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The presence of a pair of Weyl and Dirac points (WP–DP) in topological semimetal states is intriguing and sought
after due to the effects associated with chiral topological charges. However, identifying these states in real materials poses
a significant challenge. In this study, by means of first-principles calculations we predict the coexistence of charge-2 Dirac
and charge-2 Weyl phonons at high-symmetry points within a noncentrosymmetric P41212 space group. Furthermore, we
propose GeO2 as an ideal candidate for realizing these states. Notably, we observe two distinct surface arcs that connect
the Dirac and Weyl points across the entire Brillouin zone, which could facilitate their detection in future experimental
investigations. This study not only presents a tangible material for experimentalists to explore the topological properties of
WP–DP states but also opens up new avenues in the quest for ideal platforms to study chiral particles.
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1. Introduction
Topological quantum states, especially topological quasi-

particles (e.g., Weyl and Dirac points), emerge around band
degeneracy points in condensed matters and have attracted
much attention in the past decade.[1–7] Nowadays, the con-
cept of topology has been introduced into the field of phonon
systems, giving impetus to the birth of topological phonons
(TPs).[8–10] TPs characterized by topological invariants have
emerged as an active research area in both theory and ex-
periment in condensed matter physics and materials science.
Phonons are the fundamental emergent bosons of crystalline
lattices, describing the collective motion of the constituent
atoms. Unlike fermions, they are not subject to the Pauli ex-
clusion principle and Fermi surface constraints. The entire fre-
quency range of the phonon dispersion can be experimentally
observed and utilized to explore topological features. Similar
to topological electrons, TPs have also been well studied and
categorized into three types according to their degenerate di-
mensions. These include zero-dimensional (0D) nodal points
(e.g., Weyl phonons,[11–22] Dirac phonons[23,24] and other
high-degeneracy points[25,26]), one-dimensional (1D) nodal
lines (e.g., nodal straight lines,[27–29] nodal rings,[30–33] nodal
links,[34] nodal chains,[35,36] nodal cages,[37] nodal nets[38,39]),
two-dimensional (2D) nodal surfaces (e.g., one-,[44–46] and
two-[47] and three-nodal[48] surfaces). In particular, the
coexistence[8,9,43,49,50] of different types of TP states in real-
istic materials has also attracted much attention.

Among these topological states, we focus on the nodal
point states in this work. Weyl points (WPs) are a kind of

more elementary fermions than Dirac points (DPs) to pre-
serve the Lorentz symmetry, since a pair of WPs with opposite
chiralities[51] can compose a DP. However, two identical WPs
can be combined to form a Dirac point, which is referred to
as “charge-2 Dirac point”.[52,53] WPs behave like “magnetic”
monopoles in momentum space whose charge is given by the
chirality, and they are actually the source (monopole) and
sink (antimonopole) of Berry curvature. In three-dimensional
space, the component of Berry curvature in the z-direction
is given by Ω n

xy = i
(〈

∇xn(R)|∇yn(R)
〉
−
〈
∇yn(R)|∇xn(R)

〉)
.

Berry curvature is an odd function in the presence of time-
reversal symmetry (𝒯 ), and an even function in the presence
of spatial inversion symmetry (𝒫). Consequently, in crystals
where both time-reversal and spatial inversion symmetries are
present, the Berry curvature vanishes across the entire Bril-
louin zone (BZ).[54] There are no topological charges, and no
WPs, unless one of the two symmetries is broken, as depicted
in Fig. 1(a). When the spatial inversion symmetry is broken,
𝒯 does not change the topological charge. Assuming that a
WP with charge 𝒞 is located at point k in the BZ, then under 𝒯
there is another WP at −k with the same 𝒞. According to the
Nielsen–Ninomiya no-go theorem,[55] a net chiral charge can-
not exist alone in the BZ, and thus there should be at least two
pairs of WPs in the system to ensure the chiral charge neutral-
ity. However, when the time-reversal symmetry is broken, 𝒫
can change the sign of the topological charge and there can be
only one pair of WPs. In the current research,[56–58] the system
with only one pair of nodal states is usually found in magnetic
materials. Whether this topological state can be found in a
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system with the existence of time-reversal symmetry is a topic
of attention.

In this study, by employing symmetry analysis, we elu-
cidate the mechanism of appearance of paired Weyl points
and Dirac points, and their even topological charge. Addition-
ally, we identify a real material GeO2 in No. 92 space group
which exhibits a minimum number of Weyl points and Dirac
points in its phonon spectrum. Specifically, a pair of Weyl and
Dirac points with a topological charge 𝒞 of ±2 appear at the

high-symmetry points Γ and A, respectively. In addition, we
confirm that the paired Weyl–Dirac points are situated over
a wider frequency range compared to BaPt2S3

[59] and their
clear topological surface states span the entire BZ. Both fea-
tures facilitate experimentalists to study their physical proper-
ties and surface state modes by spectroscopy experiments. Our
work not only unveils exotic quasiparticles but also provides
an ideal platform for investigating the entanglement between
Dirac points and Weyl points.
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Fig. 1. (a) The relationship between Dirac points and Weyl points under 𝒫/𝒯 symmetry breaking. (b) Projection of a WP at a high-symmetry
point on a particular surface in the BZ, projection points are connected by Fermi arcs on specific surfaces.

