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In real space density functional theory calculations, the effective potential depends on the electron density, requiring
self-consistent iterations, and numerous integrals at each step, making the process time-consuming. In our research, we
propose an optimization method to expedite density functional theory (DFT) calculations for systems with large aspect
ratios, such as metallic nanorods, nanowires, or scanning tunneling microscope tips. This method focuses on employing
basis set to expand the electron density, Coulomb potential, and exchange—correlation potential. By precomputing integrals
and caching redundant results, this expansion streamlines the integration process, significantly accelerating DFT computa-
tions. As a case study, we have applied this optimization to metallic nanorod systems of various radii and lengths, obtaining

corresponding ground-state electron densities and potentials.

Keywords: density functional theory, basis set, integrals precomputation, nanorod
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1. Introduction

Density functional theory (DFT)I'8l is an essential
methodology and a powerful tool for studying multi-electron
systems which offers rich information about electron clouds.
It has proven successful in determining the electronic struc-
ture of atoms, molecules, and solids, and has wide applica-
tions in various fields such as physics, chemistry and biology.
The success of this theory has been facilitated by the rapid in-
crease in computational power!’~'!l in recent years, making
high-precision simulations of complex systems feasible. It has
been extensively applied in simulating diverse systems ranging
from small molecules to large biological macromolecules and
solid-state materials. It has emerged as a “standard tool”!'?! in
the realm of quantum computing. Since its inception, DFT has
stood as the foremost and indispensable technology in con-
densed matter physics, enabling the calculation of electronic
structures and their properties.

Surface plasmons are a type of elementary excitation
formed by strong coupling between electromagnetic fields and
collective oscillations of free electrons in solids, '3!3 which
can localize the light field within the subwavelength range that
breaks the diffraction limit. For example, the nano gaps be-
tween metal particles!!®~'8! are referred to as “hotspots”.["°]
The electric field intensity is enhanced by plasmon resonance,
and the enhancement factor can even reach 102, resulting in
a significant enhancement of the molecular Raman scattering
signal inside the gap (as the Raman signal is proportional to the
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4th power of the electric field, the maximum can reach 108),
which is surface enhanced Raman spectroscopy (SERS).[20-21]
Generally speaking, the smaller the gap spacing, the greater

the electric field enhancement. However, when the gap is

small to the nanoscale, quantum effects will take effect. [22-25]
Previously, only classical electromagnetic methods were used

to calculate the electromagnetic field, which would fail.[?6-28]

29-311 in order to

At this point, DFT calculations can be used!
include the quantum effect and obtain more accurate results.
By calculating the electronic structure and dielectric function
of metal surfaces, DFT can accurately describe the resonance
frequency and intensity of plasmons. DFT is also used to study
the adsorption behavior of molecules on metal surfaces, help-
ing to reveal the chemical enhancement mechanisms of SERS
and other phenomena. This makes DFT a key tool for design-
ing and optimizing plasmon materials and devices. Also, DFT
can be applied to the relevant calculations of scanning tun-
neling microscope (STM) systems. STM relies on the tunnel
current between the metal tip and the sample surface, which
is very sensitive to the electronic structure of the area near the
metal tip to the sample.[*?] The DFT can be used to calcu-
late such areas with high accuracy, which helps to understand
STM images and spectral data. For example, STM studies
have shown that MoS; clusters below 2 nm—3 nm may exhibit
new structural and electronic properties, and this can be veri-
fied by DFT. 13

The key to DFT lies in the rapid and accurate solution of
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the Kohn—Sham equation.**3>! However, in practical appli-
cations, many systems have very large scales, even reaching
the micrometer level. Taking a gold nanorod with diameter
of 10 nm and length of 1 pm as an example, the number of
electrons can reach the million level. To achieve sufficiently
accurate computational results, it is necessary to expand the
wave functions with a large number of basis functions. Conse-
quently, the matrix dimension of the Hamiltonian in the Kohn—
Sham equation becomes extremely large. When the matrix di-
mension becomes too large, computational demands increase
significantly (the computational complexity of diagonalizing
the matrix is O(N?), and potential integrals of the order of N>
need to be computed). This places considerable pressure on
computational resources and may even render calculations in-
feasible due to the extremely large matrix dimensions. If one
were to directly reduce the number of basis functions to ex-
pedite computation, it would result in significant errors in the
computational results. Hence, there is an urgent need for new
algorithms to accelerate large-scale density functional theory
calculations.

