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Optimization performance of quantum endoreversible
Otto machines with dual-squeezed reservoirs
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We consider a quantum endoreversible Otto engine cycle and its inverse operation-Otto refrigeration cycle, employing
two-level systems as the working substance and operating in dual-squeezed reservoirs. We demonstrate that the efficiency
of heat engines at maximum work output and the coefficient of performance for refrigerators at the maximum χ criterion
will degenerate to η− = ηC/(2−ηC) and ε− = (

√
9+8εC− 3)/2 when symmetric squeezing is satisfied, respectively.

We also investigated the influences of squeezing degree on the performance optimization of quantum Otto heat engines at
the maximum work output and refrigerators at the maximum χ criterion. These analytical results show that the efficiency
of heat engines at maximum work output and the coefficient of performance for refrigerators at the maximum χ criterion
can be improved, reduced or even inhibited in asymmetric squeezing. Furthermore, we also find that the efficiency of
quantum Otto heat engines at maximum work output is lower than that obtained from the Otto heat engines based on a
single harmonic oscillator system. However, the coefficient of performance of the corresponding refrigerator is higher.

Keywords: quantum Otto heat engine, quantum Otto refrigerator, optimization performance, dual-squeezed
reservoirs

PACS: 05.70.Ln DOI: 10.1088/1674-1056/ad6252

1. Introduction

As early as in 1824, Carnot found that the efficiency
of heat engine, which converts thermal resources into use-
ful work, is bounded from above by the Carnot efficiency
ηC = 1−βh/βc. For the refrigerator, which performs mechan-
ical work to remove heat from a cold reservoir and discards it
to a hot reservoir, the coefficient of performance is limited by
εC = βh/(βc−βh), where βh and βc are the inverse tempera-
ture of hot and cold reservoirs, respectively. In recent years,
there is a growing interest in thermal machines based on quan-
tum systems that exhibit novel thermodynamic properties, in
addition to their potential applications in energy, these ther-
mal machines based on quantum systems provide an excellent
research platform for understanding the nonequilibrium ther-
modynamics of open systems and exploring the nature of the
micro-field.[1–25]

In the field of quantum thermodynamics, the effects of
reservoirs with different properties on the performance of
quantum Otto machines have been widely used by researchers
in theoretical and experimental study;[26–35] for instance, non-
thermal reservoirs, squeezed reservoirs[36–41] and reservoirs
at negative temperature.[42] Currently, squeezed reservoirs are
widely used as quantum resources in the exploration of the
optimization properties of quantum heat engines and quan-
tum refrigerators.[38,43–45] Roßnagel et al. presented a theo-
retical study in which the quantum Otto heat engine was cou-
pled to a hot-squeezed reservoir, while the cold reservoir was
still a pure state. Their studies showed that the efficiency of

quantum Otto heat engines at maximum power output can be
dramatically improved with an increase in the squeezing pa-
rameter, even surpassing the classical Carnot limit when the
squeezing parameter reaches a specific value.[36] Long et al.
further studied the performance of a quantum Otto refrigera-
tor, which is coupled to a cold-squeezed reservoir and the hot
reservoir is in normal state, and also found that the squeezing
can enhance the coefficient of performance for quantum Otto
refrigerators.[37] Subsequently, Zhang[46] proposed a model of
a quantum Otto heat engine and refrigerator with a single har-
monic oscillator as working substance when the hot and cold
reservoirs were in squeezed state, and the analysis showed
that the efficiency of the heat engine at maximum work output
and the coefficient of performance for refrigerator at the maxi-
mum χ may increase, decrease, or even be prohibited when the
squeezing degree between the hot and cold reservoir has differ-
ent relations. Therefore, two natural questions arise: How do
different types of working substances affect the performance
of the heat engine and refrigerator under dual squeezing? And,
what is the difference between the performance of the heat en-
gine and the refrigerator in the squeezing state with two-level
systems and a single harmonic oscillator system as the work-
ing substance, respectively?

