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The dynamic range of the nuclear magnetic resonance gyroscope can be effectively improved through the closed-
loop control scheme, which is crucial to its application in inertial measurement. This paper presents the analytical transfer
function of Xe closed-loop system in the nuclear magnetic resonance gyroscope considering Rb—Xe coupling effect. It not
only considers the dynamic characteristics of the system more comprehensively, but also adds the influence of the practical
filters in the gyro signal processing system, which can obtain the accurate response characteristics of signal frequency
and amplitude at the same time. The numerical results are compared with an experimentally verified simulation program,
which indicate great agreement. The research results of this paper are of great significance to the practical application and

development of the nuclear magnetic resonance gyroscope.

Keywords: nuclear magnetic resonance gyroscope, transfer characteristics, Rb—Xe coupling
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1. Introduction

The nuclear magnetic resonance gyroscope (NMRG) is
expected to be one of the most promising quantum gyroscopes
with its potential advantages of miniaturization, low power
consumption, and acceleration insensitivity, which is quite
suitable for future unmanned intelligent small carrier equip-
ment application, and has attracted wide attention in recent
years.!'] The NMRG achieves rotational measurement by
measuring the Larmor precession frequency of nuclear spins
with given nuclear species, which is sensitive to the variation
of the carrier rotation, and its dynamic range can be effectively
improved through the closed-loop control scheme. [°!

However, most of the existing researches focus on the
physical principle of NMRG and seek a breakthrough in
its performance on this basis, 14 while little attention was
given to its closed-loop control system and dynamic response
characteristics.>!3] Previous studies only take the closed-
loop control characteristics of the Xe spin system into ac-
count in the NMRG system, without considering the influ-
ence of the embedded Rb magnetometer. Besides, most of
the Xe response characteristics research are based on the am-

15.16] which as-

plitude steady-state approximation (ASSA),!
sumes the amplitude of longitudinal and transverse magnetic
moment constant in solving spin dynamic equations,®! while
can hardly analyze the dynamic and amplitude response char-
acteristics of NMRG signals. Furthermore, the effects of the

phase detection filter in phase-locked loop (PLL) and the low-
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pass (LP) filter in the built-in Rb magnetometer demodulation
procedure are often ignored in these studies, which usually
have a significant impact on the actual transfer function of
NMRG.

In this paper, the analytical transfer function of Xe closed-
loop system in NMRG was obtained by using perturbation
theory without applying the ASSA. This transfer function
not only considered the dynamic characteristics of the sys-
tem more comprehensively, but also added the influence of the
phase detection filter, which could obtain the response charac-
teristics of signal frequency and amplitude at the same time.
In addition, the influence of the PLL filters on the transfer
characteristics of NMRG was analyzed and verified with the
numerical results of simulation program based on Bloch equa-
tion. Then, on this basis, the influence of the embedded Rb
magnetometer response characteristics was further considered,
and a relatively complete transfer function of NMRG system
was constructed and verified. Finally, these theoretical results
were applied to the parameter optimization of NMRG system
to verify its validity. The research results of this paper are of
great significance to the practical application and development
of NMRG.

2. Theoretical analysis

Specifically, the signal transfer model of NMRG system
to detect carrier rotation information proposed in this paper is
shown in Fig. 1.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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Fig. 1. NMRG rotational signal transfer model.

In Fig. 1 wgr is the angular rotational velocity of the
carrier being measured, which is primarily detected in the
NMRG system by the Xe magnetic moment precession signal
K, e ® The signal K| e 1% is then detected through the Rb
magnetic moment precession signal M| e 1% where Hp, rep-
resented the transfer function of the Rb atomic magnetometer.
The resulting M | e id’ signal can be detected by the Faraday
rotation effect with photodiode. The bandwidth of the photo-
electric conversion and detection system is assumed to be high
enough, and the gain of the circuit is absorbed into the signal
amplitude M . Similar to the typical PLL, PD is a phase detec-
tor, VCO is voltage controlled oscillator, PI represents propor-
tional integral control. For the signal processing and control
circuit system, the phase of M| e~ 1% was first measured as a
function of frequency through the PLL, and the phase-tuned
signal was then back to the NMRG system via the magnetic
field coil in the x direction in order to maintain the stable pre-
cession of the Xe magnetic moment, and the precession fre-
quency @ measured by the PLL reflected the carrier rotation.

The research work of this study is based on this model.

2.1. Xe magnetic moment closed-loop system response
function

For the sake of simplifying analyses, we can first ignore
the influence of the embedded Rb atomic magnetometer and
only discuss the response function of the Xe magnetic moment
closed-loop system. After ignoring the effect of Rb magne-
tometer and the demodulation LP filter in Fig. 1, the NMRG
system dynamics equation can be written as>!

