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Generation of macroscopic entanglement in ensemble systems
based on silicon vacancy centers

Jian-Zhuang Wu(武建壮), Ying Xi(奚滢), Bo-Ya Li(李博雅),
Lian-E Lu(芦连娥), and Yong-Hong Ma(马永红)†

School of Science, Inner Mongolia University of Science and Technology, Baotou 014010, China

(Received 7 May 2024; revised manuscript received 11 June 2024; accepted manuscript online 2 July 2024)

Entanglement in macroscopic systems, as a fundamental quantum resource, has been utilized to propel the advance-
ment of quantum technology and probe the boundary between the quantum and classical realms. This study focuses on a
unique hybrid quantum system comprising of an ensemble of silicon vacancy (SiV) centers coupled to phononic waveg-
uides in diamond via strain interactions. By employing two sets of time-dependent, non-overlapping driving fields, we
investigate the generation process and dynamic properties of macroscopic quantum entanglement, providing fresh insights
into the behavior of such hybrid quantum systems. Furthermore, it paves the way for new possibilities in utilizing quantum
entanglement as an information carrier in quantum information processing and quantum communication.

Keywords: quantum entanglement, silicon vacancy centers, diamond waveguide

PACS: 03.67.Bg, 61.72.–y DOI: 10.1088/1674-1056/ad5d93

1. Introduction
Entanglement, as a most notable and unique feature of

quantum mechanics, plays a critical role in testing founda-
tional quantum mechanics and has been applied successively
to the quantum technology sector, including quantum com-
puting, remote quantum cryptography, and the enhancement
of quantum measurement sensitivity.[1–4] The early study on
quantum entanglement was mainly concerned with micro-
scopic systems composed of a small number of particles.
However, as an effective way to explore the quantum-to-
classical transition, the possibility of entanglement existing in
macroscopic systems has been a central question in fundamen-
tal debates.[5–7] Over the past decade, entanglement in macro-
scopic (many-body) physical systems has attracted widespread
interest.[8–15] At present, various theoretical and experimental
schemes for creating entanglement at the macroscopic level
have been realized experimentally.[16–18]

Recently, macroscopic entanglement in solid-state sys-
tems attracts more and more attention because electrons’
spins in solid-state systems exhibit longer relaxation times,[19]

higher controllability, greater storage capacity, and the abil-
ity to transmit quantum information.[20–24] Numerous ex-
periments demonstrated the existence of macroscopic en-
tanglement, such as entanglement between superconducting
circuits[25,26] and between nuclear spin qubits.[3,27,28]

However, in experiments, the generation of macroscopic
entanglement is quite challenging due to the decoherence ef-
fects . Hybrid quantum systems comprising SiV centers may
be promising candidates to generate macroscopic entangle-
ment because of their versatile quantum properties. Recently,

a number of schemes to generate different quantum states were

proposed in SiV systerms. For instance, Lemonde et al. pro-

posed an effective method for coupling SiV centers in dia-

mond waveguides with propagating phonons for quantum net-

work applications.[29] Chen et al. investigated the preparation

of stable spin squeezed states in SiV centers via microwave

fields within diamond waveguides.[30] A hybrid quantum sys-

tem integrating SiV centers into phononic modes of diamond

waveguides was proposed to achieve various types of spin in-

teractions via microwave driving.[31] To our knowledge, the

generation of macroscopic entanglement in such hybrid sys-

tems has not yet been studied.

In this paper, we explore the generation of macroscopic

entanglement between two spin clusters within a hybrid quan-

tum system composing of an ensemble of SiV centers. By for-

mulating an effective Hamiltonian and employing the master

equation, we conduct a theoretical examination of the macro-

scopic entanglement generation between the two spin clusters.

