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Memristors are extensively used to estimate the external electromagnetic stimulation and synapses for neurons. In
this paper, two distinct scenarios, i.e., an ideal memristor serves as external electromagnetic stimulation and a locally active
memristor serves as a synapse, are formulated to investigate the impact of a memristor on a two-dimensional Hindmarsh–
Rose neuron model. Numerical simulations show that the neuronal models in different scenarios have multiple burst firing
patterns. The introduction of the memristor makes the neuronal model exhibit complex dynamical behaviors. Finally, the
simulation circuit and DSP hardware implementation results validate the physical mechanism, as well as the reliability of
the biological neuron model.

Keywords: memristor, multistability, Hamilton energy, firing pattern, Neuron model, hardware implementa-
tion
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1. Introduction
The human brain’s neural system consists of a large num-

ber of neurons, which are interconnected to form a com-
plex and precise network system.[1] Neurophysiological stud-
ies have shown that electrical activity between neurons usually
exhibits enriched nonlinear dynamical behavior.[2] Exploring
the dynamical properties of biological neurons is of key sig-
nificance for understanding the activities of the biological ner-
vous system.[3–5] Scholars have successively proposed vari-
ous artificial neuron models, including the Hodgkin–Huxley
neuron model,[6] the Hindmarsh–Rose (HR) neuron model,[7]

the FitzHugh–Nagumo neuron model,[8,9] and the Izhikevich
neuron model.[10] Among these, the HR neuron model has re-
ceived widespread attention because of its simple structure and
its ability to flexibly simulate different behaviors and complex
electrical activities of biological neurons.[11–14]

In fact, neuronal membranes have specialized ion chan-
nels that allow ions such as calcium, potassium, and chloride
to pass through the neuronal membrane. When these ions
cross the neuronal membrane, it alters the concentration of
ions inside and outside the membrane, which triggers the elec-
tromagnetic induction effect to generate action potentials. In
biological neuron models, the question of how to more accu-
rately respond to this electrical activity relationship has be-
come a research hotspot.[15–19] Currently, researchers are fo-
cusing on utilizing an emerging component,[20] the magnetic-
controlled memristor, to describe the dynamical relationship
between magnetic flux and membrane potential.[21–23] The
introduction of the memristor into neuronal models has re-
vealed a rich array of firing activities.[24] Memristor neuron

models exhibit different firing patterns such as spiking, burst-
ing and chaos as system parameters and external stimuli are
changed.[25–27] This makes it possible to understand the exci-
tation of biological neurons and to modulate them.

Local activity is considered to be the origin of
complexity.[28] A memristor with locally active properties is
called a locally active memristor (LAM). A concept is ex-
panded from continuous to discrete,[29,30] and researchers
have proposed a number of models and used them for cir-
cuit design[31–33] and system construction.[34–41] Compared to
an ideal memristor, a LAM is able to amplify small energy
fluctuations, thus reducing energy loss. This ability can play
an important role in biological neuron simulation.[42] LAMs
have contributed to the development of neurodynamics. Re-
searchers are increasingly concerned that the use of LAMs to
simulate biological synapses is becoming a trend in biological
neuron research. Lai et al. used the memristor to construct
a discrete neural network model and demonstrated that the in-
troduction of the memristor can induce complex dynamical be-
haviors in the neural network.[43] Ma et al. applied the LAM to
a model of an HR neuron and rotationally controlled the firing
generated by it.[44] Li et al. designed a LAM with memristive
parameters capable of influencing local activity and used it as
a connecting synapse, and found rich firing behavior.[45]

The behavioral mechanisms between neurons in the brain
are very complex, and the multistable behavior is deci-
sive for the information storage and processing of biological
neurons.[46] That is, for biological neuron models, the number
of attractors corresponds to the strength of the brain’s mem-
ory capacity. Revealing the complex multistability of neuron
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models has increasingly become a focus of attention.[47–50]

Hu et al. reported an improved HR neuronal model, discov-
ered a bubble-like bifurcation pattern, and analyzed the het-
erogeneous multistability.[51] Santana et al. found the pres-
ence of multistability of FHN neurons under two electrical
interactions.[52] Nevertheless, studies on homogeneous ex-
treme multistability in neuron models are relatively scarce.