The purpose of this study is to address these problems.
First, we establish a universal quantum Otto cycle for heat
engines and refrigerators with two-level systems as working
substance, where the quantum Otto cycle consists of two adi-
abatic processes and two isochoric processes, and operates in
two squeezed reservoirs which will be assumed as a free re-
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source. Then, the influence of the squeezing degree on the
performance optimization of quantum Otto heat engines at
maximum work output and quantum Otto refrigerators at the
maximum χ criterion has been fully investigated. Finally, we
compared our results with those in Ref. [46]. The remainder
of this paper is organized as follows. In Section 2, we briefly
describe universal quantum Otto cycle for heat engines and re-
frigerators. In Sections 3 and 4, we investigate the efficiency
of quantum Otto heat engines at maximum work output and
the coefficient of performance for quantum refrigerators at the
maximum χ criterion, respectively. The results are summa-
rized in Section 5.

2. Universal quantum Otto cycle for heat en-
gines and refrigerators
The quantum Otto cycle of heat engines and refrigera-

tors with two-level systems as working substance is sketched
in Fig. 1. The cycle consists of two quantum adiabatic pro-
cesses where the hot and cold reservoirs are in squeezing de-
gree rh and rc, respectively, and two quantum isochoric pro-
cesses where the frequency is time dependent and varies be-
tween ωc and ωh (ωc < ωh). The four consecutive thermody-
namic cycle processes of quantum Otto heat engine and quan-
tum Otto refrigerator are described as follows.[47,48]

(i) Isochoric cooling stroke. In the first stage, the two-
level systems are weakly coupled to the cold-squeezed reser-
voir until the system reaches the steady squeezed state ρ

Sc
1 =

ScρG
1 S†

c , where ρ is the operator representing the density ma-
trix. The squeezing of cold reservoir changes the thermalized
Gibbs state ρG

1 = e−βcHc/Tr(e−βcHc) according to squeezing
operator Sc = (µc|−x〉〈+x|+ νc|+x〉〈−x|)/

√
µ2

c +ν2
c , where

µc = coshrc and νc = sinhrc.[49] State |−x〉 (|+x〉) is the
ground (excited) state of the two-level systems at this stage,
and rc is the squeezing parameter of cold reservoir. Hc is
the Hamiltonian, βc = 1/(kBTc), where βc is the inverse tem-
perature of cold reservoir, kB is the Boltzmann constant and
Tc is the cold reservoir temperature. The Hamiltonian of the
two-level systems remains unchanged during the thermaliza-
tion process and has the form Hc =

1
2 h̄ωcσx, where h̄, ωc and

σx are the reduced Planck constant, angular frequency, and x
Pauli matrix, respectively.

(ii) Adiabatic expansion stroke. In the second stage, the
two-level systems evolve unitarily from the state ρ

Sc
1 (at time

t = 0) to ρ2 = Uρ
Sc
1 U† (at time t = τ ), where U is the uni-

tary operator accounting for the external drive of the Hamilto-
nian in two-level systems, which varies from Hc =

1
2 h̄ωcσx to

Hh =
1
2 h̄ωhσy, where ωh and σy are the angular frequency and

the y Pauli matrix, respectively.
(iii) Isochoric heating stroke. In the third step,

the two-level systems are weakly coupled to the hot-
squeezed reservoir until they reach a steady squeezed state

ρ
Sh
3 = ShρG

3 S†
h. According to operator Sh = (µh|−y〉〈+y|+

νh|+y〉〈−y|)/
√

µ2
h +ν2

h , where µh = coshrh and νh =

sinhrh,[49] the squeezing for hot reservoir changes the
thermalized ground state of the two-level systems ρG

3 =

e−βhHh/Tr(e−βhHh). State |−y〉 (|+y〉) is the ground (excited)
state of the two-level systems at this stage and rh is the squeez-
ing parameter of hot reservoir. As in the isochoric cooling
stroke, the Hamiltonian Hh = 1

2 h̄ωhσy in two-level systems
maintains its original value.

