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Emission of matter-wave jets from a parametrically driven condensate has attracted significant experimental and
theoretical attention due to the appealing visual effects and potential metrological applications. In this work, we investigate
the collective particle emission from a Bose–Einstein condensate confined in a one-dimensional lattice with periodically
modulated interparticle interactions. We give the regimes for discrete modes, and find that the emission can be distinctly
suppressed. The configuration induces a broad band, but few particles are ejected due to the interference of the matter
waves. We further qualitatively model the emission process and demonstrate the short-time behaviors. This engineering
provides a way to manipulate the propagation of particles and the corresponding dynamics of condensates in lattices, and
may find application in the dynamical excitation control of other nonequilibrium problems with time-periodic driving.

Keywords: Bose–Einstein condensate, matter-wave jet, periodic modulation
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1. Introduction

The ability to precisely manipulate the interparticle in-
teractions in many-body systems has provided opportuni-
ties to investigate the exotic behaviors of quantum matters
and control quantum engineering,[1] as well as demonstrate
a variety of fundamental physical problems, such as quan-
tum phase transition and nonequilibrium dynamics.[2] Time-
periodic driving is one of the major schemes especially imple-
mented in experiments, which opens possibilities to explore
fascinating quantum phenomena[3,4] and may have remarkable
applications in a large class of platforms, ranging from topo-
logical systems[5–8] to optical lattices.[9–12]

Coherent manipulation is particularly promising in the
gases of ultracold atoms, where the excitation of atoms from a
Bose–Einstein condensate can be well controlled via Feshbach
resonances.[13,14] Pair atoms shared the energy from the peri-
odic drive, and were ejected in opposite directions after col-
lisions, leading to the collective emission of matter-wave jets
resembling fireworks.[15] A number of subsequent advances
revealing new aspects of Bose fireworks and related systems
have been reported,[16–33] where in the theoretical side the ex-
perimentally accessible lattice models were introduced as a
transparent way of studying the relevant physics. The behav-
ior of the trapped atoms was mimicked by the hopping of parti-
cles from the condensate to the leads and between neighboring
sites. In addition to the widely studied pair emission, a novel
single-particle emission,[30] the resonant enhancement,[31] the
effects of drive imbalance,[32] as well as a distinctly intermit-
tent emission[33] have been demonstrated.

In cold atom experiments, one can configure uncon-
ventional lattice structures and control the couplings to re-
veal novel nonequilibrium effects based on specific demands.
There have been several seminal works paying attention to
the dynamical behaviors of condensates confined in a double-
well potential[34–41] and the reverse of quantum dynamics
in weakly interacting Bose condensates with time-dependent
interactions,[42–52] where the symmetry plays a significant
role in the dynamic process, leading to unique geometric in-
terpretations of the instabilities and feasible implementations
of tailoring the collective excitations of many-body quantum
systems.[49,50] These inspiring results thus naturally raise an
interesting question as to whether there exist analogs in such
lattice systems, i.e., the possible suppression of the matter-
wave jets, which could be conducive to the precise control of
the corresponding dynamics. In Ref. [31] we focused on a
periodically driven condensate in a one-dimensional lattice to
demonstrate the parametric resonance, where a local deep trap
confined two central sites, with each site solely connected to
the left or right lead. Here we introduce a similar geometry,
however, with some more sophisticated setups, where the cen-
tral sites are coupled to both leads. We analyze the dynamics
within perturbative analysis and figure out the available broad
band for discrete modes. When compared with the previous re-
sults, we find the strong suppression of particle emission, and
present both analytical and numerical calculations to qualita-
tively model the short-time process.

This paper is organized as follows. In Section 2, we illus-
trate our theoretical model and the corresponding equations of
motion, and use perturbative analysis to discuss the regimes
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of the discrete modes. In Section 3, we compare the solutions
from the present work with a previous one to demonstrate the
distinct suppression of the particle emission, and further qual-
itatively clarify the results. A summary is given in Section 4.