) B
K — _%KLCOS(A +B) 4+ (Ko—K.),

B
K, =-LK, + %KZCOS(A +B),
_yBl Kz

0=0Q, TESIH(A +B),
A’ ~LP[A],
6 :glA’+g2/A’dt, (1)

where Q, = yBo + R, 7 is the gyromagnetic ratio of Xe, By
is the static magnetic field strength along z axis, Ky is the ini-
tial Xe magnetic moment, B; is the transverse magnetic field
strength, g1 and g, are proportion and integral coefficients, I}
and I are the longitudinal and transverse relaxation rates of
Xe, respectively. ¢ is the precession phase of the Xe magnetic
moment, and K|, K; are the transverse and longitudinal com-
ponents of the Xe magnetic moment, 0 is the precession phase
of the Xe magnetic moment measured by PLL, 3 is the phase
difference between the Xe transverse precession signal mea-
sured by PLL and the set transverse feedback excitation mag-
netic field —B sin (6 — B).1) Besides, A = ¢ — 6 is the differ-
ence between the actual precession phase of the Xe magnetic
moment and the phase measured by PLL, which is generally
considered to be a small amount. The last two formulas re-
spectively represent the phase-detection LP filter and the PLL
loop filter in the closed-loop control. It assumes that the differ-
ence between the Xe phase and the phase measured by PLL in
the phase detection filter is small, so the influence of trigono-
metric function can be ignored. In the actual NMRG control
system, Butterworth LP filter is usually adopted for simplicity.
After specifying the order N and cutoff angular frequency €.,
Butterworth LP filter generally has a transfer function

)= 1 G
ﬂ<s p[2k+N—1.D

b3
NI

Qc

Equation (1) is a typical nonlinear equation. In order to an-
alyze its response characteristics, it can be considered to ex-
pand at the equilibrium position, so as to discuss the dynamic
response characteristics of the Xe closed-loop system when
the equilibrium position is slightly disturbed. According to
Ref. [5], the system has amplitude steady-state solution at

equilibrium
¢ -0= 07
_ K
K, = —027
1+ (yBicosf)
4IiI;
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_ YB, cos 3 Ko
KL = 5 2
2 I (yBicos )
4015
$=0=0,~Lanp, 3)

where K., K|, ¢, and @ denote amplitude steady-state solu-
tions at equilibrium. By expanding Eq. (1) with linear pertur-
bation theory at the equilibrium position shown in Eq. (3), we

can obtain

. B By -
0K, ~ —Fl~5Kzf%cosﬁ~5KL+%KlsinB~5A,

, B By

0K, = %cosﬁ~8KZ7F2~5KL7%KZSinﬁ~5A,
. YB; sinf3 vB) K sin 8

0P =~ 6Q, — ——— 0K, + — —= -0K
¢ Z 2 K, .+ 2 Ki L

B K.
—%K—jcosBﬁA,

5A" ~ LP[8A],

56 = g15A’+g2/6A’dt. 4)
By ignoring the tag 6 and applying the Laplace transform, we
obtain

_ - B -, By _ ~
sk, ~ —Fl-Kz—%cosB-KL+%KLSinB-A,
_ B -, - B ~
sK| ~ %cosﬁ-Kz—BKL—%KZSinﬁA,
~ ~ yBisinB _  yBiK;sinfB
~ Q- —— K+ —— ‘K
SR N SR T <R
YB1 K; e
iz ‘A
N osf-A,
A~ H,(s)-A,
Al
56 = g1A"+g,—,
A=¢-6. (5)

The solution can be obtained by

50 B A+ Bs+Cgs® +Dgs>
Q, A+Es+Fs2+Gs3+s*
5P _A+Bs+C¢s2+D¢s3—|—s4

Q, A+Es+Fs2+Gs?+s5*

&_ I s+J.s?
Q. K (A+Es+Fs®2+Gs3+s%)’
K, Ls+J.s?
Q, K (A+Es+Fs>+Gs’+s%)

Among them

A =g HKi,

B=H,(g:(Ii +I3)+g1K1),
Co =H,(g2+g1(IT1 +13)),
Do = g1H,,

Co = (Ha(g2+ 8 (I +12)) + K1),

D‘P = (Fl +1I +81Ha)a

E =T sec® B+ goH, (I +13) + g1 HoKy + 122,

F =200+ sec? B+ Q3+ goHy +g1H,y (I 4+ 1),

G= ([ +25+g1H,),

I = K[ Q4 (R — Q3 cos? B) sin B,

J1 =—KoIiI3Qqsinf,

I, = KoIi [5Q3 sin23,

Kol Q2sin2f

So=—

2

K1 =L+ Q3 cos® B. 7

Here Q4 = yB; /2. The main difference between the re-
sults of Eq. (6) and those in Refs. [5,15] is that the ASSA
method is adopted in these references to process the trans-
verse and longitudinal signal amplitudes K, K; in Eq. (1),
and the response characteristics K| / Q.. K. / Q. of signal am-
plitude cannot be obtained. In this paper, the ASSA is not
carried out, so the response characteristics of signal amplitude
can be obtained.

From Eq. (6) and considering the relation £2, = yB + R,
the rotational response function and the fluctuation response
function of the main magnetic field of the Xe closed-loop sys-
tem can be obtained

s0 A+ Bs+Cgs?+Dgs>
R A+EstFs2+Gs3+s+
s6 A+ Bs+Cgs* +Dgs>

—_— = . 8
By YA+Es+Fs2+Gs3+s4 ®)

2.2. Rb atomic magnetometer transfer function

The embedded Rb atomic magnetometer in NMRG satis-

fies Bloch equation!!”!

d | .
( +—+ IM?sz> M, =iwRoMB.,
dr T

MO_MZ

d . " .
aMZ =Re [l'}ﬁ{bB+M+] + T, )]

where M, = M, +iM, and M, are Rb transverse and longi-
tudinal magnetic moments, respectively, My is the initial Rb
magnetic moment, B, = B, +iB, =B e 1 represents the
external transverse magnetic field to be measured, BY, means
its complex conjugation, and B; = Bg + B.cos ot is the z-
direction magnetic field, B, and @, are the carrier field strength
and frequency, respectively. YRy is the gyromagnetic ratio of
Rb, 7, is the Rb transverse relaxation time. Using the series
expansion method, we can obtain!!7]