Due to the complexity of DFT calculations, researchers
have been exploring optimization methods from various per-
spectives to solve the problem of high computational com-
plexity and long computational time in DFT. Here are some
existing methods. For example, parallel computing can be
utilized to accelerate computation through high-performance

5.36-381 Also, quantum mechanics and clas-

computing cluster
sical electromagnetic methods can also be mixed together. Di-
vide the system into quantum intervals and classical intervals
as needed, solve it using time-domain Maxwell equations in
the classical interval, and solve it using DFT and Green’s func-
tion in the quantum mechanics interval. 139401 1y addition, var-
ious approximation methods, such as density functional tight
binding (DFTB)#!=#¢] and semiempirical methods,*’—*°! can
also optimize computational speed. And although directly re-
ducing the number of system basis functions can reduce the
accuracy of calculations, it is possible to strike a balance be-
tween accuracy and computational cost, and to accelerate cal-
culations by cleverly selecting and constructing basis set with-
out affecting accuracy as much as possible. For example, there

150 that constructes a composite basis set of plane

is an article
waves and Gaussian or spline functions, and compares it with
strict computational methods, it has been verified that the com-
posite matrix group can ensure solution accuracy while accel-
erating calculations. Finally, machine learning methods[>!->%]
can also be used to accelerate the calculation of DFT.

The calculation of DFT can be done in real space or mo-
mentum space. Usually, the momentum space DFT is more
suitable for periodic systems and small systems, while the
real space DFT is more suitable for large systems. Various

softwares have different choices, for instance, VASPP7! is a

DFT method in momentum space that utilizes pseudopoten-
tial and plane wave basis set. Octopus!®®! uses the real space
grid method. And Gaussian®°! expands the wave function
We adopted the real space DFT.
In this calculations, it is necessary to use the Kohn—Sham

with Gaussian basis set.

equation to compute the electron density, the Coulomb po-
tential, and the exchange—correlation potential through a self-
consistent iteration process. However, in each step of this self-
consistent calculation, a substantial number of integrals need
to be computed!®”! to get the Hamiltonian matrix elements
of the effective potential, and integral calculations can often
be quite time-consuming for large systems. Furthermore, a
significant amount of redundant calculations arises during the
computational process, as some integrals or matrix elements
remain constant or change only slightly between iterations.

In this paper, we develope an optimization method,
the electron density, Coulomb potential, and exchange—
correlation potential in the Kohn—Sham equation are all ex-
panded by a set of basis functions. By doing so, we can sim-
plify integrals in advance during the computational process
and store some of the repetitive calculation results. This not
only eliminates the need for recalculating integrals within the
self-consistent loop but also reduces a significant amount of
redundant computations. In this method, Coulomb potential
does not require integration calculations anymore, and the in-
tegration calculations of exchange—correlation potential is also
significantly simplified. Leveraging this optimization can no-
tably accelerate the computational speed of DFT calculations.
This optimization utilizes the product of Bessel functions, so
it is more effective for rotational symmetry systems. This ar-
ticle uses the jellium model, also known as the homogeneous
electron gas model, which is different from the all electronic
model or pseudopotentials method. We have implemented the
aforementioned computation in our program and validated it
on a system of metal nanorods. The results of our calcula-
tions demonstrate that our method not only enhances compu-
tational speed but also accurately computes jellium model sys-
tems with rotational symmetry (note that this method can also
be applied in systems without rotational symmetry).

