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Leveraging the extraordinary phenomena of quantum superposition and quantum correlation, quantum computing
offers unprecedented potential for addressing challenges beyond the reach of classical computers. This paper tackles two
pivotal challenges in the realm of quantum computing: firstly, the development of an effective encoding protocol for
translating classical data into quantum states, a critical step for any quantum computation. Different encoding strategies can
significantly influence quantum computer performance. Secondly, we address the need to counteract the inevitable noise
that can hinder quantum acceleration. Our primary contribution is the introduction of a novel variational data encoding
method, grounded in quantum regression algorithm models. By adapting the learning concept from machine learning,
we render data encoding a learnable process. This allowed us to study the role of quantum correlation in data encoding.
Through numerical simulations of various regression tasks, we demonstrate the efficacy of our variational data encoding,
particularly post-learning from instructional data. Moreover, we delve into the role of quantum correlation in enhancing
task performance, especially in noisy environments. Our findings underscore the critical role of quantum correlation in not
only bolstering performance but also in mitigating noise interference, thus advancing the frontier of quantum computing.

Keywords: quantum machine learning, variational data encoding, quantum correlation
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1. Introduction

Quantum information processing stands at the forefront
of next-generation information technology, offering the po-
tential for exponential speedups over classical counterparts.!!]
Landmark algorithms like Shor’s for large number factoring
and the Harrow—Hassidim-Lloyd algorithm for linear systems
exemplify this potential within the standard gate-based quan-
tum computation model.[>3] However, the current landscape
is dominated by noisy-intermediate-scale quantum (NISQ) de-
vices, characterized by their hundreds of noisy qubits and the
consequent limitations in achieving large-scale, fault-tolerant
quantum computing.[* This reality steers contemporary re-
search towards designing algorithms suitable for NISQ de-
vices that still exploit quantum advantages.>-¢!

In this context, hybrid quantum-classical algorithms (HQ-
CAs) have emerged as a promising approach, demonstrating
success in various applications ranging from calculating eigen-
states of physical Hamiltonians to optimization and classifica-
tion tasks.!’~131 HQCAs, akin to machine learning algorithms,
involve training computers to recognize patterns and mini-
mize cost functions.['*] They utilize parameterized quantum
circuits (PQCs) or quantum neural networks, widely adopted
in quantum machine learning (QML) for tasks like classifi-
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between machine learning and quantum computing is a bur-
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geoning area of interest.>3>]
Central to HQCAs is the encoding of classical informa-
tion into quantum states, a process known as quantum fea-

30311 This encoding leverages the ex-

ture mapping (QFM).!
pressiveness of large Hilbert spaces to enhance data process-
ing for quantum advantage.’>! However, the choice of en-
coding schemes is critical, as it can significantly impact the
performance of quantum algorithms. Many encoding proto-
cols have been proposed such as basis encoding,?! amplitude
encoding,*?! tensor encoding.!*3! These encoding schemes
are fixed and cannot be changed during training. Training
is embodied in the processing of encoded data, such as the
training of parameters in neural networks. Thus changing the
encoding schemes means training from scratch. Several vari-
ants have also been proposed such as the alternating execution
of encoding and processing, which greatly enhances the ex-
pression ability of encoding and is also expected to reduce the
complexity of subsequent computing. 3436

Along this line of thinking, this paper delves into the con-
cept of variational data encoding (VDE). With VDE, we inves-
tigate quantum regression algorithms. We explore the train-
ability of VDE using PQCs, which are adjustable in quantum-
classical optimization loops. Utilizing the trainability of VDE,
our investigation extends to the role of quantum correlation in
training, suggesting its potential to enhance capacity and resist
local noise. This provides a new perspective for studying the
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role of quantum correlation in quantum computing.

2. Variational data encoding

This section provides a comprehensive overview of
QFMs, a cornerstone in quantum computation. QFMs are in-
strumental in encoding an input vector x into a corresponding
quantum state |y(x)). From a mathematical perspective, this
encoding is represented as a mapping

vixe y(), (D)

where x is an N-dimensional vector belonging to the real vec-
tor space RY, and |y(x)) denotes a quantum state within a
d-dimensional Hilbert space H.