M!P = — 1 yR°B My sin (p@ct) Cpp— [cos ¢ — D, sin ]
+ 1 YR°B1 My cos (pat) Cpn—[sing +D,,_cos ¢],
M}? = 1, YR°B| Mysin (paxt) Cpp— [sin @ + D,,_ cos 9]

094203-3



Chin. Phys. B 33, 094203 (2024)

+ ’L’z'beBlMo cos (pact) Cpn—[cos ¢ — D,_sin @], (10)
where ¢ = w;¢, and
Dpr =1 <7RbBo +now. £ (01) )

,beB ,},RbB
()

1+D2,

; 1)

Cpni =

where J, () denotes the n-th order first-type Bessel func-
tion. The embedded Rb magnetometer usually utilizes
cos (pat — @) to demodulate the X-direction magnetic mo-
ment signal, and considering the positive and negative fre-

quency combinations, we can obtain

sig = LP{M>*cos (pwrt — a)}

*MoB
= % (A2sin¢ + By cos¢)

b
MyB B,
= %, /A3 4+ B3 sin <¢)+arctanA> (12)
2

Among them

+o0

Ay = Z (Cpne +C_pp—)cosa
—&jECp,,_ —C_pn—)D,_sina,
B, = f (Cpn—+C_pp—)Dy_cos
- Ecp,,_ —C_p_)sina. (13)

Therefore, according to the definition, considering the in-
fluence of Eq. (12) on signal amplitude and phase, and adding
the influence of LP filter Hy p (j®;) during demodulation, the
transfer function of Rb magnetometer in NMRG system can
be written as follows:

Vi4
];Li = Hp (jor)

T VRb

= % 1A> () + B2 (@) Hip (joor). (14)
If further taken p = 1, n = 1, Hy, (j®;) can be simplified
as
TY*°My
2
x (Cleﬂ'“+c_1ei“) Hip(jor). (15)

Hn(jon) =~ (1+jD-)

Among them

D_=1mn (VRbBo+wc—w1),

n () ()

1+D%

Rb b
n (T ) ()
C = s @ /. (16)

1+ D2

C =

)

2.3. Transfer function of NMRG closed-loop system

Generally, the NMRG system carries out closed-loop
control by detecting the precession phase of the transverse
magnetic moment of Xe, thus we mainly focus on the effect
of the Rb magnetometer on the transverse magnetic moment
phase of Xe. According to the Rb magnetometer transfer func-

tion, the phase effect is
0 =¢+/Hy(jor). (17)

For the response to rotation @R, since Rb has a relatively
large gyromagnetic ratio, it can be assumed that the magne-
tometer frequency is mainly determined by the magnetic field
and the influence from rotation can be ignored. The precession
frequency ¢ of Xe magnetic moment in the above equation can
be expanded by perturbation at its equilibrium position ®; to

obtain

d/Hp
8(01

¢'~ ¢+ LHn(jir)+ (9-a@). (13

[

As for the response to the fluctuation of the main mag-
netic field By, both Rb and Xe are significantly affected, so

equation (17) can be expanded as follows:

d/H, :
"'x o+ LHy (j@) + = - @
o'~ ¢ o)+ 557, (0= o)
0/Hpy _
Bo—Bo). 19
3B, E’o( 0—Bo) 19)

Therefore, by substituting the above phase effect of mag-
netometer into Eq. (4), the rotational response perturbation
equation of NMRG system signal after considering the influ-
ence of Xe closed-loop system and Rb magnetometer simulta-

neously can be obtained. For details, as shown in Eq. (20)

. B
SK. ~ _n-akz—%cosﬁ’-m
YB1

+5Ki L sinf- [6A — 0w, ZHn9)
5K, ~ yzlcosﬁ 8K, — I3 - 8K,
—QK sinfB’- [8A — 0w, LHmS9]
. _@smﬁ ¥B1 K sin B’

89 ~ 89— TR 5K+ 1 7 5K,
’}/Bl K. .
——K—icosﬁ'- [6A — 0o, ZHn 9],

50" ~ 86+ LHmS P,

SA = 59’ — 56,

SA’ ~ LP[584],

56 = g13A/+g2/6A’dt. (20)
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Here, it is redefined A = ¢’ —
nal transfer mode in Fig. 1, and the phase difference be-

6 according to the sig-

tween the magnetic moment precept of the Xe closed-loop
system and the transverse feedback magnetic field becomes
6—0+p=0¢" — — 60+ =A—/Hy+ B, which can
be abbreviated as A — do, ZHpn (¢ — @) + B — ZHy, after
substituting into the approximate formula of Eq. (18), where
the last two terms are constants 3’ = 8 — Hy,. Then re-
place A and f in Eq. (4) by the first and last two terms of
A — oy, ZHm (¢ — @) + B — ZHy, respectively, equation (20)
can be obtained. Similar to Eq. (5), after the Laplace transform

and ignoring the tag 8, we can get

_ ~ B .
sk, ~ —H-KZ—%cosﬁ’-Ig
By _ - ~
n %Ig Sin ' - [A — O, ZHs9)
& 7 1
sK| ~ cosfB’-K,— K,
7 1 x =
5 =K. sinf [A — 0o, ZHns9]
-~ YBysinf§/ YBy K;sinf8’
SN T el Bnl N S it s bl Y
5O z 2 K, z ) Ki 1
—@—COSB [A — 0wy, ZHins59)]
2 &, 1 ’
5¢’ ~ 5¢ + o, Z/Hpns* 9,
A~ = (ﬁ,ié7
A =~ H,(s)-A,

