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The distribution of continuous service time in call centers is investigated. A non-Maxwellian collision kernel com-
bining two different value functions in the interaction rule are used to describe the evolution of continuous service time,
respectively. Using the statistical mechanical and asymptotic limit methods, Fokker–Planck equations are derived from the
corresponding Boltzmann-type equations with non-Maxwellian collision kernels. The steady-state solutions of the Fokker–
Planck equation are obtained in exact form. Numerical experiments are provided to support our results under different
parameters.
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1. Introduction
Many scholars apply the Boltzmann equation in sta-

tistical mechanics to investigate various problems in multi-
disciplines. Scholars compare agents in a social system as gas
molecules. The service time of agents is regarded as the en-
ergy of molecules and the service process between agents is re-
garded as collisions between molecules. Thus, the Boltzmann
equation, which describes the change in the velocity distribu-
tion of gas molecules, is applied to investigate the distribu-
tion of service time in Refs. [1–8]. The distribution of service
time satisfies the correponding Boltzmann equation. Brown et
al.[1] found that the statistical distribution of service time is
close to lognormal distribution, but not completely lognormal
distribution. Excoffier et al.[2] used the data of call centers to
discuss queuing problems. Methods based on statistical me-
chanics are proposed to optimize the trade-off about labor cost
and quality of customer service. In order to consider a call
center system with Poisson arrival and unlimited waiting ar-
eas, Nazarov et al.[3] employed the model of non-exponential
service time to explore the stationary distribution of calls for
recurrent service. The circumstances where customers might
decide to leave before the service time were analyzed in Gar-
nett et al.[4] Using the length of waiting time as an indica-
tor of customers’ patience, it was discovered in Ref. [4] that
the function of customer’s patience is exponential. Stepanov
and Stepanov[5] proposed a measurement method based on the
general characteristics of call services in call centers and esti-
mated the strength of the call arrival. Aksin et al.[6] inves-
tigated the amount of customers who are willing to wait and
discuss the percentage of customers who leave the queue be-

fore the service time in call center. It was found in Ref. [6] that
the agent’s psychological behavior has a significant impact on
the distribution of service time. Gualandi and Toscani[7] ap-
plied statistical mechanical methods to derive that the service
time density function is a lognormal distribution. The value
function in Ref. [8] plays an important role to discuss the den-
sity function of service time. Thus, it leads to the question of
whether there are different distributions of service time in call
centers under different value functions.

Regarding the psychological characteristics of the agent,
Kahneman and Tversky[9,10] showed that agents have the abil-
ity to perceive risk in the process of interaction and react ir-
rational behavior. Kahneman and Tversky[9,10] provided a
suitable value function to describe this behavior of the agent.
Hu and Chen[11] used the kinetic theory to analyze influence
of agent competence and psychological factors on investment
decision-making. Naldi et al.[12] made use of statistical me-
chanical methods to describe macro-behavior as well as the
psychological characteristics of agents in society. Burini et
al.[13] proposed a systematic approach to study the perception
and learning capacity of the population and describe the psy-
chological characteristics of the behavior of the agent.

Recently, the theory on dilute dynamics has been applied
to various aspects in society. For example, Du et al.[14] ana-
lyzed an asymmetric payoff distribution mechanism and used
the Gini coefficient to investigate the effect of asymmetric pay-
off distribution about wealth. Quevedoa and Quimbay[15] con-
structed a Boltzmann-type equation that describes the evolu-
tion of wealth distribution. Zhou and Lai[16] studied the inter-
action between the accumulation of knowledge and the growth
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of personal wealth. Cordier et al.[17] used the asymptotic limit
method and the Fokker–Planck equation to discuss the change
of wealth. It is derived that the wealth density function be-
haves an inverse gamma distribution. Using the kinetic the-
ory, Pareschi and Toscani[18] investigated changes of wealth
depending on knowledge and wealth. Toscani et al.[19] inves-
tigated the behavior of online gamblers who invest their wealth
in the gambling process. Dimarco and Toscani[20] considered
a model of social climbing by utilizing collision-like kinetic
theory.

Consider the following three value functions in Ref. [20]

Φ1(s) = γ

(
1− 1

s

)
,

Φ2(s) = γ
sδ −1

sδ +1− γ
,

Ψ(s) = γ
sδ −1
sδ +1

.

Comparing with the works in Gualandi and Toscani,[8] in
which the density function of service time is discussed, our
main contributions are as follows.

(i) We choose two value functions Φ1(s) and Φ2(s) in
Ref. [20] that differ from value function Ψ(s) in Ref. [8]. The
two value functions Φ1(s) and Φ2(s) conform to prospect the-
ory in Kahneman and Tversky[9,10] and approach the reference
point with different speeds. When the agent exceeds the maxi-
mum service time, comparing the effect of value functionΨ(s)
in Ref. [8], the value functions Φ1(s) and Φ2(s) lead to differ-
ent speeds that the agent returns to the ideal service time.