Through numerical simulations, we scrutinize the specific im-

pact of various parameters on the generation and duration of

quantum entanglement. Key parameters influencing the gen-

eration of macroscopic entanglement, such as the detuning ∆s,

decoherence rate γs, coupling constant λ1, and the character-

istic time of environmental dissipation Γeff, are thoroughly ex-

plored. Our investigation aims to elucidate how these param-

eters collectively shape the entanglement process between the

two spin clusters, offering a theoretical foundation for more

precise experimental manipulation of quantum entanglement.
†Corresponding author. E-mail: myh dlut@126.com
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2. Model
We consider a spin-phonon hybrid system containing two

separated SiV centers coupled to the same phononic modes of
a one-dimensional diamond waveguide through strain-induced
interactions, as shown in Fig. 1(a). N1 and N2 SiV centers
are located in sections S1 and S2 of a diamond waveguide, re-
spectively. We first consider SiV centers in section S1 which
is driven by two time-dependent microwave fields Ω1(t) and
Ω2(t). The Hamiltonian of this system can be expressed
as[29,31,32]

HS1 = HSiVS1
+Hph +HstrainS1

, (1)

where HSiVS1
represents the Hamiltonian of SiV centers in sec-

tion S1; Hph denotes the Hamiltonian of the phonon modes;
HstrainS1

describes the strain-induced coupling between the or-
bital degrees of freedom of SiV centers in section S1 and
the resonant phononic modes of the waveguide, as shown in
Fig. 1(b). The dynamics of SiV centers are described by the
Hamiltonian HSiVS1

as follows:[29,31,32]

HSiVS1
=

N1

∑
j=1

[
ωB |2⟩ j ⟨2|+∆ |3⟩ j ⟨3|+(ωB +∆) |4⟩ j ⟨4|

+
Ω1(t)

2
|1⟩ j ⟨4| e iω1t

+
Ω2(t)

2
|2⟩ j ⟨3| e iω2t +H.c.

]
, (2)

where ωB represents the energy level splitting caused by the
Zeeman effect, and we set ωB = 2π×5 GHz.[32,33] The ground
state of SiV centers is fourfold degenerate, with the corre-
sponding energy level splitting ∆ = 2π ×46 GHz. Two time-
independent microwave fields Ω1,2(t) with frequencies ω1,2

induce transitions from state |1⟩ to |4⟩ and |2⟩ to |3⟩, respec-
tively. The Hamiltonian of phonon modes Hph can be written
as

Hph = ∑
n,k

ωn,ka†
n,kan,k, (3)

where an,k and a†
n,k correspond to the annihilation and creation

operators for the phonon modes, respectively. Considering the
strain-induced coupling between SiV centers in segment S1

and phonon modes in the microwave waveguide within the
framework of linear elastic theory, the Hamiltonian HstrainS1
can be expressed as[29,33]

HstrainS1
≈ ∑

n,k

[
gn,k j+an,k +g*n,k j−a†

n,k

]
, (4)

where the operator j+ denotes the spin-conserving raising op-
erator, while j− represents the corresponding lowering opera-
tor. For a small quasi-1D (one-dimensional) diamond acous-
tic waveguide, the length, width, and thickness can be cho-
sen as L ∼ 10 µm–100 µm, w, d ≤ 200 nm2, respectively,

and it has the group velocity v ∼ 1× 104 m/s. The parame-
ter gn,k signifies the coupling strength, typically falling within
the range of 2π × (4 ∼ 14) MHz.[29,34,35] Considering that
the phonon modes of the small-scale waveguide exhibit sig-
nificant frequency separation (∆ωn ≥ 2π × 50 MHz), we can
simplify the treatment by regarding the mechanical mode as
a single standing wave with a frequency of approximately
ωn ≃ 2π × 46 GHz.[30] Subsequently, the Hamiltonian de-
scribed in Eq. (1) can be reformulated as

HSiVS1
=

N1

∑
j

[
ωB |2⟩ j ⟨2|+∆ |3⟩ j ⟨3|+(ωB +∆) |4⟩ j ⟨4|

+
Ω1(t)

2
|1⟩ j ⟨4| e iω1t +

Ω2(t)
2

|2⟩ j ⟨3| e iω2t +H.c.
]

+ωna†a+
N1

∑
j

[
g j

n(|3⟩ j ⟨1|+ |4⟩ j ⟨2|)a+H.c.
]
. (5)

x
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w

y
z

Si
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δ1(3)

δ2(4) ν

ωB

ωn
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Fig. 1. (a) Sketch of an array of SiV centers embedded in a one-dimensional
(1D) diamond waveguide. The length, width, and thickness of the waveg-
uide are L, w, d, respectively. Molecular structure of the SiV center is shown
as the inset. (b) The level structure of the electronic ground state of the SiV
center. The time-dependent microwave driving fields induce the transitions
between levels |1⟩ ↔ |4⟩ and |2⟩ ↔ |3⟩, while the transitions between levels
|1⟩ ↔ |3⟩ and |2⟩ ↔ |4⟩ are caused by the strain-induced coupling.