Inspired by the above, this paper introduces an ideal
memristor and a LAM into the two-dimensional (2D) HR neu-
ron model, respectively, and establishes two scenarios describ-
ing external electromagnetic stimulation and synaptic simula-
tion. Bifurcation analysis and other means are used to explore
how neurons respond to various excitations. Meanwhile, the
neuron models under different scenarios are able to generate
rich electrical activities. Interestingly, homogeneous extreme
multistability and heterogeneous multistability were found in
the two scenarios, respectively. The results show that intro-
ducing memristors suitable for different scenarios into the neu-
ronal model can enable the neurons to generate complex dy-
namical behaviors and significantly increase the complexity
of the model. Finally, both the simulated circuit and the devel-
oped DSP hardware implementation proved the physical real-
izability of the designed models.

The rest of this paper is organized as follows. In Sec-
tion 2, the ideal memristor model is introduced and a new
LAM based on the ideal memristor is proposed. In Section 3,
the neuron models under different scenarios are constructed
and the equilibrium points are analyzed. A series of complex
dynamical behaviors of the neuron models in different scenar-
ios are explored in Section 4. Section 5 utilizes analog circuits
and develops a digital platform to hardware implement the
neuron models in different scenarios. Conclusions are given
in Section 6.

2. Memristor modeling
In this section, an ideal memristor with trigonometric

functions is presented, and based on this a novel locally ac-
tive and nonvolatile memristor is proposed.

2.1. Ideal memristor

An ideal memristor containing sine memristance states
with a classical structure can be expressed as{

iM = (a2 +bsin(ϕ))vM,
ϕ̇ = vM,

(1)

where iM and vM are the outputs and inputs of an ideal mem-
ristor, ϕ is the internal state variable of the memristor, and a
and b are the parameters of the memristor. A sinusoidal volt-
age of V = Asin(2π f t) is given as input, and the fingerprint of
the ideal memristor is studied by adjusting different frequen-
cies and amplitudes. Keeping the amplitude as 5 V and the

frequency selected as 3 Hz, 10 Hz, and 50 Hz, the pinch hys-
teresis loops are shown in Fig. 1(a).

-5 0 5
-4

-2

0

2

4
A=1 V
A=3 V
A=5 V

-5 0 5
v (V)

v (V)

-4

-2

0

2

4

i 
(A

)
i 

(A
)

f=3 Hz
f=10 Hz
f=50 Hz

(b)

(a)

Fig. 1. Pinch hysteresis loops of the ideal memristor. (a) A = 5 V, dif-
ferent frequencies; (b) f = 3 Hz, different amplitudes.

It can be seen that with the increase of the frequency for
the memristor, the pinch hysteresis loops of the side flap area
gradually decrease and when the frequency reaches 50 Hz,
the memristor is close to the degradation of a linear resistor
and the pinch hysteresis loops approximate to become a linear
function in the figure. When the frequency is 3 Hz and the am-
plitude is selected as 1 V, 3 V, and 5 V, the shape of the pinch
hysteresis loops of the memristor is unchanged, and the area
of the side flap expands with the increase of the amplitude, as
shown in Fig. 1(b).

2.2. Locally active memristor

Based on the ideal memristor, by revising the equation of
state, a completely new LAM is obtained, which is denoted as

iM = G(x)vM,
G(x) = a2 +bsin(x),
ẋ = 2tanh(x)− x− vM.

(2)

The parameters a and b for the novel LAM are 0.2 and
−1, respectively, and a sinusoidal voltage of the same ad-
justable frequency and amplitude is applied across its termi-
nals to obtain the pinch hysteresis loops of the memristor, as
shown in Fig. 2.

It is evident that pinch hysteresis loops consistent with the
characteristics of the memristor are exhibited at different fre-
quencies and amplitudes. Interestingly, coexisting pinch hys-
teresis loops appear under the initial conditions of the memris-
tor with x(0) = ±3, respectively, which indicates the bistable

100501-2



Chin. Phys. B 33, 100501 (2024)

behavior of the newly designed LAM. The time-domain wave-
forms for both current and voltage show that besides the point
where both voltage and current are zero at the same time, in-
dicated by black dots, there is also a point where the current is
zero but the voltage is not zero, indicated by green dots, which
is a unique property of the LAM.
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Fig. 2. Pinch hysteresis loops and time-domain waveforms: (a) differ-
ent frequencies when A = 5 V; (b) different amplitudes when f = 1 Hz;
(c) different initial conditions when A = 5 V, f = 1 Hz; (d) time-domain
waveforms.