(iv) Adiabatic compression stroke. The final stage is the
reverse of adiabatic expansion stroke (ii). Thus, the Hamil-
tonian of two-level systems goes back from Hh = 1

2 h̄ωhσy to
Hc =

1
2 h̄ωcσx with the two-level systems state evolving unitar-

ily from to ρ
Sh
3 to ρ4 =U†ρ

Sh
3 U .

Adiabatic expansion 
process

Adiabatic compression 
process

2

Adiabatic compression 
process

Cold isochore
process

4

3

1

Hot isochore
process

Adiabatic expansion 
process

ωh βhωc βc

Fig. 1. Schematic of quantum Otto heat engines (dotted arrow, counter-
clockwise) and refrigerators (solid arrow, clockwise) cycle with hot and
cold-squeezed reservoirs.

After a complete cycle, the heat engines and refrigerators
return to their original states.

In the first law of thermodynamics we know that the
change of the internal energy E for a given system during an
entire thermodynamic process is made up of work W and heat
Q. In quantum thermodynamics the form of the first law thus
can be written as ∆E = Q+W , where ∆E represents the av-
erage change in the system internal energy, which is given by
E = Tr(ρH), heat is Q =

∫
dtTr[(dρ/dt)H]dt and work av-

erages is W =
∫

dtTr[ρ(dH/dt)].[50,51] According to the de-
scription of the process in the quantum Otto cycle, we can
easily draw the conclusion that W = 0 and ∆E = Q in the iso-
choric heating and cooling strokes and Q = 0 and ∆E =W in
the adiabatic expansion and compression strokes. Applying
the information provided in (i)–(iv) strokes and combining the
definitions of work and heat as given above, the expressions of
the average heats exchanged with the cold and hot reservoirs
as well as the average net work can be obtained as follows:[48]

Qc =−
1
2

h̄ωc(ζc tanhθc−ζh tanhθh), (1)

Qh =
1
2

h̄ωh(ζc tanhθc−ζh tanhθh), (2)

W =−1
2

h̄(ωh−ωc)(ζc tanhθc−ζh tanhθh), (3)
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where θc(h) =
1
2 βc(h)h̄ωc(h) and the squeezing term ζc(h) =

1/(µ2
c(h)+ν2

c(h))
2.

In order to facilitate our further research on the efficiency
of heat engines and the performance coefficient of refrigera-
tors, we consider the condition of high-temperature limit with
ωiβi � 1, thus tanh(ωiβi) ≈ ωiβi. Just for convenience, we
assume h̄ = 1, and in such a case, Eqs. (1)–(3) can be approx-
imated as follows:

Qc =−
1
4

ωc(ζcβcωc−ζhβhωh), (4)

Qh =
1
4

ωh(ζcβcωc−ζhβhωh), (5)

W =−1
4
(ωh−ωc)(ζcβcωc−ζhβhωh). (6)

For heat engines, the physical quantity on which we need
to focus is the efficiency η . In thermodynamics, the effi-
ciency is defined as the ratio of the total work output per cy-
cle and the heat absorption from the hot-squeezed reservoir,
η =−(Qh +Qc)/Qh =−W/Qh, in combination with Eqs. (5)
and (6), thus

η = 1−ωc/ωh, (7)

the result is consistent with that in Refs. [26,36,52–54] for the
adiabatic processes.

For refrigerators, there is an important physical quan-
tity, i.e., the coefficient of performance ε = Qc/(Qh−Qc) =

Qc/W , where Qc is the average heat absorbed from the cold-
squeezed reservoir by performing an average net work Wnet on
the two-level systems and Qh is the average heat released to
the hot-squeezed reservoir. Considering Eqs. (5) and (6), the
expression of the coefficient of performance for refrigerators
can be rewritten as

ε = ωc/(ωh−ωc). (8)

3. The efficiency of quantum Otto heat engines
at maximum work output
For a quantum Otto heat engine, the thermodynamic cycle

follows a counterclockwise direction, i.e., 2→ 1→ 4→ 3→ 2,
as indicated by the dotted arrow in Fig. 1. We can then de-
scribe the cycle of quantum Otto heat engines using the fol-
lowing processes.