(ii) Gualandi and Toscani[8] used the Maxwellian colli-
sion kernel, which is a constant collision kernel. In this paper,
we choose the non-Marxwellian collision kernel kωα (ω de-
notes the service time). This collision kernel illustrates that
a long service time level for an agent makes the interaction
frequency faster, while a short service time level causes its in-
teraction frequency to slow down.

(iii) The steady-state solution in Ref. [8] is a lognormal
distribution. Our steady-state solution is an inverse gamma
distribution in the case of value function Φ1(s) and possesses
a lognormal distribution in the case of value function Φ2(s).

The rest of this paper is arranged as follows. In Sec-
tion 2, a micro-interaction mechanism for service time is
given, which contains unpredictable risks and value function.
In Section 3, we discuss the properties of value functions. In
Section 4, a Fokker–Planck equation is obtained by using an
appropriate asymptotic limit. The steady-state solution of the
equation is obtained. In Section 5, taking advantage of nu-
merical simulation, we discuss the evolution of steady-state
solution under different parameters.

2. Kinetic description of service time
In this part, we describe the psychological characteris-

tics of agents and give an appropriate interaction rule. Using
the prospect theory in Refs. [9,10], we discuss a model that is
helpful to consider the evolution of service time. We assume
that agents are indistinguishable (see Ref. [18]). Thus, the
state of the system is fully represented by the service time den-
sity function f (ω, t). Namely, for an given interval D ⊆ R+,
the integral ∫

D
f (w, t)dw

means the number of persons depicted by service time ω ∈ D
at the moment t ≥ 0. Usually, we assume that the density func-
tion satisfies ∫

R+

f (ω, t)dw = 1.

Indeed, it is essential to consider that no negative service
time arises. This coincides with reality, implying that it is im-
possible to cross the boundary at ω = 0. Agents in the system
continuously update their states through micro-interactions.
An agent spends a certain amount of time to complete his work
in any single operation. A change in the future service time
leads to a change of density function f (ω, t).

We discuss the nature of agents’ psychological character-
istics. Firstly, we assume that the agents can receive a precise
instruction from the service manager that the call must end
within the ideal service time, denoted by ω̄ , which possesses
the maximum service time ω̄L, meaning that all service time
below it in any case, including the ideal time ω̄ < ω̄L. Usually,
in a company or organization, it is stipulated that exceeding
the maximum service time ω̄L, the agents are penalized to pay
money or extend working hours. We assume that the agents
recognize ω̄L as an important time rather than ideal time ω̄ .
Indeed, it is only when ω > ω̄L that the agent fears the con-
sequences of exceeding the maximum service time ω̄L. Sim-
ilarly, when an agent completes a task quickly within ω̄L, he
is comfortable and faces the next task in a better state. Obvi-
ously, these two situations are very different since the former
worries about the consequences of exceeding the maximum
service time ω̄L, while the latter finishes a task in a better way.
Following the ideas in Ref. [17], we characterize the agent’s
modification of the time service as follows:

ω* = ω −Φ (ω/ω̄L)ω +ηω, (1)

where ω and ω* denote the service time before and after the
agent interaction, respectively. Φ (ω/ω̄L) is a function about
ω/ω̄L, which has positive or negative values. The psycholog-
ical and behavioral characteristics of agents are expressed by
Φ (ω/ω̄L). η is a random variable that describes how service
time is affected by uncertainty. We usually assume that its ex-
pectation is 0 with limited variance. So we have ⟨η⟩ = 0 and
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η2
〉
= λ , where λ > 0. Here and after, ⟨·⟩ denotes mathe-

matical expectation.

3. Descriptions of value functions
In this section, we introduce two value functions. We dis-

cuss the bounds of value functions as well as asymmetry. As-
sume that two agents are on either side of the reference point
and possess the same distance from the reference point. If the
two agents approach the reference point at different speeds,
then we say that the reference point is asymmetric.

Gualandi and Toscani[8] chose the following value func-
tion:

Ψ(s) = γ
sδ −1
sδ +1

, s ≥ 0,

where 0 < δ < 1 and 0 < γ < 1 are constants. γ represents
the maximum change in service time that an agent performs
in a single task. The value function Ψ(s) describes the agent’s
psychological behavior (see Ref. [8]).