!/

~ A
s0 = glA’Jrgz?. 21

The rotational response function of the NMRG system re-
quired in this paper can be obtained by solving Eq. (21) of the
multivariate linear equations s/ @g

j A3+ B3s + Czs? + D35> +Ezs*
R F;+G3s+Hys? + 1353 +s% 7
A3 = Hagy (G + QF cos’ B),
By = H,[g2 (I +13) + (g1 + 820w, ZHm)
x (G + Q3 cos? B') ],
G = H, [82 + (I_i +B) (gl +g28w1 ZI'Im)
+ 810w, ZHm (HB+Q§COS2B/)L
D3 = H [gl +g2aa)14Hm+g1 (l—i +1—i)a(1)1 ZHm] )

E3 = Hyg10p, ZHn,
F3 = Hyg) (21300, LHm—i—coszﬁl)
x (G + Qf cos® B') sec? B,
Gs = (Ha(g11il3+g2 (I + I3 — 111300, £Hm))

+03 (Fz + g1H, cos® B’
- a82aa>1 ZHm sin® ﬁ/ + gleHaawl ZHm)
— I (g2 +28113) Hydw, LHm — I} ) sec? B'),

Hs = (g2Ha+ g1l Hy + I3H, (81 — 8200, £Him)
+ 113 (2 — g1 HaOw, £H) + 923
—Q3H,g 0w, £LHm sin® B’

+ 137 (1 — Hyg100, ZHm) seczﬁ’),
Iy = I} + g1 Hy + I3 (2 — g1 HyOu, ZHn) (22)

Similarly, for the fluctuation of the main magnetic field,
equation (19) can be used to replace A, 8 in Eq. (4) to ob-
tain the perturbation equation of the fluctuation response of
the main magnetic field By of the NMRG system signal con-
sidering the influence of the Xe closed-loop system and the Rb
magnetometer

. B
SK. ~ —I -SKZ—%COSB’-MQ

721 Ry sinp' - [8A — oy LHuO$ — g, LHumSBo] |

22

§K, ”zlcosﬁ 8K, —T; - 8K,

Y2‘K sinf’ - [6A — O, LH 8¢ — g, ZHn 6By | ,
s R/
56 ~ y6By— YPLSMB s YI;I K. SmB 5K,
L
B Ke 0SB [8A — Gy LHn86 — 5y LHnSBy]

2 K,

8¢’ ~ 8¢ + du, LHn OS¢ + I, ZHmS By,
A = 8¢'— 56,

A" ~ LP[5A],

560 = g,6A’+gz/5A’dt. (23)

According to the method of Eq. (4), the fluctuation re-
sponse characteristics s8 /By of the main magnetic field of the
NMRG system considering Rb—Xe coupling can be obtained
by using Eq. (23)

ﬁ Ayt Bys+ Cu5? + Dys> +Eys*

By Fy+Gys+Hys? + 1ys3 +s*

Ay = goH, (I30py LHm + Yxe cos® )
x (LRI + Qg cos® B') sec B,

By = Hy([g2I37xe + 81113 e
+ 8217 (Yxe + 21398, ZHim + I3 ¥xe Qo ZHum) |
+Q3 (9298 £Hm + 811395, ZHr
+817xe 08" B’ + 82 e O, £ Hm cos” B)
+ (g2 +&111) 7 9p, LHmsec* B)

Cy = Hy(ga[¥xe + (I +2I3) Opy £ Him
+ (I3 +13) YxeOw, £Hn|
+81 [ ¥xe + 17 (ke + 21308y ZHm + I3 Vxe Oy £Hi) |
+ Q38105 LHm + 2381 Vxe O, ZHm cos> B’
+ g1F22330 /H,, sec? ﬁ/) ,

Dy = H,(g2 (98, £Hm + YxeOw, £Hm)
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+81[¥xe + (IT +213) Ip, ZHm
+ (I +13) Ve Oy £Hm) ),

Ey = g1Ha (9pyZHin + YxeOay £Hnm) ,

Fy = g2H, (cos” B’ — [300, £ H)
(L + Qfcos® B') sec” B,

Gy = (Ha[e1[i3+ g2 (I + I3 — [1 1300, £ )]
— 2 [~L + (g2 + &117) HuOop, ZH] sec® B’
+9; (I3 — g113H, 0, ZHm + g1H, cos? B’
— g2H,00, ZHpsin? ),

Hy = (1[iHy+ I3 (2 — g1 Hy O, £Hn)
+ Q3 (1 — g1Ha 00, ZHnm)
+H, (g2+ 8115 — 821500, ZHm)
— I3 (g1Ha0w, LHy — 1) sec® B'),

I = +g1Hy+15 (2 — g1 Hy 0, LHn) - 24)

The fluctuation response function of the main magnetic
field given in Eq. (24) is helpful to study the influence of Z-
direction magnetic field changes on the signals of the NMRG
system, and can improve the magnetic compensation perfor-

mance of the NMRG system through parameter optimizations.