2. Model and perturbation
The system under consideration is a one-dimensional in-

finite lattice, as depicted in Fig. 1, where a local trapping po-
tential of depth V is placed to confine a Bose–Einstein con-
densate. The central sites labeled a and b are coupled with
amplitude tab, which enables the tunnelling of particles from
one site to the other. Atoms with sufficient energy can run
away from the trap, while hopping onto either site a1 or b1

with strength tc, and the couplings between neighboring sites
in each lead are quantified by tl. The symmetric geometry
can be literally realized in an experiment by putting a conden-
sate in a double-well potential combined with optical lattices,
while the couplings can be specifically manipulated and the in-
terparticle interactions are modulated by time-periodic driving
fields.[53,54]

a1a2a3

a

b

b1 b2 b3 @tab

tc

tc

tl t

tc

tl

@

c

Fig. 1. Illustration of the one-dimensional geometry. The red solid cir-
cles symbolize the central sites in a local deep trap denoted by the blue
dashed box, which clarifies the couplings of a and b with both a1 and
b1. The green empty circles labeled by a1 (b1), a2 (b2), . . ., ∞ represent
the sites on each lead.

For simplicity, we only take the interactions between
atoms which sit on the central sites into account, and neglect
those outside of the trap. Thus, the Hamiltonian of such a sys-
tem reads

Ĥ = V
(

â†
0â0 + b̂†

0b̂0

)
− tab

(
â†

0b̂0 + b̂†
0â0

)
+

1
2
[U +g(t)]

(
â†

0â†
0â0â0 + b̂†

0b̂†
0b̂0b̂0

)
− tc

(
â†

1â0 + â†
1b̂0 + b̂†

1â0 + b̂†
1b̂0 +H.c.

)
− tl

∞

∑
j=1

(
â†

j+1â j + b̂†
j+1b̂ j +H.c.

)
, (1)

where â†
j and b̂†

j are the creation bosonic operators on the

jth site, while â†
0 and b̂†

0 correspond to the central sites. A
time-independent on-site interaction U and a time-dependent
periodic driving g(t) characterize the pairwise particle inter-
actions, for which we take the sinusoidal modulation g(t) =
gsin(ωt) with g representing the drive strength and ω being
the drive frequency.

The lattice involves the nature of a macroscopic number
of particles, and hence we can use a mean-field approximation
to replace the operators â and b̂ with some complex numbers

a and b, i.e., the absolute squares of the expectation values
a j = 〈â j〉 and b j = 〈b̂ j〉 represent the population of atoms on
site j in each lead.

Since the dc component of the scattering length was gen-
erally kept small in experiments[15–19] and a finite U did not
qualitatively change the relevant physics,[30] by neglecting the
on-site interaction term and taking units where h̄ = 1, and ac-
cording to the equations of motion ∂t Â= i[Ĥ, Â] in the Heisen-
berg picture, we thus write down, respectively, for the central
sites

i∂t

(
a0
b0

)
=

(
Λa 0
0 Λb

)(
a0
b0

)
− tab

(
b0
a0

)
− tcΩ1 (2)

with Λa = V + g(t)|a0|2, Λb = V + g(t)|b0|2 and Ωm =(am+bm
am+bm

)
, and for the sites where j ≥ 1,

i∂t

(
a1
b1

)
= −tcΩ0− tl

(
a2
b2

)
, (3)

i∂t

(
a j
b j

)
= −tl

(
a j+1
b j+1

)
− tl

(
a j−1
b j−1

)
. (4)

At time t < 0, the system is in its equilibrium when the drive is
absent. We find the stationary solutions by making the ansatz
a0(t) =α e−iνt , b0(t) = β e−iνt with α and β being constants,
and assuming that

a1(t) =
α +β

2
e−iνt e−λ1 , a2(t) =

α +β

2
e−iνt e−λ1−λ . (5)