By employing a unitary transformation U = e−iH0t to
simplify the system Hamiltonian with

H0 = ∑
j
[(ωn −ω2) |2⟩ j ⟨2|+ωn |3⟩ j ⟨3|+ω1 |4⟩ j ⟨4|+ωna†a],

the Hamiltonian HSiVS1
for the silicon vacancy centers in seg-

ment S1 is rewritten as

HSiVS1
=

N1

∑
j

[
(ν −δ2) |2⟩ j ⟨2|+ν |3⟩ j ⟨3|+δ1 |4⟩ j ⟨4|

+
Ω1(t)

2
|1⟩ j ⟨4|+

Ω2(t)
2

|2⟩ j ⟨3|

+g j
n(|3⟩ j ⟨1|+ |4⟩ j ⟨2|)ae i∆ ′

1t +H.c.
]
, (6)
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where ν , δ1, and δ2 represent the detunings corresponding to
the specific frequencies ωn,k, ω1, and ω2, as well as the de-
tunings associated with the characteristic frequencies of states
|3⟩ and |4⟩. The condition ∆ ′

1 = ω1 + ω2 − ωn is crucial
for ensuring energy conservation. When the detunings δ1,2

are significantly larger than the driving frequencies Ω1,2 (i.e.,
δ1,2 ≫ Ω1,2), the system can be further simplified via the
Froehlich–Nakajima transformation to remove the direct de-
pendency on the high-energy states |3⟩ and |4⟩.[36–38] This
transformation serves as an effective technique for handling
the high-energy states within the system by confining the dy-
namics to lower energy levels, thereby streamlining the anal-
ysis of quantum systems. Consequently, we derive an equiva-
lent two-level Hamiltonian

HSiVS1
=

N1

∑
j

[
ε1 |2⟩ j ⟨2|+λ1a |2⟩ j ⟨1|

+Λ1a |1⟩ j ⟨2| e i∆ ′
1 +H.c.

]
, (7)

where the parameters ε1, λ1, and Λ1 are given as

ε1 = ν −δ2 −
Ω 2

2
4δ2

+
Ω 2

1
4δ1

,

λ1 =−
(

1
ν
+

1
δ2

)
Ω2gn

4
,

Λ1 =−
(

1
δ1

+
1

δ1 +δ2 −ν

)
Ω1gn

4
. (8)

In the following sections, we consider the total mixed sys-
tem comprising sections S1,2, connected through a common
phonon mode. The effective Hamiltonian for this mixed sys-
tem is written as

H =
ε1

2
J1z +λ1aJ1++Λ1aJ1− e i∆ ′

1t

+
ε2

2
J2z +λ2aJ2++Λ2aJ2− e i∆ ′

2t +H.c., (9)

where the operators

J1z,2z =
N1,2

∑
j=1

(|2⟩ j ⟨2|− |1⟩ j ⟨1|),

J1+,2+ =
N1,2

∑
j=1

|2⟩ j ⟨1| ,

J1−,2− =
N1,2

∑
j=1

|1⟩ j ⟨2|

are collective spin operators of silicon vacancy centers, with
subscripts 1 and 2 denoting the two parts and N1, N2 being
the total number of spins in respective silicon vacancy center
sections. Moreover, the parameters ε2, λ2, and Λ2 are defined
as

ε2 = ν −δ4 −
Ω 4

4
4δ4

+
Ω 2

3
4δ3

,

λ2 =−
(

1
ν
+

1
δ4

)
Ω4gn

4
,

Λ2 =−
(

1
δ3

+
1

δ3 +δ4 −ν

)
Ω3gn

4
.

