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We investigate the ground states of spin–orbit coupled spin-1 Bose–Einstein condensates in the presence of Zeeman
splitting. By introducing the generalized momentum operator, the linear version of the system is solved exactly, yielding
a set of Bessel vortices. Additionally, based on linear solution and using variational approximation, the solutions for the
full nonlinear system and their ground state phase diagrams are derived, including the vortex states with quantum numbers
m = 0, 1, as well as mixed states. In this work, mixed states in spin-1 spin–orbit coupling (SOC) BEC are interpreted for the
first time as weighted superpositions of three vortex states. Furthermore, the results also indicate that under strong Zeeman
splitting, the system cannot form localized states. The variational solutions align well with numerical simulations, showing
stable evolution and meeting the criteria for long-term observation in experiments.

Keywords: spin–orbit coupling, Bessel vortices, variational method
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1. Introduction

Bose–Einstein condensates (BECs) of atoms serve as
versatile platforms for simulating a wide range of phenom-
ena drawn from condensed-matter physics.[1–25] Among these
phenomena, the spin–orbit coupling (SOC) plays a basic role
in spin Hall effects,[26] topological insulators,[27] spintronic
devices,[28] and more.[29–36] The experimental achievement
of two-dimensional (2D) SOC[37] in spin-1/2 BECs is in-
deed a milestone, similar to its counterpart in one-dimensional
(1D) case.[38] Recently, three-dimensional (3D) SOC in quan-
tum gas has also been achieved experimentally.[39] Addition-
ally, many schemes have been proposed.[40,41] The Gross–
Pitaevskii equations (GPEs) are widely applied in studying the
stationary state and dynamic behaviors of SOC BECs.[42] The
diverse ground-state phase diagram of SOC spin-1/2 BECs,
apart from including stripe, plane-wave, and zero-momentum
phases,[43,44] also encompasses vortex states,[45–52] etc. In ad-
dition to ground states, solitons arising from the intrinsic non-
linear effects of SOC BECs have also been extensively studied
and reported.[53–74]

In addition to spin-1/2, understanding the effect of spin-
1 SOC in 2D BEC is also an active topic.[75] The spin-1
2D BEC system with SOC can support not only plane-wave
and standing-wave phases,[76] but also vortex states,[77,78] and
these vortex states have recently been proven to be Bessel
vortices.[79] Furthermore, besides the equilibrium mode, the
collective excitation modes of this system have also been re-
ported recently.[80] In a spin-1/2 SOC BEC, in addition to the

vortex state, another typical ground state is the mixed state.
However, the mixed state has not been identified and explained
well in spin-1 systems. Therefore, obtaining the complete
ground state phase diagram for 2D spin-1 SOC BEC is essen-
tial for a comprehensive understanding of the entire system.

Recently, the gap solitons and the dynamics of bright
solitons in SOC systems with Zeeman splitting have been
studied.[81,82] However, the transition between the higher-
order vortex state and the ground state is rarely studied. In
our settings, under the action of Zeeman splitting added to
the SOC system, higher-order vortex states can become the
ground state. In this article, we will investigate the ground
state of spin-1 SOC BEC with Zeeman splitting. In the linear
case, by introducing the generalized momentum operator, the
system can be exactly solved even in the presence of Zeeman
splitting, with the solution being a set of Bessel vortices. In
the nonlinear case, we construct a variational ansatz based on
truncated linear solutions. The variational parameters are de-
termined using the principle of minimum energy. Finally, by
analyzing each variational parameter, we can obtain a com-
plete ground state phase diagram. Under strong attractive in-
teractions, the ground state of the system will transition from
a vortex state to a mixed state. All variational results are in
good agreement with the numerical results, and the stability of
these ground states has been checked.

