molecular orbital and nuclei.[17]

In Ref. [18] the authors reported that the extraction of inter-
atomic distances of N2 and CO2 molecules can be realized
relying on LIED. Yuan et al. found that ultrafast electron
diffraction depends on the orbital symmetry and molecular in-
ternuclear distance.[19] Vortex patterns arising from interfer-
ing wave packets in PMDs have been observed from potas-
sium atom exposed to a pair of circularly polarized (CP) pulses
in experiment, and determining the relative phases of inter-
fering wave packets allows one to directly measure the wave
function.[23,24] Electron vortex is sensitive to the parameters of
the driving attosecond pulses, such as the time delay, the car-
rier envelope phase and amplitude ratio of driving pulses.[25]

Thus, it is possible to characterize the attosecond pulses with
electron vortex.[26] It has been reported that the spider-like in-
terference pattern in PMDs provides access to reconstruct the
photoelectric ionization time on the attosecond time scale.[27]

Two-center interference effect has been shown to play an
important role in many processes of strong field physics.[28–34]

For instance, Lein et al. found that such interference leads
to a pronounced minimum in harmonic spectra, and the har-
monics around minimum with large ellipticity.[28,29] By ana-
lyzing the photoelectron angular distributions based on two-
center interference, one can contain the relative phase shift of
the emitted electron.[32] The experimental results in Ref. [33]
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show that the PMDs of argon dimers are different from those
of argon atoms, due to the two-center interference. The devi-
ation between PMDs of the dimers and the basic two-center
interference provides an ideal tool to study electron dynam-
ics of dimers. In Ref. [34] the authors provided experimen-
tal evidence that two-center photoelectron interference pat-
tern can be observed from neon dimer, this interference pat-
tern allows for obtaining the information about the orbital par-
ity, orbital phase and bond length. Recent studies have sug-
gested that two-source double-slit interference effect will oc-
cur when the ionized electrons and molecular ions undergo
rescattering.[35,36] Okunishi et al.[35] presented the differences
between the high-order above-threshold ionization (HATI)
spectra related to two-source double-slit interference effect of
N2 and O2 molecules. It was indicated that HATI spectra may
be used for analysis of molecular properties and inferring sym-
metry of the highest occupied molecular orbital (HOMO).

CO2 is an important gas in interstellar, ionization of CO2

is therefore a basic photochemistry process worth studying.[37]

Here, we use the triatomic CO2 molecule as a benchmark
system. To accurately describe electron dynamics in ultra-
fast laser fields, one requires to numerically solve the time-
dependent Schrödinger equation (TDSE). Recent studies have
shown that the TDSE based on the single-active-electron ap-
proximation (SAE) frames is valid in simulating ultrafast dy-
namical processes of multi-electron molecules in mid-infrared
and static laser fields.[18,38,39] In this work, we extend the
SAE frames for studying molecular photonionization in x-
ray/XUV high-frequency regions, and the ultrafast photoion-
ization models[16] are adopted to describe these results. Such
high-frequency photons allow neglecting additional excita-
tion and ionization resulted from the additional excited states.
Thus, we only focus on the single-photon ionization pro-
cess. In addition, this study focuses on the attosecond time-
resolved electron dynamics, the picosecond and femtosecond
time-resolved rotational and vibrational effects of the nuclei
can be ignored because these effects are much slower than the
attosecond time-resolved electron dynamics.

2. Numerical methods
We perform numerical simulations on CO2 molecules

within SAE frames,[18,38] and the corresponding TDSE for a
molecule aligned along the x axis can be expressed as

i
∂ψ(𝑟, t)

∂ t
=
[𝑝2

2
+V (𝑟)+VL(𝑟, t)

]
ψ(𝑟, t), (1)

where 𝑝 is the momentum of the active electron, V (𝑟) is the
molecular soft-core Coulomb potential[18,38]

V (𝑟) =
3

∑
j=1

−Z j(𝑟)√
(𝑟−ρ j)2 +a2

j

. (2)

Here, j labels three nuclei at fixed positions ρ j. Z j(𝑟) =

Z∞
j +(Z0

j −Z∞
j )exp(−𝑟2

j/σ2
j ) is the 𝑟-dependent screened ef-

fective charge. The above parameters are the same as those
in Ref. [18]. The soft-core parameter is set as a j = 0.885 a.u.
(atomic units) to give the correct ionization energy of CO2.