3. Simulation analysis and verification

To verify the effectiveness of the established theoretical
model and further make analysis accordingly, a published and
verified simulation program of NMRG is utilized here to make
comparison. [®8] In fact, the simulation system uses almost the
same data processing and feedback control procedures as the
real experimental system, on the other hand, the gyro signal in
the simulation system is obtained by solving Bloch equation
which has been verified by a lot of literatures, >>1%1 which
ensures the credibility of the simulation results. Figure 2 gives
an example of how accurate the utilized simulation program of

NMRG could be, where the maximum relative error between

115.6f — Simu.
o Exp.
115.4f
FN, 115.2f
2 115.0f
Ry
114.8f
N6 G T~ 560 o071 073 975
By (uT)

Fig. 2. Comparisons of precession frequency change between NMRG
simulation (Simu.) system and experimental (Exp.) system.

the experimental and simulation results is only 6.26 x 107>,
Another reason why the simulation system is preferred
here to verify the established theoretical model in this paper is
that compared with a real system, all system parameters such
as the polarization and relaxation time of the simulation sys-
tem are known accurately, which is more conducive to guar-

antee the accuracy of the verification.

3.1. Xe magnetic moment closed-loop system response

characteristics

Firstly, the response characteristics of the Xe magnetic
moment closed-loop system without considering the effect of
Rb magnetometer are verified by the established NMRG sig-
nal simulation program. This part of the simulation also omits
the Bloch equation for Rb atomic system. In addition to phase
detection filter and PLL loop filter, other physical parameters
of the NMRG simulation program are shown in Table 1.

Table 1. Xe closed-loop system simulation and theoretical calculation
of physical parameters.

LY
1/10

L™
1/20

¥ (rad/uT) By (nT) B (rad)

—2m x11.86 1.8 0

To check the accuracy of Eq. (8), figures 3 and 4 show the
theoretical and simulation results of the NMRG amplitude—
frequency and phase—frequency response curves under the
conditions of different phase detection filters and PLL loop
filters.

The abscissa in Figs. 3 and 4 is the fluctuation frequency
of the carrier rotation signal, and the circles denote the simu-
lation results, the solid lines are the results of the theoretical
formula. In the phase—frequency curves, in order to make the
curves continuous, translations were made for phases exceed-
ing 360°.

It can be seen that the amplitude—frequency response
curve and the phase—frequency response curve are both in
good agreement with the simulation results, which can ver-
ify the correctness of the theoretical formula. Alternatively,
one can also find that the amplitude—frequency and phase—
frequency curves are both significantly correlated with the pa-
rameters of the phase detection filter and the PLL loop fil-
ter. Furthermore, by comparing Figs. 3 and 4, it can be
seen that the PLL loop filter parameters have larger impact
on the amplitude—frequency response curve, while the phase
detection filter parameters have larger impact on the phase—
frequency response curve. Thus, in order to predict accurate
response characteristics in the analysis of NMRG systems, one
must consider not only the physical system itself based on the
Bloch equation, but should also take into account the influence

of various filters in the signal transfer process.
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Fig. 3. Theoretical and simulation results of NMRG amplitude—frequency response curve under different phase filter and loop filter conditions.
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Fig. 4. The theory and simulation results of NMRG phase—frequency response curve under different phase filter and loop filter conditions.

In order to further analyze the impact of these parameters
on the system response, figures 5 and 6 show the amplitude—
frequency and phase—frequency response curves of parame-
ters ., N, g1, g» separately changed with other parameters
remain unchanged. The set values of the unchanged param-
eters are Q. = 2x x 10 rad/s, N =4, g1 =2, g» = 2. From
Fig. 5(a), it can be observed that increasing the bandwidth of

the phase detector filter alone leads to a slight decrease in the
amplitude—frequency response curve within 8 Hz and a slight
increase outside 8 Hz. However, observing the system phase—
frequency curve in Fig. 6(a), it can be observed that the sys-
tem phase delay significantly decreases with the increase of
the bandwidth of the phase detector filter, which is consistent
with general experience. Unlike this, as shown in Fig. 5(b),
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increasing the order of the phase detector filter significantly
affects the amplitude frequency response characteristics of the
system, and the peak response of the system increases signif-
icantly with the increase of the filter order. Meanwhile, the
phase delay of the system in Fig. 6(b) will also increase with
the increase of filter order N. Finally, figures 5(c), 5(d) and
6(c), 6(d) show that the proportional control parameter g; of
the loop filter has a significant impact on the amplitude fre-
quency and phase frequency response characteristics of the

1.2
(a) — 2. =27X10 rad/s
1.0 0. =27X20 rad/s
,,,,,, 2. = 27%30 rad/s
o8t -= 2. = 27Xx40 rad/s
o
< 0.6f
=
0.4}
0.2 -
g —
00 2 4 6 8 10
f (Hz)
10 2
c 9=
(c) a g1=3
8 B 1 [ g1= 4
il a=5
okdi !
< il
@ ! \
= 4t FoA
04 4 6 10
f (Hz)
Fig. 5.
0 - - ' '
(a) — 2. =27X10 rad/s
ok \ 2, =27x20 rad/s
= —100
<
£ —150
® I
2 —200
—250
=300 &5 10
[ (Hz)
0 o ! j '
T~ \(C) —g1=2
—50F - \,\\ g1=3
N g1=4
< —100f Ny Tt
L
=
5 L R
£ —150 3!
@
& —200F A3
—250F TN
~300§ > . 3 s 10

f (Hz)

system, while the integral control parameter g, has a relatively
small impact on the system characteristics. Furthermore, from
Figs. 5 and 6, it can be observed that adjusting one of these
filter parameters alone cannot effectively improve the system
response bandwidth. In order to effectively optimize the sys-
tem response characteristics, a multi parameter collaborative
adjustment method may be needed. We will discuss this issue

in Section 4.