The linear Eq. (4) leads to a j/a j−1 = b j/b j−1 = e−λ , thus
coshλ = ν/(−2tl), and for j ≥ 1 we have explicitly

a j(t) = b j(t) =
α +β

2
e−iνt e−λ1 e−λ ( j−1) (6)

with λ1 = −ln
[
−2tc/(ν + tl e−λ )

]
. Eliminating the leads

based on the Green’s function technique[31]

a j(t) = b j(t) =−tc
∫ t

dτG j1(t− τ) [a0(τ)+b0(τ)] , (7)

where G j1(t) = i j−2[ jJ j(2tlt)]θ(t)/(tlt) is the time-domain
Green’s function with Jn(x) the Bessel function of the first kind
and θ(t) the step function, we obtain the nonlinear integro-
differential equation

i∂t

(
a0
b0

)
=

(
Λa 0
0 Λb

)(
a0
b0

)
− tab

(
b0
a0

)
+2t2

c

∫ t
G11(t− τ)dτΩ0(τ). (8)

To largely simplify the analysis, we treat g as a small pa-
rameter, where one could begin by finding the perturbative so-
lution with g = 0. Accordingly, Eq. (8) becomes a linear equa-
tion, whose solutions are linear combinations of functions of
a0 and b0, with

να = V α− tabβ +2t2
c G11(ν)(α +β ), (9)

νβ = V β − tabα +2t2
c G11(ν)(α +β ), (10)
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where, as in Ref. [30], the frequency-domain Green’s function
reads

G11(ε) =
ε

2t2
l
− i

√
1
t2
l
− ε2

4t4
l
. (11)

We want the symmetric mode with β = α to be stable,
which means that there should be a real-value solution to the
equation

ν−V + tab−4t2
c G11(ν) = 0, (12)

and it specifically constrains the allowed values of the trap-
ping potential V . Though the above equation can be readily
solved by substituting in the expression of G11 and shuffling
terms around, it suffices for us to perturbatively solve it. To
the zeroth order in tc, we obtain an explicit expression

ν
(0)
s =V − tab, (13)

while at the second order one simply substitutes this into
Eq. (12) to get

ν
(2)
s = V − tab +

2t2
c

t2
l

(
V − tab− i

√
4t2

l − (V − tab)2
)
, (14)

which leads to the constraints of |V−tab|> 2tl. Specializing to
the case where V =−|V |< 0, in the symmetric mode we sub-
sequently reach the allowed values of the trapping potential as
|V |+ tab > 2tl.

One can also, in this slick way, obtain the frequency of
the antisymmetric mode β = −α for both the zeroth and the
second order of tc, with

ν
(0)
a = ν

(2)
a =V + tab. (15)

To observe significant particle emission, we need to parametri-
cally excite the antisymmetric mode, which requires the com-
plex solutions. However, it is obvious that under this circum-
stance they have explicitly only real values in both orders.
As a consequence, we are probably incapable of being in the
regime where the symmetric mode is stable but the antisym-
metric mode is damped, i.e., the collective excitations of par-
ticles could be greatly suppressed, and there exists merely a
very weak jet.

3. Parametric drive
To verify this scenario, we now parametrically drive the

system and explore its nonlinear dynamics by numerically
solving Eq. (8). We assume that the weak drive is turned
on at time t = 0. We introduce, without any loss of gener-
ality, initially slight difference for a0(t = 0) = α = 1.01 and
b0(t = 0) = β = 1 to seed the system at the lowest symmetric
mode of νs = V − tab. We also fix tab = 1 as the energy scale

of the system in most of the numerics, such that the times are
measured in units of h̄/tab.

We first compare the collective emission of particles in
the present model with the previous one from Ref. [31], by
showing their decaying behaviors under typical drive frequen-
cies. Specifically they are both two-site infinite lattices with
somewhat similar configurations, but the previous one exhib-
ited a resonant enhancement. As can be plainly seen in Fig. 2,
when the drive strength is as small as g = 0.1 and the drive
frequency is ω = 4tab, for the previous model the number of
trapped atoms N = |a0|2 + |b0|2 bears a short plateau around
t < 100 with only a few particles escaped. At intermediate
times 150 < t < 250, the condensate suddenly starts to eject a
burst of atoms until few remain. As for the present system, it
undergoes a slow but very steady decay under both frequencies
of ω = 2tab and ω = 4tab. The detailed behaviors are charac-
terized in the inset, where a fairly small portion of particles are
ejected even in a much longer time interval.