2. Methods
First-principles calculations were performed using the

Vienna ab initio simulation package (VASP)[61,62] based on
the density functional theory (DFT).[63,64] The generalized
gradient approximation parameterized by Perdew–Burke–
Ernzerhof[65,66] was employed to describe the electron–
electron interactions. The semi-core valence electrons were
treated as valence electrons. The cutoff energy of the plane
waves was set to 600 eV, and a Γ -centered 15×15×9 k-point
grid was used to sample the BZ. Atomic structure optimiza-
tion was conducted until the remnant Hellmann–Feynman
forces on the ions were less than 0.1 meV/Å. The force con-
stants were computed with a 2 × 2 × 2 supercell using the
Phonopy package[67] based on the density functional pertur-
bation theory.[68] The force constants were then taken as the
tight-binding parameters to build the dynamic matrices. The
surface phonon density of states (DOS) was obtained by using
the surface iteration Green’s function method[69] implemented
in the home-developed TPHONON code.

3. Results and discussion
In phonon systems without spatial inversion symmetry,

if WP was located at a general k point in BZ, then under 𝒯
there are at least two pairs of WPs. However, if the first WP
moved to a time-reversal-invariant momentum (TRIM) point,
then k and −k refer to the same point. When two WPs con-
nected by time-reversal symmetry merge together, 𝒯 would
not lead to the WP doubling but an even topological charge

occurs. This phenomenon has also been proven by contra-
diction in the work of Yang et al.[60] We also know that when
considering WPs on TRIM points in spinful systems, 𝒯 2 =−1
dictates Kramer’s degeneracy at all eight TRIM points in BZ,
resulting in at least eight WPs. Spinless systems, on the other
hand, do not have this constraint as 𝒯 2 = 1. Therefore, even if
the system has time-reversal symmetry, only one pair of WPs
with opposite chiralities can exist. In addition, when WPs are
projected onto a particular surface, a surface arc connecting
the two projection points emerges, as illustrated in Fig. 1(b).
Additionally, Dirac points in spinless systems also obey the
above rules. Thus, we demonstrate that it is possible to realize
a single pair of nodal points in spinless systems with time-
reversal symmetry. To confirm our analysis, we carry out the
real material GeO2 as the example to study this intriguing phe-
nomenon.

GeO2 belongs to the noncentrosymmetric space group
P41212 (No. 92), which crystallizes in a simple tetragonal
structure with 12 atoms in its primitive unit cell. The structure
is depicted in Fig. 2(a), showing both a front and top view. In
this structure, all Ge atoms occupy the 4a Wyckoff positions,
while the O atoms occupy the 8b Wyckoff positions.

The optimized lattice parameters are a = b = 4.98 Å and
c = 7.19 Å, which are close to the experimental values[70] of
a = b = 4.99 Å and c = 7.06 Å. Figure 2(b) illustrates both the
bulk BZ and the corresponding surface BZ. The yellow and
green planes in the figure represent the projection of the (001)
and (100) surfaces, respectively. The phonon band dispersions
along the high-symmetry momentum paths are illustrated in
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Fig. 2(c). The absence of imaginary phonon modes indicates
the dynamic stability of the GeO2 material. In Fig. 2(d), we
plot the phonon band structure around 14 THz within a spe-
cific frequency range along the X–Γ –Z–A–R path as indicated
by the highlighted area in Fig. 2(c). One can observe that the
WP and DP at the TRIM point, respectively, formed by the
crossing of two (Nos. 22 and 23) or four (Nos. 21–24) phonon

branches, which are the only band degeneracies in the fre-
quency range. Around the WP located at the high-symmetry
point Γ , the band splitting exhibits linearity along the qz di-
rection and quadratic behavior in the qx–qy plane, consistent
with its charge-2 character. Along the high-symmetry line Z–
A, two doubly degenerate states converge, forming a fourfold
degenerate point at the A point, exhibiting linear dispersion.
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Fig. 2. (a) Side and top views of the crystal structure of GeO2. The white and red spheres represent Ge and O atoms, respectively. (b) Bulk
BZ and the (001) and (100) surface BZ of GeO2. The corresponding high-symmetry points are marked. (c) The phonon dispersion of GeO2
along the high-symmetry momentum paths in the BZ. (d) The enlarged image of band structure along the X–Γ –Z–A–R path in the yellow box
highlighted in (c), in the 12.5–16 THz frequency region.
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Fig. 3. (a) Wannier center evolution for two branches centered at the Γ

point. (b) Berry curvature distributions of two branches centered at the Γ

point. (c) Wannier center evolution for two branches centered at the A point.
(d) Berry curvature distributions of two branches centered at the A point.