The rest of this paper is structured as follows. In Sec-
tion 2, the theoretical model is introduced. In Section 3, the
linear solution is constructed by means of Bessel function.
Based on the linear vortex solutions, the nonlinear solution
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is constructed by means of the variational approximation in
Section 4. The vortex state and mixed state obtained through
variational methods are discussed in Sections 5 and 6, respec-
tively. Finally, the main results of the paper are summarized in
Section 7.

2. Model and its reductions
We consider a quasi-(2D) spin-1 7Li BEC with Rashba-

type spin–orbit coupling in the Zeeman field. The spinor wave
function, Ψ = (Ψ1,Ψ0,Ψ−1)

T, of this system can be governed
by Gross–Pitaevskii (GP) equations in the dimensionless form

i∂tΨ =

[
−1

2
∇

2
⊥+VSO + kzFz− c0n− c2𝑆 ·𝐹

]
Ψ , (1)

where the spin–orbit (SO) coupling is chosen as VSO = iFy∂x−
iFx∂y and 𝐹 = (Fx,Fy,Fz) is a vector of spin-1 matrices with

Fx =
1√
2

0 1 0
1 0 1
0 1 0

 , Fy =
1√
2

0 −i 0
i 0 −i
0 i 0

 ,

Fz =

1 0 0
0 0 0
0 0 −1

 . (2)

The characteristic length, energy, and time are defined by l =
2 µm, ε = h̄2/(ml2) = 2.4×10−31 J and τ = h̄/ε = 0.44 ms,
where m= 1.16×10−26 kg is the mass of 7Li. The coefficients
c0 > 0 and c2 > 0 are the strengths of the particle-attraction
and spin-attraction contact interactions, respectively. kz repre-
sents the strength of the linear Zeeman effect. n =Ψ †Ψ is the
particle density and 𝑆 =Ψ †𝐹Ψ is the local spin vector. Here,
c0 = 1 is fixed by means of rescaling. Thus, equation (1) in-
cludes only two free parameters kz and c2. In the absence of
the Zeeman field in z direction, i.e., kz = 0, equation (1) re-
duces to the case of Ref. [79], in which the vortex ground-
state phase transition between the stationary vortex solutions,
stability, and the unit Bloch vector textures were discussed. In
this study, we will provide a detailed description of the vor-
tex states and mixed states for the SOC spin-1 BECs in the
presence of the Zeeman splitting.

Stationary solutions of Eq. (1) with chemical potential µ

have the form

Ψ(x,y, t) = ψ(x,y)exp(−iµt), (3)

where the stationary functions ψ(x,y) = (ψ1,ψ0,ψ−1)
T. Fur-

thermore, equation (1) can support vortex solutions given by

ψ1(x,y) = e−i(m+1)θ R1(r),

ψ0(x,y) = e−imθ R0(r),

ψ−1(x,y) = e−i(m−1)θ R−1(r), (4)

where (r,θ) are the polar coordinates and R0,±1(r) are three
radial wave functions. m serves as a quantum number to index

the vortex state. In the following, we will seek vortex solu-
tions with the from of Eq. (4) form in both linear and nonlinear
cases.

3. Exact vortex states of the linear version
The linear version of Eq. (1) can be considered as a spe-

cial case where c0 = 0 and c2 = 0. By substituting Eq. (3)
into the linear version of Eq. (1), we can obtain the stationary
Schrödinger equation, i.e., Ĥψ = µψ , where the Hamiltonian
Ĥ has the form

Ĥ =−∇
2
⊥/2+ i(Fy∂x−Fx∂y)+ kzFz. (5)

Solving this equation directly can be challenging, so we in-
troduce a generalized momentum operator P̂, which is defined
by

P̂ = iFx∂y− iFy∂x− kzFz. (6)

It is easy to check the Hamiltonian Ĥ and the generalized mo-
mentum operator P̂ commute, i.e., [Ĥ, P̂] = 0, which indicates
that Ĥ and P̂ share the same eigenstates. By solving the eigen-
value equation P̂ψ = kψ with real k, we can obtain a set of
eigenstates in the form (4) with

