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Considerable efforts are being made to transition current lithium-ion and sodium-ion batteries towards the use of solid-
state electrolytes. Computational methods, specifically nudged elastic band (NEB) and molecular dynamics (MD) methods,
provide powerful tools for the design of solid-state electrolytes. The MD method is usually the choice for studying the
materials involving complex multiple diffusion paths or having disordered structures. However, it relies on simulations at
temperatures much higher than working temperature. This paper studies the reliability of the MD method using the system
of Na diffusion in MgO as a benchmark. We carefully study the convergence behavior of the MD method and demonstrate
that total effective simulation time of 12 ns can converge the calculated diffusion barrier to about 0.01 eV. The calculated
diffusion barrier is 0.31 eV from both methods. The diffusion coefficients at room temperature are 4.3×10−9 cm2·s−1 and
2.2× 10−9 cm2·s−1, respectively, from the NEB and MD methods. Our results justify the reliability of the MD method,
even though high temperature simulations have to be employed to overcome the limitation on simulation time.

Keywords: nudged elastic band method, molecular dynamics, solid electrolyte, ion transport, density func-
tional theory
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1. Introduction
Lithium-ion batteries (LIBs) and sodium-ion batteries

(NIBs) have garnered considerable attention as current and
next-generation energy storage devices.[1–5] With an increas-
ing emphasis on high safety and the adoption of metal an-
odes to enhance battery capacity, research on electrolytes has
gradually shifted from traditional organic liquids to inorganic
solids to realize all-solid-state batteries.[6,7] In this trend, the
discovery of fast Li and Na ion conductors becomes crucial to
serve as solid-state electrolytes.[8–12]

Despite commendable progress, a comprehensive under-
standing of ion transport mechanisms in fast ion conductors
remains challenging.[13,14] Experimental evaluations of ionic
conductivity often encounter issues due to uncertainties intro-
duced by complex structures.[15,16] Factors such as defects,
impurities, and irregularities in the preparation process con-
tribute to such uncertainty.[17] Additionally, the rapid diffu-
sion of ions, coupled with uncertain site occupancy in fast
ion conductors, poses challenges in determining ion trans-
port mechanisms through experimental methods.[12] To ad-
dress these challenges, computational methods serve as pow-
erful and complementary tools.[13,18–21]

Ion diffusion in solids occurs through hopping among the

lattice and interstitial sites, which needs to overcome energy
barriers. The nudged elastic band (NEB) and molecular dy-
namics (MD) methods are the most commonly used methods
for studying the diffusion kinetics. In the NEB method, the
direct output is the diffusion barrier, from which the diffusion
coefficient at a given temperature can be estimated by calculat-
ing the attempt frequency. In contrast, the MD method directly
gives the diffusion coefficient at different temperatures, from
which the activation barrier can be obtained using the Arrhe-
nius relation.

The NEB method is rooted in transition state theory and
proves effective for calculating diffusion barriers.[22–24] It is
particularly suited in scenarios where the atomic structures
are ordered so that the transition path is well defined with
the initial and final states uniquely specified. There also
exist methods for handling multiple-barrier diffusion prob-
lems by the NEB method if all possible diffusion paths are
known.[25] However, when studying diffusion in complex sys-
tems with multiple diffusing ions or high disorder, exemplified
by Li5La3Ta2O12,[26,27] Li3PS4,[28] and Li7PS6,[19] the NEB
method will expose its limitation in obtaining the statistical
average of the diffusion barriers. For such systems, the MD
method offers a more suited solution for studying the diffu-
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sion kinetics.
MD simulations track ion movements at the atomic scale

without predefined diffusion paths, allowing for the considera-
tion of simultaneous diffusion of multiple ions, thereby better
simulating ion diffusion in complex systems.[29–32] While the
MD method provides detailed insights into ion diffusion, it
is typically limited by the simulation time in sub-nanosecond
regime. Therefore, only carrying out simulations at high tem-
peratures can give rise to sufficient displacements of diffusing
ions for acquiring the diffusion coefficients. Then, an extrap-
olation to low temperature has to be employed to predict the
behavior at room temperature.[33,34] As the MD simulations
could be subject to large uncertainties, whether the errors are
amplified during the extrapolation necessitates a systematic
comparison between the NEB and MD results.

In this study, we benchmark the NEB and MD methods by
investigating Na diffusion in MgO. Selected for its simple rock
salt structure with well-defined diffusion path between neigh-
boring tetrahedral sites, MgO serves as an ideal host mate-
rial. NEB calculations reveal a Na diffusion barrier of 0.31 eV
in MgO. Enabled by machine-learning interatomic potentials,
we systematically study the convergence behaviors of the MD
method, which yields nearly the same diffusion barrier if the
calculations are properly converged. We have paid particu-
lar attention to the convergence issue. The diffusion coeffi-
cient determined by the MD method at room temperature is
also on the same order of magnitude as that obtained by the
NEB method, reinforcing agreement between the two meth-
ods. This work furnishes a rigorous assessment of the MD
method, and affirms the validity of a large body of data pro-
duced by this method.