If the power of the LAM is turned off, the memristor is in
the de-energized state, i.e., vM = 0. The equation of state of
the memristor at this time is expressed as

ẋ |vM=0 = 2tanh(x)− x. (3)

Its power-off plot (POP) is a continuous single-valued
function curve, as shown in Fig. 3(a). The LAM has two stable
equilibrium points and one unstable equilibrium point, which

proves that the memristor is nonvolatile. The locally active
characteristics of the memristor can be visually verified from
the DC V –I plot. Using the DC voltage V and x= 0 to drive the
memristor, the functions of DC voltage V and DC current I can
be obtained by Eq. (2), and they are plotted in the V –I plane
as shown in Fig. 3(b). The green curved portion of the figure
corresponds to the locally active region of the memristor. All
locally active and locally passive regions of the memristor are
listed in Table 1.
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Fig. 3. Nonvolatile and locally active properties of the LAM: (a) POP;
(b) DC V –I plot.

Table 1. Analysis of locally active and locally passive regions.

Range of the state variable X Slope of the DC V –I plot Characteristics of the memristor Range of the voltage V (V) Range of the current I (A)

[–3, –2.599] negative slope locally active [0.622, 1.010] [0.183, 0.346]

(–2.599, –1.082] positive slope locally passive [–0.506, 0.622) [–0.467, 0.346)

(–1.082, –0.882] negative slope locally active (–0.533, –0.506) (–0.467, –0.432)

(–0.882, 0] positive slope locally passive [–0.533, 0] [–0.432, 0]

(0, 0.882] negative slope locally active (0, 0.533) (–0.389, 0)

(0.882, 1.092] positive slope locally passive [0.504, 0.533] [–0.427, –0.389]

(1.092, 2.559] negative slope locally active (–0.584, 0.504) (–0.427, 0.297)

(2.559, 3] positive slope locally passive [–1.01, –0.584] [0.102, 0.297]

3. Memristor-HR neuron modeling

The LAM is an ideal component for simulating neu-

ral synapses. In this paper, an ideal memristor and a LAM

are used to simulate external electromagnetic stimulation and

synapses of neurons, respectively. Novel neuron models are

investigated under two scenarios of introducing external elec-

tromagnetic stimulation and simulating synapses.

3.1. Scene modeling

The classical 2D HR neuron model can be mathematically
represented as {

ẋ = y−αx3 +βx2 + I,
ẏ = γ−θx2− y,

(4)
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where x indicates the membrane potential and the spiking vari-
able of a neuron is denoted by y. α , β , γ , and θ are parameters
associated with the neuron model, and I denotes the external
current, which is usually positive.

Scenario I: Ideal memristor serves as external electro-
magnetic stimulation.

Under the ideal memristor as external stimulus condition,
the ideal memristor model is introduced into the HR neuron
model, and defined as

ẋEMR = yEMR−1.2xEMR
3 +3xEMR

2

+ k1(a2
1 +b1 sin(ϕ))xEMR + I1,

ẏEMR = 1−5xEMR
2− yEMR,

ϕ̇ = xEMR,

(5)

where ϕ denotes the magnetic flux of the membrane potential
x. k1(a1 + b1 sin(ϕ))xEMR denotes the external electromag-
netic stimulus, and k1 denotes the external electromagnetic
stimulus intensity. a1 and b1 are the ideal memristor control
parameters and the parameters of the HR neuron model were
determined as α = 1.2, β = 3, γ = 1, and θ = 5.

Scenario II: The LAM serves as synapse of the neuronal
model.

The proposed LAM is introduced into the HR neural
model as neural synapse, which is denoted as

ẋSYP = ySYP−1.2xSYP
3 +3xSYP

2

+ k2(a2
2 +b2 sin(zSYP))xSYP + I2,

ẏSYP = 1−5xSYP
2− ySYP,

żSYP = 2tanh(zSYP)− zSYP− xSYP,

(6)

where k2 is the synaptic coupling strength, while a2 and b2

are the control parameters of the LAM. The model structure
diagrams for the two scenarios are shown in Fig. 4.

(a) (b)

Fig. 4. Schematic of the scenarios: (a) neuronal structures with electro-
magnetic radiation; (b) neuronal structures with a memristive synapse.

3.2. Equilibrium point analysis

Numerical and graphical methods were used to analyze
the equilibrium points of the neuron model and its stability in
different scenarios. For scenario I, making the right-hand of
the differential equation equal to zero gets

yEMR−1.2xEMR
3 +3xEMR

2 + k1(a1
2

+b1 sin(ϕ))xEMR + I1 = 0,
1−5xEMR

2− yEMR = 0,
xEMR = 0.