3.0

2.5

2.0

1.5

| Hso(s)]

1.0

0.5

0¢ 2 4 6 )

1.4
1.2
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0.8
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0.2

‘Hs€(5)|
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Theoretical amplitude—frequency response curves with different phase detector filter and loop filter parameters.

S
)
80
-
<
3004 2 1 6 8 10
f (Hz)

Fig. 6. Theoretical phase—frequency response curves with different phase detector filter and loop filter parameters.
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By further observation of Eq. (6), it contains not only
the response characteristics of frequency signal s6/d@g, but
also the response characteristics of transverse amplitude signal
K| /@R. Therefore, the comparison of the amplitude response
characteristics for the transverse amplitude can be obtained by
the theoretical formula and the simulation system, as shown in
Fig. 7(a). It can be seen that the transverse amplitude signal
has a typical LP characteristic to the fluctuation frequency of
the rotating signal, and the accurate consistency between the
theoretical and simulation results further verifies the correct-
ness of the theoretical formula.

7
(a) o Simulated
6r —— Theoretical
-~ 5t 2, =27X10 rad/s,
‘o N:4791:2792:236:600
—
= 4
2 5t
=
—_ 2 -
1 -
00 2 4 6 8 10
f (Hz)
(b) 7| © Simulated
—— Theoretical
6+
.
o
i
< af
=
S
T
= 51
1k

~60 —40 —20 0 20 40 60
B ()
Fig. 7. (a) Comparisons of theoretical and simulation results of rota-
tional response of NMRG lateral amplitude signal; (b) 0.5-Hz response
characteristics of transverse amplitude signals with different closed-
loop phases.

It also shows that factors 7, and J, in Eq. (6) both con-
tain a factor sin 8. Thus, when the closed-loop phase  is zero,
the response of the transverse amplitude signal becomes zero,
which can be used as an important criterion for adjusting the
closed-loop phase parameter 3 of the actual NMRG system.
Figure 7(b) shows the response of the transverse amplitude of
0.5 Hz at different closed-loop phases 3, where the consis-
tency between the theoretical and simulation results verifies
the above conclusion.

In order to further analyze the difference between Eq. (6)
and ASSA results, figure 8 shows the amplitude response char-
acteristics obtained under the same conditions. A comparison
in Fig. 8(a) shows that as the bandwidth of the phase detector

filter increases, the influence of the phase detector filter gradu-
ally decreases, and the amplitude—frequency response charac-
teristics of Eq. (6) gradually approach the ASSA results which
not considering the phase detector filter. This not only verifies
the correctness of Eq. (6), but also shows that in the actual sys-
tem, when the bandwidth of the phase detector filter is small,
its influence on the system response characteristics cannot be
ignored. On the other hand, figure 8(b) shows the change of
amplitude response of the ASSA and Eq. (6) with the closed-
loop phase 3 when the angular velocity fluctuates at the fre-
quency of 0.5 Hz. It can be seen that the results agree well
when f is small, but there is a significant difference when f3 is
greater than 60°. However, in the actual NMRG experiment,
the closed-loop phase f3 is usually not so large, and the ASSA
results still have great applicability.

1.2

(a) —— ASSA
- -—o ---2.=27rX10 rad/s
1.0f \\ 0. = 2mXx20 rad/s
R 2. =2mwXx100 rad/s
0.8t
=
3 0.6
=
0.4
0.2
% 2 1 6 8 10
f (Hz)
) L2l Assa
—— This study
_vof
D
3
= o8]
0.6
—80 —40 0 40 80
B()

Fig. 8. (a) Amplitude—frequency response curves of ASSA and differ-
ent phase detector filter bandwidths, (b) 0.5-Hz response characteristics
of ASSA and Eq. (6) with different closed-loop phase 3.

3.2. Verification of Rb atomic magnetometer transfer
characteristics

In order to construct a complete signal transfer model of
NMRG system, the transfer function formula of the embed-
ded Rb magnetometer in NMRG is given in Subsection 2.2
through theoretical analysis. In order to verify the correctness
of the theoretical formula, the amplitude and phase response
characteristics of Rb atomic magnetometer to the transverse
magnetic field frequency with different carrier demodulation
LP filters are compared in Fig. 9, respectively. Table 2 shows
the relevant physical parameters set in the theoretical calcula-
tion and the simulation. Note that the magnetic moment has
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been converted into the corresponding magnetic field here for
the convenience of calculation, so the magnetic field unit is pT
as given in Table 2.

Table 2. Physical parameters of Rb atomic magnetometer system simula-
tion and theoretical calculation.