We use the imaginary-time propagation method to obtain
the initial wavefunction of HOMO and the second highest oc-
cupied molecular orbital (HOMO-1), and the corresponding
orbital wave functions are shown in Fig. 1. One can see that the
HOMO orbital has four nodes located in four quadrants in the
(x, y) plane with the πg symmetry, whereas HOMO-1 orbital
has six nodes located along the x-axis with the πu symmetry,
which are consistent with those in Ref. [18]. The C–O bond
length is 2.24 a.u.,[40] the ionization energy is 13.8 eV,[18] and
same as the experimental measurement reported in NIST.[41]
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Fig. 1. Wave functions of (a) HOMO and (b) HOMO-1 for the CO2
molecule.

The field-molecule interaction in the length gauge is
VL(𝑟, t) = 𝑟 ·𝐸(t), a CP laser field 𝐸(t) is used with the form
of

𝐸(t)=Ex(t)êx +Ey(t)êy=E f (t)[cos(ωt)êx + sin(ωt)êy], (3)

where E and ω are the amplitude and central frequency of
the driving field, and êx/y is the field polarization direction.
The pulse envelope is f (t) = sin2(πt/T ), with T being the
pulse duration. For 5 nm (ω0 = 9.11 a.u.) the duration is
T = T0 = 60τ0, with one optical cycle (o.c.) τ0 = 2π/ω0,
and E0 = 1.07 a.u. (I0 = 4 × 1016 W/cm2). For 30 nm
(ω1 = 1.52 a.u.), E1 = 5.34×10−2 a.u. (I1 = 1×1014 W/cm2),
and the duration is T = T1 = 10τ1 (τ1 = 2π/ω1).

We use the second order split-operator method combined
with fast Fourier transform (FFT) technique to solve the 2D
TDSE,[42] the spatial length is taken to be 204.8 a.u., the time
interval (∆t = 0.05 a.u.) and the spatial step (∆x = ∆y =

0.2 a.u.) are set to ensure convergence in our calculation. To
avoid spurious reflection, a cos1/8 absorber function is used in
the absorption domain (75 a.u. ≤ |x,y| ≤ 102.4 a.u.), which
has the form of

g(𝑟) =
{

1, r ≤ rb,
exp[−β (𝑟−𝑟b)], r > rb.

(4)

Here, the absorbing boundary is rb = 30 a.u. and β = 1 a.u.
Thus, we can obtain the ionization part of the time-dependent
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electronic wave function [1−g(𝑟)]ψ(𝑟, t), and then a Fourier
transformation of [1−g(𝑟)]ψ(𝑟, t) yields the MF-PMDs.

3. Results and discussion
We first present MF-PMDs of the HOMO and HOMO-1

orbitals for CO2 aligned along the x-axis exposed to a CP soft
x-ray laser pulse. The laser wavelength, intensity and dura-
tion are chosen as λ0 = 5 nm (ω0 = 9.11 a.u.), E0 = 1.07 a.u.
(I0 = 4× 1016 W/cm2, and T0 = 1000 as, respectively. From
Fig. 2 one finds that the MF-PMDs present twelve-lobe pat-
terns for HOMO and ten-lobe patterns for HOMO-1 in the CP
case, and the photoionization distributions are both symmet-
ric about the x-axis for these two orbitals [see Figs. 2(a1) and
2(b1)]. We also present the MF-PMDs for the parallel (parallel
to x-axis) and perpendicular (perpendicular to x-axis) linearly
polarized fields. For HOMO, there are eight-lobe patterns in
both the parallel and perpendicular cases, four-lobe patterns
in the parallel case and ten-lobe patterns in the perpendicu-
lar case for HOMO-1. In addition, from the results shown in
Fig. 2, we can see that the MF-PMDs in the CP case are the
sum of those in the parallel and perpendicular linearly polar-
ized cases.
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Fig. 2. Molecular-frame photoelectron diffraction patterns for the CO2
molecule exposed to [(a1), (b1)] CP laser pulses, [(a2), (b2)] parallel
and [(a3), (b3)] perpendicular linearly polarized laser pulses. The laser
parameters are λ0 = 5 nm, E0 = 1.07 a.u., and T0 = 60τ0. The predic-
tion of ultrafast photoionization models obtained from Eqs. (7) and (8)
is shown in the insets.

