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We investigate the behavior of edge modes in the presence of different edge terminations and long-range (LR) hopping.
Here, we mainly focus on such model crystals with two different types of structures (type I: “· · ·–P–Q–P–Q–· · ·” and type II:
“· · ·=P–Q=P–Q= · · ·”), where P and Q represent crystal lines (CLs), while the symbols “−” and “=” denote the distance
between the nearest neighbor (NN) CLs. Based on the lattice model Hamiltonian with LR hopping, the existence of edge
modes is determined analytically by using the transfer matrix method (TMM) when different edge terminals are taken into
consideration. Our findings are consistent with the numerical results obtained by the exact diagonalization method. We
also notice that edge modes can exhibit different behaviors under different edge terminals. Our result is helpful in solving
novel edge modes in honeycomb crystalline graphene and transition metal dichalcogenides with different edge terminals.

Keywords: edge modes, long-range hopping, different edge terminals
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1. Introduction
In the field of topological states of matter, it is widely as-

sumed that their existence remains unaffected by specific de-
tails, except for the band topology. This fundamental principle
holds true for both quantum Hall effects[1–3] and quantum spin
Hall effects.[4,5] However, theoretical predictions have high-
lighted the significance of the boundaries in topological crys-
talline insulators.[6,7] The reason is that the topological invari-
ant is dependent on the choice of unit cell, which subsequently
determines the geometry of the edges. Moreover, the edges of
two-dimensional (2D) materials exhibit significant function-
alities and distinct properties owing to the presence of dan-
gling chemical bonds and the loss of symmetry. It has been
reported that the electronic and magnetic properties of hon-
eycomb crystalline graphene and transition metal dichalco-
genides show a strong dependence on the atomic configura-
tions on the edges.[8–24] These interesting physical phenomena
are mainly governed by Hamiltonians with short-range terms.
However, the addition of long-range (LR) hopping amplitudes
is important, because they are ubiquitous in real systems and
their role can be crucial.[25–27] In previous theoretical studies,
many interesting and unusual phenomena have been discussed
in systems with LR interactions, which arise from the violation
of locality.[28–31]

Motivated by these ideas, we study the behavior of edge
modes in LR interacting systems with different edge termi-
nals. It is natural to ask how different edge terminals and LR
terms influence edge modes. This paper aims to explore the
conditions for the existence of edge modes in the LR inter-

acting systems with different edge terminals in terms of the
transfer matrix method (TMM). It is known that an infinite
n-dimensional crystal comprises an infinite number of period-
ically arranged parallel (n− 1)-dimensional crystals through
coupling. For the purpose of discussion, we consider a 2D
crystal as an example. The (n− 1)-dimensional crystal cor-
responds to the crystal line (CL) when n equals 2. In this
study, our primary focus lies on model crystals with two dis-
tinct structural types (type I “· · ·–P–Q–P–Q–· · ·” and type II
“· · · = P–Q = P–Q = · · ·”), where P and Q represent CLs,
while the symbols “−” and “=” denote the distance between
the nearest neighbor (NN) CLs (see Figs. 1(a) and 1(b)). For
model crystals with type I (II), the structures of edge terminals
have two cases: P–Q–P–Q–· · ·–P–Q (P ↔ Q) and P–Q–P–Q–
· · ·–P–Q–P (P ↔ P) (P–Q = P–Q = · · · = P–Q (P ⇔ Q) and
P–Q = P–Q–· · · = P–Q = P (P ⇔ P)) (see Figs. 1(c)–1(f)).
It is noteworthy that our approach is also applicable to other
structural type crystals, such as P–Q–R–P–Q–R–· · ·–P–Q–R.