R1 = (k− kz)Jm+1(krr),

R0 =
√

2krJm(krr),

R−1 = (k+ kz)Jm−1(krr), (7)

where Jm denotes the Bessel function of the first kind with
integer number m. kr is the radial momentum and kz can be
considered as momentum in z component. Thus the total mo-
mentum should satisfy k =

√
k2

r + k2
z . The solution (4) with

Eq. (7) presents a set of the Bessel vortices with winding num-
bers −(m + 1), −m, and −(m− 1) in the ψ1, ψ0, and ψ−1

components, respectively. The similar exact solutions of the
SO coupled binary linearlized GP equations were recently re-
ported in Refs. [59,79,83].

The state given by Eq. (4) with Eq. (7) is also the eigen-
state of Ĥ, with the respective chemical potential

µ(k) =
k2

2
− k−

k2
z

2
. (8)

It includes the kinetic energy, SO-coupling energy and the en-
ergy induced by the Zeeman splitting. The chemical potential
is a quadratic function of k, and always possesses a minimum
value. Depending on the range of the total momentum k de-
termined by kz (i.e., k =

√
k2

r + k2
z ≥ kz), we analyze the min-

imum values of the chemical potential in different cases. For
0 ≤ kz < 1, the chemical potential reaches its minimum value
µmin = −

(
1+ k2

z
)
/2 at k = 1, where the radial momentum is

given by kr =
√

k2− k2
z =

√
1− k2

z . In the case of kz ≥ 1, the
chemical potential achieves its minimum value µmin = −kz at
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k = kz with kr = 0. The summary of the distribution of the
minimum values of the chemical potential is as follows:

µmin =

{
−
(
1+ k2

z
)
/2, 0≤ kz < 1,

−kz, kz ≥ 1. (9)

The analysis above suggests that kz = 1 is a critical point for a
phase transition, wherein the ground state of the system tran-
sitions from vortex state to a uniform state. The uniform state
can only exist in the case m= 1 with ψ1 =ψ0 = 0 and ψ−1 = 1.
Note that all the vortex states are degenerate with respect to the
excitation number m, but µ , given by Eq. (8), does not depend
on m.

The linear Bessel vortices indicate that particles propa-
gate radially with momentum kr. Naturally, the norm integral
(number of particles) for this linear state (7) in the free space
diverges, which means that such states require an infinite num-
ber of particles and therefore cannot be realized in real world.
As shown below, taking into account the attractive nonlinear-
ity in Eq. (1) makes it possible to form localized state with a
finite number of particles.

4. Variational method for ground state in non-
linear system
In the nonlinear case, we will employ both variational

approximation (VA) and imaginary-time evolution method to
solve the system simultaneously.

The attractive nonlinearity chops off the slowly decaying
tails of the Bessel wave function, which make its integral norm
diverging. To take this effect into account in the framework of
the VA, we adopt an ansatz based on wave functions (4) and
(7), multiplied by truncation factor Asech(ar), with amplitude
A and inverse width a

ψ1 = (k− kz)Asech(ar)
M

∑
m=−M

bm e−i(m+1)θ Jm+1(krr),

ψ0 =
√

2krAsech(ar)
M

∑
m=−M

bm e−imθ Jm(krr),

ψ−1 = (k+ kz)Asech(ar)
M

∑
m=−M

bm e−i(m−1)θ Jm−1(krr), (10)

where bm represents the weight of the eigenstate in the super-
position state with quantum number m, and it satisfies the con-
dition that ∑

M
m=−M b2

m = 1. Here M = 1 is an empirical choice,
thus there are only three weights, i.e., b−1, b0, and b1. Similar
truncation function Asech(ar) has already been applied in SO
coupled systems in the absence of Zeeman splitting. The total
momentum still satisfies k =

√
k2

r + k2
z . The normalization co-

efficient A can be determined, as a function of a, b−1, b0, b1,
and kr, by imposing the normalization condition, 〈ψ|ψ〉= 1.