3.1. Value function Φ1(s)

For the interaction (1), we assume that

Φ1(s) = γ

(
1− 1

s

)
,

where 0 < γ < 1 is a suitable constant to describe the behav-
ior of the agent. The value function Φ1(s) is discussed in
Ref. [20]. The difference between the value function Φ1(s)
and value function Ψ(s) is that value function Φ1(s) has no
lower bounds. This implies that when the random term of in-
teraction rule (1) is removed, the value function Φ1(s) has a
sudden increase in service time after interaction. Observing
that these two functions which are located in the right side of
the reference point s = 1, we see that the curve of Φ1(s) is
much smoother than the curve of Ψ(s). This indicates that
for the value function Φ1(s), once the actual service time of
the agent exceeds the maximum service time, it becomes chal-
lenging to return to the ideal service time.

We know that Φ1(s) is a concave and increasing function
on R+. Function Φ1(1) = 0 and Φ1(s) possesses asymmet-
ric about the point s = 1. Using the prospect theory proposed
in Refs. [9,10], the function Φ1(s) satisfies the following two
properties.

(i) For all ∆s, 0 < ∆s ≤ 1, we have

−Φ1(1−∆s)> Φ1(1+∆s),

Φ
′
1(1+∆s)< Φ

′
1(1−∆s).

Function Φ1(s) possesses the main property of the prospect
theory. The asymmetry of the value function about the refer-
ence point possesses the features that when two agents start
at the same distance from the reference point, agent from left

side arrives at the reference point more easily than the agent
starting from right.

(ii) For 0 < γ < 1, s ≥ 0, we have

Φ1(s)≤ γ.

It is important to note that this value function Φ1(s) have not
lower bounds. This means that when the random term of the
interaction rule (1) is eliminated, it leads to a sudden increase
in service time after interaction.

3.2. Value function Φ2(s)

In order to avoid the above situation, we consider a func-
tion that is different from function Φ1(s)

Φ2(s) = γ
sδ −1

sδ +1− γ
, s ≥ 0.

The value function Φ2(s) is also discussed in Ref. [20]. The
main difference among value functions Φ2(s), Φ1(s), and
Ψ(s) is the part which is located to the right side of the ref-
erence point s = 1. Observing the part which is located in the
right of the reference point, we find that the curve of Φ2(s) is
smoother relative to the curve of Ψ(s), but steeper than Φ1(s).
Therefore, when the actual service time exceeds the maximum
service time, if the agent wants to return the reference point lo-
cation, the value function Φ2(s) is easier to reach the reference
point than Φ1(s) does, but more difficult to reach the reference
point than the value function Ψ(s). However, function Φ2(s)
is just a special form of the following expression:

Φ
e
δ
(s) = γ

eε(sδ−1)/δ −1

eε(sδ−1)/δ +1− γ

, ε ≥ 0,

when δ → 0, namely,

Φ
e
δ
(s)→ Φ

ε
2 (s) = γ

sε −1
sε +1− γ

, s > 0.

Thus, when δ → 0, the function Φe
δ
(s) is Φ2(s). Indeed, func-

tion Φe
δ
(s) reaches the reference point more slowly than Φ2(s)

from the right side. It is clear that Φ2(s) is a concave and
increasing function. It is equal to zero at the reference point
s = 1. Function Φ2(s) satisfies the following properties.

(iii) For all ∆s,0 < ∆s ≤ 1, it has

−Φ2(1−∆s)> Φ2(1+∆s), Φ
′
2(1+∆s)< Φ

′
2(1−∆s).

Similarly, the asymmetry point s = 1 is consistent with the
characterization of the value function in Refs. [9,10].

(iv) For 0 < γ < 1, we obtain

−γ ≤ Φ2(s)≤ γ.

We know that function Φ2(s) is bounded, which does not lead
to an infinite maximum service time and is more in line with
the real situation.
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4. The kinetic model of service time
If the interaction rule (1) is chosen, the model on service

time resorts to a kinetic model. The density function f (ω, t)
satisfies the Boltzmann equation. Namely, for all smooth func-
tions ϕ(ω) with supported set in R+, the density function
f (ω, t) is the weak solution of the equation

d
dt

∫
R+

ϕ(ω) f (ω, t)dω

=
1
τ

〈∫
R+

kω
α (ϕ (ω*)−ϕ(ω)) f (ω, t)dω

〉
. (2)

Here kωα is the collision kernel where the constant k > 0 and
0 < α ≤ 1, and ω denotes the service time of the agent. Equa-
tion (2) takes into account the presence of a random parameter
η . Note that the basic mutual interaction rule (1). The right
side of Eq. (2) quantifies the change in the observable measure
of ϕ for the agent whose value is modified from ω to ω*. In
Eq. (2), if ϕ(ω) = 1, it means that equation (2) is conserved,
implying that f (ω, t) is a probability density function and re-
mains a probability density function for all subsequent times
t > 0.

4.1. Stationary solution corresponding to value function
Φ1(s)

We consider the value function

Φ1(s) = γ

(
1− 1

s

)
, s ≥ 0.

Let the mean
m(t) =

∫
R+

ω f (ω, t)dw.