Physically, QFMs are implemented through a data-
dependent quantum circuit. This circuit, characterized by a
unitary operation E(x), transforms a standard initial state |0)
into the desired quantum state:

[w(x)) = E(x)[0). 2

Typically, QFMs exhibit nonlinearity and the dimensionality
of the quantum states’ Hilbert space often surpasses that of the
input space. This characteristic allows for a more expressive
representation of data in quantum computing.

QFMs are closely related to kernel methods in machine
learning.[3%-38] The trick for both is to map the input vectors
into a higher-dimensional feature space in which the feature
vectors are easier to analyze. The common quantum encoding
schemes, such as basis encoding and amplitude encoding, fall
into this category. We refer interested readers to the reference
and its supplemental material for details. ']

To make QFMs learnable, we further parameterize QFMs
by introducing a parameter & = (&;,&,...), denoting them
as Eg(x). We emphasize that & is fixed for a specific QFM.
Changing it results in a new QFM. By contrast, x is the in-
put vector to be encoded and it varies with different inputs.
We call this quadratic parameterized quantum circuit varia-
tional data encoding. To find the right parameter &, a clas-
sical optimizer is needed. The optimization process consists
of two parts. First, the quantum hardware is run and outputs
measurements. Second, the classical optimizer calculates the
loss function and its gradient based on these measurements,
and updates the parameter . After optimization, we hope to
obtain a high-performance QFM such that the encoded states
|y(x)) = E¢(x)|0) is suitable for subsequent quantum compu-
tation to reveal quantum advantage. The optimization will be
further detailed in Subsection 3.3.

3. Variational quantum regression algorithms

In the context of VDE, we introduce variational quantum
regression algorithms (VQRASs) and provide a detailed explo-
ration of their theoretical framework.

3.1. Theory

Consider a dataset, often referred to as training data in
machine learning, consisting of M data points, denoted as
{x(m) y(m) MM_,. This dataset is drawn from a specific input
set X', where each x(") = {x . x0T represents an N-
feature vector in the real vector space RY, and y(m) corre-
sponds to a target value in R. The goal of a VQRA is to learn
a functional mapping from x™ to y"* with as much accuracy as
possible. This learned function is then utilized to predict the
target value y for a new, previously unseen input point x.

Assuming each x) has been transformed into a quan-
tum state |y(x(")) via a VDE circuit Eg (x™), we have
ly(x(m)) = Eg (x™)|0). This transformation facilitates the
definition of a complex kernel as follows:

K ) = (y () ), G

which subsequently establishes a reproducing kernel Hilbert
space Ry.13-3%1 A function f(-) within Ry can be expressed
through the inner products of the encoded state |y/(x)) and an-
other state |¥) in H, as

f(x) = (Py(x)). )

Selecting an appropriate VDE and state |¥), f(-) can be em-
ployed to approximate the desired input—output function. It is
important to note that quantum state inner products are typi-
cally complex. However, a real kernel can be realized by ei-
ther constraining the amplitudes of quantum feature states to
real values or by considering the absolute square of the inner
product.3!" Additionally, the magnitude of f(-) is bounded be-
tween 0 and 1, necessitating suitable scaling when applicable.

To realize their full potential, VQRAs require training to
identify the optimal parameters £. This optimization process
is conducted using a classical optimizer, which leverages a
carefully crafted loss function. A common choice in regres-
sion tasks is the mean square error (MSE), defined as

1
27 L () =2 a(if), ©)

1

L=

Mx

m

where Q(||f]|) represents a regularization term aimed at re-
ducing overfitting. This term is crucial in ensuring the gen-
eralizability of the model and maintaining a balance between
fitting the training data and avoiding excessive complexity in
the learned function.