In this work, we perform an analytical investigation into
the behavior of edge modes in LR interacting systems with
different edge terminals via TMM. For model crystals exhibit-
ing two distinct structural types, we analytically determine
the conditions for the presence of edge modes across differ-
ent edge terminals. The analysis encompasses the LR hopping
among CLs, as well as all possible neighbor hoppings within
each CL. Our results are substantiated by numerical calcula-
tions performed for specific parameter choices. We find that
edge modes can demonstrate distinct behaviors when different
edge terminals are taken into account.
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Fig. 1. Two distinct structural types of infinite crystals: (a) type I “· · ·–P–Q–P–Q–· · ·” and (b) type II “· · ·= P–Q = P–Q = · · ·”. The structures
with different edge terminals for type I in (c) with P ↔ Q and (e) with P ↔ P and type II in (d) with P ⇔ Q and (f) with P ⇔ P.

Prior to commencing the ensuing discussion, we shall ini-
tially provide a precise definition of “edge mode”. The edge
mode is characterized by its propagation along the cutting
boundary direction, with its amplitude exponentially decay-
ing at the distance perpendicular to the cutting boundary. By
employing the transfer matrix language, one can derive the ex-
ponential decay relation for an edge mode as follows:{

|ψi+1/ψi|= δ = e−γa < 1,
a > 0, γ > 0, i ≥ 1,

(1)

where γ is a decay rate and a is the distance between the 1NN
CLs. When δ = 1 (γ = 0), ψi corresponds to the extended
mode and must be associated with the bulk mode.

2. Transfer matrix method

In order to gain a more comprehensive understanding the
behavior of edge modes in the presence of different edge ter-
minations and the LR hopping, we will introduce our TMM
by using an example of the one-dimensional (1D) finite-size
single-orbital atomic chain model. Taking into account the LR
coupling, the model Hamiltonian can read

H0 =
n′

∑
i=1

{
εψ

†
i ψi +

m′

∑
j=1

[t jψ
†
i ψi+ j + · · ·+h.c.]

}
, (2)

with

ψi = 0 : i < 1, i > n′; m′ ≪ n′.

Here ψi is the second quantized Fermionic wave function of
the electron mode in the ith crystal point. t j represents the
hopping parameter from the different crystal points. Due to
the original infinite crystal with the geometric reflection sym-
metry for each crystal point, the quantum dynamical equations

(QDEs) of Eq. (2) in the bulk and boundary layers are obtained
as

E1ψi =
m′

∑
j=1

t j (ψi− j +ψi+ j) , (3)

where E1 = E − ε , E is the eigenenergy of electron waves
propagating in the crystals and ε is the on-site energy. By
some simple calculations, one can rewrite Eq. (3) in the fol-
lowing matrix form:{

Θn+m′ =Θn+m′−1T2m′×2m′ ,

n = 1,2,3, . . . ,n′−m′,
(4)

where

T2m′×2m′ =

(
T11 T12
T21 T22

)
,

T T
11 = {b1,b2, . . . ,bm′−1,bm′ ,bm′−1, . . . ,b2,b1} with {bm′ =

E1/tm′ ,bi = −tm′−i/tm′ : i = 1,2, . . . ,m′ − 2,m′ − 1},T21 =

−1, T12 is a (2m′ − 1) × (2m′ − 1) identity ma-
trix, T22 is a 1 × (2m′ − 1) zero matrix and Θn =

{ψn,ψn−1, . . . ,ψn−2m′+2,ψn−2m′+1}. From Eq. (4), we can
clearly see that the transfer matrix in the bulk is the same as
that in the boundary layers. We notice that if λ is the eigen-
value of the transfer matrix T2m′×2m′ , 1/λ * is found to be
also its eigenvalue. The key quantity of this approach is the
composite transfer matrix T2m′×2m′ , which encapsulates essen-
tial information regarding the bulk projected band structure,
the eigenenergies of edge modes, their character, and decay
lengths. The rest of this section will elucidate these details de-
rived from T2m′×2m′ . As is well known, a Jordan form J2m′×2m′

of a square matrix T2m′×2m′ can be obtained through a similar-
ity transformation U2m′×2m′ , where the specific expressions of
J2m′×2m′ = ∑