Since
⟨ϕ (ω*)−ϕ(ω)⟩= ⟨ω*−ω⟩

=

〈
−Φ1

(
ω

ω̄L

)
ω +ηω

〉
=

〈
−γ

(
1− ω̄L

ω

)
ω +ηω

〉
=−γ (ω − ω̄L) ,

we obtain

d
dt

m(t) =
γk
τ

∫
R+

ω
α(ω̄L −ω) f (ω, t)dω. (3)

Note that equation (3) has no explicit solution. However, we
know in the previous section that the value function possesses
upper bounds. Thus, we know that the m(t) has also upper
bounds. We have

d
dt

m(t) =− k
τ

∫
R+

Φ1

(
ω

ω̄L

)
ω

α+1 f (ω, t)dω

6−kγ

τ

∫
R+

ω
α+1 f (ω, t)dω.

Letting

mα =
∫

R+

ω
α f (ω, t)dω,

mα+1 =
∫

R+

ω
α+1 f (ω, t)dω.

Utilizing the Hölder’s inequality yields

mα =
∫

R+

wα f (w, t)dw

=
∫

R+

(w f (w, t))α f (w, t)1−α dw

≤
[∫

R+
w f (w, t)dw

]α [∫
R+

f (w, t)dw
]1−α

= mα(t).

We obtain
ma+1 ≤ mα+1(t),

d
dt

m(t)≤−kγ

τ
mα+1(t).

Solving the above differential inequality yields

m(t)≤
(

τ

αkγt

)1/α

.

We assume that the service time is only modified by a very
small amount. This is achieved by a very small value ε > 0
and ε ≪ 1. We have

Φ1(s)→ Φ1ε(s) = εγ

(
1− 1

s

)
, η →

√
εη ,

and rewrite Eq. (2) as

d
dt

m(t) = ε
γk
τ

∫
R+

1
ε

ω
α(ω̄L −ω) f (ω, t)dω.

For any time t > 0, we know that there is a small change in the
mean value m(t). In this case, we observe the change in the
mean value independent of τ with τ → ετ . Then equation (2)
becomes

d
dt

∫
R+

ω f (ω, t)dω =
γ

τ

∫
R+

1
ε
(ω̄L −ω) f (ω, t)dω.

For a smooth function ϕ(ω), using interaction rule (1), ex-
panding in Taylor series ϕ(ω*) around ϕ(ω), and using the
properties of random variables η , we obtain

⟨ω*−ω⟩ =

〈
−Φ1ε

(
ω

ω̄L

)
w+ηω

〉
= −εγ

(
1− ω̄L

ω

)
ω

= −εγ (ω − ω̄L) ,〈
(ω*−ω)2〉

=

〈(
−Φ1ε

(
ω

ω̄L

)
ω +ηω

)2
〉

=

〈
Φ

2
1ε

(
ω

ω̄L

)
ω

2 −2Φ1ε

(
ω

ω̄L

)
ω

2
η +η

2
ω

2
〉

= ε
2
γ

2 (ω − ω̄L)
2 + ελω

2.
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Therefore, we acquire

⟨ϕ (ω*)−ϕ(ω)⟩

= ϕ
′(ω)⟨ω*−ω⟩+ ϕ ′′(ω)

2
〈
(ω*−ω)2〉+Rε(ω)

= ε

(
−ϕ

′(ω)γ (ω − ω̄L)+ϕ
′′(ω)

λ

2
ω

2
)
+Rε(ω),

in which the term Rε(ω) satisfies

Rε(ω) =
ε2

2
ϕ
′′(ω)γ2 (ω − ω̄L)

2

+
1
6

〈
ϕ
′′′ (ω +θ (ω*−ω))(ω*−ω)3

〉
for 0 ≤ θ ≤ 1. We have〈

(ω*−ω)3
〉

=−ε
3r3 (ω − w̄L)

3 +3ε
2r (ω − ω̄L)λω

3.

Thus, we obtain the Boltzmann-type equation

d
dt

∫
Rt

ϕ(ω) f (ω, t)dω

=
1
τ

∫
R+

kω
α

[
−γ (ω − ω̄L)ϕ

′(ω)+
λ

2
ω

2
ϕ
′′(ω)

]
f (ω, t)dω

+
1

ετ
ℛε(ω, t),

in which

ℛε(ω, t) =
∫
R+

kω
α Rε(ω) f (ω, t)dω.