In exploring the optimal function f(x) = (¥|y(x)),
we assume the state |¥) can be decomposed as |¥) =
YM_ o, |w(x™)). This allows us to express f(x) as

F@) = X onw)y ()
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= Y apx(x™ x). (6)

If we define o, = ﬁmy(’”) and substitute this into Eq. (6), it
yields

M
Fo) =Y By (", x). @)
m=1
We can interpret Eq. (7) as follows:

(i) The state |[¥) = Y, B:y™|y(x™)) encapsulates all
the training data through quantum superposition.

(ii) The kernel function quantifies the similarity between
pairs of data points in the input space.

(iii) Predictions are made based on the weighted simi-
larity between new data points and the existing training data,
where the weights are given by f,,,.

Setting 3, as a constant across all m is a simplistic ap-
proach, implying equal weighting for all training data points.
However, this method may overlook the nuances of the train-
ing data distribution and the inherent correlations among data
points. Instead, optimizing these weightings could illuminate
the underlying correlations, and this optimization can be ef-
fectively achieved using machine learning techniques. In Ap-
pendix A, we give a detailed discussion of the optimization
of classical kernel methods. In the following text, we focus
on the implementation and performance of quantum-enhanced
machine learning, whose parameters are optimized by a clas-
sical optimizer.

3.2. Implementation of parameterized quantum circuits

In this subsection, we delve into the implementation of
PQCs for VQRAsS, as illustrated in Fig. 1. The architecture
comprises three main components: a memory circuit My, a
VDE circuit Eg(x), and a swap-test circuit.[*”) The memory
circuit My, a PQC itself, is characterized by an adjustable pa-
rameter set 6 = (6y,6,,...). Its primary role is to learn and
prepare the state |¥) = My|0), encapsulating the dataset in-
formation.

|0y®k @ A
Swap
|0)®k Ee(x) —
0@ i

Fig. 1. Schematic representation of the quantum circuit utilized in
VQRAES. It consists of three primary components: a memory circuit My,
a VDE circuit E (x), and a swap-test circuit. The memory and VDE cir-

cuits are applied to k qubits initialized in state |0)**, while the swap-test
circuit evaluates the overlap between the memory and encoded states.

The VDE circuit, another PQC, operates with two cate-
gories of parameters: trainable & and the input vector x. The
circuit encodes x into a quantum state, where & is fine-tuned
during the optimization process. Both the memory and en-

coder circuits act on k qubits initialized in the standard state
‘0> ®k.

The swap-test circuit’s function is to evaluate the over-
lap between |¥) and |y/(x("™))), essentially computing the ker-
nel function. According to quantum measurement theory, the
probability of measuring ‘0’ on the last qubit is given by
p(0) = w,wﬂm providing a direct way to quan-
tify the similarity between quantum states.

The construction of a PQC can vary significantly based
on the specific research focus or the constraints of the quantum
hardware.!!>*3] Notably, PQCs exhibit promising advantages
in expressive power, to the extent that even PQCs with a ba-
sic structure can outperform any classical neural network.[!%]
The ingenious design of ansatzes for PQCs lies outside the
purview of this paper.[***] From the perspective of theoret-
ical research, we enhance the expressive power of PQCs by
augmenting their depths. For the memory circuit My, we de-
sign it using Dy layers of a fundamental unit, each sharing the
same structural framework. Each of these units is composed
of single-qubit rotations R,(6;) and controlled-NOT gates, as
depicted in Fig. 2. Here, Dy represents the depth of Mpy,
and increasing Dy correlates with enhanced expressivity of
the memory circuit, allowing for more complex quantum state

representations. 163

|0) R, (69) S Ru(09) - ——
|0) R.(03) 1 Ra(0%) ——
10) —{R.(69) + R.(6) H—
10) R (62) R (61) I——

XDy

Fig. 2. Schematic representation of the memory circuit My utilized in VQRAs.
The circuit consists of Dy layers, each comprising a sequence of single-qubit
rotations Ry(6) along the X axis and controlled-NOT gates. Here, R (6 ) rep-
resents the rotation operator for the i-th qubit in the j-th layer, and the com-
bination of these rotations and entanglements forms the full structure of the
circuit. This architecture is designed to enhance the expressivity and capacity
of the memory circuit for encoding quantum information.

