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spin–orbit coupling in nonsymmorphic photonic metacrystal
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By including certain point group symmetry in the classification of band topology, Fu proposed a class of three-
dimensional topological crystalline insulators (TCIs) without spin–orbit coupling in 2011. In Fu’s model, surface states (if
present) doubly degenerate at Γ̄ and M̄ when time-reversal and C4 symmetries are preserved. The analogs of Fu’s model
with surface states quadratically degenerate at M̄ are widely studied, while surface states with quadratic degeneracy at Γ̄

are rarely reported. In this study, we propose a three-dimensional TCI without spin–orbit coupling in a judiciously designed
nonsymmorphic photonic metacrystal. The surface states of photonic TCIs exhibit quadratic band degeneracy in the (001)
surface Brillouin zone (BZ) center (Γ̄ point). The gapless surface states and their quadratic dispersion are protected by C4
and time-reversal symmetries, which correspond to the nontrivial band topology characterized by Z2 topological invariant.
Moreover, the surface states along lines from Γ̄ to the (001) surface BZ boundary exhibit zigzag feature, which is interpreted
from symmetry perspective by building composite operators constructed by the product of glide symmetries with time-
reversal symmetry. The metacrystal array surrounded with air possesses high order hinge states with electric fields highly
localized at the hinge that may apply to optical sensors. The gapless surface states and hinge states reside in a clean
frequency bandgap. The topological surface states emerge at the boundary of the metacrystal and perfect electric conductor
(PEC), which provide a pathway for topologically manipulating light propagation in photonic devices.

Keywords: topological crystalline insulator, nonsymmorphic photonic metacrystal

PACS: 42.70.Qs, 78.67.Pt, 73.43.Nq DOI: 10.1088/1674-1056/ad6a3e

1. Introduction
Photonic crystals were proposed in the 1980s, which are

constructed by embedding periodical structural defects into a
material.[1–3] With a carefully designed structure unit, pho-
tonic crystals will show bandgaps in the frequency spectrum.
Surface states in the frequency bandgaps appearing at the in-
terface between photonic crystals and material are localized
electromagnetic modes.[4] In contrast to the bulk states with
electromagnetic fields distributed throughout the material, the
surface states are usually confined to a thin layer near the in-
terface. Its highly confined electromagnetic field distribution
gives rise to unique properties distinct from bulk states, such
as higher sensitivity to the changes in the environment at the
interface. The manipulation of light propagation and emission
properties is widely studied by embedding structure defects
into the bulk of photonic crystals.[5–7] Nevertheless, control-
ling surface states as a way of manipulating the propagation of
light is rarely explored.[8,9]

The interest in surface states has attracted rapid atten-
tion since the discovery of topological insulators in condensed
matter systems.[10,11] In recent decades, with the extension
of topological physics to photonic systems, various photonic
analogs of topological insulators have been discovered.[12–17]

The topological insulators are insulating in the bulk and sup-
porting unidirectional transported surface states at the bound-
ary. Their nontrivial topological properties are induced by

band inversion under strong spin–orbit coupling with preserv-
ing of time-reversal symmetry, which leads to spin-polarized
gapless Dirac surface states.[10,18] However, the intrinsic lack
of electron spin in photonic system forced to construction
of photonic pseudospins to mimic the behaviours of electron
spin.[15] Such photonic pseudospin usually requires extra sym-
metries, such as the electromagnetic duality of the structure
unit, which leads to topological surface states only emerging
at the internal boundary between two identical photonic topo-
logical insulators with opposite settings.[14,19–21]

Meanwhile, a class of three-dimensional (3D) TCIs was
proposed by Fu in 2011, in which the nontrivial band topology
is protected by C4 and time-reversal symmetry.[22] Especially,
the spin–orbit coupling is not a necessity for TCIs, which is
right suited in photonic systems. Compared with the topolog-
ical surface states of topological insulators exhibiting Dirac
degeneracy, the topological surface states (if present) of TCIs
exhibit a quadratic degeneracy at Γ̄ and M̄ point. The Fu’s
model with quadratic degeneracy of topological surface states
at M̄ point is widely studied,[23–28] nevertheless, the realiza-
tion of TCIs with topological surface states quadratically de-
generated at Γ̄ point in nonsymmorphic photonic metacrystal
is still unexploited. Here, we propose a realistic nonsymmor-
phic photonic metacrystal for the realization of 3D TCIs. The
gapless topological surface states exhibit quadratic band cross-
ing protected by C4 and time-reversal symmetry at Γ̄ point.
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The nontrivial band topology of the photonic TCI is revealed
by the Zak phase along bent loops connecting two C4-invariant
points. Meanwhile, zigzag feature of gapless surface states ap-
pears along lines from Γ̄ to the surface BZ boundary is due to
the composite operators,[29–31] which is constructed by pro-
duction between glide symmetries and time-reversal symme-
try and ensure doubly degenerated states in the (001) surface
BZ boundary. Different from previous photonic topological
insulator with surface states existing at the internal bound-
ary between two identical photonic topological insulators with
opposite settings, the topological surface states appear at the
boundary of the metacrystal and PEC, which provide a path-
way for topologically manipulating light propagation at the
surface of photonic TCIs. Moreover, the high order hinge
states exhibit continues dispersions residing in the bandgap are
explored, where the electric fields highly confined at the hinge
may apply to optical sensors.