(1) Isochoric heat release (2 → 1) and absorption pro-
cesses (4 → 3). The isochoric process is realized by cou-
pling the working system with fixed frequency ωc (ωh) to a
cold (hot)-squeezed reservoir at inverse temperature βc (> βh).
During the isochoric processes, the system is alternatingly
coupled to a cold-squeezed reservoir with squeezing param-
eter rc and a hot-squeezed reservoir with squeezing parameter
rh. In general, the durations of two isochoric processes are

assumed to be much shorter than those of two adiabatic pro-
cesses. Thus, the frequency remains constant at a fixed ωc and
ωh in these processes when the systems are coupled to two
squeezed reservoirs and the energy transfer is realized merely
via heat released (absorbed) from the squeezed reservoir dur-
ing the heat exchange period. As a result, the systems relax to
the initial squeezed thermal state 1(βc, rc) when the systems
are coupled to a cold-squeezed reservoir and release heat to
it, and to the state 3(βh, rh) when the systems are coupled to
a hot-squeezed reservoir and absorb heat from it. After the
entire cycle, the systems recover its initial state.

(2) Adiabatic compression process (1→ 4) and expan-
sion process (3→ 2). During the isentropic processes (qua-
sistatic, quantum adiabatic), the frequency of two-level sys-
tem is modulated between ωc and ωh while the systems are
isolated from cold and hot squeezed reservoirs. Thus, this
transformation is unitary, the von Neumann entropy keeps a
constant, and the mean work has been done by the system dur-
ing the two processes. the states of system change from 1(βc,
rc) to 4(βcωc/ωh, rc) when the frequency increases from ωc

to ωh in adiabatic compression process and from 3(βh, rh) to
2(βhωh/ωc, rh) when the frequency decreases from ωh to ωc

in adiabatic expansion process, where we have used the rela-
tion βhωh = βcωc, which were obtained in two quantum adia-
batic strokes. In the adiabatic process, the state of the system
remains unchanged and thus the final state is identical to the
initial one.

One of the main purposes of this study is to explore the
characteristics of the efficiency of heat engines at maximum
work output. The maximum work output can be obtained us-
ing Eq. (6) with respect to the frequency ωc and ωh. In this
sudden limit where the time taken for the two adiabatic strokes
is negligible, by performing ∂W/∂ωc = 0 and ∂W/∂ωh = 0,
we find that the work output is maximum when the frequency
ratio satisfies the following relation:

ωc

ωh
=

2α(1−ηC)

1+α(1−ηC)
. (9)

It follows that by inserting these optimal values of Eq. (9)
into to Eq.(7) the efficiency of heat engines at maximum work
output reads

η
∗ =

1−α(1−ηC)

1+α(1−ηC)
, (10)

where α = ζh/ζc and ζc(h) = sech2[2rc(h)].
Equation (10) clearly shows that the efficiency of heat

engines at maximum work output depends explicitly on the
squeezing degree for the two squeezed reservoirs. By calcu-
lating Eq. (10), we can easily see that the efficiency of heat
engines at maximum work output will degenerate to the limit
value η− = ηC/(2− ηC) when the squeezing parameters of
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the hot and cold reservoirs are equal (rh = rc) or when the
hot and cold reservoirs are in a non-squeezed state (r = 0). It
also means, at this point, that the efficiency of heat engines
at maximum work output is independent of the squeezing pa-
rameter r. At this time, the efficiency corresponds to Eq. (9)
in Ref. [40] where both the adiabaticity and squeezing param-
eters are equal to 0. It is worth mentioning here that for an
engine with two-level systems as the working substance, the
result is particularly interesting when the heat transport law is
a linear phenomenological law in thermodynamics at the high-
temperature limit. It is identical to the upper bound obtained
in a minimally irreversible heat engine model and coincides
with a reported universal upper bound with a low-dissipation
assumption. Therefore, when the heat transport law is linear
phenomenological law in the high-temperature case, the re-
sults show that our heat engine model reproduces the same
upper bound as one derived from the low-dissipation heat en-
gine at the extremely asymmetric limit. This indicates that the
same limit might be taken for both the heat engine with the lin-
ear phenomenological law and the low-dissipation heat engine
in the asymmetric dissipation limit.[6,55–58]