2. Computational methods

For systems with a large aspect ratio, such as nanorods,
nanowires, or STM tips, it is more convenient to apply the
Kohn—Sham (KS) Hamiltonian in cylindrical coordinates

2
V2+ch(x,r,9)+Vc(x,r,6), (1)

As =

2me
where Vi, is the exchange—correlation potential, it can be ex-
pressed as a function of electron density p.(x,r, ) or the local
Wigner—Seitz radius rg(x,r,0). V, is the Coulomb potential.
The cylindrical coordinate system is particularly suitable for

107101-2



Chin. Phys. B 33, 107101 (2024)

systems with rotational symmetry and can significantly sim-
plify the calculation process of integration, especially when
the integration region has cylindrical symmetry. The eigen
functions of KS Hamiltonian ‘¥, ;(x, r, @) (surppose our system
has rotational symmetry, and m is a good quantum number, j
means the j-th eigen-function of angular quantum number m)

can be expanded as ¥,;(x,1,0) =Y, ZL““ ,’ml|mnl ), with the

basis
1 .
|mnl> = wm(e)jmn(r)sl(x), wm(e) = Eelmea
. _ \ﬁ Omn )
]mn(r) = Jer](an)RJm( R rj,

si(x) = \/ESin <l£tx> = —i[er(x) — e (x)], 2

where ®,,(0), jun(r), and s;(x) are the eigen-functions in each
is the m-th Bessel function,

V/1/2Lexp(imx/L).

Note that @, and j,, can be used to expand any functions.

coordinate of 8, r, and x. And J,,
Omp 18 its n-th zero point, and ¢;(x) =

But s;(x) can only be applied to wave functions which sat-
isfy boundary conditions. In order to expand Coulomb po-
tential and electron number density, one can extend the do-
main of x from [0,L] to [0,2L], and use ¢;(x) instead. Also,
we need to extend the summation section of / from [1, Loy to
[—Lmax, Lmax]- For example, if we have a function f(x,r,0), it

can be expanded as

Lmax

Z menlcl

17 *Lmax mn

f(x r 9 ]mn )wm(e)- 3)

Here f,,,; are expansion coefficients, if f(x,r, 8) is a real func-
tion, the real parts of f,,,; are symmetric under transforma-
tion / — —I, while the imaginary parts are anti-symmetric
Re[finn] = Re[fyn(—p)s Im[fynp] = —Im[fp]). Be-
cause m is a good quantum number and both the exchange—
correlation potenial energy Vic(x,r,0) and Coulomb potenial
energy V.(x,7,0) are real functions, one can find the Hamil-
= (mnyl;|H|mny1,) and the
wave function expansion coefficients afnnl are both real.

tonian matrix elements H,y;, 1,1, 1,

2.1. Expanding electron density

The electron density pe = 2Y,,; |¥;|* (2 for spin degen-
eracy) can be expanded by Eq. (3)

Lmax

Z denlcl

[=—Lmax Mn

Pe(x,7,0) X) Jun (1) @, (0). )

Keep in mind that the summation of / here (from —Lpax to
Lmay) is a little different to the summation in wave function
(from 1 to L.y), and we will ignore the notaion from now on.

Because our system has rotaional symmetry, so the electron
density does not depend on 6, and for m # 0 we have d,,,,;; = 0.

In order to simplify the notation, we use d,;; instead from now

on. By setting p. = 0 in section [L,2L], one can get

1 /1 S o
[ J J i(lp—1)mx
oy = 2V Lx Z amnlllaanlzIm”l’lz”\/0 [e

mjnynylilp

1 eilh=Dmx _ illm—t)mx ei(—lm_l)”x] dx, (5

where [, , = [} &1, and we have defined triplet Bessel func-
tion integrations, Ly, »,,, Which can be calculated and stored
before the main program to accelerate computing. The cal-
culation of integrals is the most time-consuming throughout
the entire calculation process. We store triple Bessel function
integrations in advance which can avoid a large amount of re-
dundant calculations.

R
Imnlnzn = /O jmnl (r)jmnz(r)jOn(r)rdr- (6)

For more details, please see Appendix A.