The construction of the VDE circuit follows a methodol-
ogy similar to that of the memory circuit. Its detailed architec-
ture is illustrated in Fig. 3, with Dg denoting the depth of the
circuit E¢ (x). To foster entanglement within the circuit, we

have designed the entanglement operations E9" as follows:

. d, . d,
Ed.,l‘l — eileXlézkne_IXk*]Xkézk’il
. dn . d,;n
x e TIN5 T XNNSE =12 N, (8)

where X; represents the Pauli-X operator acting on the i-th
qubit. The depth Dg of the circuit E¢ (x) plays a critical role
in determining its expressivity. Notably, setting Dg = 1 re-
sults in a traditional encoding scheme. In contrast, a depth
of Dg > 2 corresponds to a data-reloading scheme, which
has been shown to further enhance the expressivity of the

circuit. 34
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(
|0) R0 Ry (zy1)
|0> Ry(ed D) Rz(xl)
Ed1
|0) Ry(65") Ry(z1)
|0> Ry(eg'l) RI(IL'l)

4

— Ry(f?’N) Rz(:I:N)

— Ry (&) R.(zn)
d, N

— Ry (&) o Ry (zn)

— Ry(&PN) R.(zn)

XDg,

Fig. 3. Schematic representation of the VDE circuit E¢ (x). The circuit is composed of D layers, each containing a series of rotation gates R).(éid‘j )

and entanglement operations E%/, followed by Ry (x ;) rotations. Here, & represents the set of trainable parameters defining the encoding scheme, while
x denotes the input vector being encoded into the quantum state. This layered architecture allows for the flexible and expressive encoding of classical
data into quantum states, catering to different encoding requirements and enhancing the circuit’s overall capability.

3.3. Optimization

Training is a crucial step for VQRAs to effectively make
predictions on new data. Initially, the parameters of VQRAs
are set to random values. During each iteration of the training
loop, the quantum device is tasked with state preparation, pro-
cessing, and finally, performing measurements on designated
qubits. These repeated operations yield estimates of f(x™).
To determine the gradient of f(x™), it may be necessary to
run variations of the circuit. These results, combined with a
well-constructed loss function, enable a classical optimizer to
refine the parameters within the quantum device. In our study,
we employ MSE as the loss function, as detailed in Eq. (5).
This choice of loss function aligns with the objective of mini-
mizing the deviation between the predicted and actual values,
thus enhancing the accuracy and reliability of the VQRA’s pre-
dictions.

QML encompasses a variety of learning rules, which
can be broadly classified into gradient-free and gradient-based
methods. 33491 The choice between these methods depends
largely on the specific problem at hand, with each offering its
own set of advantages and drawbacks. Gradient-based meth-
ods are often favored due to their rapid convergence and high
precision, especially in scenarios involving a vast parameter
space. To acquire gradient information, several techniques
have been developed.*®! In our study, we opt for numerical
differentiation as a straightforward approach to approximate
gradients. This simplification allows us to utilize gradient-
based optimization algorithms, such as Adam,*”) for updat-
ing the parameters in the PQCs. Employing such methods
facilitates efficient and precise tuning of the circuit parame-
ters, thereby enhancing the overall performance of the quan-
tum machine learning model.

4. Numerical simulations

This section details the numerical simulations we con-
ducted for VQRAs using the PennyLane software library.
PennyLane, renowned for its versatility and open-source na-
ture, serves as a comprehensive platform for quantum com-

puting, quantum machine learning, and quantum chemistry.
Its universal compatibility with various gate-based quantum
computing platforms and simulators as backends makes it
an ideal choice for a wide range of quantum algorithm
implementations. 8] This flexibility is particularly valuable,
not only for educational and research demonstrations but also
for the future application of these algorithms to practical
problems. [4°]

In our simulations, we focused on assessing the perfor-
mance of VQRAs, exploring the quantum correlations present
in the quantum states, and examining the impacts of noise on
the system. These simulations provide insights into the effi-
cacy and robustness of VQRAs under various conditions, of-
fering valuable data for their further development and applica-
tion.