0 0.5 1.0 1.5 2.0
0

0.2

0.4

0.6

0.8

1.0

η

rh

 ηC

 η*↼rc/↽

 η*↼rc/.↽

 η*↼rc/↽

Fig. 2. Efficiency of the heat engine at maximum work output as a
function of the squeezing parameter rh of the hot reservoir for different
squeezing parameters rc of the cold reservoir.

Figure 2 depicts the variation in the efficiency of heat en-
gines at maximum work output with the change in the squeez-
ing parameter rh of the hot reservoir when the squeezing pa-
rameter rc of the cold reservoir is fixed. It can be easily seen
from Fig. 2 that when the squeezing parameter rh of the hot
reservoir is constant, the higher the squeezing parameter rc of
the cold reservoir, the lower the corresponding efficiency of
heat engines at maximum work output. We can understand
this conclusion from the theoretical analysis that when the
squeezing parameter rh of the hot reservoir is greater than the
squeezing parameter rc of the cold reservoir (i.e., rh/rc > 1
or ζh/ζc < 1), the heat engine is in a real squeezed state and
the efficiency of heat engines at maximum work output can be
actually improved. We find that the efficiency of heat engines
at maximum work output is equal to the Carnot efficiency ηC

when the condition rh =
1
2 arcsech

[√ 1
1+ηC

sech(2rc)
]

is satis-
fied. The efficiency of heat engines at maximum work output

will be greater than the Carnot efficiency ηC with an increase
in rh and eventually approaches the maximum value η = 1
when the ratio of rh/rc approaches infinity (it also means that
the ratio of ζh/ζc approaches 0).

 . . . . .


.

.

.

.

.

η

βh/βc

rc/rh

rc/rh (HO)

rc/↪ rh/. (HO)

rc/.↪ rh/ (HO)

rc/↪ rh/.

rc/.↪ rh/

Fig. 3. Comparison diagram of the efficiency η of the heat engine with
different working substances at maximum work output as a function of
the inverse temperature ratio βh/βc for different squeezing parameters.

Figure 3 shows the efficiency of the heat engine at max-
imum work output as a function of the inverse temperature
ratio βh/βc for different squeezing parameters. Here, the
solid black line in the middle indicates the efficiency η− =

ηC/(2−ηC), where the squeezing parameter rc = rh. From
Fig. 3, we can get the conclusion that when rc = 1 and rh = 0.5,
the efficiency of the heat engine at maximum work output is
significantly less than η− and decreases rapidly as the inverse
temperature ratio increases. However, when the condition of
rc = 0.5 and rh = 1 is satisfied, the efficiency of the heat en-
gine at maximum work output is obviously greater than η−,
even greater than zero at inverse temperature ratio βh/βc = 1,
which does not violate the second law of thermodynamics be-
cause of the quantum resource, i.e., squeezed reservoir. While
the three curves in the middle in Fig. 3 are the conclusions ob-
tained in Ref. [46], in that work the authors address optimal
performance of quantum Otto machines based on a single har-
monic oscillator (HO) with time-dependent frequency ω and
operating with a hot and cold-squeezed reservoir. The opti-
mized efficiency obtained by them in Ref. [46] takes the form

ηHO = 1−
√

βh
βc

sech(2rh)
sech(2rc)