To determine the charge of the topologically protected
nodes, we calculate the topological charge for the WP at Γ .
Due to the well-separated bands, we can derive the Wannier
center evolution for the WP. As depicted in Fig. 3(a), the Wan-
nier center evolution for the corresponding branches indicate
that they are topologically nontrivial. The WP at Γ possesses

a high topological charge of −2. This is confirmed by the cor-
responding Berry curvature in the qx–qy plane, which exhibit
sink behaviors at Γ as shown in Fig. 3(b). Similarly, we cal-
culate the topological charge for the Dirac point located at A.
Figure 3(c) demonstrates that the Wannier center evolution for
the corresponding branches also indicate that they are topo-
logically nontrivial, with a topological charge of +2, which
is consistent with the prediction by Wang et al.[71] The cor-
responding Berry curvature in the qx–qy plane exhibits source
behaviors at A, as depicted in Fig. 3(d). Based on these cal-
culations, it is evident that the field is emitted from the Dirac
point (positive charge) at A and absorbed by the WP (negative
charge) at Γ .

Topological phonon nodal points with nonzero topologi-
cal charge give rise to unique and nontrivial surface arcs. Con-
sequently, we investigate the topological surface states associ-
ated with the WP–DP state in GeO2 to explore their distinc-
tive features. Initially, the DP possesses a nonzero topologi-
cal charge with 𝒞 = +2. According to the principle of bulk–
boundary correspondence,[72] this implies the existence of two
surface states emerging from the surface projection of the DP.
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Similarly, the topological charge of the WP at Γ is 𝒞 = −2,
indicating the presence of two surface states connected to its
surface projection. The total topological charge is 0, which
satisfies the no-go theorem. Furthermore, since the projected
WP resides at TRIM points, these two states must be time-
reversal partners, meaning that one state is mapped to the other
under the operation of 𝒯 symmetry.

To explicitly demonstrate its nontrivial properties, us-
ing the iterative Green’s function method we calculated the
phonon local density of states (LDOS) and the corresponding
isofrequency surface states projected on the (001) and (100)
surfaces. Surface states in the phonon spectrum are clearly
visible in the 13–15 THz frequency ranges. As shown in
Fig. 4(a), two surface states can be observed emanating from
the projected DP (M), corresponding to the topological charge
of DP. Figures 4(b) and 4(c) show isofrequency surface con-
tours of the (001) surface at the frequencies of 13.8 THz and

14 THz, respectively, agree well with the phonon surface states
observed in Fig. 4(a). These surface states reveal two sur-
face arcs connecting the projected WP (Γ ) and DP (M), with
point A projecting onto M. Moreover, the isofrequency surface
states in Figs. 4(b) and 4(c) represent a noncontractible closed
loop with a nontrivial winding around BZ. The phonon surface
states span a large area in the surface BZ, making them acces-
sible for experimental techniques such as angle-resolved pho-
toemission spectroscopy or scanning tunneling spectroscopy.
Similar behavior can be observed on the (100) surface, where
point A projects onto R, and two surface states can be ob-
served emanating from the projected DP (R). The correspond-
ing isofrequency surfaces projected onto the (100) surface at
14 THz and 14.7 THz are shown in Figs. 4(e) and 4(f), respec-
tively. The projection on both surfaces verifies the property
that the topological charge is 2 for both Weyl and Dirac points.
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Fig. 4. Phonon surface states of GeO2. (a) Phononic surface states along the high-symmetry lines for the (001) surface. (b) and (c) The
isofrequency surfaces at ω = 13.8 THz and 14 THz projected on the (001) surface, respectively. (d) Phononic surface states along the high-
symmetry lines for the (100) surface. (e) and (f) The isofrequency surfaces at ω = 14 THz and 14.7 THz projected on the (100) surface,
respectively. In (b), (c) and (e), (f), the high-symmetry lines for LDOS are marked in white dashed lines.

4. Summary
In summary, we reveal the mechanism of single pair topo-

logical nodal points appearing in phonon spectrum and have
investigated the topological surface states associated with a
single pair of WP–DP states in a real spinless material system
GeO2 and demonstrated their unusual features. The DP car-
ries a nonzero topological charge with 𝒞 =+2, leading to the
existence of two surface states on the surface of the material.
Similarly, the WP also has a chiral charge of two, resulting
in two surface states connected to its surface projection. The
clear surface arcs span the entire surface BZ, making them
accessible for experimental detection. The bulk phonon of
GeO2 may be imaged by inelastic x-ray scattering[73] and neu-

tron scattering.[74] The surface phonon modes may be verified
by the high-resolution electron energy loss spectroscopy,[75,76]

helium-atom scattering,[77] and THz spectroscopy.[44] Our
work provides a real material for experimentalists in this field
to study the topological properties of the WP–DP states. It
also sheds light on the search for ideal platforms to study chi-
ral particles.
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