(7)

The third equation of Eq. (7) is brought into the first and
second equations and found to be contradictory, so there is no

equilibrium point in the neuron model for this scenario. Set-
ting the parameters a1 = 0.5, b1 = 1, k1 = 1, I1 = 0.6 and the
initial conditions as (0, 0, π), its three Lyapunov exponents are
(LE1, LE2, LE3) = (0.1,0,−3.5). This means that the neuron
model in this scenario is a chaotic system with hidden attrac-
tors, and its generated hidden chaotic attractors are illustrated
in Fig. 5.


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↩
xEMR
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ϕ

(a)





↩


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xEMR



↩ ↩

ϕ

(b)

Fig. 5. The chaotic attractor in scenario I: (a) 3D phase space; (b) 2D
planar projection.

For scenario II, the same can be obtained
ySYP−1.2xSYP

3 +3xSYP
2 + k2(a2

2

+b2 sin(zSYP))xSYP + I2 = 0,
1−5xSYP

2− ySYP = 0,
2tanh(zSYP)− zSYP− xSYP = 0.

(8)

To find the equilibrium point for scenario II, the second
and third equations in Eq. (8) are used to express the first equa-
tion as a one-variable function F containing only the variable
zSYP, denoted

F(zSYP) = 1−5(2tanh(zSYP)− zSYP)
2

−1.2(2tanh(zSYP)− zSYP)
3

+3(2tanh(zSYP)− zSYP)
2

+k2(a2
2 +b2 sin(zSYP))

×(2tanh(zSYP)− zSYP)+ I2. (9)

The function curve of this function is plotted as shown
in Fig. 6(a). The final equilibrium point of the model for this
scenario is obtained as (0.936, −3.384, −2.925). The Jacobi
matrix of the system is found to be
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J =

∣∣∣∣∣∣
6xSYP + k2(a2

2 +b2 sin(zSYP))−3.6xSYP
2 1 b2k2xSYP cos(zSYP)

−10xSYP −1 0
−1 0 1−2tanh2(zSYP)

∣∣∣∣∣∣ . (10)

The parameters of the neuron model in this scenario are
set to a2 = 0.2, b2 = 1, k2 = 1, and I2 = 1.5, and the equi-
librium points are brought into the Jacobi matrix to obtain the
characteristic equation as

|λE− J|= λ
3−0.397λ

2 +4.906λ +6. (11)
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(a) (b)

Fig. 6. Solve function curve at equilibrium point; (b) chaotic attractor
phase trajectory.

The eigenvalues of the model are obtained as λ1,2 =

0.642± 2.397i and λ3 = −0.975. The eigenvalues λ1 and λ2

are a pair of conjugate complex roots with a positive real part,
while the eigenvalue λ3 is a positive real number, so that this
equilibrium point corresponds to the saddle-focus point of the
indicator-2. In general, the saddle-focus equilibrium point of
indicator-2 is the key to generating chaotic behavior, and it is
also a prerequisite for vortex generation. This also confirms
the existence of chaotic properties of the neuron model in this

scenario. The phase diagram of the chaotic attractor gener-
ated by the neuronal model is shown in Fig. 6(b), where the
chaotic attractor equilibrium point is indicated by a red dot in
the figure.

4. Dynamical analysis
4.1. Basic dynamical analysis

For different scenarios, the bifurcation diagrams and Lya-
punov exponential spectrum of the memristor parameter a,
strength parameter k, and the externally forced current I in
their adjustable intervals are examined, with the initial condi-
tions fixed to (0, 0, π).

Scenario I: The parameters in the model are specified as
b1 = 1, the parameter a1 of the memristor varies in the range
of [0, 0.8], the electromagnetic induction strength k1 increases
at [0.5, 1], and the bifurcation diagrams and the Lyapunov ex-
ponential spectra of the external forcing currents I1 varying
in [0, 2] are plotted in Fig. 7. When the parameter a1 of the
memristor and the electromagnetic induction strength k1 are
varied, the neuron system into the chaotic status by means of
the period doubling-bifurcation, whereas for parameter I1, the
neuron system enters the paroxysmal chaotic state due to the
presence of the tangential bifurcation, and then it enters the
periodic state by the inverse period-doubling bifurcation.
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Fig. 7. The bifurcation diagrams and Lyapunov exponent spectra for typical parameters of the system in scenario I: (a), (d) the ideal memristor’s
parameter a1; (b), (e) electromagnetic induction strength parameter k1 of the ideal memristor; (c), (f) forced current I1.