These multiple angular nodes of the MF-PMDs reflect
the interference dynamics of molecular multi-center photoion-
ization processes. A ultrafast photoionization model based

on δ -function pulse is adopted to describe these phenom-
ena, which has been demonstrated to be effective to ana-
lyze the ionization process of H+

2 .[16] For the CO2 molecule,
the wavefunction of HOMO is given by ψ0(𝑟) = [ψ2py(𝑟−
𝑅L,O)−ψ2py(𝑟−𝑅R,O)]/

√
2, and that of HOMO-1 is given

by ψ ′
0(𝑟) = [ψ2py(𝑟−𝑅L,O)+ψ2py(𝑟−𝑅R,O)]/

√
2, a linear

combination of the 2py orbitals which lie on the oxygen atoms
at positions ±RC−O. Then, the momentum distribution of pho-
toelectron for HOMO [ℱCO2(𝑝)] and HOMO-1 [ℱ ′

CO2
(𝑝)] or-

bitals can be given by

ℱCO2(𝑝) ∝ |
√

2(𝑛 ·𝑒)sin(𝑃 ·𝑅C−O)|2ψ
2
2py(|𝑝|), (5)

ℱ ′
CO2

(𝑝) ∝ |
√

2(𝑛 ·𝑒)cos(𝑃 ·𝑅C−O)|2ψ
2
2py(|𝑝|). (6)

Here, 𝑛 and 𝑒 are the transition dipole vector and the elec-
tric field vector, respectively. The terms sin(𝑃 ·𝑅) and
cos(𝑃 ·𝑅) present the interference effects of the outgoing
electron wave packets with same amplitudes emitting from
different nuclei. 𝑃 = 𝑝+𝐸, 𝑝 is the photoelectron momen-
tum. 𝐸 can be ignored in our study, i.e., 𝑝 ≈ 𝑃 since the
ponderomotive energy Up ≪ Ip and E ≪ p at intensity E0 =

1.07 a.u. (I0 = 4× 1016 W/cm2) and E1 = 5.34× 10−2 a.u.
(I1 = 1× 1014 W/cm2). The ultrafast photoionization mod-
els in Eqs. (5) and (6) show that one can shift the total pho-
toelectron distributions by momentum of the field 𝐸 through
the δ -function pulse. Moreover, one notes that the wavefunc-
tion shape of the ψ2py orbital is proportional to the function of
sin(θ). Then, the MF-PMDs can be written as

ℱCO2(𝑝)∼ |sin(θ)sin[pRC−O cos(θ)]|2, (7)

ℱ ′
CO2

(𝑝)∼ |sin(θ)cos[pRC−O cos(θ)]|2, (8)

where θ is the angle between the photoelectron momentum
𝑝 and the molecular 𝑅 axis, ℱCO2(𝑝) is for HOMO, and
ℱ ′

CO2
(𝑝) is for HOMO-1.
From the energy conservation it follows that the corre-

sponding photoelectron momentum is p =
√

2(h̄ω − Ip) =

4.15 a.u. and λCO2 = 2π/p = 1.51 a.u. Since λCO2 < RC−O,
photoelectron diffraction occurs. The insets in Figs. 2(a1)
and 2(b1) present the predicted results of ultrafast photoion-
ization models. For the 5 nm laser pulse at photon energy
ω0 = 9.11 a.u., twelve angular nodes for HOMO and ten angu-
lar nodes for HOMO-1 are therefore obtained due to molecu-
lar photoelectron diffraction where λCO2 < RC−O. One can see
that the theoretical prediction of angular nodels obtained from
Eqs. (7) and (8) and the results of TDSE simulations are co-
incident, confirming that the ultrafast photoionization models
can well describe photoelectron diffraction process and the va-
lidity of the SAE model in ultrafast molecular high-frequency
photoionization.