Letting ε → 0, we have 1
ε

Rε(ω)→ 0 and

d
dt

∫
Rt

ϕ(ω) f (ω, t)dω

=
1
τ

∫
R+

kω
α

[
− γ (ω − ω̄L)ϕ

′(ω)

+
λ

2
ω

2
ϕ
′′(ω)

]
f (ω, t)dω. (4)

Note that the smooth function ϕ possesses the supported set
on R+. Utilizing integration by parts, we obtain∫

R+

−γkω
α (ω − ω̄L)ϕ

′(ω) f (ω, t)dω

=
∫

R+

−γkω
α (w− w̄L) f (w, t)dϕ(w)

=
∫

R+

ϕ(ω)
d (γkωα (w− w̄L) f (w, t))

dω
dω, (5)∫

R+

λ

2
kω

α+2
ϕ
′′(ω) f (ω, t)dω

= −
∫

R+

ϕ
′(ω)

d
(

λ

2 kωα+2 f (ω, t)
)

dω
dω

=
∫

R+

ϕ(ω)
d2
(

λ

2 kωα+2 f (ω, t)
)

dω2 dω. (6)

Substituting Eqs. (5) and (6) into Eq. (4), we have∫
R+

ϕ(w)
d
dt

f (ω, t)dω

=
1
τ

∫
R+

ϕ(ω)
d (γkωα (ω − ω̄L) f (ω, t))

dω
dω

+
1
τ

∫
R+

ϕ(ω)
d2
(

λ

2 kωα+2 f (ω, t)
)

dω2 dω,

from which we obtain the Fokker–Planck-type equation

∂ f (ω, t)
∂ t

=
γk
τ

∂ (ωα (ω − ω̄L) f (ω, t))
∂ω

+
λk
2τ

∂ 2
(
ωα+2 f (ω, t)

)
∂ω2 . (7)

Equation (7) describes the evolution of the density function.
We obtain the ordinary differential equation for the equilib-
rium state

γω
α (ω − ω̄L) f∞(ω)+

λ

2
∂
(
ωα+2 f∞(ω)

)
∂ω

= 0. (8)

We solve Eq. (8) by separating the variables. A smooth solu-
tion f∞(ω) is obtained

f∞(w) =

(
2γw̄L

λ

)α+(2γ/λ )+1

Γ

(
α + 2γ

λ
+1
) ω

−2−α−(2γ/λ )

× exp
(
−2γω̄L

λw

)
.

The steady state density f∞(ω) exhibits an inverse gamma dis-
tribution.

4.2. Stationary solution corresponding to value function
Φ2(s)

We know that the value function Φ1(s) has no lower
bounds, implying that there is a sharp increase in post-trade
service time. To avoid this, we use the value function Φ2(s).
We discuss the mathematical modeling of the underlying in-
teractions for service time based on the value function Φ2(s).

Φ2(s) = γ
sδ −1

sδ +1− γ
, s ≥ 0.

Using the value function Φ2(s) and the interaction rule (1), we
obtain

⟨ω*−ω⟩=
〈
−Φ2

(
ω

ω̄L

)
ω +ηω

〉
=−γ

[(
ω

ω̄L

)δ

−1

]
1

(ω/ω̄L)
δ +1− γ

ω.

If ϕ(x) = ω , we get

d
dt

m(t) =
γk
τ

∫
R+

−

[(
ω

ω̄L

)δ

−1

]
090502-5
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× ω1+α f (ω, t)

(ω/ω̄L)
δ +1− γ

dω. (9)

Note that equation (9) is not explicitly solvable. However, we
know that the value function Φ2(s) is bounded. Thus, we know
that the m(t) has also upper bounds for time t > 0.

We consider the Boltzmann Eq. (2) and interaction
rules (1). Obviously, the Boltzmann equation seems to be dif-
ficult to be solved. The general approach is to use numerical
simulations to solve Eq. (2). Alternatively, the scaling rule
is used appropriately to obtain the Fokker–Planck equation,
which would give the steady-state solution of the equation.
This article makes use of the latter approach. We assume that
there is a very small variable 0 < ε ≪ 1. We have

Φ2(s)→ Φ2ε(s) = γ
sε −1

sε +1− γ
, η →

√
εη . (10)

The scaling assumptions in Eq. (10) preserve the effects of
all parameters in the interaction rule (1) in the asymptotic
limit. An exhaustive discussion of these scaling assumptions
is found in Ref. [21].

We write Eq. (9) in the form

d
dt

m(t) =
γk
τ

∫
R+

−1
ε

[(
ω

ω̄L

)ε

−1
]

× ω1+α f (ω, t)
(ω/ω̄L)

ε +1− γ
dω

for ω ≥ ω̄L. We have

1
ε

[(
ω

ω̄L

)ε

−1
]
≤
(

ω

ω̄L

)
.

For ω ≤ ω̄L, we obtain

1
ε

[(
ω

ω̄L

)ε

−1
](

ω

ω̄L

)
≥−1.

Clearly, for any time t > 0, we choose such ε which makes the
mean value m(t) have a small change. Letting s = ω/ω̄L and
ε → 0, we have

Aε(ω) =
1
ε

(sε −1)
sε +1− γ

→ 1
2− γ

log
ω

ω̄L
.