4.1. Performance

In evaluating the performance of VQRAs, we initially fo-
cus on their ability to fit various functions. Here, the quantum
circuits are configured with k = Dy = 3 and Dg = 6, balancing
complexity and computational feasibility.

Our simulations involved fitting tasks for several distinct
functions: fi(x) = x2, fo(x) = e*/e, f3(x) = sin’(nx), and
fa(x) = 1/(1+ e~'%), all within the domain x € [—1,1]. The
ranges of all selected functions are all [0, 1]. Thus, we take the
absolute value of overlap between encoded states and memory
states as predicted values of the above functions, which is re-
garded as a classical post-processing on the complex kernel.
The training data for each function were uniformly distributed
across this range. To mimic realistic data conditions, we in-
troduced small Gaussian noise with a standard deviation of
o = 0.01 to the training data.

The outcomes of these simulations, illustrated in Fig. 4,
demonstrate that VQRASs, even with a limited number of
qubits and shallow circuit depth, are capable of closely ap-
proximating all the tested functions. This success underscores
the substantial expressive power inherent in the Hilbert space,
even when harnessed by relatively simple quantum circuits.
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1.0 1.0t (d) 1/(1+4e10)
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0.8 0.8} T After
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0.6 0.6 FA
0.4 0.4
0.2 0.2 /
0 0 !
~1.0 —-05 0 0.5 1.0 ~1.0 -05 0 0.5 1.0
X

Fig. 4. Demonstration of VQRAs in fitting various single-variable functions. Panels (a)—(d) depict the fitting results for x2, e*/e, sinz(n'x),
and 1/(1+ ¢~ 10%) respectively. The red dots represent the training samples. The dashed lines represent the model’s performance on sample
fitting before training, while the solid lines represent the performance after training. The quantum circuit parameters were configured with

k = Dy = 3 and Dg = 6. Each function was approximated by training the VQRA model through 2000 iterations. These results highlight the
algorithm’s capability in accurately modeling different mathematical functions, showcasing its adaptability and precision.

1.0 1.0
oof- . 1.00f~ « - < < ..
1.00 (a) Training samples (b) Before training
N . 0.8 ST TR 0.8
0.50t+ « - Coe . 050k « o o « . .
. . . . . . . . . 0-6 . . . . . . . . . 0.6
g Ofs o o o o o o o g Obs o o o o o o o o
e e e e e e e e . 0.4 e o e e o e s e o 0.4
—0.50. - - Coe . —050fe o e e e e e .

. . . . 0.2 . . . . . . . . 0.2
—1.00} - . 0 —1.00 Ce e e e 0
—1.0 —-0.5 0 0.5 1.0 —1.0 —-0.5 0 0.5 1.0
T Z1

1.0
1.00 (c) After traning (d) Loss value
. . . . 08 0.20
0.50 . . . . . .
e e e e e e e e 0.6 0.15
04 = 010
—050}. - - Coe .
o o 0.2 0.05
—1.00{ - 1 Wl 0
—1.0 —0.5 0 0.5 1.0 0 500 1000 1500 2000
T n

Fig. 5. Illustration of VQRA's efficacy in fitting the multivariate function fs(x1,x2) = 1/[1+ em("%*x%)]. The circuit parameters were set to
k =Dy =3 and Dg = 6. Panel (a) displays the training data samples. Panel (b) shows the initial model performance before training. Panel (c)
demonstrates the improved fitting accuracy after 2000 training iterations. Panel (d) depicts the progression of the loss function throughout

the training process. This sequence of images highlights the significant improvement in model performance post-training, showcasing the
adaptability and learning capacity of VQRA for complex multivariate functions.
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In addition to single-variable functions, we extended our
investigation to multivariate functions using VQRAs. An ex-
emplary case is presented in Fig. 5, where we demonstrate the
fitting of the function fs(xi,x2) = 1/[1+ ¢'%1—%2)] within
the domain xy,x2 € [—1,1]. This result exemplifies the capa-
bility of VQRAS to accurately model functions involving mul-
tiple variables, highlighting their versatility and effectiveness
in handling complex datasets.