In order to determine the parameters a, b−1, b0, b1, and
kr, we need to minimize the total energy

E =
1
2

∫∫ [
−ψ

†
∇

2
⊥ψ + c0n2 + c2n2|𝑆|2

+2ψ
† (iFy∂x− iFx∂y + kzFz)ψ

]
dxdy. (11)

The specific expression for the total energy E can be ob-
tained by substituting Eq. (10) into Eq. (11). The minimum
energy value E and the corresponding variational parameters
(a,b−1,b0,b1,kr) can be numerically obtained by means of the
simplex search method.[84]

Based on the distribution characteristics of variational pa-
rameters in the (kz,c2) plane, the phase diagram of the sys-
tem’s ground state is summarized in Fig. 1. We can find that
the localized ground states of the system mainly include vor-
tex states with quantum number m = ±1, and mixed states.
Specifically, when both kz and c2 are small, the ground state
of the system is a vortex state with m = 0, as indicated by the
blue region in Fig. 1. However, when kz remains small and
c2 increases, the ground state of the system becomes a mixed
state, as illustrated by the green region in Fig. 1. When the
Zeeman splitting strength is within a certain range, approx-
imately 0.4 < kz < 1.0, the ground state of the system is a
vortex state with m = 1, corresponding to the yellow region in
Fig. 1. Furthermore, for strong Zeeman splitting kz, the system
will be unable to form localized ground states. In conclusion,
we considered the limit of kz→ 0, where the symmetric SOC
term dominates, indicating a ground state that respects both
spin symmetry and spatial rotational symmetry (vortex state
with m = 0). In the limit of very large kz, i.e., kz ≥ 1, only
the Zeeman term takes effect, indicating that the ground state
should be populated in ψ−1 and uniformly distributed in real
space. In the middle range, the ground state is determined by
the interplay of these two terms, resulting in a vortex state with
m = 1. In the following, we will discuss in detail the charac-
teristics of vortex states and mixed states by fixing c2 = 0 and
c2 = 0.3, respectively.

0

kz

0

0.1

0.2

0.2

0.3

0.4

0.4 0.6 0.8

c
2

Vortex state

with m=0

Mixed state

Vortex state

with m=1

U
n
lo

c
a
li
z
e
d

s
t
a
t
e

1.41.21.0

Fig. 1. Diagram of the ground state in (kz,c2) plane.

5. Vortex states as ground states in the absence
of spin interactions
Firstly, we consider the ground state of the system in the

absence of spin–spin interactions. Figures 2(a)–2(d) illustrate
the dependence of variational parameters on kz at c2 = 0. In
Fig. 2(a), it is evident that, for kz < 0.4, the weights b0 = 1, and
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b1 = b−1 = 0. This signifies that the system’s ground state cor-
responds to a vortex state with m= 0. Conversely, for kz > 0.4,
the weights become b1 = 1, and b0 = b−1 = 0. In this region,
the ground state of the system is also a vortex state, but with a
quantum number of m = 1. Therefore, kz = 0.4 is the ground
state phase transition point. From Figs. 2(b)–2(d), it can be
observed that for kz > 1.05, a, A, and kr all become 0. The re-
sult implies that the uniform state cannot form localized states
in free space.

To validate the accuracy of the variational results, we nu-
merically solved Eq. (1) using the imaginary-time evolution
method. By setting c2 = 0, we obtained the system’s ground
states for Zeeman field strengths at kz = 0 and 0.7, respec-
tively. The wavefunctions for a three-component system can
be expressed as

ψ j = |ψ j|exp(iΘ j), j = 0, ±1, (12)

where |ψ j| and Θ j are amplitude and phase of the wavefunc-
tion. The distributions of the amplitude and phase for kz = 0
and 0.7 are shown in Figs. 3(a1)–3(a3) and 3(c1)–3(c3). How-
ever, the system cannot support a localized ground state un-
der strong Zeeman splitting (kz > 1.05), and such phenomenon
also observed in spin-1/2 systems.[48]


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Fig. 2. (a) Weights b0,±1, (b) inverse width a, (c) radial momentum kr , and
(d) normalization coefficient A as a function of strength of Zeeman splitting
kz at c2 = 0.