Without loss of generality, a representative parameter was
chosen for the electromagnetic induction strength k1, which
partially shows the neuron model’s firing pattern in this sce-
nario, as shown in Fig. 8. The left-hand side of Fig. 8 shows
the timing diagram of the external electromagnetic stimulus

ϕ , and the right-hand side shows the corresponding phase di-
agram in the ϕ–y plane. The model exhibits period-1 spik-
ing, period-2 spiking, period-4 spiking and chaotic spiking fir-
ing patterns at electromagnetic induction strengths k1 = 0.53,
0.65, 0.77, and 0.85, respectively.
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Fig. 8. Different firing patterns exhibited under various parameters of electromagnetic induction strengths: (a) k1 = 0.53, period-1 spiking;
(b) k1 = 0.65, period-2 spiking; (c) k1 = 0.77, period-4 spiking; (d) k1 = 0.85, chaotic spiking.

The neuronal membrane potential energy consumption
and energy supply determine the shift in the firing pattern. Ac-
cording to Helmholtz’s theorem, the neuron model equation
can be expressed in vector field form, written as

V̇ = fc(V )+ fd(V )+h(V )z(V, t), (12)

where fc(V ) denotes the divergence-free vector about the
energy storage, fd(V ) denotes the gradient vector of the
sum of the generated energy and the consumed energy, and
h(V )z(V, t) is the external energy supply. Therefore, the dy-
namical equations of scenario I can be expressed through
Eq. (12) as

 ẋEMR
ẏEMR

ϕ̇

 =

 I1
0
0

+
 yEMR− k1(a2

1 +b1ϕ)
1−5x2

EMR
xEMR


+

−1.2xEMR
3 +3xEMR

2 + k1(a2
1 +b1 sinϕ)xEMR + k(a2

1 +b1ϕ)
−yEMR

0

 . (13)

The derivative of the energy function H(V ) along the di-
rection of the conservation field should be zero, so the Hamil-
tonian energy can be defined as

∇HT(V ) fc(V )

= (yEMR− k1(a1
2 +b1ϕ))

∂H
∂xEMR

+(1−5xEMR
2)

∂H
∂yEMR

+ x
∂H
∂ϕ

= 0. (14)

The final Hamiltonian energy function is obtained as

H =
2
3

5xEMR
3−2xEMR +(yEMR−b1ϕ)2 +b1xEMR

2. (15)

The rate of change of the Hamiltonian energy can be ob-
tained through Eq. (15), which can be expressed by substitut-
ing the differential equation of the system as

Ḣ = 2(5x2
EMR−1+b1x2

EMR)ẋ

+2(yEMR−b1ϕ)ẏEMR−2b1(yEMR−b1ϕ)ϕ̇
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= (10−2x2
EMR +2b1xEMR)(yEMR−1.2x3

EMR

+3x2
EMR + k1(a1

2 +b1 sinϕ)x+ I1)

+(2yEMR−2b1ϕ)(1−5x2
EMR− yEMR)

−(2b1yEMR−2b2
1ϕ)xEMR. (16)

In order to investigate the relationship between the effect
of externally forced current on the electrical activity and en-
ergy, the fixed parameters a1 = 0.5, b1 = 1, k1 = 1, and the
energy of the model and its derivatives when the externally
forced current I1 is 0.52 and 1, respectively, are investigated

in Fig. 9. Where the red curve represents the action potential

of the system, the blue curve represents the Hamiltonian en-

ergy of the system, and the green curve represents the rate of

change of the energy. For the externally forced current I1, as

it increases, the energy also increases at this time, indicating

that the externally forced current I1 provides energy to the sys-

tem. Action potentials, Hamiltonian energy, and the derivative

of energy correspond to each other, indicating that energy is

required to produce action potentials.
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Fig. 9. Hamiltonian energy analysis: (a) externally forced current I1 = 0.52; (b) externally forced current I1 = 1.
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Fig. 10. The bifurcation diagrams and Lyapunov exponential spectra of different parameters regulation in scenario II: (a), (d) LAM’s parameter
a2; (b), (e) coupling strength parameter k2 of the LAM; (c), (f) external forcing current I2.