2α
i=1 Jni(λi) and U2m′×2m′ are given.[32,33] Mean-

while, we also note that prior work[34] takes no consideration
of the degeneracy of eigenvalues of the transfer matrix. By
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means of TMM,[34–37] Eq. (4) can be expressed as

Θn+m′ = Ω0U2m′×2m′

2α

∑
i=1

Jn
ni
(λi)U−1

2m′×2m′

= (N1,N2, . . . ,N2m′)
2α

∑
i=1

Jn
ni
(λi)U−1

2m′×2m′ ,

Ω0 = {ψm′ ,ψm′−1, . . . ,ψ1,0,0, . . . ,0,0},
n = 1,2, . . . ,n′−m′,

(5)

here {Ni = U1iψm′ +U2iψm′−1 + · · ·+U(m′−1)iψ2 +Um′iψ1 :
i = 1,2, . . . ,2m′}. n1 + n2 + · · ·+ n2α = 2m′, where α ≤ m′

and {λi : i = 1,2, . . . ,2α} are the eigenvalues of T2m′×2m′ .
For the sake of the subsequent discussion and without loss of
generality, we make such an assumption {|λi| ≥ 1, |λi+α | ≤
1,λiλi+α = 1 : i = 1,2, . . . ,α − 1,α} and |λ1| is the largest.
Once one of {λi : i = 1,2, . . . ,2α} is equal to one, correspond-
ing to extended modes which we do not focus on. Thus,
we need to consider {|λi| > 1, |λi+α | < 1,λiλi+α = 1 : i =
1,2, . . . ,α −1,α}. For the 1D finite-size single-orbital atomic
chain, the following two conditions have to be fulfilled in order
to obtain physically meaningful and normalizable solutions:

1) When one of the left and right boundary conditions
is fulfilled, we have to impose the restriction {N j = 0 : j =
1,2, . . . ,m′} because the left and right boundaries are identical
for the 1D finite-size single-orbital atomic chain.

2) When both left and right boundary conditions are sat-
isfied, we will examine two scenarios, that is, the eigenvalue
|λ1| is degenerate and nondegenerate. We first discuss the case
where |λ1| is nondegenerate. For the 1D finite-size single-
orbital atomic chain, one can obtain by means of the right
boundary conditions and Eq. (5) 0 =

{
∑

m′−1
i=1

bi
λ i

1
+ 1

λ m′
1

−bm′ +∑
δ
i=0 λ i

1bi

}
N1,

b0 = 0; δ = 0,1,2, . . . , m′−1.
(6)

In terms of Eq. (6), there are no edge modes in the 1D finite-
size single-orbital atomic chain. Next, the ongoing discussion
will continue to focus on the scenario in which |λ1| is degen-
erate and the degeneracy is ni. Through the use of Eq. (5) and
the right boundary conditions, we can arrive at

0 =
{

∑
m′−1
i=1

bi
λ i

1
+ 1

λ m′
1

−bm′ +∑
δ
i=0 λ i

1bi

}
M,

M =
ni
∑
j=1

ni
∑

k= j
lk−1U−1

k,1 N j, lk−1 =
1

λ
k−1
1

Ck−1
n′−m′−δ

,

b0 = 0; δ = 0,1,2, . . . , m′−1.

(7)

We can find that no edge modes exist in the 1D finite-size
single-orbital atomic chain via Eq. (7).

3. Model Hamiltonian with P ↔ Q
In this section, we discuss such model crystals composed

of two different CLs: P and Q. Here we only focus on such a

finite-size crystal with P ↔ Q because the discussion for the
P ↔ P case will be similar. For a finite-size crystal, each of
its CLs is still a crystal with the lower dimensionality. We can
perform the Fourier transformation in each CL, resulting from
the wave vector 𝑘‖ being a good quantum number along the
boundary. To enhance clarity in writing, the omission of 𝑘‖ is
implemented. Taking into account the LR coupling from rNN
CLs where we temporarily assume that r is an even number
to facilitate theoretical demonstration and analysis, our effec-
tive model Hamiltonian reads via the diagonal representation
of each CL Hamiltonian