0 100 200 300 400 500

t

0

0.5

1.0

1.5

2.0

N

0 500 1000

t

1.94

1.98

2.02

N

Previous model

ω/tab

ω/tab

ω=4tab

Fig. 2. Time dependence of the number of trapped atoms N for both
models with typical drive frequencies ω . The blue solid line corre-
sponds to the previous two-site model from Ref. [31] with ω = 4tab,
while the green dotted–dashed line and the orange dashed line are for
the present model with ω = 2tab and ω = 4tab, respectively. Inset shows
a more detailed behavior of the present model with a longer time inter-
val. Here, we have kept the drive strength as g = 0.1 and the trapping
potential as V =−2. The coupling strengths are tc = 0.1 and tl = 1.

0

0.04

0.08

D
N

D
N

Present model

0 1 2 3 4 5 6

0

1.00

2.00

ω

Previous model

Fig. 3. Number of excited atoms ∆N under different frequency
ω , which is calculated from ∆N =

(
|a0(t = 0)|2 + |b0(t = 0)|2

)
−(

|a0(t = τe)|2 + |b0(t = τe)|2
)
, up to time τe = 500. The upper panel cor-

responds to the present model, while the lower panel comes from the
previous model in Ref. [31]. The trapping potential is V = −2, and the
drive strength is g = 0.1. The coupling strengths are tc = 0.1 and tl = 1.

To check whether the discrepancies shown above are in-
duced by the selection of certain drive frequencies, in Fig. 3
we keep the drive strength as g = 0.1 while sweeping the
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frequency, and also compare the corresponding results from
Ref. [31]. For the previous model, a distinct peak appears
at ω = 4tab with a typical narrow bandwidth, while for other
non-resonant frequencies there are hardly any ejected atoms.
In sharp contrast, a much broader band emerges roughly from
ω = tab to ω = 4tab for the present model; however, with very
few excited atoms. Even when we tune to a relatively larger
drive strength (e.g., g = 0.3), as shown in Fig. 4, the number
N can oscillate and fall with a greater extent, but there seems
to be still a small particle jet rather than large pulse, which in-
dicates that with such a configuration the collective emission
is distinctly suppressed.

g/.

g/.

g/.

g/.

g

     
t

.

.

.

.

N

/.

Fig. 4. Time dependence of the number of trapped atoms N for the
present model with different drive strength g. Here, the drive frequency
is fixed as ω = 2tab, and we have taken V =−2, tc = 0.1 and tl = 1.

For the two-site lattice in the previous model, once the
time-periodic modulation with an appropriate frequency that
is within the narrow resonance region is turned on, the conden-
sate wave functions undergo rapid oscillations and the atoms
in the ground state are subsequently pumped to a higher en-
ergy level corresponding to the antisymmetric mode. The ex-
cited atoms with sufficient energy escape from the trap and
travel along the leads, exhibiting a parametric resonance. With
respect to the present configuration, however, the main dif-
ference from the previous model lies in Eq. (7), where two
branches of the matter waves coming from the central sites a
and b tunnel and interfere due to the sophisticated hoppings.
One could further refer to the coherent destruction of tunnel-
ing for a more insightful perspective, where the suppression
of tunneling in the periodically driven two-level system may
be viewed as the destructive interference between transition
paths.[55–59] The decay rate of the particles in the source con-
densate is thus far inferior to the growth rate, such that the
antisymmetric mode can hardly leak into the leads, and there
are no longer significant jets.