For matrix elements, originally we need to calculate the
integrals of the product of three Bessel functions for N2 in-
stances (actual calculations are more complex), in our program
it can be transformed into the integrals of the product of three
Bessel functions for Ny instances and multiplication calcula-
tions for Ny x N2 instances. N, is the total number of basis
functions for wave functions, and Ny is the total number of ba-
sis functions for electron density and potentials. After testing,
it was found that using single core of Intel Xeon E5-2650 v2
CPU, one calculation of the integral takes about 0.95 ms, and
one calculation of multiplication takes about 6.3 x 107° ms.
The value of Ny is approximately 10*, and is much smaller
than N2. This means that in the most time-consuming part of
our calculation, which is the calculation of matrix elements,
approximately an order of magnitude of time can be saved.

2.2. Expanding Coulomb and exchange-correlation po-
tentials

Also, the Coulomb potential V,(x,r,0) and exchange—
correlation potential Vyc(x,r, 6) can be expanded as

Y v €1(x) joun (r) 0 (6). ©)

mnl

Vexe(x,r,0) =

Note that for Coulomb potential we have the Poisson’s equa-
tion
VZVC()C,}’79) :4n[pp(xar)_pe(x7r79>]a 3

where we have used the atomic units (a.u). p,(x, r) is the back-
groud charge density

0
pp(x,r)Z{gl”

Because of the same reason for density expansion coefﬁcients,

v, should not be dependent on m, so one can use v,/ in-

X € [xp,x0+L],r €[0,R],
otherwise.

€))

stead. Now

V2Ve(x,1,0)

= Z <Q0n 7172> V,Cllcl (x)jon(r), (10)
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and the expansion coefficients for Coulomb potential read

c 4r L . .
Vnl = Q(Z)n/RZ—I—lZﬂZ/LZ \/;/Cl (x)JOn(r)[Pe(x,r,G)

—pp(x,r)]rdrd0dx, (11)
which contains two parts v§, = vCp ve7, the first part can be
directly integrated,

o 2(2m)3/?
nl Q%n/Rz + 1271?2/L2 p
x0+Lo Ry
x/ cj(x)dx [ jon(r)rdr. (12)
X0 0

Here xo,xo + Lo,Ro are the rod boundaries where the inside
positive charge density p, goes to zero. For the second part,
one can find
47
VoS = dy.
" G R+ P

13)

In DFT calculations, under the LDA approximation, one
commonly used form (when Wigner-Seitz radius ry > 1)
for exchange—correlation potential Vi, is the exact uniform
solution!!->6!1 obtained through the Monte Carlo method

Exc(pe) = /pe(r)&‘xc(pe(r))dr,
Ec = 8x+£c;
& = —0.916/r,
£ = —0.2846/(1+ 1.0529,/rs +0.3334),
OE de
Vie = ();pfe’%) = exc(pc)—i—pegc;fe), (14)
/g\ 0.8 (a) 1.20 /é\
= G
E 0.4 0.90 E 5
g o0 060 £ %
S g B
% —0.4 0.30 & F
o <
—08 0

Axial direction (nm)

Axial direction (nm)

where & is exchange energy, & is correlation energy, & is
exchange—correlation energy, and Ey, is exchange—correlation
functional. After expanding Vi, with Eq. (3) by numerical
method as Eq. (14), we have all the components needed to

calculating the Hamiltonian’s matrix elements, and get

0
Hmn111n212 = 2( ;zzn] +L2 2 5"1"261112

+ r);l(;llnzlllz +an1nzlllz' (15)

The detail expressions for exchange—correlation and Coulomb

XC,C
terms anl ol

find we do not need to calculate integrations for Coulomb

can be found in Appendix B. Where one can

terms and reduce N2 integrations to Ny integrations for

exchange—correlation terms.

3. Examples and discussion

In order to validate the optimization process presented in
this paper, we utilize the principles of DFT in conjunction with
the optimization method to compute the ground-state proper-
ties of silver nanorods. These properties encompass energy
level distribution, electron density distribution, Coulomb po-
tential, exchange—correlation potential, and more. We have
implemented the above calculations using C++ and Python,
then we perform an analysis and validation of the computa-
tional results. Further calculations can also be conducted to
explore additional properties, such as the electron tunneling

phenomena.