Figure 2 presents the results by a soft x-ray pulse, thus
giving rise to photoelectron diffraction. The photon and pho-
toelectron energies are much larger than the ionization energy,
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that is, ω ≫ Ip. The molecular Coulomb effects are negligi-
ble in photoionization. Therefore, MF-PMDs are determined
by both the molecular orbital symmetry and the photoelectron
momentum 𝑝. However, for the process with the photon en-
ergy slightly larger than the ionization energy, ω > Ip, the pho-
toelectrons have lower kinetic energies, where the Coulomb
effect has strongly influences on the molecular photoioniza-
tion. We next consider the molecular photoionization process
by an XUV pulse with a longer wavelength.
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Fig. 3. The MF-PMDs for the CO2 molecule exposed to the driving
laser pulses with λ1 = 30 nm, E1 = 5.34× 10−2 a.u., and T1 = 10τ1.
Labels (1)–(3) present the MF-PMDs in CP fields, parallel and perpen-
dicular linearly polarized laser fields; (a) and (b) present HOMO and
HOMO-1 orbitals, respectively. (a4)–(b4) Superpositions of MF-PMDs
in the parallel and perpendicular cases. The prediction of ultrafast pho-
toionization models obtained from Eqs. (7) and (8) is shown in the in-
sets.

Different from the MF-PMDs in Fig. 2, the results of
CO2 molecules exposed to a CP laser pulse with wavelength
λ1 = 30 nm (ω1 = 1.52 a.u.) are shown in Fig. 3. The
change of the MF-PMDs with different wavelengths reflects
the dependence of the MF-PMDs on the photoelectron mo-
mentum p. Therefore, varying the pulse wavelength gives rise
to different structures of the MF-PMDs. Single-photon ion-
ization process occurs since ω > Ip. The corresponding mo-
mentum and de Broglie wavelength are p′ = 1.42 a.u. and
λ ′

CO2 = 4.42 a.u., respectively. Apparently, no diffraction

occurs due to λ ′
CO2 > RC−O. The angles of the photoelec-

tron distributions are localized at 34∘, 77∘, 121∘, 214∘, 257∘,
and 304∘ for the HOMO orbital [see Fig. 3(a1)], and 49∘,
99∘, 164∘, 229∘, 283∘, and 344∘ for the HOMO-1 case [see
Fig. 3(b1)]. In the insets of Figs. 3(a1) and 3(b1), we also
plot the theoretically predicted results obtained from the ul-
trafast photoionization models. However, for the MF-PMD of
CO2 molecule with 30 nm, there is a deviation between the
angle nodes predicted by the ultrafast photoionization models
and those of the MF-PMDs calculated by TDSE, and the an-
gle nodes of the MF-PMDs are generally deflected to the right
by a small angle relative to the theoretically predicted results.
Meanwhile, the MF-PMDs rotates in the same direction as the
helicity of driving laser pulses.[12] Here, the MF-PMDs are ro-
tated to the right because the right-handed laser pulse is used
[see Figs. 3(a1) and 3(b1)].
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Fig. 4. Coherent sum of MF-PMDs for the CO2 molecule at different
molecular alignment angles (0∘, 18∘, 36∘, 54∘, 72∘, 90∘, 108∘, 126∘,
144∘, 162∘, 180∘, 198∘, 216∘, 234∘, 252∘, 270∘, 288∘, 306∘, 324∘, and
342∘) exposed to a CP laser pulse. The laser wavelengths are 5 nm for
(a) and (b) and 30 nm for (c) and (d). The other laser parameters are
same as those used in Figs. 2 and 3.

To further interpret the helicity of the MF-PMDs, we nu-
merically calculate the MF-PMDs exposed to linearly polar-
ized laser pulses with wavelength λ1 = 30 nm [see Figs. 3(a2),
3(b2) (parallel) and 3(a3), 3(b3) (perpendicular)]. The laser
wavelength, intensity and duration are the same as those in
Fig. 3(a1). MF-PMDs for the HOMO by a parallel linearly
polarized laser pulse have six components with the momen-
tum p′ = 1.42 a.u. localized at 56∘, 90∘, 124∘, 236∘, 270∘,
and 308∘, as shown in Fig. 3(a2). For the perpendicular case
in Fig. 3(a3), the four angles of the MF-PMDs are local-
ized at 67∘, 113∘, 247∘, and 293∘. Compared with the an-
gle of MF-PMDs in the CP case [see Fig. 3(a1)], the angles
of the sum for those in the parallel and perpendicular cases
are somewhat deflected. Accordingly, the CP laser pulse can
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be decomposed into two perpendicular linearly polarized laser
pulses, and such a decomposition rule is also applied to H+