To compare the variational method with numerical
method, the distributions of the amplitude and phase for kz = 0
and 0.7 obtained through the variational method are displayed
in Figs. 3(b1)–3(b3) and 3(d1)–3(d3). Here the variational
parameters in Eq. (10) calculated by variational method are
a = 0.1621, b0 = 1, b1 = b−1 = 0, kr = 1.0023, A = 0.1426
and a= 0.2054, b1 = 1, b0 = b−1 = 0, kr = 0.7129, A= 0.1358
for kz = 0 and kz = 0.7, respectively.

Overall, the results obtained from the variational method
are essentially consistent with those from numerical method,
including both the amplitude distributions and phase distri-
butions. Therefore, below we will only use the variational
results to analyze the characteristics of the solutions. From
Figs. 3(b1)–3(b3), it can be observed that for kz = 0, the dis-
tributions of Θ1, Θ0, and Θ−1 have winding numbers of 1, 0,

and −1, respectively. This implies that the ground state of the
system corresponds to a vortex state with m = 0. Furthermore,
the distributions of the amplitudes |ψ1|, |ψ0|, and |ψ−1| exhibit
concentric ring patterns for each. Similarly, from Figs. 3(d1)–
3(d3), it can be seen that for kz = 0.7, the distributions of Θ1,
Θ0, and Θ−1 have winding numbers of 2, 1, and 0, respectively.
This indicates that the ground state of the system corresponds
to a vortex state with m= 1. the distributions of the amplitudes
|ψ1|, |ψ0|, and |ψ−1| also exhibit concentric ring patterns for
each. Additionally, we find that under the action of a stronger
Zeeman field (kz = 0.7), the atoms are predominantly popu-
lated in the ψ−1 component, followed by the ψ0 component,
with the least population in the ψ−1 component.
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Fig. 3. The distributions of the amplitude and phase of wave functions ob-
tained by variational and numerical methods. The numerical results corre-
spond to parameters [(a1)–(a3)] kz = 0, c2 = 0, and [(c1)–(c3)] kz = 0.7,
c2 = 0, while the variational results correspond to parameters [(b1)–(b3)]
kz = 0, c2 = 0, and [(d1)–(d3)] kz = 0.7, c2 = 0. In each figure the bottom
right corner depicts the phase distribution of the wave function.

Figure 4 compares the profiles of the wave function at
y = 0 obtained through numerical method and the variational
method for two different sets of parameters kz = 0 and kz =

0.7. Note that, as per Eq. (10), the imaginary component of
the wave function is absent, i.e., Im(ψ0,±1) = 0. One can see
that for kz = 0, numerical wave functions are nearly identi-
cal to the variational counterparts, while for kz = 0.7, there is
a slight mismatch at peaks and valleys as shown in Fig. 4(f).
Since the variational method is semi-analytical, mismatch al-
ways exists. Even the mismatch in Fig. 4(f) is within the toler-
ance range. Providing more complex ansatz may reduce mis-
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match. These results indicate that the variational method based
on the ansatz (10) exhibits high accuracy and reliability, with
the accuracy increasing as kz decreases.
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Fig. 4. The wave function profiles at y = 0 are depicted, with the solid line
representing the variational result and the dashed line representing the nu-
merical result. The wave functions [(a)–(c)] correspond to ψ1, ψ0, and ψ−1
under the parameters kz = 0.0 and c2 = 0.0, while panels (d)–(f) correspond
to the same wave functions under kz = 0.7 and c2 = 0.0.