For scenario II, parameter a enters the chaotic state by
tangential bifurcation at a2 = −0.5 and then returns to the
periodic state again at a2 = 0.5. For parameter k2, the sys-
tem first enters the chaotic state via a period-doubling bifur-
cation and then returns to the periodic state via an inverse

period-doubling bifurcation. Parameter I2 into the chaotic sta-
tus abruptly via the tangent bifurcation, and finally into the
periodic status via inverse period-doubling bifurcation. The
relevant dynamical behavior is inscribed in Fig. 10.

Similarly, different external forcing currents result in dif-
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ferent firing patterns in scenario II, as shown in Fig. 11. Each
subplot in Fig. 11 shows the timing diagram of the external
current at the top and the corresponding attractor phase dia-

gram at the bottom. At external currents I2 = 1.1, 1.3, and 1.4,
scenario II exhibits bursting firing patterns, and at I2 = 1.65,
1.73, and 1.8, scenario II exhibits spiking firing patterns.
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Fig. 11. Different firing patterns produced by applying different externally forced currents I2 in scenario II: (a) bursting, I2 = 1.1; (b) bursting,
I2 = 1.3; (c) bursting, I2 = 1.4; (d) spiking, I2 = 1.65; (e) spiking, I2 = 1.73; (f) spiking, I2 = 1.8.

4.2. Multistable behavior

The neuron model in scenario I has a multistable behavior
under different initial conditions due to the introduction of the
sinusoidal function. The fixed parameters a1 = 0.5, b1 = 1,
k1 = 1, and the initial conditions are (0, 0, nπ), where n = 0,
±2, and ±4. For the externally forced current parameter, two
typical values were chosen for analysis.

When I1 = 1.5 is chosen, the model can generate an in-
finite number of homogeneous periodic coexisting attractors,
and in this paper only five coexisting attractors are plotted in
Fig. 12(a) as an example. The corresponding time-domain
waveform plots and the attractor basin under this parameter are
also inscribed as shown in Figs. 12(b) and 12(c). The attractor
basin corresponds to the color of the attractor phase diagram
and the time-domain waveform. When I1 = 0.62 is chosen,
the model produces infinitely many homogeneous chaotic co-
existing attractors, as shown in Fig. 12(d), and similarly the

time-domain waveform maps and the attractor basin for this
condition are plotted as shown in Figs. 12(e) and 12(f). In
Figs. 12(b) and 12(e), The time domain waveforms show that
the chaotic signal can be controlled losslessly by changing the
initial value of the memristor and the polarity of the signal can
be switched freely, which is very important for the application
in practical engineering. For the attractor basins in Figs. 12(c)
and 12(d), different colors represent different attractor do-
mains, and the boundaries of different attractor domains show
a jagged shape, which indicates that the attractor basin bound-
ary situation is very complicated. In fact, by changing differ-
ent initial conditions, an infinite number of hidden attractors
with the same shape but different positions can be obtained,
thus exhibiting hidden homogeneous extreme multistability.

For scenario II, the initial value selected as (0, 0, 0) and
(0, −10, 0), respectively, and when the parameters are cho-
sen as a2 = 0.2, b2 = −1, k2 = 1.5, and I2 = 1.2, the attrac-
tor basins and the attractor phase trajectories are inscribed as
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shown in Figs. 13(a) and 13(b). It can be seen that under this
condition, the chaotic attractors converge to different attractor
domains and they are entangled with each other. When the

parameters are chosen as a2 = 0.2, b2 = −1, k2 = 0.7, and
I2 = 1.5, then the attractor basin and periodic coexisting at-
tractor as illustrated in Figs. 13(c) and 13(d).
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4.3. Transient dynamical behavior

Transient dynamical behavior is a unique nonlinear phe-
nomenon that occurs before a system evolves from one state of
motion to a steady-state mode of motion, a process often ac-
companied by boundary crises. When the evolution of system
dynamical behavior is explored on a time scale, the system ex-
hibits a chaotic state for a finite time interval and then migrates
to a stable nonchaotic state, a phenomenon known as transient
chaos. Interestingly, for scenario I it is found that the system

exhibits chaotic behavior at first, it then enters a periodic state,
and finally enters again into a stable chaotic state. Setting the
parameters a1 = 0.517, b1 = 1, k1 = 1.2, I1 = 1, and the ini-
tial condition (0, 0, π), the system exhibits a state dynamical
behavior from chaos to period and back again in the time in-
terval as shown in Fig. 14. For scenario II, with parameters
a2 = 0.286, b2 =−1, k2 = 1, I2 = 1.5, and initial conditions (0,
0, π), the system exhibits transient chaotic behavior as shown
in Fig. 15. In the figure, the dynamical behaviors correspond-
ing to different states are indicated by different colors.
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Fig. 14. Transient dynamical analysis in scenario I: (a) time domain waveform; (b) phase trajectories of attractors.
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Fig. 15. Transient chaos in scenario II: (a) time domain waveform; (b) phase trajectories of attractors.

