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By numerically solving the semiconductor Bloch equation (SBEs), we theoretically study the high-harmonic genera-
tion of ZnO crystals driven by one-color and two-color intense laser pulses. The results show the enhancement of harmonics
and the cut-off remains the same in the two-color field, which can be explained by the recollision trajectories and electron
excitation from multi-channels. Based on the quantum path analysis, we investigate contribution of different ranges of the
crystal momentum k of ZnO to the harmonic yield, and find that in two-color laser fields, the intensity of the harmonic yield
of different ranges from the crystal momentum makes a big difference and the harmonic intensity is depressed from all k
channels, which is related to the interferences between harmonics from symmetric k channels.

Keywords: high-order harmonic generation, the semiconductor Bloch equation, k-resolved inter-band har-
monic spectrum, four-step semiclassical model

PACS: 32.80.Rm, 42.65.Ky, 42.65.Re DOI: 10.1088/1674-1056/ad5d95

1. Introduction

As a new attosecond light source, high harmonic genera-
tion (HHG) has been a hot topic in recent decades,[1–5] which
can produce intense and short attosecond pulses. There are
a series of work on the contribution of different bands in the
solids,[6–8] intraband and interband contributions,[9] temporal
restriction of inter-band excitation by intra-band motion,[10]

the contribution of multiple channels,[11,12] and contributions
from the initial state including only the k = 0 point or that in-
cluding the entire first Brillouin zone (BZ).[13,14] At present,
the intraband current and interband polarization are the main
mechanisms of high harmonic generation in solids, and there
are couplings between these two mechanisms, which not only
affects the injection of the electron from valence band to con-
duction band, but also affects the motion of electrons in the
momentum space from the conduction band.[10,15,16] Based
on the semi-classical three-step model of gas, the recollision
model of HHG in solids is proposed.[17,18] First, when the in-
tense laser interacts with the solids, the electrons tunnel near
the top of the valence band and leaving the hole in the valence
band; then the electrons and holes are accerlated in intense
laser fields, finally, the electron and hole will be recombined
with a certain probability to emit high harmonics.

Li et al.[19] proposed a four-step model to study solid
HHG, which further improved the physical process of high
harmonic generation in solids. Compared with the three-step
model, there was a pre-acceleration process, and some elec-
trons were pre-accelerated to near the top of the valence band

before ionization. However, in previous studies of HHG in
solid, it is generally believed that most electrons are excited
by tunneling near the top of the valence band. However, recent
studies have shown that electrons are not only excited by tun-
neling in a small band gap, but also probably far from the top
of the valence band. Sun et al. proposed the extension of the
cutoff in HHG by the resonant electron injection channels.[20]

Du found theoretically that the temporal properties and yield
of the high harmonics sensitively depend on the crystal mo-
mentum region generating electron–hole pairs.[21] In the pre-
vious studies, people investigated the initial state only includ-
ing k = 0 point or including the first Brillouin zone,[13,14] and
also studied the contribution of the various ranges of tunneling
momentum k in high harmonic generation,[21,22] but the com-
parison between hamonics from different ranges of tunneling
momentum k and their physical picture is few, and the interfer-
ence effect from which still needs further exploration. More-
over, some recent studies have demonstrated that the interfer-
ence between the interband currents affects the radiation of the
crystal harmonic spectrum,[23] and that changing the relative
phase of the two-color circular polarization field can modu-
late the plateau harmonic intensity.[24] Therefore, in this pa-
per, we study the HHG of ZnO crystals driven by linear polar-
ized one-color and two-color laser pulses by numerically solv-
ing the semiconductor Bloch equation. Based on the quantum
path analysis of the structural characteristics of the harmonics
by two laser pulses, we investigated the influence of different
tunneling momentum regions on the harmonics in solids, and
the different interferences between symmetric channels of the
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crystal momentum k.
In this paper, the Section 2 is the theoretical method we

use, and our results and analysis are presented in Section 3.
Atomic unit is used unless otherwise stated.