By adjusting the microwave fields, we effectively set ε1 =

−ε2 =∆s, indicating that these two parts of the silicon vacancy
centers are physically distinct. Assuming the setup operates at
a temperature of 100 mK,[39,40] where the phonon number of
the acoustic mode approaches 0, i.e.,

〈
a†a
〉
≈ 0. Under the

condition ∆s ≫ λ1,2gn, Λ1,2gn applying the gauge transforma-
tion H → e−SHeff eS with[38,41]

S =
1
∆s

gn
[
λ1(a†J1−−aJ1+)+Λ1(aJ1−−a†J1+)

+λ2(aJ2+−a†J2−)+Λ2(a†J2+−aJ2−)
]
, (10)

we can obtain an effective projected Hamiltonian within the
spin ensemble subspace[41,42]

Heff =
∆s

2
Jz

1 −
∆s

2
Jz

2 +
1
∆s

×
{

λ
2
1 J+1 J−1 −λ

2
2 J+2 J−2 −Λ

2
1 J−1 J+1 +Λ

2
2 J−2 J+2

+(λ1Λ2 −λ2Λ1)(J+1 J+2 + J−1 J−2 )
}
. (11)

To include spin relaxation induced by mechanical dissi-
pation in the model, the dynamical evolution of this system
can be described by the quantum master equation

dρ(t)
dt

= −i [Heff,ρ]+ (nth +1)ΓeffD [J1−]ρ(t)

+nthΓeffD [J1+]ρ(t)+ γsD [J1z]ρ(t)

+(nth +1)ΓeffD [J2−]ρ(t)

+nthΓeffD [J2+]ρ(t)+ γsD [J2z]ρ(t), (12)

where nth is the average phonon number, and the superopera-
tor D[ô]ρ̂ = ôρ̂ ô† − 1

2 ô†ôρ̂ − 1
2 ρ̂ ô†ô is the standard Lindblad

superoperator. Γeff = Γm · (λ1,2/∆s)
2 represents the collective

spin relaxation caused by the mechanical dissipation Γm of the
corresponding acoustic modes.

In our research, we explore the phenomenon of macro-
scopic quantum entanglement between two ensembles of SiV
centers using numerical methods. In the related experimen-
tal setup, the quantum variables of interest are the collective
spins’ projections of the SiV center samples in two specific
directions, analogous to the classical position and momentum
variables. To be specific, if we set the spin of the SiV center
samples along the direction of the x-axis, by introducing quan-
tum commutation relations akin to the classical commutation
relations [Jz,Jy] = iJx, i.e., [X ,P] = i where X = Jz/

√
Jx and

P = Jy/
√

Jx. We can define X and P as the normalized projec-
tions of spin on the z and y axes, respectively. Consequently,
our model predicts correlations in the collective spins of the

090308-3
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two samples in the y and z directions. For the evaluation of
entanglement, we apply the criterion[43,44]

ξ =
Var(J1y + J2y)+Var(J1z + J2z)

|⟨J1x⟩|+ |⟨J2x⟩|
, (13)

where Var(· · ·) represents the statistical variance. ξ < 1 sig-
nifies the presence of quantum entanglement between the two
macroscopic spin ensembles. To achieve this entangled state,
we initialize one ensemble in a coherent spin state (CSS)[17,18]

along the x axis and the other ensemble in a CSS along the
−x axis, while ensuring that the expectation values and re-
lated variances in the y and z directions satisfy specific condi-
tions, i.e., ⟨J1x⟩= J, ⟨J2x⟩=−J, ⟨Jiy⟩= ⟨Jiz⟩= ⟨Ciyz⟩= 0, and
⟨J2

iy⟩ = ⟨J2
iz⟩ = J/2 (i = 1,2). This strategy was initially pro-

posed and implemented in the experimental entanglement of
two macroscopic atomic samples.[17] Through optical pump-
ing and microwave spin manipulation techniques, we can sim-
ilarly prepare CSS states for SiV center spin ensembles. Based
on the ξ value defined in the above formula, the computation
of this metric involves solving a system of linear equations to
guarantee that the experimental conditions fulfill the prerequi-
sites for generating entanglement.

3. Results and discussion
Based on the exact solutions of Eqs. (A1)–(A14) in Ap-

pendix A, the effects of parameters ∆s, γs, λ1, and Γeff on the
entanglement between two macroscopic atomic sample are an-
alyzed.

0 0.01 0.02 0.03
0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

ξ

∆s=76

∆s=77

∆s=78

∆s=79

∆s=80

t

Fig. 2. Evolution of entanglement ξ over time with different parame-
ters ∆s. The correlation parameters are λ1 = λ2 = 0.1, Λ1 = Λ2 = 2.5,
N = 25, nth = 100, Γeff = 0.120, and γs = 0.1.