Wb (rad/uT) . (rad) a (rad)

—27 % 6998.0

7 (s) Mo (uT) Be (uT)

13.57 0

0.0001 0.005 27 x 69980

As can be seen in Fig. 9, the amplitude—frequency curve
obtained by Eq. (15) (solid line) is in good agreement with
the results given by the simulation program (circles) under the
same physical parameter conditions. The small errors (max-
imum relative error about 2%) in the amplitude—frequency
curves in Figs. 9(a) and 9(b) come mainly from the cut-off er-
ror in Eq. (15), where only the n = 1 term is considered. When
taking the sum of the terms n = —10 to n = 10 in Eq. (13), the
numerical calculation results show that this maximum relative

5.0
45 (a)
40T o Simulated
o 3.5 ——Theoretical
s 30}
—
~ 25¢
E 20¢
a
T 1.5F
1.0}
05l 2. = 27Xx1000 rad/s, N=4
0 L L L L L
0 200 400 600 800 1000
f (Hz)
0 T T T T T
—50F (c)
—100F
o Simulated
o~ —10F __Theoretical
E —200}
T
- —250F
—300F
—350f  2.=27%x1000 rad/s, N=4
74000 200 400 600 800 1000
f (Hz)

| Hun(s)]

| Hun(s)]

error will decrease from 2% to 0.8%. Secondly, figure 9 shows
that the parameters of the demodulation LP filter can signifi-
cantly affect its amplitude and phase frequency response char-
acteristics, so the influence of the filter parameters should be
carefully considered in performance analysis and optimization
of actual NMRG system. In addition, a close look at Figs. 9(c)
and 9(d) reveals that the phase delay of the input signal of
embedded Rb magnetometer varies with different frequencies,
so there may be significant phase differences in the magnetic
moment precession signals of '2Xe and '3'Xe measured si-
multaneously in NMRG. This has a negative impact on the
dynamic characteristics of the final output signal of the gyro-
scope synthesized from these dual isotope precession signals
and the magnetic field compensation signal. This phase delay
may need to be considered for correction and compensation

during the actual development of NMRG.

0.005
(b)
0.004 o Simulated
—— Theoretical
0.003F
0.002f
2. = 27%x300 rad/s,
0.001f N=4
O 1 1 1 )
0 200 400 600 800 1000
f (Hz)
0 T T T T T
d
_sol (d)
—100F o Simulated
—150F} ——Theoretical
—200F
—250F
—300F
—350F . =27%x300 rad/s, N=4
—4 1 1 1 1 1
000 200 400 600 800 1000
f (Hz)

Fig. 9. (a), (b) Rb atomic magnetometer with different carrier demodulation low pass filter amplitude response to the rotation frequency of a
transverse magnetic field, (c), (d) Rb atomic magnetometer with different carrier demodulation low pass filter characteristics of phase response

to transverse magnetic field rotation frequency.

3.3. Verification of NMRG closed-loop system response
characteristics

After verifying the correctness of the response character-
istics of the Xe magnetic moment closed-loop system and the
embedded Rb atomic magnetometer, the simulation program
is also used to verify the rotational and main magnetic field
fluctuation response characteristics of the complete NMRG
system given in Eqs. (22) and (24). The parameters applied
in simulation here were still the same as listed in Tables 1 and
2.

Figure 10 shows the rotational response characteristics of
the Rb—Xe coupled NMRG system under different filter pa-
rameters. The circle is from the simulation results, and the
solid line is from the theoretical Eq. (22). N and €/ denote
the order and cutoff angular frequency of the LP filter in de-
modulation procedure related to Hip (j;) in Eq. (15). It can
be seen that the theoretical results are in good agreement with
the simulation ones, which can verify the correctness of the
Rb—Xe coupled NMRG rotational response model. In addi-
tion, it can be seen from Fig. 10 that PI parameters have a sig-

094203-10



Chin. Phys. B 33, 094203 (2024)

nificant impact on the rotational response characteristics of the  atively insensitive to rotation, it has little impact on the system
NMRG system. Finally, by comparing Fig. 10 with Figs. 3and  response characteristics, resulting in the similar response char-
4, it can be found that since the Rb magnetometer has a large  acteristics of the same parameters in Fig. 10 and in Figs. 3 and

bandwidth for relatively small rotations, and Rb atoms are rel- 4.
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Fig. 10. (a), (b) Rotational amplitude—frequency and (c), (d) rotational phase—frequency response characteristics of NMRG systems considering
different loop filter parameters after Rb—Xe coupling.
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Fig. 11. (a), (b) Considering different loop filter parameters after Rb—Xe coupling amplitude—frequency response of the main magnetic field
fluctuation in NMRG system, (c), (d) considering different loop filter parameters after Rb—Xe coupling phase—frequency response characteris-
tics of main magnetic field fluctuation in NMRG system.
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The fluctuation response characteristics of the main mag-
netic field By of the Rb—Xe coupled NMRG system under
different parameter settings are shown in Fig. 11. The cir-
cles are from simulation results, and the solid lines are from
Eq. (22). Note that the errors between the theoretical and sim-
ulation results are primarily due to the approximate treatment
schemes, such as the truncation of Eq. (15), ignoring the influ-
ence of magnetometer on signal amplitude when dealing with
Rb—Xe coupling in Eq. (17), and neglecting the influence of
the transverse feedback magnetic field when analyzing the re-
sponse characteristics of the magnetometer. By comparison of
Fig. 10 along with Fig. 11, the rotational response character-
istics of the NMRG system can be found to be significantly
different from the response characteristics of the fluctuations
of the main magnetic field, which is primarily due to the influ-
ence of the main magnetic field on the transfer characteristics
of the Rb magnetometer as can be seen from Eq. (19). This
needs special attention in NMRG when achieving dynamic
compensation of the main magnetic field through Xe nuclear
magnetic moment precession frequency.