, and it will simplify to η = ηCA =

1−
√

1−ηC when the squeezing parameter rh = rc, which cor-
responds to the CA efficiency (ηCA) in the CA model. We
compare our result with that obtained in Ref. [46] and can
draw the following three conclusions from Fig. 3. First, the
efficiency of heat engines with two-level systems and a sin-
gle harmonic oscillator system as working substance increases
monotonically as the ratio βh/βc decreases. Second, for the
heat engine with two-level systems as the working substance,
the efficiency of rc < rh is greater than that of rc > rh under
the premise of the ratio βh/βc being determined. A similar
conclusion can be obtained for the heat engine with a single
harmonic oscillator system as the working substance. Finally,
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the comparison shows that when all other conditions are iden-
tical, the efficiency in Ref. [46] is significantly greater than
that in our paper when the squeezing parameter meets rh < rc.
However, the conclusion is opposite when the squeezing pa-
rameter is rh > rc. This means that the efficiency of the heat
engine at maximum work output is directly related to the type
of working substance when the hot and cold reservoirs of the
heat engine are in the squeezed state.

The variation of the efficiency of the heat engine at maxi-
mum work output with the squeezing parameters rc and rh for
fixed inverse temperature ratio βh/βc = 0.25 is explained in
detail in Fig. 4. The diagonal line (black line), where rh = rc

means that the hot and cold reservoirs are in the same squeez-
ing degree, corresponds to η− = ηC/(2−ηC). The conclusion
that η∗ > η− when rh > rc, while η∗ < η− when rh < rc can
be easily drawn. This shows that the efficiency of the heat
engine at maximum work output can be enhanced only when
the condition of the squeezing degree of hot reservoir being
greater than that of the cold reservoir is satisfied, otherwise it
will be reduced or even inhibited.

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

r
h

rc

0

0.121

0.242

0.364

0.485

0.606

0.728

0.849

0.970
η*

Fig. 4. The efficiency of the heat engine at the maximum work output
as a function of the squeezing parameters rc and rh for a fixed inverse
temperature ratio βh/βc = 0.25.

4. The coefficient of performance of quantum
Otto refrigerators at maximum χ criterion
As shown by the solid arrow(clockwise) in Fig. 1, the

quantum Otto refrigerator cycle is a clockwise cycle process,
i.e., 1→ 2→ 3→ 4→ 1. In this cycle, the heat exchange
and work processes are completely the opposite of those in
the heat engine cycle. Therefore, the heat absorbed is from
the cold-squeezed reservoir and the heat released is from the
hot-squeezed reservoir. The total input work in a cycle is per-
formed after the entire refrigeration cycle. After the entire cy-
cle, the system recovers its initial state.

In research on performance optimization for refrigerators,
the figure of merit χ = εQ̇c can be regarded as a relatively ap-
propriate criterion. Then, based on Eqs. (4) and (5), the figure
of merit χ can be expressed as follows:

χ =−ω2
c (ζcβcωc−ζhβhωh)

4(ωh−ωc)τ
. (11)

where τ indicates the duration in a complete cycle. When the
time of the two adiabatic strokes is ignored, by setting the
derivatives of χ with respect to frequency ωc and ωh equal
to zero, i.e., ∂ χ/∂ωc = 0 and ∂ χ/∂/ωh = 0, one can obtain
that the frequency ratio satisfies the relation

ωc

ωh
=

3βcζc +βhζh−
√

9β 2
c ζ 2

c −10βcβhζcζh +β 2
h ζ 2

h

4βcζc
. (12)

As a result, according to Eq. (8), the coefficient of performance
at maximum χ criterion gives rise to

ε
∗ =

3κ +
√
(1−κ)(9−κ)−3
2(1−κ)

, (13)

where κ = βhζh
βcζc

.
Equation (13) explicitly indicates that the coefficient of

performance of the refrigerator at the maximum χ criterion is
directly related to the squeezing degree of the two squeezed
reservoirs. When the hot and cold reservoirs are in their pure
state which means no squeezing (rc = rh = 0) or symmetric
squeezing state (rc = rh), we easily get that the coefficient of
performance ε∗ at the maximum χ criterion will be rewrit-
ten as ε− = (

√
9+8εC−3)/2. At this time, the coefficient of

performance of the refrigerator at the maximum χ criterion is
not related to the squeezing parameter and has the character-
istics of extreme asymmetric or low-dissipation limits.[56,59]

The same explanation can be applied to the analysis of refrig-
erators for heat engines.