As illustrated in Ref. [21], when ε → 0, a finite change in the
average density is observed provided that each agent in the
system experiences a large number of interactions over a fixed
period of time. In order to observe the evolution of the mean, it
suffices to increase the service frequency. Applying the scale
in Eq. (10), we obtain the evolution model for the second-order
moments of f (ω, t).

For a smooth function ϕ(ω), expanding in Taylor series

ϕ(ω*) around ϕ(ω), we obtain

⟨ω*−ω⟩

=

〈
−Φ2ε

(
ω

ω̄L

)
ω +ηω

〉
=

〈
−γε

1
ε
(ω(/ω̄L)

ε −1)
1

(ω/ω̄L)
ε +1− γ

ω +ηω

〉
=−εγAε(ω)ω,〈

(ω*−ω)2〉
=

〈
Φ

2
2ε

(
ω

ω̄L

)
ω

2 −2Φ2ε

(
ω

ω̄L

)
ω

2
η +η

2
ω

2
〉

= ε
2
γ

2A2
ε(ω)ω2 + ελω

2.

Since
ϕ (ω*) = ϕ(ω)+ϕ

′(ω)(ω*−ω)

+
φ ′′(ω)

2
(ω*−ω)2 +Rε(ω),

we have

⟨ϕ (ω*)−ϕ(ω)⟩

= ϕ
′(ω)⟨ω*−ω⟩+ ϕ ′′(ω)

2
〈
(ω*−ω)2〉+Rε(ω)

= ε

(
−ϕ

′(ω)
γ

2− γ
log

ω

ω̄L
ω +ϕ

′′(ω)
λ

2
ω

2
)
+Rε(ω),

where the Rε(ω) is given by

Rε(ω) =
ε2

2
ϕ
′′(ω)γ2A2

ε(ω)ω2

+
1
6

〈
ϕ
′′′ (ω +θ (ω*−ω))(ω*−ω)3

〉
,

in which 0 ≤ θ ≤ 1. We obtain the equation for the service
time

d
dt

∫
R+

ϕ(ω) f (ω, t)dω

=
1
τ

〈∫
R+

kω
α(ϕ(ω*)−ϕ(ω)) f (ω, t)dω

〉
=

kγ

τ(2− γ)

∫
R+

−ω
α+1 log

ω

ω̄L
ϕ
′(ω) f (ω, t)dω

+
kλ

2τ

∫
R+

wα+2
ϕ
′′(ω) f (ω, t)dω

+
ℛε(t)

ε
, (11)

where
ℛε(t) =

∫
R+

kω
α Rε(ω) f (ω, t)dω,

in which the remainder term ℛε(t) satisfies (1/ε)ℛε(t) → 0
as ε → 0. When the residual term tends to zero, we ignore the
last term of Eq. (11) and obtain the equation

d
dt

∫
R+

ϕ(ω) f (ω, t)dω

=
kγ

τ(2− γ)

∫
R+

−ω
α+1 log

ω

ω̄L
ϕ
′(ω) f (ω, t)dω

+
kλ

2τ

∫
R+

wα+2
ϕ
′′(ω) f (ω, t)dω.

090502-6
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We consider that the boundary value of the density func-
tion is zero. The specific steps are as follows. If the boundary
term arising from the integral vanishes, we have

kγ

τ (2− γ)

∫
R+

−ω
α+1 log

ω

ω̄L
ϕ
′(ω) f (ω, t)dω

=
kγ

τ (2− γ)

∫
R+

−ω
α+1 log

ω

ω̄L
f (ω, t)dϕ(ω)

=
kγ

τ (2− γ)

∫
R+

ϕ(ω)
d
(

ωα+1 log ω

ω̄L
f (ω, t)

)
dω

dω,

kλ

2τ

∫
R+

ω
α+2

ϕ
′′(ω) f (ω, t)dω

=
kλ

2τ

∫
R+

ω
α+2 f (ω, t)dϕ

′(ω)

=−kλ

2τ

∫
R+

ϕ
′(ω)

d
(
ωα+2 f (ω, t)

)
dω

dω

=−kλ

2τ

∫
R+

d
(
ωα+2 f (ω, t)

)
dω

dϕ(ω)

=
kλ

2τ

∫
R+

ϕ(ω)
d2
(
ωα+2 f (ω, t)

)
dω2 dω,

from which we obtain∫
R+

ϕ(ω)
d
dt

f (ω, t)dω

=
kγ

τ (2− γ)

∫
R+

ϕ(ω)
d
(

ωα+1 log ω

ω̄L
f (ω, t)

)
dω

dω

+
kλ

2τ

∫
R+

ϕ(ω)
d2
(
ωα+2 f (ω, t)

dω2 dω.