H0 =
n′

∑
i=1

{
Ψ

†
2i−1ε

(P)
n×nΨ2i−1 +Φ

†
2iε

(Q)
m×mΦ2i

+
m′

∑
j=1

{Φ
†
2iB

(2 j)
m×m[Φ2i+2 j +Φ2i−2 j]

+Ψ
†

2i−1A(2 j)
n×n[Ψ2i−1+2 j +Ψ2i−1−2 j]

+{Ψ †
2i−1F(2 j−1)

n×m [Φ2i−1+2 j−1 +Φ2i−1−(2 j−1)]

+h.c.}}
}
, (8)

here {Ψ2i−1 = Φ2i = 0 : i < 1, i > n′}, Ψ T
2i−1 =

{ψ
(1)
2i−1,ψ

(2)
2i−1, . . . ,ψ

(n)
2i−1}, ΦT

2i = {φ
(1)
2i ,φ

(2)
2i , . . . ,φ

(m)
2i },

ε
(α)
lα×lα = diag(εα

1 ,ε
α
2 , . . . ,ε

α
lα ), where lP(Q) = n (m) when

α = P (Q) and the CLs P and Q have n and m modes re-
spectively where n and m can be equal or unequal as well as
m′ = r/2. {F(2 j−1)

n×m , A(2 j)
n×n, B(2 j)

m×m} denote the hopping ma-
trices from the different CLs, {εα

i : i = 1,2, . . . , lα} are the
energies of renormalized eigenmodes in each CL, the ma-
trix elements of {ε

(P)
n×n,ε

(Q)
m×m,F

(2 j−1)
n×m ,A(2 j)

n×n,B
(2 j)
m×m} consist of

the hopping parameters and
−→
k q. {ψ

(α)
2i−1 : α = 1,2, . . . ,n}

({φ
(β )
2i : β = 1,2, . . . ,m}) is the second quantization Fermi

wave function of the α th (β th) electron mode in the (2i−1)th

((2i)th) CL. The assumption here is that m′ ≪ n′ and each
unit cell in each CL contains multiple atoms (which may be
different), with each atom potentially contributing multiple
nonidentical atomic orbits. As a result, the proposed model
Hamiltonian can be applied to some real materials. QDEs
from Eq. (8) in both bulk and boundary layers can be ex-
pressed as

E(P)
n×nΨ2i−1 =

m′

∑
j=1

{F(2 j−1)
n×m N2 j−1Φ2i−1 +A(2 j)

n×n∆2 jΨ2i−1},

E(Q)
m×mΦ2i =

m′

∑
j=1

{(F(2 j−1)
n×m )†N2 j−1Ψ2i +B(2 j)

m×m∆2 jΦ2i},

N2 j−1Ψ2i =Ψ2i−(2 j−1)+Ψ2i+2 j−1,
∆2 jΨ2i−1 =Ψ2i−1−2 j +Ψ2i−1+2 j,
N2 j−1Φ2i−1 = Φ2i−1−(2 j−1)+Φ2i−1+2 j−1,

∆2 jΦ2i = Φ2i−2 j +Φ2i+2 j,

E(α)
lα×lα = diag{Eα

1 ,E
α
2 , . . . ,E

α
lα},

Eα
τ = E − εα

τ : τ = 1,2, . . . , lα ,

(9)
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where E is the eigenenergy of electron waves propagating in
the crystals. Previous studies have investigated edge modes
under semi-infinite boundary conditions by employing lattice
model Hamiltonian with the LR coupling among CLs and all
possible neighbor hoppings within each CL and found the
presence of edge modes, resulting from the transfer matrix in
the bulk different from that in the boundary layers.[32,33] How-
ever, in practical materials, their size is always finite. Thus,
this paper aims to explore the influence of different edge ter-
minals on edge modes in LR interacting systems. To enhance
the acceptability of our conclusion, we will begin by consid-
ering a specific instance where m and n are both equal to 1,
and subsequently extend our analysis to encompass the gen-
eral case.