Furthermore, the successful fitting of both f; and f5 func-
tions suggests that VQRAs can be adapted for quantum clas-
sification tasks. By setting appropriate classification bound-
aries, these algorithms can be trained to distinguish between
different classes of data, as supported by existing studies in
quantum classification.!!>-3%) This versatility makes VQRAs a
promising tool not only for regression but also for classifica-
tion problems in quantum machine learning.

4.2. Quantum correlations in VQRAs

Quantum correlations are a cornerstone of quantum in-
formation processing, with their unique properties offering
significant advantages over classical systems.’%33 A deep
understanding of these correlations, encompassing both their
characterization and quantification, is essential for harness-
ing the full potential of quantum physics in practical appli-
cations. In the context of VQRAS, quantum correlations man-
ifest within both the memory and encoded states. While a uni-
versal metric for quantifying quantum correlations in multi-
body quantum systems remains elusive, >*>>! our study takes
a qualitative approach to examine the influence of quantum
correlations on VQRAs. We aim to elucidate how these cor-
relations contribute to the performance and efficacy of the al-
gorithm, thereby providing insights into the intricate interplay
between quantum mechanics and machine learning.

Initially, we examined VQRAs in an idealized, noise-free
environment, focusing specifically on the fitting of function
fa. To delve deeper into the role of quantum correlations, we
analyzed four distinct configurations of quantum circuits, each
allowing for different levels of correlation. The configurations
were as follows:

(i) Configuration 1: All entanglement gates were re-
moved from both the memory and the VDE circuits.

(ii) Configuration 2: Entanglement gates in the memory
circuit were retained, while those in the VDE circuit were re-
moved.

(iii) Configuration 3: Entanglement gates in the memory
circuit were removed, but those in the VDE circuit were kept.

(iv) Configuration 4: Both the memory and the VDE cir-
cuits retained their entanglement gates.

For each configuration, the depth Dg was varied from 1
to 6. We conducted 10 training rounds for each circuit, with
2000 iterations per round. Post-training, we computed the av-
erage values and standard deviations of the loss function. The
results, depicted in Fig. 6, indicate that for shallow circuits,
where quantum correlation is limited, configuration (Config.)

4 consistently outperforms the other configurations. How-
ever, as the circuit depth increases, this advantage diminishes.
Deep circuits without correlations already exhibit satisfactory
performance, obscuring the benefits of quantum correlations.
The impact of quantum correlations is more pronounced in
medium-depth circuits, where increased leveraging of corre-
lations corresponds with improved fitting accuracy. For in-
stance, in our simulations, we observed that [y > [, > 3 =~ I4
when Dg was set to 2, 3, 4, and 5, where [; represents the loss
value.

0.035 % Config. 1

0.030 Config. 2

% Config. 3

0.025 -&- Config. 4
© 0.020

Q
— 0.015
0.010
0.005
0
1 2 3 4 5 6
Dg

Fig. 6. Comparative analysis of loss curves across different configu-
rations and encoding depths in VQRAs. Here, the quantum circuit’s
structural parameters were configured with k = Dy = 3. To investi-
gate the influence of circuit depth on performance, we varied Dg from
1 to 6 for each configuration. This figure highlights how different lev-
els of quantum entanglement, influenced by the depth of the circuits,
affect the loss and, consequently, the efficacy of the VQRA model. The
results provide insights into the optimal balance between circuit depth
and quantum correlation for efficient quantum information processing.

In practical scenarios, encoding processes in VQRAS can-
not be completely isolated from environmental interactions,
leading to inevitable errors caused by noise. Such the noise
can be mathematically represented by noisy quantum channels

with Kraus operators, defined as

e(p) =Y EpE],
k

where each Ej is a Kraus operator satisfying Y, E,jEk =1
Given the myriad types of noisy quantum channels, we assume
local and identical noise across all qubits for simplicity. This
assumption is reasonable in scenarios where qubits are phys-
ically well-separated and uniformly affected by similar envi-
ronmental factors.