2. Computational method
First-principles density functional theory (DFT) calcula-

tions were conducted using the Vienna Ab Initio Simulation
Package (VASP).[35] Projector augmented wave (PAW) poten-
tials described the interaction between ion cores and valence
electrons.[36] The PAW potentials for Mg and O contain two
and six valence electrons, respectively. The soft PAW po-
tential for O supplied by the VASP package was used in this
work. Plane-wave basis set with cutoff energy of 280 eV was
sufficient to obtain converged results. The Perdew–Burke–
Ernzerhof (PBE) form of the generalized gradient approxi-
mation served as the exchange–correlation functional.[37] Fig-
ure 1(a) depicts the supercell of MgO, consisting of 216 atoms.
For this supercell, we used the Γ point to represent the Bril-
louin zone.

This work is mainly concerned with the ion diffusion
properties. In general, a deliberate distinction should be made
between diffusion barrier (Eb) and activation energy (Ea). As
discussed above, Eb characterizes individual events with the

initial and final structures well specified, while Ea describes a
collective behavior or a statistical process. In the present case,
the two quantities are supposed to be consistent as a result of
the simple diffusion path for the benchmarking purpose.

The macroscopic diffusion coefficient (D) correlates with
the microscopic ionic dynamics by[38]

D =
1
6

f Zd2
Γ . (1)

Here, f is the correlation factor, which equals 1 for diffusion of
dilute interstitial atoms.[38,39] Z is the number of neighboring
vacant sites, which is 6 for interstitial Na diffusion in MgO. d
is the hopping distance, which is half of the lattice constant of
MgO in this work. Γ is the hopping rate given by

Γ = vexp
(
− Eb

kBT

)
, (2)

where kB is the Boltzmann constant and T is the absolute tem-
perature. The prefactor v denotes an attempt frequency. For a
system containing N atoms, v can be evaluated as[40]

v =
3N

∏
i=1

vi/
3N−1

∏
j=1

v′j. (3)

Here, vi and v′j represent the real normal vibrational frequen-
cies at the initial state and the transition state, respectively,
and N is the total number of atoms in the system under study.
Once the Eb is determined by the NEB method, the diffusion
coefficient can be evaluated by the equations above.

Different from the NEB method, in the MD method the
diffusion coefficient is obtained by utilizing the Arrhenius re-
lation, while the activation energy Ea is a by-product of the
fitting process. NVT simulations were conducted at tempera-
tures of 1000 K, 1143 K, 1333 K, and 1600 K with the Nose–
Hoover thermostat.[41] Two primary purposes of this work are
(i) benchmarking the consistency of the NEB and MD methods
in terms of calculated activation barrier and diffusion coeffi-
cient and (ii) the convergence issues revolving the MD method
with respect to effective simulation time, defined as the prod-
uct of the actual simulation time and the total number of dif-
fusing ions. For the second purpose, we carried out 500 runs
of MD simulations at each temperature to determine the Ea.
Each MD run is 67.5 ps with a time step of 1.5 fs. In the MD
method, the diffusion coefficient D at a given temperature was
obtained by the mean square displacement (MSD) as a linear
function of time interval t

MSD(t) = 6Dt, (4)

where the MSD at a given temperature is evaluated using the
MD trajectory.[42] Once the D is obtained at the selected tem-
peratures, the Ea can be determined through the Arrhenius re-
lation

D(T ) = D0 exp
(
− Ea

kBT

)
. (5)
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The D at the temperatures other than the selected ones for car-
rying out the MD simulations can be obtained by linear inter-
polation or extrapolation.

For enhanced computational efficiency, we incorporated
machine-learning (ML) potentials into our MD simulations.
This implementation followed an “on-the-fly” (or active learn-
ing) scheme, triggering DFT calculations as necessary.[43–46]

The process commenced with DFT calculations for the ini-
tial structures. Total energies and atomic forces obtained from
these DFT calculations were utilized to train the machine-
learning force fields (ML-FF). Then, atomic forces predicted
by ML-FF were applied to new structures. In cases when a
new structure is beyond the description by the training set,
DFT calculation is called again to update the ML-FF. The
seamless alternation between DFT and ML-FF steps combines
the accuracy of the former and the efficiency of the latter, re-
sulting in a substantial reduction in computational time. It
is this ML-FF method that enables the MD simulations con-
ducted in this work, which together amount to 0.135 microsec-
onds.