105 E 1.05 _
=) =4
071 § 079 £
B >
0532 8 0.53 £
VJ Rt
s o =
4
0.26 § = 0.26 %
3 0
0 & -15 —05 05 15

Axial direction (nm)

Fig. 1. The calculated electron density distribution of silver nanorod. ng is the average electron density. Each subgraph represents nanorods of different
sizes, panel (a) has a diameter of 1 nm and a length of 0.4 nm, panel (b) has a diameter of 0.6 nm and a length of 1.2 nm, and panel (c) has a diameter of

0.6 nm and a length of 3 nm.

~ 0.8 0 —~
g g
= 5
0.4 — =
.5 0.68 8
st o B
£ 0 S
© PN
£ —-04 &
g -2.03 £
& 3
et et .
—0.8 —2.70 Axial direction (nm)

—-04 O 0.4
Axial direction (nm)

—-0.5 .
Ax1a1 dlrcctlon (nm

Bl

=

§ 0 —0.72
g —1.45 Z
3—05 ~2a7 =
<

2 —2.90

<

o

Fig. 2. The calculated Coulomb potential distribution of silver nanorod. Each subgraph represents nanorods of different sizes, panel (a) has a diameter of
1 nm and a length of 0.4 nm, panel (b) has a diameter of 0.6 nm and a length of 1.2 nm, and panel (c) has a diameter of 0.6 nm and a length of 3 nm.
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~0.02
= o S 2
£ 1.77 £

0.4 -1 =
8 £
Py > =
: SIS
- & -
o = T
B 04 ~5.25 2
3 El
= =

~0.8 ~7.00

—0.4
Axial dlrectlon (nm

Axial direction (nm)

g —0.03

g —1.72 ~
3 —3.41 <
= 2
= —5.11 =
3

3 —6.80

S —1.5  —0.5 05 1.5

Axial direction (nm)

Fig. 3. The calculated exchange—correlation potential distribution of silver nanorod. Each subgraph represents nanorods of different sizes, panel (a) has a
diameter of 1 nm and a length of 0.4 nm, panel (b) has a diameter of 0.6 nm and a length of 1.2 nm, and panel (c) has a diameter of 0.6 nm and a length of 3 nm.

Our method and program can calculate nanorods of dif-
Here we
Once the
iterative computations of the Kohn—Sham equation have con-

ferent sizes and column length to diameter ratios.
calculated silver nanorods of three different sizes.

verged to stable results, we observe the electron density dis-
tributions, Coulomb potential distributions, and exchange—
correlation potential distributions of this systems, as depicted
in Figs. 1-3. Generally, each calculation requires over a hun-
dred iterations.

In these figures, firstly it is evident that these distribu-
tions align with the dimensions of the nanorod. Secondly, it
can be seen that these distributions are symmetric about the
center of the nanorod. Thirdly, it can be seen that our results
conform to basic physical laws. For electron density distribu-
tion in Fig. 1, generally speaking, the closer to the center of
the nanorod, the higher the electron density. At the edge of
the nanorod, the electron density rapidly decreases and even-
tually becomes zero. The distribution of Coulomb potential
or exchange—correlation potential also follows a similar pat-
tern. For nanorods of different sizes, the maximum calcu-
lated Coulomb potential and exchange—correlation potential
are very close under the same initial conditions. And in these
figures, it can be seen that the results have obvious period-
icity. Electron density, Coulomb potential, and exchange—
correlation potential all oscillate periodically around the av-
erage value, with a period of A¢/2. As is the Fermi wavelength
of silver. From these figures, it can be estimated that the Fermi
wavelength is approximately 0.5 nm—0.6 nm, and the theoreti-
cal value of the Fermi wavelength for the bulk sliver we use is
0.52 nm. These two values are relatively close, and the larger
the size, the closer the calculated value is to the theoretical
value.

We can see that for nanorods of different sizes, the depths
of the effective potential (i.e., the sum of Coulomb poten-
tial and exchange—correlation potential) well oscillate slightly
with the size of nanorods. And in our calculations, the work
function of silver nanorods is approximately 3 eV—4 eV for dif-
ferent sizes, which is very close to those obtained through jel-
lium model in other articles.[®>%3] This results further demon-
strates that our calculation is correct.