5. Complexity analysis in different scenarios

Through the previous analysis, the dynamical behavior of
the system becomes complicated by the fact that the memris-
tor acts as a synapse in the HR neuron model or the neuron
model is stimulated by external electromagnetic stimulation.
Chaotic sequences whose chaotic degree is closely related to
the complexity. In general, the higher the degree of chaos, the
higher the complexity. For nonlinear systems, examining their
complexity is the key to dynamical analysis. Spectral entropy
(SE) complexity describes the structural complexity of the

sequence, which utilizes the Fourier transform to obtain the
energy distribution in the transform domain, and then com-
bines with the Shannon entropy to obtain the SE value. The
more balanced the energy distribution is, the more complex
is its spectral structure, and the closer the signal is to random
oscillation, and the higher its complexity is. In this paper,
the SE complexity algorithm is chosen to compute the two-
parameter complexity spectrum of the studied parameters in
different scenarios separately, as shown in Fig. 16. To ensure
the accuracy of the experiments, the selected parameters and
initial conditions were consistent with the dynamical analysis
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Fig. 16. Complexity maps for different scenarios: (a)–(c) complexity maps for typical parameters in scenario I; (d)–(f) complexity maps for
corresponding parameters in scenario II.
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described above. The change of color in the figure represents
the change of high and low complexity. It can be seen that
with the change of parameters, both scenario I and scenario II
exhibit stable high and low complexity regions. It should also
be noted that the complexity spectrum shown in Fig. 16 be-
haves consistently with the Lyapunov exponential spectrum
and bifurcation diagrams of Figs. 7 and 10. When the param-
eter variations in different scenarios are in the periodic status,
they have relatively low complexity, favoring blue in the com-
plexity spectrum, and when they are in the chaotic state, they
have relatively high complexity, favoring red color in the com-
plexity spectrum. This further illustrates the controllability of
chaotic sequences and the flexibility of parameter selection in

practical engineering applications.

6. Hardware implementation
6.1. Circuit simulation

The construction of electronic neurons through analog
circuits is essential for studying neuronal biological properties
and designing neuronal integrated circuits. To validate firing
patterns for the neural model in different scenarios, a manipu-
lable analog circuit was designed using operational amplifiers,
multipliers, resistors, and capacitors, as shown in Fig. 17. The
main circuit of the neuron model is shown in the blue dashed
box in the figure, and the memristor analog circuits in different
scenarios are shown in the purple dashed box.
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Fig. 17. The schematics of the neuron circuits: (a) analog circuit of the ideal memristor in scenario I; (b) analog circuit of the LAM in scenario II;
(c) main circuit of the neuron model.

According to Kirchhoff’s law, in scenario I the circuit
equation of the neuron model is



C1
dVx

dt
=

R1

R2R3
Vy−

1
100R4

Vx
3 +

R5

10R6R7
Vx

2,

+
R8

R9R10

(
R18

R20
VEE2 +

R18

R19
sin(Vϕ)

)
Vx

+
1

R11
VEE,

C2
dVy

dt
=

1
R12

VEE1−
1

10R13
Vx

2− 1
R14

Vy,

C3
dVϕ

dt
=

R15

R16R17
Vx.

(17)

The corresponding circuit equation in scenario II is



C1
dVx

dt
=
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1
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(
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R26

R27
sin(Vz)

)
Vx

+
1

R11
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dt
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1
R12

VEE1−
1

10R13
Vx

2− 1
R14

Vy,

C4
dVz

dt
=

R21

R23R22
tanh(Vz)−

1
R24

Vz−
1

R25
Vx.