2. Model and method
The unit cell of the metacrystal is constructed by two

identical metallic splitting resonant rings embedded into a
host material with a dielectric constant of 2.2, as shown in
Fig. 1(a). The periods of the metacrystal are px = py =

4 mm, pz = 4.5 mm, and geometrical parameters of the
metallic splitting resonant rings are given as H = 3.75 mm,
W = 0.2 mm, L = 1.5 mm, R = 0.3 mm. The photonic

metacrystal corresponds to a simple tetragonal lattice with
a nonsymmorphic space group P4bm (No: 100),[32] which
includes two glide mirror operations involving half lattice
translation, M̃x : (x,y,z) → (−x,1/2+ y,z), M̃y : (x,y,z) →
(1/2+ x,−y,z). The tilde above the mirror operation sym-
bol denotes that it is a nonsymmorphic symmetry operator.
The photonic metacrystal possess four-fold rotation symme-
try C4 : (x,y,z)→ (−y,1/2+ x,z) with rotation axis (0,0,z),
where the half lattice translation along the y direction have
no physical meaning since it can be eliminated by choosing
another rotation axis (1/4,−1/4,z) (see supplement material
for more details). The point group of the metacrystal is C4v (or
4 mm in Hermann–Mauguin notation). The metacrystal can be
fabricated by standard printed circuit board (PCB) technique,
while the host material is made of F4BM and the thickness
of the copper-clad is 0.035 mm. In this paper, the theoretical
results are calculated by CST MICROWAVE STUDIO. In the
microwave region, the metallic components are considered as
PEC. The tetragonal BZ is boxed by gray lines and the surface
BZ in the (001) and (100) planes are colored by dark and light
gray, respectively, where the related high symmetric points
are indicated nearby, as shown in Fig. 1(b). The bulk band
spectrum along high symmetry lines is presented in Fig. 1(c),
which shows a clean frequency bandgap from 10.1 GHz to
10.9 GHz offering an ideal platform for the studying of sur-
face states.
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Fig. 1. (a) Unit cell of the photonic metacrystal. The periods of the metacrystal are px = py = 4 mm and pz = 4.5 mm, respectively. The geometrical
parameters of two metallic splitting resonant rings are given as H = 3.75 mm, W = 0.2 mm, L = 1.5 mm, R = 0.3 mm, and the thickness of the metallic
components is set as 0.035 mm. (b) BZ of the tetragonal photonic metacrystal. The reduced BZ are boxed by gray lines and the (001) and (100) surface
BZ are denoted by dark and light gray color. The corresponding high symmetry points are indicated nearby. (c) The bulk band spectrum along high
symmetry lines. The bulk states are denoted by blue lines, which show a clean bandgap from 10.1 GHz to 10.9 GHz being marked with cyan color.

3. Results and discussion
3.1. Gapless and quadratically degenerated surface states

Firstly, the topological surface states with gapless features
and quadratic degeneracy at Γ̄ are protected by C4 and time-
reversal symmetries. To describe the surface states in the (001)
plane, we construct a supercell consisting of 10 unit cells along
the y direction. Periodic boundary conditions are applied to the
x and y directions, and the perfect electric conductor bound-
ary condition is applied to two sides of the supercell along
the y direction. The band spectrum along the line (−X̄)–Γ̄ –