3. Results and discussion
For the purpose of benchmarking the MD method, we first

need to choose a suitable material system. MgO in the rock
salt structure with two fcc sublattices of anions and cations[47]

is adopted here. In this structure, the octahedral sites are fully
occupied, while the tetrahedral sites are unoccupied serving as
interstitial sites. This inherent simplicity in structure provides
a clear diffusion path, occurring between two vacant tetrahe-
dra. We are interested in the diffusion of monovalent ions
and considered all alkali metal elements. Employing the NEB
method, we calculated the diffusion barriers of Li, Na, K, Rb
and Cs ions in MgO. The results are shown in Fig. 1(b), where
an interesting V-shape trend is observed. The Eb of 0.31 eV
for Na is close to the common values reported in the literature
on solid-state electrolytes, we will focus on the Na diffusion in
this work. Figure 1(c) shows the diffusion path of Na with the
atomic structures of initial, final and transition states shown as
insets. The path is symmetric as the initial and final states are
equivalent and the transition state is at the midway point. By
calculating the vibrational frequencies of the initial and tran-
sition states, we obtained v = 1.43 THz from Eq. (3). Then,
using Eqs. (1) and (2) we estimated the diffusion coefficient D
at room temperature to be 4.3×10−9 cm2·s−1 for Na intersti-
tial diffusion in MgO.

There is an issue regarding whether the NEB calculations
should be conducted at neutral or charged state, which is re-
lated to whether a Na atom or a Na ion is diffusing. To address
this, we conducted an analysis of the electronic structure of the
Na-doped MgO system. Figure 1(d) shows the band structure

of the Na-doped supercell. As the neutral and charged calcula-
tions yield almost the same band structures, we only show the
neutral case. The absence of defect levels in the band gap sug-
gests that Na in MgO is a shallow donor. In such a case, even
in neutral state calculations, the Na atom is already ionized
and the charge state should not significantly affect the NEB
calculations. We also carried out NEB calculations at the 1+
charge state. In these calculations, one electron was removed
from the system, which was compensated by adding a uniform
charge background to the supercell. As shown in Fig. 1(b), for
all alkali metal elements, the calculated barriers show negli-
gible difference between the charged and neutral states. In
subsequent studies, we adopted the neutral state calculations.
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Fig. 1. (a) Supercell of MgO (marked by a dashed frame) with an inserted
alkali metal ion A (A = Li, Na, K, Rb or Cs) at an interstitial site. (b) Cal-
culated diffusion barrier (Eb) for the five alkali metal ions in both charged
and neutral states using the NEB method. (c) Energy profile from the
NEB method for Na diffusion in MgO. The insets show the local atomic
structures of the initial, transition and final states. (d) Band structure of
Na-doped MgO supercell in neutral charge state, showing the absence of
defect states in the band gap (gray-colored region).

After obtaining Eb from the NEB calculations, we next
evaluated the activation energy Ea using the MD method. Be-
fore that, to assess the reliability of the ML-FF, we carried
out MD simulations at 1000 K, 1143 K, 1333 K and 1600 K
based on the ML-FF. Each simulation was run for 45000 steps
with time step of 1.5 fs. The initial 5000 steps were not used
for statistical analyses. Then, over the subsequent 40000 steps
we extracted 100 structures at a 400-step interval. For each
structure, single-point DFT calculations were performed. Fig-
ure 2(a) displays the correlation of the total energies calculated
from the DFT and ML-FF, which exhibits a good linear rela-
tionship with the root mean square error (RMSE) of 0.070 eV.
Figure 2(b) displays the correlation of atomic forces acting on
Na atoms. The RMSE for the forces is 0.079 eV·Å−1. The
comparisons above suggest that the ML-FF method can reli-
ably describe the Na diffusion in the MgO lattice.

With the accuracy of the ML-FF method assessed, we
proceeded to calculate the MSDs for Na diffusion in MgO.

086601-3
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We employed the same 216-atom MgO supercell as in NEB
calculations. As mentioned earlier, at each temperature we
carried out 500 MD runs of 45000 steps (67.5 ps). For each
run, the initial velocities were randomly assigned. Figure 3(a)
shows the MSD as a function of time interval t derived from
randomly selected five MD runs at 1600 K. The following
formula:[42]

MSD(t) =
1

Nstep
∑

Nstep
i=1 |𝑟 (ti + t)−𝑟(ti)|2 (6)

was used to calculate the MSD, where Nstep is the number of
MD steps used to evaluate MSD and 𝑟(ti) is the coordinate of
the Na ion at the time of the i-th step. It is seen that none of
the individual MD runs yields a linear MSD. So the diffusion
coefficient D cannot be reliably extracted. In contrast, if aver-
aging over the 500 runs, as shown in Fig. 3(b), excellent linear
relationship can be obtained at all temperatures.
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for the Na-doped MgO system using density functional theory (DFT) and
machine-learning force field (ML-FF). The comparisons were based on
400 snapshot structures from MD simulations at four temperatures (100
structures from each temperature).
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Fig. 3. (a) MSDs derived from five randomly selected 60-ps MD runs at
1600 K for a single Na ion diffusion in MgO. (b) Averaged MSD from
60-ps 500 MD runs at four temperatures. (c) Diffusion coefficient D as a
function of the number of MD runs (n) used to average the MSD. (d) Rel-
ative deviation of D as a function of n, where the values derived using 500
MD runs were taken as the references.