Except silver nanorods, our method can also calculate

other metals, such as Au, Al, and Pt.
present the calculation results of gold nanorod in Fig. 4.

As an example, we

1.20
0.90

0.60

Density (ng)

0.30

Radial direction (nm)

—0.6

—0.2 0.2 0.6
Axial direction (nm)

0.6

— (b) 0
i 0.4
E 0.2 —0.08
E S5
£ 0 —-1.60 —
° N
.TE —0.2
—g —2.40
> —0.4

—0.6 —3.20

—0.2
Axlal dlrectlon (nm)

Fig. 4. The calculated distribution of gold nanorod with a diameter of
0.48 nm and a length of 0.75 nm. Panel (a) is the electron density dis-
tribution, and panel (b) is the Coulomb potential distribution.

4. Conclusion

We introduce an effective optimization method to accel-
erate DFT calculations by using a basis set, which is analyt-
ically extended from the basis set for wave functions, to ex-
pand the electron density, Coulomb potential, and exchange—
correlation potential. In this method, Coulomb potential no
longer requires integration calculations, while the number of
integrations associated with the exchange—correlation poten-
tial has been reduced from szv (Ny is the total number of
basis functions for expanding wave functions) to Ny (the to-
tal number of basis functions for expanding electron density
and potentials). Through this method, we have successfully
reduced redundant calculations and accelerated computation
speed. The validation of the metal nanorod system confirms
the effectiveness and accuracy of our method. This optimiza-
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tion strategy is expected to improve the efficiency and scala-
bility of DFT calculations in various applications.

Appendix A: Density expansion

The electron density

Pe = 22 |'Ilmj‘2 = Z amnlllamnzlzjmnl (r)jmnz (}’)

mj mnylinyly

X [e1y, (%) 4+ gy (x) — €1, (x) — e, ()], (AD)

where [, , = [1 &= 15. pe can be expanded with Eq. (3), one can
find

1 /1

dy = E Emnzlnz ImnlnznAmnlnzla (A2)
R
Imn|n2n = /0 jmn1 (r)jmnz(r)j()n(r)rdr; (A3)

. . 1
_ J J i(lm—1)mx i(=Im—1)7x
Am"l”2[ - Z amnlllamnzlz/o [e " t+e "
il

o ei(lp—l)ﬂfxi Ci(_lp_l)ﬂx]dx. (A3)
The real part of A, ,,; reads
Re[Amnlnzl] = Z a}jnnlll ar]nnzlz
jhil
X (141 + 11y, — 11, — O11,)- (AS)
The image part of A, ,; Teads
41 B-B)Pyy,
Im[A == P MR gl (A6)
mnyny P ]%2 (lf) 712)(1% 7[2) mnyly “mnyl
where P, is the parity of integer /
1, [lisodd,
P = . (A6)
0, [iseven.

Obviously, the real parts of density expansion coefficients are
symmetric under the transformation / — —I while the imagi-
nary parts are anti-symmetric.

Appendix B: Hamiltonian matrix elements of
exchange—correlation and Coulomb potentials

The Coulomb potenial can be expanded with Eq. (7), and
one can get the expanding coefficients with Eqgs. (11)—(13).
About the exchange—correlation potential, we need to calcu-
late Ny numerical integrations (/N is the total number of basis
funcitons for expanding electron density and potenials). Once
we get the coefficients, their Hamiltonian elements read

r):;;flnzlllz = <mnlll |ch,c(x7 r, 9)|mn111>

1 1 XC,C
= Z ~) E ;Imnananlib’

(B1)

where
Lmax '1 . .
Bz(l:l(l:z _ Z V;(j,c/ [el(lmfl)nx_i_el(flmfl)n'x
=—Lmax 0
_ eillp=Dmx _ ei(—lp—l)nx} dx
Lmax
=Y 2= 8(OH[8( +1m) + (1~ lm)
=0
—8(I+1p) = 8(1— 1) Re[vy;]
41 (I —=13) Py,
;—(1;2, Y — ) Im[v, "]} (B2)
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