2. Theoretical method
The theoretical method we adopted is to numerically

solve the semiconductor Bloch equation (SBEs)[25–27] as fol-
lows:

π̇mm′ = −
πmm′

T2
+ iΩ ∗mm′(nm−nm′)e−iSmm′

+ i ∑
m′′ /∈{m,m′}

(Ωm′m′′πmm′′ e
iSm′m′′

−Ω
∗
mm′′π

∗
m′m′′ e

−iSmm′′ ), (1)

ṅm = i ∑
m′ 6=m

Ωmm′πmm′ e
iSmm′ + c.c., (2)

where πmm′(𝐾, t) is the diagonal element of the
density matrix, 𝐾(t) is time-dependent momentum,
𝐾(t) = 𝑘−𝐴(t), 𝑘 is initial momentum. nm is the
population in the m-th band, T2 is the dephasing time.
Ωmm′(𝐾, t) =𝐸(t) ·dmm′ [𝐾+𝐴(t)] is the Rabi frequency,
where 𝐸(t) is the electric field and dmm′ [𝐾+𝐴(t)] is the
momentum-dependent transition dipole moment of the crys-
tal between the two bands. e iSmm′ is the phase term, and
Smm′(𝐾, t) =

∫ t
−∞
{εm[𝐾+𝐴(t ′)]− εm′ [𝐾+𝐴(t ′)]} dt ′ is

the classical action, and εm and εm′ refer to band energies.
By solving SBEs, we can calculate the induced intraband

and interband currents as follows:[5]

𝑗ra(t) = ∑
m

∫
B̄Z

𝑣m[𝐾+𝐴(t)]nm(𝐾, t)d3𝐾, (3)

𝑗er(t) =
d
dt ∑

m6=m′

∫
B̄Z

𝑝mm′(𝐾, t)d3𝐾, (4)

where

𝑝mm′(𝐾, t) = dmm′(𝐾, t)πmm′(𝐾, t)e iSmm′ (𝐾,t)+ c.c.

represents the polarizability between two energy bands.
𝑣m(𝑘) = ∇𝑘εm(𝑘) denotes the velocity of the m-th band. 𝐴(t)
is the vector potential. The harmonic spectra are obtained by
taking the Fourier transform of the current

IHHG(ω) = |ωFFT[ jra(t)+ jer(t)]|2 . (5)

The laser field we used is as follows:

E(t) = f0(t)E0 cos(ω0t)+ f1(t)E1 cos[ω1(t− td)], (6)

where the Gaussian envelopes are

f0(t) = exp
[
−2(ln2)

t2

τ2
0

]
, (7)

f1(t) = exp
[
−2(ln2)

(t− td)
2

τ2
1

]
. (8)

We chose the laser intensity 5×1011 W/cm2 with wave-
length of 3005 nm, and the laser intensity 7× 1010 W/cm2

with wavelength of 334 nm, the total duration of laser is 25 o.c.
(optical cycle).

To reveal the properties of the k-resolved HHG spectra
and the effects between different channels which emit harmon-
ics, we sampled Brillouin regions (BZ) [−π/a, π/a] using 401
equally-spaced k-points, where a = 5.32 is the lattice constant
in the Γ –M direction and each k-point is defined as a specific
n-channel (n =−200, −199, . . . 200).

3. Results and discussion
First, we present the harmonic spectra driven by the

one-color and the two-color linearly polarized laser fields
(Fig. 1(a)), the population of the conduction band as func-
tions of time (Fig. 1(b)), and the intensity of k-resolved har-
monics (Figs. 1(c) and 1(d)). As can be seen in Fig. 1(a),
compared with the one-color field, the harmonic intensity is
increased about 2–4 orders of magnitude, and the harmonic
spectrum presents a discrete peak structure, and the peaks are
broadened, the modulation is reduced, but the cutoff is almost
the same, and by intensity of k-resolved harmonics (Figs. 1(c)
and 1(d)), we can see that in case of one-color field, the in-
tensity is symmetric about k = 0, whereas in the two-color
field, the intensity are strong in the left and weak in the right
for some symmetric channels. And for the harmonics in the
plateau region (such as the harmonics larger than the 12th or-
der), the harmonic intensity of the k < 0 interval is signifi-
cantly stronger than that of the k > 0 interval. This can be
further illustrated by population of the electrons on the con-
duction band. Figure 1(b) shows that the electron located at
t = 0 o.c. is rapidly excited in a cycle, which is also an impor-
tant factor of harmonic enhancement. Furthermore, we want
to understand the physical pictures and the reason of the en-
hancement, so we have done the follow-up investigation.