To study the convergence of D with respect to the num-
ber of MD runs, we randomly selected n runs from the 500
runs at each temperature to calculate D. The calculated D as a

function of n is shown in Fig. 3(c). By taking the D values av-
eraged over 500 runs as the references, we plotted the relative
deviations from the references in Fig. 3(d). It is seen that good
convergence is achieved around 200 runs, which amount to an
effective simulation time of 12 ns. This figure can serve as a
guide line being useful in terms of order of magnitude, i.e., the
total simulation time multiplying the number of diffusing ions
needs to be on the order of 12 ns. Practical solid-state elec-
trolyte materials are rich in diffusing ions (e.g., Li and Na) so
that the simulation supercells contain multiple diffusing ions
(denoted by Natom). If considering that the diffusing ions are
not correlated, the actual MD simulation time required for con-
vergence can be divided by Natom. Note that the MD runs can
be performed in parallel, even with the same initial structures,
as the initial velocities are randomly assigned.

With the calculated D at the four temperatures, the acti-
vation energy Ea can be obtained by fitting the Arrhenius rela-
tion, as shown in Fig. 4(a), where the D values (filled squares)
are derived from the averages over the 500 MD runs. The four
selected temperatures yield equally spaced points along the
horizontal axis (1000/T ). To illustrate the distribution of the
data when fewer MD runs are used to obtain D, figure 4(a) also
shows the D values obtained by 50 MD runs. Thus, at each
temperature there are 10 data points (empty squares), which
actually exhibit non-negligible deviations from the mean val-
ues. Figure 4(b) shows the convergence of Ea with respect to
n (the number of MD runs). It is seen that when n is greater
than 200 runs, the calculated Ea converges to about 0.01 eV.
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Fig. 4. (a) Arrhenius plot of the diffusion coefficient D and temperature
T . The data points with filled squares were obtained by averaging over
500 60-ps MD runs, while the data points with empty squares were ob-
tained by averaging over 50 60-ps MD runs through dividing the 500 runs
into 10 sets. (b) Convergence of derived Ea as a function of n, the number
of MD runs.

The converged Ea from the MD method is 0.31 eV with
a fitting error of ±0.02 eV. This aligns with the diffusion bar-
rier determined using the NEB method (0.31 eV), providing
support for the reliability of the MD method for calculating
the activation energy. By extrapolating the Arrhenius rela-
tion to room temperature, the diffusion coefficient D is cal-
culated to be 2.2× 10−9 cm2·s−1, which is on the same or-
der of magnitude as that evaluated using the NEB method
(4.3× 10−9 cm2·s−1), reinforcing the consistency of the two
methods.

086601-4



Chin. Phys. B 33, 086601 (2024)

4. Conclusion
We carried out a comparative study on the two commonly

used methods, namely, NEB and MD, for studying the diffu-
sion kinetics in solid-state electrolytes. We chose Na inter-
stitial diffusion in MgO as the benchmark, which exhibits a
well-defined diffusion path so that the two methods can yield
directly comparable results. Using the NEB method, we cal-
culated the diffusion barrier (Eb) to be 0.31 eV, from which
the estimated diffusion coefficient D at room temperature is
4.3×10−9 cm2·s−1. Using the MD method, we acquired the D
values at four high temperatures from 1000 K to 1600 K, from
which the extracted activation barrier (Ea) is 0.31± 0.02 eV.
The diffusion coefficient D of 2.2× 10−9 cm2·s−1 at room
temperature was obtained by extrapolation. The consistent re-
sults between the two methods justify the reliability of the MD
method, which currently relies on simulations at high tempera-
tures and extrapolation to room temperature. Even though this
benchmark is based on a single-path diffusion, we expect sim-
ilar reliability of the MD method for multiple-path diffusion,
for which the applicability of the NEB method becomes lim-
ited. In addition, we carefully studied the convergence issue
of the MD method and found that the total effective simula-
tion time of about 12 ns is required to achieve an accuracy of
0.01 eV for the activation energy in typical solid-state elec-
trolytes.
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