Thus, we acquire the Fokker–Planck-type equations in the
form

∂ f (ω, t)
∂ t

=
kγ

τ(2− γ)

∂

∂ω

(
ω

α+1 log
ω

ω̄L
f (ω, t)

)
+

kλ

2τ

∂ 2

∂ω2

(
ω

α+2 f (ω, t)
)
. (12)

Equation (12) describes the evolution of the density function
f (ω, t) for a service time ω ∈ R+ in the asymptotic limit.

When t →+∞, we have

γ

(2− γ)
ω

α+1 log
ω

ω̄L
g∞(ω)+

λ

2
d

dω

(
ω

α+2g∞(ω)
)
= 0. (13)

From Eq. (13), we obtain(
λ (α +2)

2
+

γ

2− γ
log

ω

ω̄L

)
g∞(ω)

+
λ

2
ω

∂

∂ω
g∞(ω) = 0,

which has the steady state solution

g∞(ω) =
1√

2πσω
exp
{
− (logω −µ)2

2σ

}
,

where

σ =
λ (2− γ)

2γ
, µ = log ω̄L −σ −σα, (14)

where λ is variance of random variables η , γ is a constant,
0 < γ < 1, ω̄L is the maximum service time.

5. Numerical experiments
In this part, numerical analysis is carryed out to analyze

the distribution of service time. We provide several numerical
results, which depict the changes of the service-time of steady-
state solution under different parameters. When µ and σ are
modified, the final steady state of the distribution function also
changes. We perform numerical analysis on the changes of the
value functions Φ1(s) and Φ2(s) under different parameters.
Using value functions, we analyze the psychological charac-
teristics of the agent. When the agent exceeds the maximum
service time, we observe that the rate at which the agent re-
turns to the ideal service time is different.

0.2 0.4 0.6 0.8 1.0

-250

-200

-150

-100

50

0

50

s

Φ

Value function Φ1↼s↽↪ γ/.

Value function Φ1↼s↽↪ γ/0.8

0 0.2 0.4 0.6 0.8 1.0

-300

-250

-200

-150

-100

-50

0

50

s

Φ

(a)

(b)

Fig. 1. Image of value function Φ1(s).

From Figs. 1 and 2, the value function has a value of 0
at s = 1, and this function is a convex and increasing func-
tion for s > 0. It is found that function Φ1(s) and function
Φ2(s) are asymmetric on both sides of the reference point
s = 1. The slope on both sides of the reference point is not
the same, meaning that if two agents are on both sides of the
reference point and the distance from the reference point is the
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same, agents to the left of the reference point reach the ideal
service time faster than agents to the right of the reference
point. This is the asymmetry of value functions. In addition,
by observing the value function Φ1(s), we see that the curve
of the value function Φ1(s) after the inflection point is very
flat, indicating that once the agent exceeds the maximum ser-
vice time, it is almost impossible to return to the ideal service
time. By observing that if value functions Φ1(s) and function
Φ2(s) are located to the right of the reference point and are
at the same distance from the reference point, the agent with
the value function Φ2(s) is faster than the agent with the value
function Φ1(s) to reach the ideal service time.

Φ
Φ

Value function Φ1↼s↽↪ γ/.

Value function Φ1↼s↽↪ γ/0.8
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s
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s
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Fig. 2. Image of value function Φ2(s).

f
@
↼ω
↽

f1@↼ω↽

f2@↼ω↽

ω

Fig. 3. Image of density function for steady-state solution.

The specific parameters in Fig. 3: f1∞(ω): α = 0.3,
2γ/λ = 2, ω̄L = 4, and f2∞(ω): α = 0.9, 2γ/λ = 2, ω̄L = 4.
Figure 3 shows an image of the density function with the value

function Φ1(s). It can be seen that the maximum value of the
density function changes with the change of α .

Figures 4 and 5 show the distribution of steady-state so-
lutions with different values µ = 1 and µ = 2. From the plot,
we see the distribution pattern of lognormal distribution under
different parameters. Noticing Eq. (14), it is illustrated that the
variance of equilibrium distribution relies only on the variance
λ of the random service time and the rate of change in service
time γ . Thus, when the σ changes, the essence is that the ratios
of λ and γ are changing. The mean of the equilibrium distri-
bution depends not only the variance λ of the random service
time and the rate of change in service time γ , but also on the
value of α . Gualandi and Toscani[8] obtained the real data of
a call center through a special platform, which cope with its
theoretical analysis. Our conclusions are in line with those in
Ref. [8].
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Fig. 4. Image of density function for steady-state solution.
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Fig. 5. Image of density function for steady-state solution.