 . . . . .












ε
*

rc

 εC/

rh/

rh/.

rh/.

Fig. 5. Coefficient of performance at the maximum χ criterion as a
function of the squeezing parameter rc of the cold reservoir for differ-
ent squeezing parameters rh of the hot reservoir.

It is easy to determine from Fig. 5 that when the squeez-
ing parameter rc of the cold reservoir is fixed, the higher
the squeezing parameter rh of the hot reservoir is, the lower
the corresponding coefficient of performance of the refrig-
erator at the maximum χ criterion is. When the condition
rc =

1
2 arcsech[

√
2+εC√
3+εC

sech(2rh)] is satisfied, the coefficient of
performance of the refrigerator at the maximum χ criterion is
equal to that of performance εC. Subsequently, the coefficient
of performance of the refrigerator at the maximum χ criterion
will be greater than the Carnot coefficient εC with an increase
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in rc. We can understand this conclusion from the theoreti-
cal analysis, Fig. 5 shows that the coefficient of performance
of the refrigerator at the maximum χ criterion will decrease
when the ratio of rh/rc increases.

The variation curves of ε∗ and εHO are plotted as a
function of the inverse temperature ratio βh/βc for differ-
ent squeezing parameters, as shown in Fig. 6, where εHO =

1/
√

1− βh sech(2rh)
βc sech(2rc)

− 1 is the result of Ref. [46] with a sin-
gle harmonic oscillator (HO) system as working substance and
operating with two squeezed reservoirs. In our study, it is ob-
vious that the coefficient of performance at the maximum χ

criterion is less than ε−(rh = rc) when rc = 0.25 and rh = 0.5
and is larger than ε− when rc = 0.5 and rh = 0.25 for fixed
βh/βc = 0.75. Figure 6 further illustrates that only when the
squeezing parameter rc of cold reservoir is greater than the
squeezing parameter rh of the hot reservoir (i.e., rc/rh > 1 or
ζc/ζh < 1), the refrigerator is in a true sense of squeezed state
and the coefficient of performance can be actually enhanced
for the fixed ratio of βh/βc. We compare our result with that
obtained in Ref. [46]. The following results, similar to those
in the heat engine, can easily be drawn from Fig. 6. First,
when both the hot and cold reservoirs are in a squeezed state,
the variation trend of the coefficient of performance curve is
roughly the same, i.e., the value of the coefficient of perfor-
mance increases with an increase in the inverse temperature
ratio of βh/βc. Second, for a refrigerator with two-level sys-
tems as the working substance, given the same ratio of βh/βc,
the performance coefficient of the refrigerator when rc < rh

is lower than that when rc > rh. A similar conclusion can be
drawn for a refrigerator with a single-harmonic oscillator sys-
tem as the working substance. Finally, when all other condi-
tions (e.g., rc,rh and βh/βc) are equal, the coefficient of per-
formance of the refrigerator at the maximum χ criterion in
our study is greater than that in Ref. [46]. This also suggests
that the coefficient of performance of a refrigerator at the max-
imum χ criterion is strongly related to the type of working
substance.

For the quantum Otto heat engine described in Section 3,
the variation of the coefficient of performance of quantum
Otto refrigerator with the squeezing parameters rc and rh for
fixed inverse temperature ratio βh/βc = 0.5 is explained in de-
tail in Fig. 7. The diagonal line (black line) corresponds to
ε−(rh = rc). It is shown that the coefficient of performance
can be enhanced when rc > rh, whereas it is suppressed when
rc < rh. This indicates that the coefficient of performance of
refrigerators at the maximum χ criterion can be enhanced only
when the squeezing degree of the cold reservoir is greater than
that of the hot reservoir; otherwise, it will be reduced or even
inhibited.