X̄ (the line along kx axis in the (001) surface BZ) is shown in
Fig. 2(a), where the blue lines indicate surface states and black
lines represent the projected bulk states. The surface states in
the bandgap connect the lower and upper bulk states forming
a gapless feature. A quadratic band crossing occurs at Γ̄ point
as highlighted by the red point in Fig. 2(a), which is a hallmark
of TCIs. The surface states exhibiting gapless features among
bandgap and quadratic band crossing at Γ̄ point are topologi-
cally protected by C4 and time-reversal symmetries. To unveil
the bulk topology, we calculate the Zak phase along noncon-
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tractible bent loops at constant kz plane.[25] The gray region
restricted in {kx = ky ≥ 0∪kx =−ky ≥ 0, kz ∈ [−π/pz,π/pz]}
are horizontally sliced into bent loops connecting two C4-
invariants points with constant kz, such as loops of M–Γ –M
in kz = 0 plane and A–Z–A in kz = π/pz plane, as shown in
the inset of Fig. 2(b), where the C4-invariant points refer to
two momenta points which are invariant under 4-fold rotation
in the momentum space, up to a reciprocal lattice vector. The
Zak phases of the 1st and 2nd bulk bands below the bandgap
along bent loops are calculated by utilizing the Wilson loop
method (see supplement material for more details about Zak
phase calculations). The Zak phase at a given kz indicates the
geometric phase acquired along the bent loops in the constant
kz plane. The spectral flow of Zak phases of the 1st and 2nd
bulk bands are plotted against kz in Fig. 2(b). With preserv-
ing of C4 and time reversal symmetries, the Zak phases of the
two bulk states below the bandgap possess opposite signs for
all kz and are quantized to 0 and π (mod 2π) at kz = π/pz

and kz = 0 plane, respectively. Importantly, the Zak phase in-
terpolate across the full ranges (−π,π] leads to spectral flow
when kz increasing from −π/pz to π/pz, which is a definite
hallmark of the three-dimensional TCIs phase. Those nontriv-
ial Zak phases are characterized by Z2 topological invariant
v0 = 1, which coincide with the topological nontrivial surface
states featured with gapless and quadratic dispersion[25,28] (see
supplement material for more details).
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Fig. 2. (a) The band spectrum along line (−X̄)–Γ̄ –X̄ in the (001) surface
BZ. The blue and black lines represent the surface states and projected bulk
states, respectively. The quadratic degeneracy at Γ̄ is denoted by red point.
(b) The spectral flow of Zak phases of two bulk states below bandgaps.
By slicing the gray region horizontally into bent loops connecting two C4-
invariant points as shown in the inset, the Zak phases are calculated along
the bent loops in the constant kz plane for kz ∈ [−π/pz,π/pz]. Two typical
bent loops M–Γ –M and A–Z–A in kz = 0 and kz = π/pz plane are high-
lighted by red lines. The Zak phases show dramatical changes in the range
kz ∈ [−0.01,0.01] as plotted in the inset.

3.2. Zigzag feature of the surface states

Secondly, the zigzag feature of the surface states in
(001) surface BZ is interpreted from a symmetry perspec-
tive. Since the supercell belongs to the point group C4v, we
only need to examine the degeneracy along a typical high
symmetry line X̄–M̄ to interpret the double degeneracy at
(001) surface BZ boundary. We construct composite opera-
tors Si = M̃i×T , (i = x,y), which is formed by the production

of time-reversal operation (T ) and glide refection operation
(M̃i).[31,33,34] Given an arbitrary Bloch state |ψ〉 of the pho-
tonic supercell, the time-reversal symmetry acted on the Bloch
state leads to a complex conjugation T |ψ〉= |ψ〉∗. Two suc-
cessive composite operations Sy acting on the Bloch state |ψ〉
give rise to a spatial primitive translation,

S2
y |ψ〉=

(
M̃y×T

)2 |ψ〉= t100 |ψ〉= e ikx px |ψ〉 , (1)

where t100 is primitive translation along the x direction. Given
an arbitrary Bloch state |ψ〉 at (π/px,ky) in high symmetry
line X̄–M̄, Sy |ψ〉 is a new state at (π/px,ky). The high sym-
metry line X̄–M̄ with kx = π/px is invariant under composite
operation Sy, which yields,

S2
y = e ikx px

∣∣
kx=π/px

=−1. (2)

The composite operation Sy is an antiunitary operator along
high symmetry line X̄–M̄, which provides a photonic analog
of Kramers theorem for fermions ensuring doubly degener-
ated surface states along X̄–M̄. A similar analysis applies to Sx

which ensures doubly degenerated surface states along Ȳ –M̄.
Therefore, the surface states in (001) surface BZ boundary are
all doubly degenerate. The band spectrums along high sym-
metry lines in the surface BZ are illustrated in Fig. 3(a), where
the bulk and surface states are denoted by black and blue lines,
respectively. Since the surface states are doubly degenerated
at Γ̄ point and surface BZ boundary, the surface states exhibit
gapless and zigzag features along the line from Γ̄ point to an
arbitrary point in the (001) surface BZ boundary, such as the
surface states along Γ̄ –X̄ and Γ̄ –M̄ highlighted by bold blue
lines shown in Fig. 3(a).