By calculating the harmonics at the smallest band gap
n = 0 and smaller band gap n ∈ [20,20] in Fig. 2, we can find
that in the two-color field, the intraband harmonics is about
2–4 orders of magnitude higher than that of one-color field
(Fig. 2(a)), and except for H11 (11th harmonic), H13, and
H15, the interband harmonic intensity is almost the same as
that in one-color field (Fig. 2(b)). Since we used mid-infrared
field in this paper, and in this frequency the interband harmon-
ics is dominant (much higher than intraband harmonics), thus,
the total harmonics is almost the same as that in one-color field
except for H11, H13, and H15 (Fig. 2(c)). Besides, the total
harmonic intensity from the range n ∈ [20,20] is much greater
than that of n = 0 in both one-color and two-color fields in
Fig. 2. This shows that besides near the valence band top,
other ionization channels contribute greatly to the enhance-
ment of harmonics.
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Fig. 1. (a) The harmonic spectra generated by the ZnO crystal driven by the one-color and two-color linearly polarized laser fields, (b) the
population of conduction band as functions of time, (c) the k-resolved harmonic spectrum in one-color field, and (d) the k-resolved harmonic
spectrum in the two-color field.
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Fig. 2. (a) Intraband harmonic spectra, (b) interband harmonic spectra, and (c) total harmonic spectra at n = 0 and n ∈ [20,20] interval in the
one-color and two-color fields.

In order to reveal the physical root of the large enhance-
ment of plateau in harmonics, we study the motion of electrons
and holes, which can be further analyzed by the recollision tra-
jectories of real space and reciprocal space (k space).

Figure 3 shows the trajectory of the ionized electron in
momentum space at time t = 0.1 o.c. and distance between
the electron and hole in real space as functions of time. Ac-
cording to Bloch’s acceleration theorem 𝐾(t) = 𝑘−𝐴(t),
the k space trajectory of the electron (hole) is obtained as
𝑘(t) = 𝐾 ′ +𝐴(t) = 𝑘0 −𝐴(t ′) +𝐴(t), where 𝐴(t) is the
vector potential, and vector potential of one-color field and
two-color field change with the same tendency, and the ampli-
tude difference of electric field is small, as shown in Fig. 3,
the k space trajectory are almost the same, the range of bloch
oscillation from electrons and holes is not big, and by sad-
dle point conditions of energy conservation, i.e., the photon
energy of harmonics equal to the instantaneous band gap of
recollision between electron and hole. Therefore, driven by

one-color and two-color laser pulses, the resulting frequency
of harmonic cutoff are close (see Fig. 1(a)).
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Fig. 3. By one-color [(a1), (b1)] and two-color [(a2), (b2)] linearly po-
larized fields, the trajectory of ionized electrons at t = 0.1 o.c. in k space
and distance between the electron and the hole in real space as functions
of time.
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Moreover, the close cut-off energy of the harmonic spec-
trum in the two-color field and the one-color field can also be
analyzed by formula for the cut-off energy. The cutoff energy
of harmonic spectrum is as follows:[28]

Ωcutoff = Eg +(∆c+∆v)
[

1− π

2
+ax

F0δ

ω

]
, (9)

where Eg is the minimum band gap between the nearest neigh-
bor bands, ∆c = 0.0872 a.u., ∆v = 0.0925 a.u., ax = 2π/kx

is the lattice constant of the zinc oxide crystal along the Γ –
M direction, F0 is the peak intensity of the laser field, ω is
the angular frequency of the laser field, δ is the term related
to the tunneling time and recollision time. It can be found
from the formula that the cut-off energy is related to the am-
plitude and angular frequency of the laser field. The ampli-
tude of the fundamental field is F0 = 0.003775 a.u., and an-
gular frequency is ω = 0.0152 a.u., and the peak power of
the second laser is F1 = 0.001412 a.u., angular frequency is
ω1 = 0.1364 a.u. F1/ω1 is an order of magnitude smaller than

F0/ω , so F0/ω +F1/ω1 ≈ F0/ω . Therefore, the cutoff fre-
quency of the harmonic spectrum in the two-color field is al-
most the same that in the one-color field.