We first notice the absence of edge modes by careful an-
alytical calculations when only the hopping from 1NN CPs
is taken into account. To validate our findings, we present a
finite 2D square lattice in Fig. 2(a), featuring two distinct sub-
lattices. As the y-direction extends infinitely, Fourier trans-
formation can be employed on wave functions for P and Q
sublattices. When we consider the hopping from 1NN CLs,
QDEs are expressed in the {i,ky} representation by a set of
Fermion operators {ψ

(1)
2i−1,(ky),φ

(1)
2i (ky) : i = 1,2,3, . . . ,n′ and

n′ ≫ 1} {
EP

1 ψ
(1)
2i−1 = F(1)

11 (φ
(1)
2i +φ

(1)
2i−2),

EQ
1 φ

(1)
2i = F(1)

11 (ψ
(1)
2i+1 +ψ

(1)
2i−1),

(10)

with 
Eα

1 = E − εα
1 , α = P,Q,

F(1)
11 = 2t1 cos(kya),

ψ
(1)
2i−1 = φ

(1)
2i = 0, i ≤ 0 and i > n′,

F(1)
11 represents the coupling from 1NN CLs, εα

1 is the on-site
energy, t1 is the hopping parameter and {εα

1 ,F
(1)
11 } are real.

By the exact diagonalization method, it is noteworthy that no
edge modes can appear in the finite-size crystal with P ↔ Q
(see Fig. 2(b)), which is completely consistent with our ana-
lytical discussion. Moreover, to make our presentation more
convincing, we also calculate such a finite-size crystal with
P ↔ P in detail, which is still compatible with the numerical
conclusion (see Fig. 2(c)).

The significance lies in the addition of LR hopping am-
plitudes because they are ubiquitous in real systems and their
effects can be critical.[25–27] The problem worth investigating
is whether there exist edge modes when the LR coupling is
taken into account under the condition of n = m = 1, and if
so, then what are the necessary conditions for their existence?
In our effort to answer this question, we will continue our
discussion. Next, when {F(2α−1)

11 ̸= 0,A(2α)
11 ̸= 0,B(2α)

11 ̸= 0 :
α = 1,2, . . . ,m′} and F(2α+1)

11 = A(2α+2)
11 = B(2α+2)

11 = 0 : α =

m′+1,m′+2, . . .}, one can transform Eq. (9) into the follow-
ing matrix form after complex mathematical calculations:

Θ
(P)
l+8m′−2 =Θ

(P)
l+8m′−4T4m′×4m′ ,Θ

(Q)
l+8m′−1

=Θ
(Q)
l+8m′−3T4m′×4m′ ,

Θ
(P)
8m′−3 = Ω0

2m′

∏
β=1

S(β )4m′×4m′ ,

Θ
(Q)
8m′−2 = Ω0

2m′

∏
β=1

R(β )
4m′×4m′ ,

T4m′×4m′ =

(
T11 T12
T21 T22

)
, l = 1,3, . . . ,n′−8m′,

(11)

here

T T
11 = {b1,b2, . . . ,b2m′−1,b2m′ ,b2m′−1, . . . ,b2,b1},

T12 is a (4m′ − 1) × (4m′ − 1) identity matrix, T22

is a 1 × (4m′ − 1) zero matrix, T21 = −1, {bi :
i = 1,2, . . . ,2m′ − 1,2m′} and the matrix elements in
{T4m′×4m′,S

(β )
4m′×4m′ ,R

(β )
4m′×4m′} are arbitrary complex func-

tions of {F(2α−1)
11 ,A(2α)