Figure 2 illustrates the evolution of macroscopic quan-
tum entanglement over time under different detuning condi-
tions (∆s). Initially, the entanglement measure (ξ ) is greater
than 1, indicating the absence of entanglement in the system.
As time evolution, entanglement characteristics in the system
begin to appear, as it takes a certain amount of time to form
two independent ensembles of SiV centers. This time duration
is related to the coupling strength, as shown in Fig. 4. Increas-
ing ∆s from 76 to 80 extends the duration of entanglement,

while the maximum value of ξ will decrease. Additionally,
higher values of ∆s reduce the time required for entanglement
formation, suggesting that larger ∆s values are advantageous
for rapidly generating macroscopic entanglement. The effec-
tive Hamiltonian of the system is derived under the condition
that ∆s is much greater than λ1,2gn. It is observed that entan-
glement forms only under larger ∆s conditions, consistent with
the observed phenomena. This indicates that by appropriately
adjusting the ∆s parameter, we can effectively manipulate the
system to produce the desired quantum entanglement. This
manipulation is crucial for implementing efficient quantum in-
formation processing and quantum computing protocols.

Figure 3 illustrates the evolution of macroscopic quan-
tum entanglement over time under different decoherence rates
γs (0.1, 0.4, 0.7, 1.0, and 1.3). The results clearly show that as
the value of γs increases, the degree of entanglement in the sys-
tem gradually diminishes. Furthermore, a higher decoherence
rate leads to a narrower time window during which the system
maintains a macroscopic entangled state (i.e., ξ < 1), indi-
cating a delay in the entanglement generation process while
an earlier attainment of the maximum entanglement degree.
Additionally, as γs increases, the maximum achievable entan-
glement degree decreases, reflected in the increased minimum
value of ξ . γs represents the spin state decoherence rate, sig-
nifying the speed at which spin state coherence is lost due to
environmental noise or other non-ideal factors. At lower γs

levels, the system can sustain coherence for longer periods,
beneficial for preserving and enhancing the degree of quan-
tum entanglement. Conversely, higher γs values result in rapid
spin state decoherence, leading to a swift entanglement reduc-
tion. The main reason is that quantum entanglement heavily
depends on the quantum state coherence, and the decoherence
process disrupts this superposition state, thereby weakening
the entanglement. In scenarios with elevated γs, environmen-
tal interference with the quantum state intensifies, prompting
the quantum system towards a mixed state rather than a pure
state, diminishing its entanglement capacity.

0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

ξ

0 0.01 0.02 0.03

γs=0.1

γs=0.4

γs=0.7

γs=1.0

γs=1.3

t

Fig. 3. Evolution of entanglement ξ over time with different parame-
ters γs. The correlation parameters are λ1 = λ2 = 0.1, Λ1 = Λ2 = 2.5,
N = 25, nth = 100, Γeff = 0.120 and ∆s = 80.
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From the analysis of Fig. 4, it is evident that an increase in
the coupling constant λ1 results in a faster decrease for the en-
tanglement measure ξ , leading to the system reaching a quan-
tum entangled state more rapidly (i.e., ξ < 1). This obser-
vation underscores the significant role of strong coupling (i.e.,
higher values of (λ1)) in hastening the process of entanglement
formation. Specifically, when λ1 is raised from 1 to 3, the time
taken for ξ to fall below 1 in the system is notably reduced.
This highlights how the intensity of the coupling term in the
Hamiltonian directly impacts the speed at which quantum en-
tanglement is established between the spin ensembles. With an
increased coupling term λ1, the quantum interactions facilitat-
ing entanglement unfold within a shorter temporal framework,
causing ξ to swiftly drop below the critical threshold of 1.

λ=1.0

λ=1.5

λ=2.0

λ=2.5

λ=3.0

t

0.005 0.015 0.025 0.035
0
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0.6

0.8

1.0
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1.4

1.6

1.8

2.0

ξ

Fig. 4. Evolution of entanglement ξ over time with different parame-
ters λ1. The correlation parameters are ∆s = 80, Λ1 =Λ2 = 2.5, N = 25,
nth = 100, Γeff = 0.126, and γs = 0.1.