We particularly focus on three prevalent types of noisy
quantum channels for a single qubit: amplitude damping,
phase damping, and symmetric depolarizing channels. These
channels are characteristic of non-Markovian processes, lead-
ing to continuous loss of quantum information to the envi-
ronment. Among them, symmetric depolarizing channels are
noteworthy for their severe impact, replacing the qubit state
with a completely mixed state at a probability p.!5®! The chan-
nel is mathematically modeled as

3
elp) = (1 - f)p+Z(XpX+YpY+ZpZ)

©))

I
|
+
|
S
°
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where X, Y, Z denote Pauli operators, and p € [0, 1] represents
the noise strength.

To simplify our analysis, we introduced noise channels
immediately following the VDEs, resulting in the noisy en-
coded states:

Pun = (95181) (P, (10)

where p ) = |y (x)) (w(x")] is the noise-free encoded
state for the input vector x(™), and & represents the single-
qubit noisy channel acting on the i-th qubit.

We conducted a detailed examination of the effects of
noise on the effectiveness of VQRAS using the configurations
outlined earlier. The structural parameters for these simula-
tions were set to k = Dy = 3 and Dg = 6. We incrementally
increased the intensity of the noise in each scenario. For each
noise level, the circuit was subjected to 10 training rounds,
with each round consisting of 2000 training iterations.

As depicted in Fig. 7, a consistent pattern emerged across
all quantum circuit configurations: the loss value escalated as
the noise intensity increased. This trend can be attributed to
the noise masking the information encoded within the quan-
tum states, thereby diminishing the algorithm’s ability to ac-
curately capture the intended data patterns. Interestingly, how-
ever, it was observed that configurations allowing for greater
quantum correlations demonstrated relatively better resilience
to noise. This suggests that the presence of quantum cor-
relations within the circuits contributes to maintaining the
VQRA'’s performance even in noisy conditions, highlighting
the robustness of quantum correlations in preserving informa-
tion integrity.

12} & Config. 1
Config. 2

10 = Config. 3
% Config. 4

Loss (10%)

8
6
4
2

0 0.01 0.02 0.03
Noise

Fig. 7. Analysis of VQRA performance under varying noise levels for differ-
ent circuit configurations. This figure presents the loss curves as a function
of increasing noise intensity, illustrating how the performance of VQRAs is
impacted in noisy environments. Each curve represents a different configura-
tion of quantum entanglement within the circuit, providing insights into the
resilience of VQRAs against environmental noise and the potential role of
quantum correlations in mitigating noise effects.

An interesting observation from our study is that the slope
of the loss curve in Fig. 7 can serve as an indicator of a
quantum circuit’s resistance to noise. A flatter slope signi-
fies stronger resilience against noise disturbances. In scenar-
ios with low noise intensity (p < 0.03), the differences in noise
resistance across configurations become evident. In configu-
ration 1, where there is an absence of quantum correlations

among qubits, the information is localized within individual
qubits. This localization makes the information highly sus-
ceptible to noise, leading to a sharp increase in the loss curve’s
slope. This is clearly observed in Fig. 7 as a rapid incline for
configuration 1. Contrastingly, configuration 4, which allows
quantum correlations among qubits, demonstrates a more ro-
bust response to noise. Here, information is not only stored
in individual qubits but also in the correlations between them.
During noisy conditions, the VDE learns to encode informa-
tion into these quantum correlations, providing a buffer against
local noise disruptions. This is reflected in Fig. 7 as a relatively
gentler slope for configuration 4. However, it is important to
note that in high-noise environments, where noise levels are
substantial, even non-local quantum correlations are adversely
affected, leading to a steep increase in the loss curve’s slope.
Under such conditions, the VDE struggles to find a secure
means of encoding information, and the system’s resistance
to noise significantly weakens.