To demonstrate the formalism, in the limit where tc is neg-
ligible we qualitatively model the emission process with the
help of the method of multiple scales, where

a0(t) = e−iνstu(t)+ e−iνatv(t), (16)

b0(t) = e−iνstu(t)− e−iνatv(t), (17)

with u(t) and v(t) both slowly varying, and ν(s,a) denoting the
zeroth-order frequencies corresponding to the discrete modes.
Substituting the ansatz into Eq. (8) and collecting the terms
leads to (see Appendix A)

∂tu = 2gX(t)v2u, (18)

∂tv = −2gX(t)u2v, (19)

where X(t) = sin(ωt)sin(4tabt). Since u2 and v2 represent the
numbers of particles in the symmetric mode and in the anti-
symmetric mode, respectively, if one linearizes about v = 0,
i.e., all particles are initially placed in the ground state, from
the above equations we find v decays to zero while u grows. In
other words, we are not able to produce large particle jets by
leaking the antisymmetric mode into the lead.

Figure 5 compares the analytical solutions coming from
Eqs. (18) and (19) with the numerical result. Both outcomes
clearly describe the rapid oscillation and slow time evolution
of the short-time behaviors of the system, and they fit quite
well at rough times t < 80. For longer intervals, the deviations
emerge, where the numerics show that the particle imbalance
|a0|2− |b0|2 oscillates around and grows up with time rather
than falls, under which the system maintains in the stage of
build-up, corresponding to the fact that the total particle num-
ber |a0|2 + |b0|2 from the numerics drops very slightly.

   

t
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   

t

.

.

.

    

↩.

↩.

.

.

    

t

.

.

a
0
2
⇁
b
0
2

a
0
2
↩
b
0
2

a
0
2

b
0
2

t

Fig. 5. Typical examples of the time evolution of the particle number
|a0|2 and |b0|2 on both central sites, the imbalance |a0|2 − |b0|2 and
the total particle number in the condensate |a0|2 + |b0|2. The analytical
solutions (dotted line) and the numerical results (solid line) are nearly
indistinguishable at short times. Here, the drive strength is g = 0.1, the
drive frequency is fixed as ω = 2tab and the coupling strength is tuned
to tc = 0.01. We have also taken V =−2 and tl = 1.

There can always be certain oscillations and ejected par-
ticles from the condensate once the time-periodic driving field
is applied, while the analytical formalism, which is limited in
the regime where the drive strength g and the coupling strength
tc are both negligible, demonstrates the approximate stability
throughout. Therefore, for a larger drive the linearization may
be no longer justified. We further illustrate the detailed struc-
ture of a jet by plotting the number of particles on each site of
the leads, as shown in Fig. 6. Note that the jets can be mod-
erately visible and continuous here, however, with fairly few
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ejected particles, which bears a significant difference from the
previous pulse.

Site

T
im
e

g/.

aj ↼bj↽

Fig. 6. Number of particles on the jth site of each lead as a function
of time. Here, we have taken V = −2, g = 0.1, ω = 2tab, tc = 0.1 and
tl = 1. Note the scaled legend.

4. Summary
We have introduced a one-dimensional lattice, where the

trapped central sites are coupled with both leads, to investigate
the collective emission of particles from a Bose–Einstein con-
densate with time-periodic modulations. Perturbative analysis
is used for simplification, for which we validate through nu-
merical calculations.

In a previous work where the configuration was some-
what similar, the collective modes resulted in a dramatic en-
hancement such that a small drive could induce large pulses
when the drive frequency was tuned to resonance.[31] In the
present model, however, a much broader band emerges with
only few particles ejected even when the drive strengths are
increased, i.e., the emission is greatly suppressed. This phe-
nomenon might be attributed to the destructive interference
of the outcoming matter waves from the central sites, lead-
ing to the decay rate of the particles being much lower than
the growth rate, and there are insignificant particle jets outside
of the trap.