Figure 5 illustrates the impact of different dissipation
rates on the dynamics of entanglement, highlighting the key
role of dissipation processes in the generation of macroscopic
quantum entanglement. The observations indicate that under
conditions of lower dissipation rates, Γeff = 0.120, the system
experiences less environmental dissipation, enabling the gen-
eration of stronger and more sustained entanglement. Con-
versely, at higher dissipation rates, environmental interference
with the system increases, leading to a reduction in the purity
of quantum states, thereby affecting the quality and duration of
the entangled states. In this scenario, although the system can
reach an entangled state, its entanglement performance sig-
nificantly decreases, as indicated by the rise in the minimum
value of the entanglement measure ξ . This phenomenon re-
veals the negative impact of dissipation dynamics on the capa-
bility of quantum information processing, especially in terms
of the generation and maintenance of quantum entanglement.
Dissipation processes typically accompany the loss of quan-
tum information, reducing the system’s potential for quantum
entanglement. Therefore, in applications of quantum infor-
mation science, controlling the interaction between the system
and its environment is crucial, especially in the design of quan-
tum communication, quantum computing, and other quantum

technology schemes. By optimizing experimental and theoret-
ical models to minimize environmentally induced dissipation,
quantum entanglement can be effectively preserved and uti-
lized, thereby enhancing the efficiency and reliability of quan-
tum information processing.

Γeff=0.120

Γeff=0.121

Γeff=0.122

Γeff=0.123

Γeff=0.124

t

0 0.01 0.02 0.03
0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

ξ

Fig. 5. Evolution of entanglement ξ over time with different parame-
ters Γeff. The correlation parameters are λ1 = λ2 = 0.1, Λ1 = Λ2 = 2.5,
N = 25, nth = 100, ∆s = 80, and γs = 0.1.

4. Conclusion
In this study, we investigated the generation macroscopic

quantum entanglement between two spin ensembles using an
effective Hamiltonian of a coupled system based on SiV cen-
ters. The dynamic nature of macroscopic quantum entangle-
ment and its sensitivity to various system parameters are ex-
amined. Specifically, we focus on the impact of parameters
such as detuning ∆s, decoherence rate γs, coupling constant
λ1, and environmental dissipation rate Γeff on the formation
and maintenance of macroscopic quantum entanglement. Our
findings indicate that increasing the detuning ∆s can effec-
tively prolong the duration of the entangled state and expe-
dite the achievement of quantum entanglement within a shorter
time frame. This demonstrates that macroscopic quantum en-
tanglement can be controlled by adjusting the ∆s parameter
under suitable system conditions. Furthermore, we find that
higher decoherence rates γs lead to decreased entanglement
degree and shorter entanglement duration, highlighting the
detrimental impact of environmental noise on entanglement
generation and maintenance. Additionally, strong coupling
(higher λ1 values) is found to accelerate the entanglement for-
mation process, while variations in the environmental dissipa-
tion rate Γeff significantly influence the quality and persistence
of entanglement. It is well known that in the strong coupling
regime, the interaction between the system and the environ-
ment is enhanced, leading to increased energy exchange and
loss of coherence. This phenomenon is prevalent in quan-
tum systems, where interaction with the environment (such
as a thermal bath or other degrees of freedom) results in de-
coherence and energy dissipation, ultimately affecting entan-
glement. For instance, Breuer and Petruccione discussed the
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role of environmental interactions in open quantum systems in
their work, emphasizing how strong coupling enhances deco-
herence effects.[46] Similarly, Weiss provided comprehensive
insights into dissipative quantum dynamics, highlighting how
strong coupling leads to significant dissipation and coherence
loss.[47] Specifically, in the strong coupling regime, the en-
ergy levels of the system are more susceptible to environmen-
tal fluctuations and noise, accelerating the decoherence rate.
This is particularly detrimental to entangled states, which are
highly sensitive to any perturbation. The decoherence and dis-
sipation effects under strong coupling can significantly reduce
the entanglement maintenance time, thereby limiting practical
applications in quantum information processing and quantum
computing. These results underscore the importance of pre-

cise control over system parameters for manipulating and har-
nessing quantum entanglement in quantum information tech-
nology. Future research could delve into the detailed mecha-
nisms through which other parameters influence macroscopic
quantum entanglement, advancing the development of quan-
tum technologies.