6. Emergence of mixed states in the presence of
spin interactions
In the previous section, we mainly discussed the ground

state of the system in the absence of spin and spin interac-
tions, i.e., when c2 = 0, and demonstrated that the ground state
corresponds to vortex states with m = 0 or 1. In the case of
c2 6= 0, mixed states rather than vortex states can also serve
as the ground state of the system. Here, we choose c2 = 0.3
as a typical example to analyze the ground state of the system
under different values of kz.
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Fig. 5. (a) Weights b0,±1, (b) inverse width a, (c) radial momentum kr , and
(d) normalization coefficient A as a function of strength of Zeeman splitting
kz at c2 = 0.3.

The variational parameters in the ansatz (10) for c2 = 0.3
are presented in Fig. 5. We can find that the weights b0, b1,
and b−1 are all non-zero for kz < 0.42, indicating that under
this condition, the ground state of the system is a mixed state.
Specifically, at kz = 0, b2

1 = b2
−1 ≈ 0.2, and b2

0 ≈ 0.6. This in-
dicates that in the mixed state, the vortex states with m = 1 and
m =−1 have equal weights, while the vortex state with m = 0
predominates. As kz increases, b1 and b0 gradually decrease,
while b1 increases. Until kz = 0.42, b−1 and b0 approach 0,

and b1 becomes 1. This implies that kz = 0.42 is a ground
state phase transition point, where the system’s ground state
transitions from a mixed state to a vortex state with m = 1.
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Fig. 6. The distributions of the amplitude and phase of wave functions ob-
tained by variational and numerical methods. The numerical results corre-
spond to parameters [(a1)–(a3)] kz = 0, c2 = 0.3, and [(c1)–(c3)] kz = 0.3,
c2 = 0.3, while the variational results correspond to parameters [(b1)–(b3)]
kz = 0, c2 = 0.3, and [(d1)–(d3)] kz = 0.3, c2 = 0.3. In each figure the bottom
right corner depicts the phase distribution of the wave function.

As typical examples, the distributions of the amplitude
and phase obtained through variational method for kz = 0
and kz = 0.3 are respectively shown in Figs. 6(b1)–6(b3) and
3(d1)–3(d3). Here the variational parameters in Eq. (10) cal-
culated by variational method are a = 0.1694, b0 = 0.7815,
b1 = b−1 = 0.4412, kr = 1.0034, A = 0.1464 for kz = 0,
and a = 0.1717, b1 = 0.6111, b0 = 0.7315, b−1 = 0.3024,
kr = 0.7129, A = 0.1440 for kz = 0.3. On the other hand,
we also employed the imaginary time evolution method to
determine the ground state of the system under the param-
eters c2 = 0.3, kz = 0, and c2 = 0.3, kz = 0.3. The corre-
sponding distributions of the amplitude and phase are shown
in Figs. 6(a1)–6(a3) and 6(c1)–6(c3). By comparing distribu-
tions of the amplitude and phase obtained through variational
method and numerical method, we can see that these two pat-
terns are very similar. By observing the distributions of am-
plitude, we can find that the rotational symmetry of a mixed
state is broken compared to a vortex state. Additionally, we
can also find that the phase of a vortex state changes gradu-
ally along the azimuthal direction, while in a mixed state, it
changes gradually along the radial direction. In addition, we

100304-5



Chin. Phys. B 33, 100304 (2024)

can draw a conclusion that in the absence of Zeeman splitting
(kz = 0), the component density distributions of ψ1 and ψ−1

are mirror symmetric about x = 0, i.e., ψ1(x,y) = ψ−1(−x,y).
This symmetry holds for both vortex states and mixed states,
as shown in Figs. 3(a1)–3(a3) and 6(a1)–6(a3). However, in
the presence of Zeeman splitting, this symmetry is broken.