11 ,B(2α)
11 } and {EP

1 ,E
Q
1 } as well as

Θ
(P)
l+8m′−2 = {ψ

(1)
l+8m′−2,ψ

(1)
l+8m′−4, . . .ψ

(1)
l+4m′+1, ψ

(1)
l+4m′−1},

Θ
(Q)
l+8m′−1 = {φ

(1)
l+8m′−1,φ

(1)
l+8m′−3, . . . ,φ

(1)
l+4m′+2,φ

(1)
l+4m′}, Ω0 =

{φ
(1)
2m′ ,ψ

(1)
2m′−1, . . . ,φ

(1)
2 , ψ

(1)
1 ,0,0, . . . ,0,0}. We can note that

the transfer matrix in the bulk is different from that in the
boundary layers. But the form of the transfer matrix T4m′×4m′
in the bulk is the same as that in Eq. (4). Regarding the TMM
mentioned above, we know that the most crucial physical
quantity is the transfer matrix in the bulk. Thus, we can utilize

QP
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Fig. 2. The schematic illustration of the lattice structure of a finite-size 2D
crystal in (a). The energy spectrum of edge modes obtained by the exact di-
agonalization method (blue dashed line) and TMM (red dashed line) in (b)
with P ↔ Q and (c) with P ↔ P. Here, we only consider the hopping from
1NN CLs and the parameters are VP = 1.0t1 and VQ =−1.5t1.
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the aforementioned TMM to explore edge modes in finite-
size crystals with P ↔ Q, except for the boundary conditions,
which are different from those of the 1D atomic chain.
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Fig. 3. The dispersion relation of edge modes reached in terms of the
exact diagonalization method (blue dashed line) and TMM (red dashed
line) in (a) with P ↔ Q and (b) with P ↔ P. Here, we only discuss
the hopping from 1NN to 2NN CLs and the parameters are t2 = 0.4t1,
t ′2 = 0.4t1, t3 = 0.2t1, t ′3 = 0.2t1, VP = 1.0t1 and VQ =−1.5t1.
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Fig. 4. The dispersion relation of edge modes shown based on the exact
diagonalization method (blue dashed line) and TMM (red dashed line)
in (a) with P ↔ Q and (b) with P ↔ P. Here we focus on the hopping
from 1NN to 3NN CLs, and the parameters are t2 = 0.4t1, t ′2 = 0.4t1,
t3 = 0.2t1, t ′3 = 0.2t1, t4 = 0.15t1, VP = 1.0t1 and VQ =−1.5t1.

To check the correctness of our analytical discussion, we
study the behavior of edge modes in the presence of the hop-
ping from 1NN to 2NN (3NN) CLs in detail. Here, we take a

2D square lattice as an example, as shown in Fig. 2(a). With
the help of the exact diagonalization method, the behavior of
edge modes in the finite-size crystal with P ↔ Q is found to
be consistent with our demonstration, depicted in Fig. 3(a)
(Fig. 4(a)). Furthermore, a thorough investigation of such a
crystal with P ↔ P has been conducted, revealing that our an-
alytical calculation aligns well with the numerical findings, il-
lustrated in Fig. 3(b) (Fig. 4(b)).We observe that edge modes
can exhibit different behaviors under different edge terminals
(see Figs. 3 and 4).

So far, we have presented the conditions for the emer-
gence of edge modes in finite-size crystals with P ↔ Q and
only one electron mode within each CL. Finally, our focus lies
on the general case in finite-size crystals with P ↔ Q, where
electron modes of each CL are not limited to one and the LR
hopping is introduced. In this study, we will not explore this
problem further, given the similar treatment to the previous
discussion, that is, m = n = 1. After a comprehensive con-
sideration, we have come to a similar conclusion about the
existence of edge modes for the general case.