Appendix A: Expectation of collective operators
with time evolution

We outline the mean values that enter the variance of
Eq. (13). As is known, for an operator O, the expectation
with time evolution can be expressed by means of the master
equation as d ⟨O⟩/dt = tr[Oρ̇]. Using Eq. (12), we can easily
obtain the equations

d
〈
J jx
〉

dt
= (−1) j

(
∆s

2
+

λ 2
j

∆s
+

Λ 2
j

∆s

)〈
J jy
〉
+(−1) j+1

(
λ 2

j

∆s
−

Λ 2
j

∆s

)〈
J jyJ jz + J jzJ jy

〉
− 2

∆s
(λ1Λ2 −λ2Λ1)

〈
J jzJiy

〉
−
(

nthΓeff +
Γeff

2

)〈
J jx
〉
+

Γeff

2
〈
J jzJ jx + J jxJ jz

〉
− γs

2
〈
J jx
〉
, (A1)

d
〈
J jy
〉

dt
= (−1) j+1

(
∆s

2
+

λ 2
j

∆s
+

Λ 2
j

∆s

)〈
J jx
〉
+(−1) j

(
λ 2

j

∆s
−

Λ 2
j

∆s

)〈
J jzJ jx + J jxJ jz

〉
− 2

∆s
(λ1Λ2 −λ2Λ1)

〈
JixJ jz

〉
−
(

nthΓeff +
Γeff

2

)〈
J jy
〉
+

Γeff

2
〈
J jzJ jy + J jyJ jz

〉
− γs

2
〈
J jy
〉
, (A2)

d
〈
J jz
〉

dt
=

2
∆s

(λ1Λ2 −λ2Λ1)
〈
J jxJiy + J jyJix

〉
− (2nthΓeff +Γeff)

〈
J jz
〉
−Γeff

〈
J2

jx + J2
jy
〉
, (A3)

d
〈
J jzJiy

〉
dt

= (−1) j
(

∆s

2
+

λ 2
i

∆s
+

Λ 2
i

∆s

)〈
J jzJix

〉
+(−1) j+1

(
λ 2

i
∆s

− Λ 2
i

∆s

)〈
J jzJizJix + J jzJixJiz

〉
+

2
∆s

(λ1Λ2 −λ2Λ1)
〈
−J jzJ jxJiz + J jxJ2

iy + J jyJixJiy
〉
− γs

2
〈
J jzJ jy

〉
, (A4)

d
〈
C jzy

〉
dt

= (−1) j+1
(

∆s

2
+

λ 2
j

∆s
+

Λ 2
j

∆s

)〈
C jxz

〉
+(−1) j

(
λ 2

j

∆s
−

Λ 2
j

∆s

)〈
J jzC jxz +C jxzJ jz

〉
+

2
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〈
2J2
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5Γeff
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2
〈
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〉
+
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2
〈
2J2
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jz −4J3
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〉
, (A5)

d
〈
C jxz

〉
dt
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∆s
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+
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j
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+

Λ 2
j
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〉
, (A6)
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J jxJiy

〉
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(
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j
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+
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j
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(
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2
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λ 2
i
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〉
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〈
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〉
+
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2
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〉
, (A7)

d
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〉
dt
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j
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j
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〉
090308-6



Chin. Phys. B 33, 090308 (2024)

+
Γeff

2
〈
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C jxy
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, (A8)

d
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2

∆s
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+
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1
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〉
−
(
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2
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where we define the covariance operator
〈
C jzy

〉
=〈

J jyJ jz + J jzJ jy
〉
/2, with j, i = 1,2 ( j ̸= i). Equations of

motion including
〈
J jyJiy

〉
,
〈
J jzJiz

〉
, and

〈
J jxJix

〉
provide the

first-order (drift) terms in the partial differential equation,
while equations of motion for symmetric-ordered operator
pairs like

〈
C jzy

〉
provide the second-order (diffusion) terms.

Using the approximation ⟨Jk𝒥sJp⟩ ≈ 𝒥k𝒥s𝒥p + 𝒥kVsp +

𝒥sVpk +𝒥pVks valid for Gaussian states. where 𝒥s ≡ ⟨Ĵs⟩,
Vnl ≡ 1

2

〈
(Ĵn −𝒥n)(Ĵl −𝒥l)+(Ĵl −𝒥l)(Ĵn −𝒥n)

〉
.[45]
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