Based on the motion of the electron and hole, combined
with the instantaneous population of conduction band (CB) to
further analyze the enhancement of harmonic intensity. In the
case of one-color field, there is a peak in the half period of the
laser field with maximum electric field strength (Fig. 4(b)),
which mainly corresponds to the tunneling excitation, corre-
sponding to the single channel ionization presented by the in-
stantaneous population of conduction band in Figs. 4(a) and
4(c). The motion of electrons (as shown in Fig. 4(d)) can be
described as: when the laser field reaches the peak and the
vector potential is 0, the electrons moving to near the top of
the valence band by pre-acceleration process reach the con-
duction band; then the electrons on conduction band undergo
Bloch oscillations, emiting intraband harmonics. Finally part
of the electrons return to the valence band and recombine with
holes, and emit interband harmonics.
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Fig. 4. (a) The instantaneous population of conduction band as functions of the initial momentum k and time t, (b) the one-color laser field and
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schematic diagram of the electron motion in k space in one-color laser field. Panels (e)–(h) are the corresponding cases in the two-color field.
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However, the two-color field has three large values in the
half period which includes the peak of electric field (Fig. 4(f)),
which mainly corresponds to the three times rapid excitation
of electrons, corresponding to the three ionization channels in
Figs. 4(e) and 4(g), and the ionized electrons undergo Bloch
oscillations and superimposed, as shown in Fig. 4(g). The res-
onant electron injection channels can be explained by the con-
ditions of ionization excitation.

We know that the fast excitation of resonant electron in-
jection into the three ionization channels also satisfies the ex-
citation conditions for the tunneling ionization channel. When
the laser field reaches three peak values, the corresponding
vector potentials are −0.17 a.u., 0 a.u., 0.17 a.u., respectively.
Since the tunneling excitation of electrons satisfies the crystal
momentum 𝐾 ′ = 0, according to 𝐾 ′ = 𝑘−𝐴(t ′), we know
that in the two-color field case, the ionization channel corre-
sponds to k = −0.17 a.u., 0 a.u., 0.17 a.u. The generation of
multiple channels corresponds to three times electron bursts
excited in the half period of the laser field, and the population
of conduction band is rapidly increased, and then driven by the
intense laser field, more electrons return to the valence band,
and the intraband and interband harmonics are enhanced, so
the intensity of the total harmonics is increased.

The analysis of quantum paths and their interference
in high harmonic generation has been investigated in many
researches, and the contribution of long trajectory and its

interference[29,30] with short trajectory have been confirmed.
In order to clearly understand the factors affecting the differ-
ence in the harmonic spectral structure driven by one-color and
two-color laser pulses, we present the time-frequency distribu-
tion, recollision model and the corresponding electron popula-
tion of conduction band and analyze them accordingly.

We can see from the time-frequency distribution of the
harmonics that the harmonic intensity is higher in two-color
field than that in one-color field (see Figs. 5(a) and 5(b)). Fur-
thermore, in the case of two-color laser field, the contribution
of short trajectory is stronger, while the long trajectory is sup-
pressed and its contribution is almost negligible. Therefore,
the modulation of corresponding harmonics by the two-color
field in Fig. 1(a) is reduced, and the peak of harmonics is
broadened.

Based on electron population as functions of time and
the recollision model, it can be found that compared with the
case of one-color laser field, more electrons are ionized by
the two-color laser pulse, the time corresponding to the three
burst excitation ionization is t =−0.5 o.c., 0 o.c., 0.5 o.c. Fur-
thermore, even more electrons may return to the valence band
and recombined with hole and emit high-energy photons (as
shown in Figs. 5(c) and 5(d)). Therefore, in the case of two-
color field, the harmonic intensity is stronger, which also cor-
responds to the strength of the harmonics in Figs. 5(a) and
5(b).
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Fig. 5. Time-frequency analysis of harmonics in (a) one-color and (b) two-color fields; (c) harmonics as functions of ionization time and return
time in (c) one-color and (d) two-color fields.