4. Parameter optimization application

In general, along with the development of the NMRG sys-
tem, the atomic polarization intensity, relaxation time, and
other physical parameters will have relatively well-defined
values, which are not easily controlled by external condi-
tions. While signal processing systems such as the phase-
detection LP filter and the PLL loop filter are easy to control
and tune. Thus, as an application of the theoretical formula de-
rived above, we primarily investigated the influence rule of the
phase-detection filter and the PLL loop filter on the amplitude—

frequency response characteristics of the rotational signal of

the NMRG system. The calculated results of the theoretical
formula are shown in Fig. 12. With the exception of the phase
detection filter and the PLL loop filter, the settings in Tables 1
and 2 are still adopted. The parameters Q. = 27 x 10 rad/s,
N =4, g1 =2, go =2 are adopted if both filters are unspeci-
fied.

Figure 12(a) shows the variation of the NMRG rotational
amplitude—frequency response curve as a function of the phase
detector filter bandwidth. As can be seen, increasing the phase
detector filter bandwidth only slightly increases the amplitude
of the high-frequency response of the system, but instead de-
creases the amplitude of the low-frequency response, which
cannot effectively increase the rotational response bandwidth
of the NMRG system.

The variation of the NMRG rotation amplitude response
curve as a function of the PLL loop filter parameter g; is
shown in Fig. 12(b). It can be seen that increasing the fil-
ter parameter g; alone can effectively increase the rotation re-
sponse, particularly if the rotation signal frequency is above
5 Hz. However, one can also notice that the amplitude of the
response is much greater than 1 in the part where the frequency
variation of the rotation signal is greater than 5 Hz. In other
words, this will severely distort the dynamic scaling factor of
the NMRG system, as well as reducing the stability of the PLL
itself, which is easy to cause unlocking phenomena.

Likewise, figure 12(c) shows the variation of the NMRG
rotational amplitude—frequency response curve with the PLL
loop filter parameter g,. It can be seen that increasing fil-
ter parameter g, only increases the low-frequency response of
the system. These three figures indicate that changing the pa-
rameters of the phase detection filter and the PLL loop filter
alone cannot effectively improve the response bandwidth of
the NMRG system.
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Fig. 12. The influence of the phase-discriminating LP filter and the PLL loop filter parameters on amplitude—frequency response characteristics

of rotational signals in NMRG system.
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However, in Fig. 12(d), it shows that the rotational re-
sponse bandwidth of the NMRG system can be effectively
improved by tuning the filter parameters €2, g1, g2 in a spe-
cific proportion. The specific parameters corresponding to the
curves in the figure are (Q. =k-27 x 10, g1 = k-2, g2 =k>-2).
This method can be explained by classical PLL theory.?]
Usually, there are two typical filtering parameters of a second
order PLL, undamped natural frequency @, and dimension-
less damping coefficient £, which can be used to represent
the bandwidth and dynamic response capability of the loop,
respectively. The relationship between them and filtering pa-
rameters g, g» defined in this paper is as follows, where Ky
and Ky are the gain coefficients of the phase detector and VCO
in the loop, respectively

0, = \/KqKv g, (25)

K4Kv
g

81
¢ = 5 (26)

Therefore, the method in this paper extends the band-
width of the loop while keeping the dynamic loop response
parameters & unchanged. It can be seen from Fig. 12 that the
response bandwidth of the NMRG systems increases signifi-
cantly as the proportional coefficient & is increased, while still
maintaining a response range that is essentially the same. At
k = 4, the bandwidth of the response is fundamentally 10 Hz,
which is important when optimizing the performance of real
NMRG systems.

Similarly, figures 12(e) and 12(f) show the influence rule
of the parameters of the phase detector filter and the PLL loop
filter on the amplitude—frequency response characteristics of
the NMRG system’s main magnetic field fluctuations. It can
be seen that the influence of loop filter parameters g1, g» on
the amplitude—frequency response characteristics of the main
magnetic field fluctuation is similar to that on the rotational
response characteristics, but the influence of the phase detec-
tion filter bandwidth is more significant. It can be seen from
Figs. 12(e) and 12(f) that the response bandwidth of the main
magnetic field fluctuation of the NMRG system is mainly af-
fected by the phase detection filter bandwidth.

5. Conclusion

In this paper, the analytical transfer function of Xe closed-
loop system considering Rb—Xe coupling effect in NMRG
is obtained by using perturbation theory without the ASSA.
The theoretical results are compared with a verified simula-
tion program based on Bloch equation, and the well matched

results prove the correctness of the theoretical formula. Mean-
while, through theoretical calculations and simulations, it can
be found that filter parameters have a significant impact on the
system response characteristics. Thus, in order to predict ac-
curate response characteristics in the analysis of NMRG sys-
tems, one must consider not only the physical system itself
based on the Bloch equation, but should also take into account
the influence of various filters in the signal transfer process. In
addition, the influence of filter parameters on the system re-
sponse bandwidth was studied using the proposed theoretical
formulas in this paper, and an effective method for setting filter
parameters to improve the NMRG rotational response band-
width was proposed. These theoretical formulas and analyti-
cal results are of great significance to the practical application
and development of NMRG.
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