4. Model Hamiltonian with P ⇔ Q
In this section, we comprehensively investigate the be-

havior of edge modes in finite-size systems with P ⇔ Q in de-
tail. Due to the lack of reflection symmetry in such an infinite
crystal, which leads to the asymmetry between the forward
and backward transfer matrices from nNN (n = 2i− 1 : i =
1,2, . . . ,m′) CLs. Considering the LR coupling, the following
QDEs are presented:

E(P)
n×nΨ2i−1 =

m′

∑
j=1

{F(2 j−1)
n×m Φ2i−1+2 j−1

+F ′(2 j−1)
n×m Φ2i−1−(2 j−1)+A(2 j)

n×n∆2 jΨ2i−1},

E(Q)
m×mΦ2i =

m′

∑
j=1

{(F(2 j−1)
n×m )†

Ψ2i−(2 j−1)

+(F ′(2 j−1)
n×m )†

Ψ2i+2 j−1 +B(2 j)
m×m∆2 jΦ2i},

(12)

here {
∆2 jΨ2i−1 =Ψ2i−1−2 j +Ψ2i−1+2 j,

∆2 jΦ2i = Φ2i−2 j +Φ2i+2 j.

It has been clearly shown that the form of Eq. (12) dif-
fers from that of Eq. (9). The discussion of edge modes in
finite crystals with P ⇔ Q is currently underway. When we
take the absolute value of both sides of Eq. (12), it can be ver-
ified that the transfer matrix form in the bulk is the same as
that in Eq. (11) for the modes in the P and Q CLs, while it
differs from that in the boundary layer. It can be reasonably
inferred that the existence conditions of edge modes are simi-
lar to those obtained in crystals with P ↔ Q. The accuracy of
the argument can be verified by generalizing from the specific
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case to the general situation in crystals with P ⇔ Q. The ini-
tial focus is on the specific scenario where each CL contains an
electron mode and the coupling from 1NN CLs is considered.
Through a series of derivations, Eq. (12) can be transformed
into the following matrix representation:

∣∣∣Θ (P)
l+4

∣∣∣= ∣∣∣Θ (P)
l+2

∣∣∣T ′
2×2,

∣∣∣Θ (Q)
l+5

∣∣∣= ∣∣∣Θ (Q)
l+3

∣∣∣T ′
2×2,∣∣∣Θ (P)

3

∣∣∣= |Ω0|S′(1)2×2,
∣∣∣Θ (Q)

4

∣∣∣= |Ω0|
∣∣∣∣ EP

1

F(1)
11

∣∣∣∣T ′
2×2,

l = 1,3, . . . ,2n′−5,

(13)

where

T ′
2×2 =

(
b′1 1
−1 0

)
, S′2×2 =

 b′1 +
∣∣∣∣F ′(1)

11

F(1)
11

∣∣∣∣ 1

0 0

 ,

b′1 =
(
EP

1 EQ
1 −|F(1)

11 |2 −|F ′(1)
11 |2

)
/|F(1)

11 F ′(1)*
11 |,

|Ω0| = {|ψ(1)
1 |,0}, |Θ (P)

l+4| = {|ψ(1)
l+4|, |ψ

(1)
l+2|}, |Θ (Q)

l+5 | =

{|φ (1)
l+5|, |φ

(1)
l+3|}, as well as the form of T ′

2×2 is akin to that
of the transfer matrix in Eq. (11). After detailed discussion,
we can draw the corresponding conclusion that there are edge
modes. To check the validity of our conclusion, a 2D ex-
ample with one electron mode within each CL is given in
Fig. 5(a). The analytical results have been successfully fitted
to the specific hopping parameters, which are consistent with
our numerical calculations (see Figs. 5(b) and 5(c)). Second,
to enhance the credibility of our analytical results, we also
conduct numerical simulations and analytical calculations in
detail to investigate the behavior of edge modes when the
coupling originates from 1NN to 2NN (3NN) CLs. Notably,

y

n′↩ n′↩ n′↩ n′
x

   

(a)

(b) (c)