We then investigate the harmonics emitted from differ-
ent range of tunneling momentum k by one-color and two-
color fields respectively. The range of momentum with
tunneling[21,31,32] can be controlled experimentally by the im-
purity of photon carrier using the appropriate laser pulse. In

our study, we find that the harmonics emitted from different
momentum ranges show intensity differences, and there is a
critical momentum range in which the harmonic intensity is
the strongest, and beyond this range the harmonic intensity is
suppressed. In Fig. 6, we present harmonic spectra of the mo-
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mentum range of n ∈ [−68,68] and n ∈ [−200,200] driven by
a two-color laser field. It is found that the harmonic intensity
of all channels is suppressed by the two-color field, and the
harmonic intensity of the range n ∈ [−68,68] is higher than
that of the all-channel.
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Fig. 6. Harmonics from the range of n ∈ [−68,68] and n ∈ [−200,200]
by a one-color field and two-color laser field.

To understand the reason why the intensity of the har-

monic plateau with full channels is suppressed in the two-

color field, we investigate the contribution of different ranges

of momentum channels to the time-frequency distribution. Be-

cause the interband harmonics contribute mainly to the plateau

of the harmonic spectrum, so we present the time-frequency

of the radiation harmonics of range n ∈ [−68,68] and n ∈
[−200,200] in one-color and two-color fields, In one-color

field (Figs. 7(a1) and 7(b1)), the harmonic intensity of ranges

n ∈ [−68,68] and n ∈ [−200,200] are almost the same. How-

ever, in the case of two-color field (as shown in Figs. 7(a2)

and 7(b2)), there are large differences between n ∈ [−68,68]

and n ∈ [−200,200]. Since the main contribution comes from

short trajectory, so the weakening of the harmonic intensity is

unrelated to the quantum path interference; and at t = 0 o.c.,

the harmonic emitted from all-channel is mostly suppressed.
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In previous research, it was demonstrated that harmonics
below the band gap originate from the interference between
intra-band and inter-band currents[33] and odd harmonic in
symmetric channels was constructive interference, while even
harmonic was destructive interference.[26] However, there is
little research on the phase difference between the total har-
monics. Therefore, we further calculated the cosine value of
the phase difference between the total harmonics emitted from
the symmetric channels (as shown in Fig. 8), and the results
showed that in Fig. 8(a), the cosine value of the phase differ-
ence between the total harmonics emitted from the symmet-
ric ranges n ∈ [−68,0] and n ∈ [0,68] indicates that the har-
monic with constructive interference is roughly equal to the
harmonic with destructive interference; The cosine value of
the phase difference between the total harmonic radiation in
the symmetric ranges n ∈ [−200,0] and n ∈ [0,200] indicates
that the harmonics with destructive interference is much more
than the harmonic with constructive interference, so destruc-
tive interference dominates. Compared to the situation where
the total harmonic with destructive interference and construc-
tive interference are roughly equivalent in n ∈ [−68,0] and
n ∈ [0,68], it can be concluded that the harmonic intensity of
range n∈ [−200,200] is lower than that of range n∈ [−68,68].

4. Conclusion
In summary, we theoretically investigate the high har-

monic generation of ZnO crystals driven by one-color and
two-color intense laser pulses. The results show that the
excitation of the electron is enhanced with two-color fields.
Through the analysis of the instantaneous population of con-
duction band, it is found that the dynamics of electron–hole
pairs can well explain the enhancement of harmonics and the
phenomenon of keeping the cutoff frequency of the harmonic
spectrum unchanged. Based on the quantum path analysis,
the contribution of different tunneling channels to the har-
monic generation in ZnO crystals by two-color field was stud-
ied. It was found that the strength of the harmonic emitted
by symmetric channels from different ranges has large differ-
ence. Compared with the harmonics emitted by tunneling mo-
mentum channels range from n ∈ [−68,68], the intensity of
harmonics was suppressed when considering the full channel
n ∈ [−200,200]. Through analysis, it is found that this is re-
lated to the interference between the harmonics in symmetric
channels in different momentum ranges.
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