0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4
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6

7

8

ε

βh/βc

rc/.↪ rh/.

rc/.↪ rh/.

rc=0.5,
rh=0.25 (HO)

rc=0.25,
rh=0.5 (HO)

rc=rh (HO)
rc/rh

Fig. 6. Comparison diagram of the coefficient of performance of refrigerators
with different working substances at the maximum χ criterion as a function
of inverse temperature ratio βh/βc for different squeezing parameters.

rc
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r
h
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8.950
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17.90
ε*

Fig. 7. Coefficient of performance of refrigerators at the maximum χ

criterion as a function of the squeezing parameters rc and rh for a fixed
temperature ratio βh/βc = 0.5.

It should be noted that the refrigerator proposed here is
not a simple reverse operation of a heat engine when the re-
frigerator is in a squeezed state. When the heat engine and
refrigerator are in a squeezed state, the heat absorption and
heat release processes in the cycle can be directly affected by
the external environment or other factors, and the influences of
squeezing on the optimization performance of the refrigerator
and heat engine are completely different.

5. Conclusions
In this study, a cycle of a quantum Otto machine with

two-level systems as the working substance and operating be-
tween two squeezed reservoirs was established. The cycle in-
cludes two quantum adiabatic and two quantum isochoric pro-
cesses. The influence of the squeezing degree on the optimiza-
tion performance of quantum Otto heat engines at the maxi-
mum work output and quantum Otto refrigerators at the max-
imum χ criterion has been fully studied. These analyses have
shown that under a symmetric squeezing state (rh = rc) or non-
squeezing (rh = rc = 0), the efficiency of the heat engine at
maximum work and the coefficient of performance of quantum
Otto refrigerators at maximum χ criterion are always equal to
η− = ηC/(2−ηC) and ε− = (

√
9+8εc− 3)/2, respectively,
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and independent of the squeezing parameters rh and rc. How-
ever, under an asymmetric squeezing state (rh 6= rc), the effi-
ciency of the heat engine at maximum work can be improved
only when the condition of rh > rc is satisfied; otherwise, it
will be reduced or even suppressed in the case of rh < rc, and
the coefficient of performance of quantum Otto refrigerators
at the maximum χ criterion can be enhanced only when the
condition of rc > rh is satisfied, while it is decreased or even
inhibited when rc < rh.

In addition, when the other conditions are equal, by com-
parison, we conclude that the efficiency of the heat engine at
maximum work with two-level systems as the working sub-
stance is smaller than that with the harmonic oscillator as
the working substance when the squeezing parameter rh < rc,
which is contrary to the conclusion when the squeezing pa-
rameter rh > rc. However, for the refrigerator, the coefficient
of performance of the refrigerator at the maximum χ criterion
with two-level systems as the working substance is higher than
that of the refrigerator with a single harmonic oscillator system
as the working substance.

In particular, in the two adiabatic processes of the quan-
tum Otto cycle, there is a very important physical quantity, i.e.,
the adiabatic parameter, which is a measure of degree of adi-
abatic processes and plays an important role in the quantum
Otto cycle.[33,42] The adiabatic parameter provides the proba-
bility of transition between the two levels of the two-level sys-
tems and allows us to study the efficiency and performance co-
efficients of the quantum Otto engine in any time frame. This
so-called adiabatic parameter is the transition probability in-
duced by the unitary evolution; the faster the unitary process,
the greater the adiabatic parameter. When the adiabatic param-
eter is equal to zero, the process is quasi-static. In this study,
the performance of a quantum Otto heat engine and refriger-
ator was optimized under quasi-static conditions, where the
adiabatic parameter was null. It should be clear that when adi-
abatic parameters are considered, many interesting and novel
conclusions are generated here. For a universal quantum Otto
machine, we can make the machine work as a thermal engine,
refrigerator, or heater by changing the possibility of the control
parameters, such as the squeezing and adiabatic parameters
and different adiabatic parameters, which will greatly affect
the performance of the heat engine and refrigerator.[40,48]

With further research on the performance of heat engines
and refrigerators in the squeezing state, we believe that there
will be more scientific and novel results in the future.
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