6. Conclusion
In this paper, we use statistical mechanical methods to

investigate the distribution of continuous service time in call
centers. Based on the prospect theory in Refs. [9,10], we use
microscopic interaction rules and two different value functions
in multi-agent systems to describe the evolution of continu-
ous service time, respectively. Considering the frequency of
interactions between agents, we introduce a non-Maxwellian
collision kernel. This collision kernel causes the frequency of
interactions between agents to change. Using the asymptotic
limit method, we discuss the evolution of service time. The
steady-state solution are obtained in exact form. The proper-
ties of the two value functions are numerically analyzed and

090502-8



Chin. Phys. B 33, 090502 (2024)

compared. The steady-state solutions under different parame-
ters are investigated.

Acknowledgments
Project supported by the Special Project of Yili Nor-

mal University (to improve comprehensive strength of dis-
ciplines) (Grant No. 22XKZZ18), Yili Normal University
Scientific Research Innovation Team Plan Project (Grant
No. CXZK2021015), and Yili Science and Technology Plan-
ning Project (Grant No. YZ2022B036).

References
[1] Brown L, Gans N, Mandelbaum A, Sakov A, Shen H, Zeltyn S and

Zhao L 2005 J. Am. Stat. Assoc. 100 36
[2] Excoffier M, Gicquel C and Jouini O 2016 Comput. Ind. Eng. 96 16
[3] Nazarov A, Moiseev A and Moiseeva S 2021 Mathematics 9 2877
[4] Garnett O, Mandelbaum A and Reiman M 2002 Manuf. Serv. Oper.

Manag. 4208
[5] Stepanov S and Stepanov M 2014 Autom. Remote. Control. 75 1936

[6] Aksin Z, Armony M and Mehrotra V 2007 Prod. Oper. Manag. 16 665
[7] Gualandi S and Toscani G 2019 Math. Mod. Methods Appl. Sci. 29 717
[8] Gualandi S and Toscani G 2018 Math. Mod. Methods Appl. Sci. 28

1513
[9] Kahneman D and Tversky A 1979 Econometrica 47 263

[10] Kahneman D and Tversky A2000 Choices, Values, and Frames, (Cam-
bridge: Cambridge University Press)

[11] Hu C and Chen H 2023 Chin. Phys. B 32 088901
[12] Naldi G, Pareschi L and Toscani G 2010 Mathematical Modeling of

Collective Behavior in Socio-economic and Life Sciences, (Boston:
Springer Science & Business Media)

[13] Burini D, Lillo S D and Gibelli L 2016 Phys. Life Rev. 16 123
[14] Du W, Cao X, Yang H and Hu M 2010 Chin. Phys. B 19 010204
[15] Quevedoa D and Quimbay C 2021 Eur. Phys. J. B 93 1
[16] Zhou X and Lai S 2023 Eur. Phys. J. B 96 73
[17] Cordier S, Pareschi L and Toscani G 2005 J. Stat. Phys. 120 253
[18] Pareschi L and Toscani G2014 Interacting Multiagent Systems: Ki-

netic equations and Monte Carlo Methods, (Oxford: Oxford University
Press)

[19] Toscani G, Tosin A and Zanella M 2019 Phys. Rev. E 100 012308
[20] Dimarco G and Toscani G 2020 Math. Mod. Methods Appl. Sci. 30

2229
[21] Furioli G, Pulvirenti A, Terraneo E and Toscani G 2017 Methods Appl.

Sci. 27 115

090502-9

https://doi.org/10.1198/016214504000001808
https://doi.org/10.1016/j.cie.2016.03.013
https://doi.org/10.3390/math9222877
https://doi.org/10.1287/msom.4.3.208.7753
https://doi.org/10.1287/msom.4.3.208.7753
https://doi.org/10.1134/S0005117914110046
https://doi.org/10.1111/j.1937-5956.2007.tb00288.x
https://doi.org/10.1142/S0218202519400049
https://doi.org/10.1142/S0218202518500410
https://doi.org/10.1142/S0218202518500410
https://doi.org/10.1142/9789814417358_0006
https://doi.org/10.1088/1674-1056/accb4a
https://doi.org/10.1016/j.plrev.2015.10.008
https://doi.org/10.1088/1674-1056/19/1/010204
https://doi.org/10.1140/epjb/e2020-10193-3
https://doi.org/10.1140/epjb/s10051-023-00543-w
https://doi.org/10.1007/s10955-005-5456-0
https://doi.org/10.1103/PhysRevE.100.012308
https://doi.org/10.1142/S0218202520500426
https://doi.org/10.1142/S0218202520500426
https://doi.org/10.1142/S0218202517400048
https://doi.org/10.1142/S0218202517400048

	1. Introduction
	2. Kinetic description of service time
	3. Descriptions of value functions
	3.1. Value function 1(s)
	3.2. Value function 2(s)

	4. The kinetic model of service time
	4.1. Stationary solution corresponding to value function 1(s)
	4.2. Stationary solution corresponding to value function 2(s)

	5. Numerical experiments
	6. Conclusion
	References