Figure 7 compares the profiles of the wave function at
y = 0 obtained through numerical method and the variational
method for two different sets of parameters kz = 0 and kz =

0.3. Note that, as per Eq. (10), the imaginary component of
the wave function is absent, i.e., Im(ψ0,±1) = 0. One can see
that for both kz = 0 and kz = 0.3, numerical wave functions
are nearly identical to the variational counterparts. This re-
sult implies that variational method also exhibit a considerable
level of accuracy for solving mixed states. Furthermore, this
also indicates that the ansatz we provided in Eq. (10) is rea-
sonable, and mixed states are superpositions formed by three
vortex states. It is relevant to mention that mixed states in spin-
1 SOC BEC have already been reported in Ref. [77], but the
composition of these mixed states has not been explained yet.
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Fig. 7. The wave function profiles at y = 0 are depicted, with the solid line
representing the variational result and the dashed line representing the nu-
merical result. The wave functions [(a)–(c)] correspond to ψ1, ψ0, and ψ−1
under the parameters kz = 0.0 and c2 = 0.3, while [(d)–(f)] correspond to
the same wave functions under kz = 0.3 and c2 = 0.3.

To confirm that the ground states identified by the above
analyses are indeed stable modes, their stability was veri-
fied through real-time simulations of their perturbed evolu-
tion. White noise, with maximum intensity reaching 10% of
the wave function’s amplitude, was added to the ground-state
wave functions. Subsequently, real-time evolution was applied
to these perturbed wave functions. The results of numerical
simulations, presented in Figs. 8, showcase a vortex state with
parameters kz = 0.0 and c2 = 0.0, and a mixed state with pa-
rameters kz = 0.0 and c2 = 0.3. At t = 0, the wave functions
exhibit numerous noise points. However, as time progresses,
by t = 200, the noise points on the wave functions disappear.
In the subsequent evolution, the phases of the wave functions
rotate around the vortex centers, while the amplitude distribu-
tion remains unchanged. These results fully verify the stability
of the ground states in all cases.

y

x

t/ t/ t/

↽

t/

↽








Ψ


Ψ


Ψ
↩


Ψ


Ψ


Ψ
↩


−π

0

π
Θ+1,0

−π

0

π
Θ+1,0

|Ψ+1,0|

|Ψ+1,0|

(a1) (a2) (a3)

(b1) (b2) (b3)

(d1) (d2) (d3)

(c1) (c2) (c3)

(a4)

(b4)

(d4)

(c4)

(e1) (e2) (e3) (e4)

(f1) (f2) (f3) (f4)

Fig. 8. Numerical evolution of the perturbed ground state, where panels (a1)–
(a4), (b1)–(b4), and (c1)–(c4) correspond to vortex state with parameters
kz = 0.0 and c2 = 0.0, while panels (d1)–(d4), (e1)–(e4), and (f1)–(f4) cor-
respond to mixed state with parameters kz = 0.0 and c2 = 0.3. In each figure
the bottom right corner depicts the phase distribution of the wave function.
From left to right, each column corresponds to the wave-function density and
phase distribution at evolution time t = 0 (initial state), t = 200, t = 400, and
t = 600, respectively.

7. Conclusions

In summary, we investigated the ground state of vortex
formation in spin-1 BECs under the combined effects of spin–
orbit coupling and Zeeman splitting. The linear version of the
system can be solved exactly by introducing the generalized
momentum operator, resulting in a set of Bessel vortices. Ad-
ditionally, based on these Bessel vortices and using variational
approximation, we have derived solutions for the full nonlin-
ear system. Through an analysis of the variational parameters,
we have summarized the phase diagrams of the system un-
der different c2 and kz parameters. These phases include vor-
tex states with quantum numbers m equaling 0 and 1, as well
as mixed states. It is worth noting that under strong Zeeman
splitting, specifically when kz approaches or exceeds 1, local-
ized states cannot exist. Our results demonstrate that the vari-
ational solutions are in good agreement with numerical simu-
lations and exhibit stable evolution, meeting the requirements
for long-time observation in experiments.
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