(18)

The Vx, Vy, Vϕ and Vz in the two equations are the cir-
cuit state variables and VEE, VEE1, VEE2, and VEE3 are the
external bias voltages, respectively. The parameter values of
each component in the circuit schematic are detailed in Ta-
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ble 2. By adjusting the resistance values of resistor R9 in the

circuit of scenario I to 188.679 kΩ, 153.846 kΩ, 129.870 kΩ,

and 117.647 kΩ, which corresponds to the coupling strength

parameter k1 of 0.53, 0.65, 0.77, and 0.85, the firing results of

the analog circuit are obtained as shown in Fig. 18. Adjust-

ing the resistance values of the resistor R11 of the circuit in

scenario II to 90.909 kΩ, 76.923 kΩ, 71.428 kΩ, 60.606 kΩ,

57.803 kΩ, and 55.556 kΩ, corresponding to the external forc-

ing current parameter I2 of 1.1, 1.3, 1.4, 1.65, 1.73, and 1.8,

respectively, obtains the different firing results as shown in

Fig. 19. Note that the VEE is set to 0.6 V in scenario I and

1.5 V in scenario II. The experimental results show that the fir-

ing behavior can be captured in the different scenarios, which

further demonstrates the validity of the numerical simulation.

V
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ϕ

Vϕt
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y

V
y

V
y

V
y

Fig. 18. The results of firing experiment in scenario I.
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VxVxVx

Fig. 19. Firing results captured experimentally in scenario II.

Table 2. Parameters of each component in the circuit diagram.

Parameters Elements Values
R1, R3, R5, R7, R8, R10, R15, R16, R18, R19, R20 , R21, R22, R26, R27, R28 resistance 10 kΩ

R2, R9, R11, R12, R14, R17, R24, R25 resistance 100 kΩ

R4 resistance 83.3 kΩ

R6 resistance 33.3 kΩ

R13 resistance 20 kΩ

R23 resistance 50 kΩ

R9 resistance adjustable
R11 resistance adjustable

C1, C2, C3, C4 capacitance 10 nF
A1, A2, A3, A4, A5, A6 multiplier 0.1

VEE voltage 0.6 V (1.5 V)
VEE1 voltage 1.0 V
VEE2 voltage 0.25 V
VEE3 voltage 0.04 V
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6.2. DSP implementation

For chaotic systems, the ability to realize them in hard-
ware is a prerequisite for practical engineering applications.
DSP is widely used in industrial electronics due to its excel-
lent performance of low cost and power consumption, and high
stability. Therefore, in this section, the hardware realization
of scenario I and scenario II by developing DSP is shown in
Fig. 20. Figure 20(a) shows the real-time status of the sys-
tem hardware implementation. The hardware implementation

platform includes a DSP microprocessor (TMS320F28335), a
D/A converter (DAC8552) and an XDS emulator as illustrated
in Fig. 20(b). Figure 20(c) shows the chaotic attractor cap-
tured by oscilloscope in the ϕ–y phase plane for scenario I,
and Figs. 20(d) and 20(e) show the attractor phase trajectories
in the x–y plane and x–z plane for scenario II, respectively. It
can be seen that the attractor trajectories captured by the os-
cilloscope are consistent with the Matlab simulation results,
which fully illustrates the validity of the proposed model.

(a) (b)

(c) (d) (e)

Fig. 20. Experimental platform and attractor trajectories captured by the oscilloscope in different scenarios: (a) real-time state of the hardware;
(b) realization platform; (c) ϕ–y phase plane, scenario I; (d) x–y phase plane, scenario II; (e) x–z phase plane, scenario II.

7. Conclusion
An ideal flux memristor with sinusoidal mode conduc-

tance is utilized to describe the electromagnetic induction ef-
fect of biological neurons in this work. Meanwhile, a novel
LAM based on the ideal memristor is proposed to replace the
biological neuron synapses. The effects on the existing 2D
HR neuron model in these two scenarios are described. In
the subsequent study, it is shown that the constructed biologi-
cal neuron model has multiple firing modes. The relationship
between firing patterns and energy was revealed by Hamil-
tonian energy analysis. The neuronal models showed multi-
stable excitation phenomena in both electromagnetic stimula-
tion and the LAM simulation of synapses. Studying the com-
plex multistable behavior of biological neuronal models helps
to understand behavioral mechanisms such as brain memory.
Subsequently, the neuronal models in different scenarios are
evaluated using the SE complexity algorithm, and the results
obtained show that the introduction of the memristors makes
the neuronal models in both scenarios highly complex, which
further proves the appropriateness of choosing different mem-
ristors to simulate different scenarios. The state transition and
transient chaos phenomena of different scenarios are also ex-
plored. Finally, the numerical simulation results are verified
by circuit simulation and DSP hardware implementation. This

provides the possibility of practical engineering applications
for the memristor-based biological neural model.
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