QP

t4

t4

t1 t1

t3

t3

t3
t2

t2

′

′

′

′

-1.5 -0.5 0.5 1.5
-4

-3

-2

-1

0

1

2

3

-1.5 -0.5 0.5 1.5
-4

-3

-2

-1

0

1

2

3

E

ky

E

ky

Fig. 5. A schematic illustration of the lattice structure of a finite size 2D crys-
tal in (a) and the dispersion relation of edge modes shown by means of the
exact diagonalization method (blue dashed line) and TMM (red dashed line)
in (b) with P ⇔ Q and (c) with P ⇔ P. Here, we only take the hopping from
1NN CLs into consideration and the parameters are t1 = 0.7t ′1, VP = 1.0t ′1 and
VQ =−1.5t ′1.
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Fig. 6. Band structures obtained by using the exact diagonalization
method (blue dashed line) and TMM (red dashed line) in (a) with P⇔Q
and (b) with P ⇔ P. Here, we only focus on the hopping from 1NN
to 2NN CLs and the parameters are t1 = 0.7t ′1, t2 = 0.4t ′1, t ′2 = 0.4t ′1,
t3 = 0.2t ′1, t ′3 = 0.2t ′1, VP = 1.0t ′1 and VQ =−1.5t ′1.
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Fig. 7. The dispersion relation of edge modes presented in terms of the exact
diagonalization method (blue dashed line) and TMM (red dashed line) in (a)
with P ⇔ Q and (b) with P ⇔ P. Here, we only discuss the hopping from
1NN to 3NN CLs and the parameters are t1 = 0.7t ′1, t2 = 0.4t ′1, t ′2 = 0.4t ′1,
t3 = 0.2t ′1, t ′3 = 0.2t ′1, t4 = 0.15t ′1, t4 ′ = 0.18t ′1, VP = 1.0t ′1 and VQ =−1.5t ′1.

a remarkable consistency between these two approaches is
observed, illustrated in Figs. 6(a) and 6(b) (Figs. 7(a) and
7(b)). Finally, considering the general case with P ⇔ Q,
we can apply the reasoning method used in the general case
with P ↔ Q to derive matrix equations similar to Eq. (11),
and subsequently determine the conditions for the existence
of edge modes, which are analogous to those in the general
case with P ↔ Q. The above discussion is obviously applica-
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ble to such finite-size crystals with “P–Q–R–P–Q–R–· · ·–P–
Q–R”, and so on. Our work provides a way to solve novel
edge modes in honeycomb crystalline graphene and transition
metal dichalcogenides with different edge terminals.[8,16–24]

The conclusions we have reached are also applicable to the
3D and 1D cases, where “lines” correspond to atomic surfaces
and points, respectively.

5. Conclusion and perspectives
In this study, we investigate the behavior of edge modes in

the presence of different edge terminals and the LR coupling.
Based on the lattice model Hamiltonian with the LR hopping,
the existence condition of edge modes is determined analyt-
ically in systems with different edge terminals by using the
TMM. The derived analytical expressions exhibit a wide range
of applicability and are independent of the specific choice of
hopping parameters. Edge modes can manifest distinct behav-
iors in crystals with different edge terminals, indicating that
the presence of edge modes is intricately linked to the edge
configuration. In recent years, due to the remarkable func-
tions and unique properties of different edge configurations
in materials, the influence of different edge terminals on edge
modes has become an important topic in the field of condensed
matter physics, such as honeycomb crystalline graphene and
transition metal dichalcogenides, as well as topological crys-
talline insulators. Our method is suitable for 1D and 3D sys-
tems and has the potential to be extended to other finite-size
crystals, such as “P–Q–R–P–Q–R–· · ·–P–Q–R”. From a more
general perspective, our study highlights the effect of the edge
in strongly correlated systems.
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[9] Palacios J, Fernádez-Rossier J, Brey L and Fertig H 2010 Semicond.

Sci. Technol. 25 033003
[10] Nakada K, Fujita M, Dresselhaus G and Dresselhaus M S 1996 Phys.

Rev. B 54 17954
[11] Fujita M, Wakabayashi K, Nakada K and Kusakabe K 1996 J. Phys.

Soc. Jpn. 65 1920
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