2
molecules.[19] Therefore, we add up coherently the wavefunc-
tions of final states in coordinate space for the parallel and
perpendicular linearly polarized fields, and transform the su-
perimposed wavefunction to the momentum space. The su-
perposition of both parallel and perpendicular ionizations for
HOMO in Fig. 3(a4) is in good agreement with the MF-PMDs
in Fig. 3(a1). Similarly, this superposition for the HOMO-1 is
also valid [see Figs. 3(b1) and 3(b4)]. Thus, the results of the
CO2 molecule for CP ionization can be viewed as the super-
position of both parallel and perpendicular linearly polarized
ionizations.

If the molecules are not perfectly aligned in the exper-
iment, the laboratory-frame photoelectron momentum distri-
butions (LF-PMDs) can be given by coherent summations of
MF-PMDs weighted by the molecular axis alignment mo-
ments. The superposition of the MF-PMDs at different ori-
entation angles may lead to a vanishing or weakening of
the anisotropic angular distribution. For example, in Fig. 4
we present the MF-PMDs for the CO2 molecules with equal
weighted at different alignment angles. For simplicity, we as-
sume 𝑃0 = 0. As is expected, the peaks of the weighted MF-
PMDs are different from the original ones [Figs. 2(a1), 2(b1)
and 3(a1), 3(b1)]. We can get the conclusion that different ori-
entation angles lead to a gradually vanishing of the anisotropic
angular distribution.
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Fig. 5. Ionization yields as functions of relative phase and the ratio of
HOMO-1 and HOMO orbitals for different alignment angles exposed
to a CP laser pulse.

We also study the contribution of different ratios of
HOMO and HOMO-1 orbitals to photoionization. Figure 5

presents the ionization yields as functions of relative phase and
the ratio of HOMO and HOMO-1 for different orientation an-
gles. We can see that for 5 nm, the ionization yield is always
maximum at about 120∘ and 320∘ for different ratios of these
two orbitals, and is also independent of the relative phase [see
Figs. 5(a1)–5(a3)]. However, the ionization yields present dif-
ferent tendencies for 30 nm. When the relative phase is 45∘,
the ionization yields are always maximum at about 120∘ and
300∘ as the ratio changes from 0 to 1, and the two branches
show monotonically decreasing, as illustrated in Fig. 5(b1).
As the relative phase increases to 90∘ and 180∘, the ionization
yield with an angle of 120∘ decreases with the increasing ratio
[see Figs. 5(b2) and 5(b3)]. Our results demonstrate that we
can determine the contribution of HOMO and HOMO-1 or-
bitals to ionization by varying the relative phase and the ratio
of the HOMO and HOMO-1.

4. Conclusions
In summary, we have theoretically studied ultrafast MF-

PMDs for imaging molecular orbital structures by means of
numerically solving the TDSE within frozen-nuclei and SAE
frames. The photoionization processes from the HOMO and
HOMO-1 orbitals of the CO2 molecule are presented by CP
attosecond laser pulses. It is found that for a soft x-ray laser
pulse with wavelength 5 nm, photoelectron diffraction patterns
are produced, which can be exactly described by the ultrafast
photoionization models. With wavelength of 5 nm, the pho-
toelectron energy is much larger than the molecular ionization
energy and the Coulomb effect is negligible. For compari-
son, we present the process by an XUV pulse with 30 nm.
In lower XUV energy photoelectron processes, a distortion of
the MF-PMDs occurs, and the angle nodes of the MF-PMDs
are generally deflected to the right by a small angle relative to
the theoretically predicted results of the ultrafast photoioniza-
tion models. Our results demonstrate that the MF-PMDs of the
CO2 molecule in a CP field are the superposition of both paral-
lel and perpendicular linearly polarized fields. In addition, the
ionization yields as functions of relative phase and the ratio of
HOMO and HOMO-1 orbitals for different alignment angles
are investigated and we present a scheme to determine the con-
tribution of HOMO and HOMO-1 orbitals to ionization, which
offers the possibility for imaging ultrafast intramolecular dy-
namics with attosecond resolutions by using the MF-PMDs.
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