The symmetric geometry and the couplings can be readily
implemented with optical lattices in experiments. One could,
based on particular purposes, utilize specific engineering to
either enhance or suppress the dynamic processes, and such a
framework would enable an intensive study of the correlations
among the particle emission, the couplings, and the various
leads. The ability to tailor the dynamical excitation and coher-
ently steer the particles to produce directed motion in a lattice
system also points to the possible implementation in coupled
quantum dots and quantum information processing.

Appendix A: Derivation of the analytical relation
Here we utilize the method of multiple scales to repro-

duce the results from Section 3, in the limit where the drive

strength g and the coupling strength tc are small. Substitut-
ing Eqs. (16) and (17) into Eq. (8), and neglecting the slow
variation of any function f (t) in the integral by∫ t

G11(t− τ) f (τ)e−iξ τ dτ ≈ f (t)e−iξ tG11(ξ ), (A1)

as well as using the neat combinations

gsin(ωt)(|a0|2a0 + |b0|2b0)

=
g
i
(

e iωt − e−iωt)
×
(

e−iνst(|u|2 +2|v|2)u+ e i(νs−2νa)tv2u∗
)
, (A2)

gsin(ωt)(|a0|2a0−|b0|2b0)

=
g
i
(

e iωt − e−iωt)
×
(

e−iνat(2|u|2 + |v|2)v+ e i(νa−2νs)tu2v∗
)
, (A3)

we thus write down the equations of motion for u and v,

i∂t
a0 +b0

2
= (νsu+ i∂tu)e−iνst

= (V − tab)ue−iνst +
gsin(ωt)

2
(|a0|2a0 + |b0|2b0)

+ 2t2
c

∫ t
G11(t− τ)e−iνsτ u(τ), (A4)

i∂t
a0−b0

2
= (νav+ i∂tv)e−iνat

= (V + tab)ve−iνat +
gsin(ωt)

2
(|a0|2a0−|b0|2b0),

(A5)

which can be transformed into

∂tu =−2it2
c G11(νs)u−

g
2

[
e iωt(|u|2 +2|v|2)u

+e i(ω+2νs−2νa)tv2u∗− e−iωt(2|u|2 + |v|2)v

−e i(ω+2νa−2νs)u2v∗
]
, (A6)

∂tv =−
g
2

[
e iωt(2|u|2 + |v|2)v+ e i(ω+2νa−2νs)tu2v∗

−e−iωt(2|u|2 + |v|2)v− e−i(ω+2νs−2νa)tu2v∗
]
. (A7)

Through u∗× Eq. (A6) +u× Eq. (A6)∗ and v∗× Eq. (A7) +v×
Eq. (A7)∗, we further reach

∂t |u|2 = 4t2
c ImG11(νs)|u|2−

g
2

[
e i(ω+2νs−2νa)tv2u∗2

+e−i(ω+2νs−2νa)tv2|u|2− e i(ω+2νa−2νs)tv2|u|2

−e−i(ω+2νa−2νs)tv2u∗2
]
, (A8)

∂t |v|2 =−
g
2

[
e i(ω+2νa−2νs)tu2v∗2 + e−i(ω+2νa−2νs)tu∗2v2

−e i(ω+2νs−2νa)tu∗2v2− e−i(ω+2νs−2νa)tu2v∗2
]
.

(A9)

A nice simplifying assumption is to treat u and v as real, we
find

∂tu = 2gX(t)v2u, (A10)
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∂tv =−2gX(t)u2v, (A11)

where X(t) = sin(ωt)sin(4tabt). The above equations can
readily be numerically solved. Conversely, one could also
rewrite from Eqs. (16) and (17) that

ue−iνst =
a0 +b0

2
, (A12)

ve−iνat =
a0−b0

2
, (A13)

which can be reconstructed to obtain the particle imbalance

|a0|2−|b0|2 = 2
[
uv∗ e−i(νa−νs)t +u∗ve i(νa−νs)t

]
= 4uvcos(2tabt), (A14)

and the number of total particles

|a0|2 + |b0|2 = 2(|u|2 + |v|2). (A15)
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