5. Discussion and conclusion

In this study, we explored variational data encoding
within the framework of VQRAs and examined the pivotal
role of quantum correlations in the encoded states. Utiliz-
ing PQCs, whose parameters are optimized through machine
learning techniques, we successfully demonstrated the efficacy
of quantum features in encoding comprehensive information
from training data. Our findings suggest that the superposi-
tion states in the memory circuit not only store data but may
also capture the global structure of the training dataset, offer-
ing avenues for quantum enhancement. In our VQRA mod-
els, the number of trainable parameters is k(2NDg + Dy + 1).
The larger the hyper-parameters k, Dg, and Dg, the more ex-
pressive the circuits are. Suppose k, Dg, and Dg scales lin-
early with N because of the expressive power of quantum
circuits.!'®] Then the number of trainable parameters grows
polynomially, which ensures the effectiveness of the training.

Our numerical simulations revealed that VQRAs can
achieve remarkable performance even on quantum devices of a
limited scale. This showcases the potential of VQRAs in quan-
tum machine learning applications, especially considering the
current capabilities of available quantum technology. Further-
more, we investigated the impact of noise, an inherent char-
acteristic of NISQ devices, on the performance of VQRAs.
While noise inevitably impairs the effectiveness of these algo-
rithms, our studies indicate that quantum correlations can sig-
nificantly bolster the robustness of encoded states against local
noise, such as symmetric depolarizing disturbances. This re-
silience stems from the dual nature of information storage in
VQRAS: both in local quantum states and in non-local quan-
tum correlations. Our learning-based encoding schemes adap-
tively shift towards utilizing quantum correlations in noisy en-
vironments, thereby safeguarding the encoded information.

However, our study faced challenges in quantitatively as-
sessing the role of quantum correlations due to the absence of
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a universally accepted metric for multi-body quantum corre-
lations. Future research endeavors could focus on identifying
a suitable measure for quantum correlation and investigating
how it varies during training under different noise conditions.

In conclusion, our findings underscore the importance of
encoding information into quantum correlations for enhanc-
ing quantum machine learning algorithms. Quantum correla-
tions not only provide an expanded space for information stor-
age, potentially conserving quantum resources, but also offer a
means to combat local noise. These characteristics are partic-
ularly promising for quantum algorithms designed for NISQ
devices, suggesting a bright future for quantum-enhanced ma-
chine learning.

Appendix A: Derivation of optimization in clas-
sical kernel method

Here, we give the derivation of optimization problems in
classical kernel methods. In classical kernel methods, the ker-
nel functions are usually selected in advance based on experi-
ence. Consider a nonlinear feature mapping

vixeRY — y(x) e R (A1)

that maps the nonlinear relations into linear ones such that a
real-valued and nonlinear function f(x) can be approximated
in the form of

0
=Y wiyi(x), (A2)
i=1
where w = (wy,wa,...,wg)T is the undetermined weighting.
The weighting w, for instance, can be determined by mini-
mization the MSE

M 0
L=Y (f(x™)—ym)2 1 ey w2, (A3)
m=1 i=1

where the & term is a regularization term to avoid overfitting.
Substituting Eq. (A2) into Eq. (A3), we obtain

0
L= Z Zw,wl —ym2+EY w?
i=1

m=1 i=

= (yw—y) " (yw—y)+Ewlw. (Ad)

Here y is the matrix with elements y,,; = y;(x("™), and y =

(WM, y® .. ,y™NT_ Taking the derivative with respect to w
and setting it to zero, we obtain
Y (yw—y)+Ew=0. (AS)
the solution turns to be
=Wy +EnTyly, (A6)

where AT represents the Moore—Penrose pseudoinverse of the
matrix A. We rewrite Eq. (AS5) to obtain

w=&"y y—yw) =y (A7)

This means w can be written as a linear combination of the

training points in the feature space, with a = £~ (y — yw).
Thus, we have
a=E"y-yy'a), (A8)
resulting
a=(yy +&NTy (A9)
Substituting Eq. (A7) into Eq. (A2) gives us
f(x)zzz am‘l’t( )
M
= Y oy (™), wix). (A10)
m=1
If we define the kernel function as
K x) = (W), W), (ALD)
we have
Z Ok (x™) x), (A12)
m=1
the same as shown in Eq. (6). The optimal o is
oa=(K+EN"y, (A13)

where K is the kernel matrix with elements K,,,,, = k(x("), x(").
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