     
9

10

11

12

F
re

q
u
e
n
c
y
 (

G
H

z
)

9

10

11

12

F
re

q
u
e
n
c
y
 (

G
H

z
)

MXΓ
−

Γ
−− −

(b)

(a)

M A ZΓ
~~~ Γ~

~

Fig. 3. (a) Band spectrum along high symmetry lines in the (001) surface
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lines which exhibit zigzag feature. (b) Band spectrum along high symmetry
lines in the (100) surface BZ. The blue and black lines represent the surface
states and projected bulk states.
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Similarly, to analyze the surface states in the (100) sur-
face BZ, a supercell is constructed by stacking the metacrystal
unit with 10 layers along the x direction. Periodic boundary
conditions are applied to the y and z directions, and the per-
fect electric conductor boundary condition is applied to two
sides of the supercell along the x direction. In general, the
topological surface states of TCIs emerge at high symmetry
crystal surface, and the low-symmetry crystal surface does not
support robust surface states. The supercell along the x direc-
tion has no gapless surface states due to the lack of crystalline
symmetry as the band spectrum along high symmetry lines in
(100) surface BZ illustrated in Fig. 3(b).

3.3. High order hinge states

Moreover, the high order hinge states are explored by ar-
ranging the metacrystal unit into an 8×8 array along the x and
y directions and one layer of metacrystal unit in the y direction.
Periodic boundary conditions are applied to the y direction,
and the metacrystal array is surrounded with air in the x and y
directions (open boundary condition in the x and y directions).
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Fig. 4. (a)–(b) The top view of normalized absolute value of electrical field
(norm E) distribution of two high order hinge states at kz = π/pz. (c) Band
spectrum along the z direction. The black lines represent the projected bulk
states. The green lines denote the light cone. The blue and red lines represent
two high order hinge states, where the field distributions are shown in pan-
els (a) and (b), respectively. The metacrystal units are arranged into an 8×8
array along the x and y directions, where periodical boundary conditions are
applied to the z direction and metacrystal array is surrounded with air in the
x and y directions. There are two high order hinge states continuously dis-
tributed in the bandgap as kz various from−π/pz to π/pz and until connected
to the light cone.

The band spectrum as kz varies from −π/pz to π/pz are
shown in Fig. 4(c), where the black and green lines indicate
the projected bulk states and light cone, the blue and red lines
represent the high order hinge states. The normalized absolute
value of electrical field distribution of the two high order hinge
states at kz = π/pz are illustrated in Figs. 4(a) and 4(b), respec-
tively, where the two types of field patterns with electric field
localized in the bottom-right and top-left corner correspond
to high order hinge states indicated by blue and red disper-
sion in Fig. 4(c), respectively. The high order hinge states are

continuously distributed among the bandgap and connected to
the light cone. The electric field distribution of the high or-
der hinge states is highly confined at the hinge, as shown in
Figs. 4(a) and 4(b), which may have potential application in
the field of optical sensors.[35,36]

4. Conclusion and perspectives
In conclusion, we have realized TCIs in a judiciously

designed photonic metacrystal, which possesses a clean fre-
quency bandgap providing an ideal platform for the studying
of surface states. The realistic metacrystal can be fabricated
by the standard PCB technique. The topological gapless sur-
face states with quadratic band degeneracy at Γ̄ point in the
(001) surface BZ are protected by C4 and time-reversal sym-
metries. The nontrivial bulk band topology is revealed by the
Zak phases along bents loops calculated via first-principles
calculation. The photonic TCIs exhibit zigzag and gapless
surface states along lines from Γ̄ point to the (001) surface
BZ boundary, which are protected by composite operators be-
tween time-reversal and glide reflection operators. Our results
provide insights into the understanding of nontrivial gapless
surface states in photonic TCIs. The surface states emerge at
the boundary of the metacrystal and PEC, which provides a
route for topologically manipulating light propagation in pho-
tonic devices. Moreover, the high order hinge states with
highly localized electric fields have potential application in op-
tical sensor.
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