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We described ferromagnetic film and bilayer films composed of two ferromagnetic layers coupled through antiferro-
magnetic interfacial interaction by classical Heisenberg model and simulated their magnetization state, magnetic perme-
ability, and Faraday effect at zero and finite temperature by using the Landau–Lifshitz–Gilbert (LLG) equation. The results
indicate that in a microwave field with positive circular polarization, the ferromagnetic film has one resonance peak while
the bilayer film has two resonance peaks. However, the resonance peak disappears in ferromagnetic film, and only one
resonance peak emerges in bilayer film in the negative circularly polarized microwave field. When the microwave field’s
frequency exceeds the film’s resonance frequency, the Faraday rotation angle of the ferromagnetic film is the greatest, and
it decreases when the thickness of the two halves of the bilayer is reduced. When the microwave field’s frequency remains
constant, the Faraday rotation angle fluctuates with temperature in the same manner as spontaneous magnetization does.
When a DC magnetic field is applied in the direction of the anisotropic axis of the film, the Faraday rotation angle varies
with the DC magnetic field and shows a similar shape of the hysteresis loop.

Keywords: magnetic bilayer films, magnetic permeability, hysteresis loop, Faraday effect, Landau–Lifshitz–
Gilbert (LLG) equation

PACS: 75.70.Cn, 75.75.–c, 78.20.Ls, 77.80.Dj DOI: 10.1088/1674-1056/ad5a76

1. Introduction
The Faraday effect occurs when the plane of polarization

of linearly polarized electromagnetic waves rotates around an
axis in longitudinally magnetized materials.[1–4] We can use
the Faraday effect to measure the electromagnetic properties of
materials and it is also widely used in optical communication,
data storage, sensors, and optical non-reciprocal devices.[1,5–8]

Nano-magnetic materials have attracted much attention
in recent years and have been widely used in sensing,
medicine, magnetic recording, storage devices, isolators and
biotechnology.[9–15] Experimentally, Jamon et al. studied
the micro-structured optical fibers with suspended cores cov-
ered by a silica matrix doped by CoFe2O4 nanoparticles and
found that this magneto-optical material can produce rela-
tively high Faraday rotation.[16] The Faraday rotation angle
is also found to be varied with the thickness of the Cu-layer
in multilayer [Co/Cu] nanofilms.[17] Kobayashi et al. stud-
ied transparent ferromagnetic nanogranular films composed
of ferromagnetic metals and found they can generate the gi-
ant Faraday effect.[18] Mironov et al. constructed a constant
magnet apodizing diaphragm based on the Faraday effect.[19]

Li et al. designed an HE11 mode corrugated horn for mi-
crowave performance measurement of a Ka-band Faraday

rotator.[20] In theory, many methods are used to study the Fara-
day effect. Zhu et al. calculated the Faraday rotation ef-
fect of 1D photonic crystals containing magnetic microcav-
ities by transfer matrix method.[21] Using the optical pump-
ing method, Grebenchukov et al. could effectively control the
Faraday rotation angle of 2D material graphene.[22] Wang et
al. studied the factors affecting the Faraday rotation angle of
Er3Ga5O12.[23] Nonlinear field dependence of the Faraday ef-
fect in paramagnetic neodymium gallium garnet (Nd3Ga5O12)
under a high magnetic field has been researched.[24] Yu et al.
studied the Faraday effect of magnetic structure and calculated
the Faraday rotation spectra.[25] Kurilkina et al. found the in-
clusion of a magnetoactive defect layer in the center of a fi-
nite dielectric three-layer periodic medium can obviously en-
hance the Faraday rotation angle.[26] Moreover, it can also be
increased by optimizing the planar structure of the magneto-
optical (MO) activity multilayer film.[27] Using first-principles
density functional theory calculations, Jiang et al. studied the
MO effects of ferromagnetic multilayers.[28] Wang et al. used
the LLG equation to simulate the Faraday rotation angle of
magnetic nanomaterials and discovered that the Faraday de-
flection angle could be modified by modifying the magnetic
structure of the nanowire.[2] The micromagnetic method is fre-
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quently used to describe properly the magnetization process,
AC-loss, and magnetic moment switching, and so on.[29–34]

In this study, the magnetization, permeability, and Fara-
day effect of magnetic bilayer films with single-ion anisotropy
are studied based on the LLG equation, and the Faraday rota-
tion angle under different magnetic structures is calculated. In
Section 2, the model of magnetic bilayer films and the Faraday
effect are introduced. In Section 3, the magnetization, perme-
ability, and Faraday rotation angles of different magnetic mi-
crostructures with frequency of microwave, temperature, and
external field are calculated and analyzed. In Section 4, a brief
summary is given.

2. Model and method
The magnetic bilayer film is composed of two parts. A

cross section of the magnetic bilayer films in the y–z plane is
shown in Fig. 1. One part is the ferromagnetic layer L1 in the
z direction, and the exchange of nearest-neighbor spins is J1,
and the value of the single-ion anisotropy is D1, and the g fac-
tor is g1. The next part is the ferromagnetic layer L2 with the
opposite direction of spin to the first part, the exchange be-
tween the nearest-neighbor spins is J2, the value of the single-
ion anisotropy is D2, and the g factor is g2. J12 represents
the exchange interaction between spins at the two interfaces,
which is assumed to be antiferromagnetic.

L

L

J

z

yo

J↪ D↪ g

J↪ D↪ g

Fig. 1. Schematic diagram of the cross section of magnetic bilayer films
in y–z plane.

The classical Heisenberg model is used to describe mag-
netic bilayer films, and the Hamiltonian is

H = −∑
i j

Ji j𝑠i ·𝑠 j−∑
i

Di (𝑠i ·𝑒i)
2

−µ0µB ∑
i

gi𝑠i ·𝐻e. (1)

The first part of the above formula represents the exchange in-
teraction energy, while Ji j represents the exchange interaction
between the spin vectors 𝑠i and 𝑠 j. The second part is the
anisotropic energy, Di is the single-ion anisotropy parameter
of spin 𝑠i, 𝑒i represents the unit vector along the anisotropic
axis and it is assumed along the z direction. Spin Zeeman en-
ergy under an external magnetic field 𝐻e is the third term,

where µB represents Bohr magneton, µ0 represents vacuum
permeability and gi represents the g factor of each spin.

The LLG equation describes how the classical spin in the
equation (1) evolves over time,[35]

d𝑠i

dt
=−γ𝑠i×𝐻eff

i −αγ𝑠i×
(
𝑠i×𝐻eff

i

)
. (2)

In this context, γ = gµ0e/(2m) denotes the gyromagnetic ratio
constant, while α signifies the damping constant. The effect
field that is applied to the spin 𝑠i is

𝐻eff
i =

1
gµ0µB

[
∑
(i) j

Ji j𝑠 j +2Di(𝑠i ·𝑒i)𝑒i

]
+

gi

g
𝐻e. (3)

Furthermore, the state of all spins in the magnetic bilayer
films at any time can be obtained, and then the magnetization
of the magnetic film can be calculated. The magnetization is
defined as

Mµ =
µB

N

N

∑
i=1

sµ

i gi, (4)

where µ denotes the cartesian components of x, y, and z, and
N is the total number of spins.

To look into the Faraday effect exhibited by magnetic bi-
layer films, linearly polarizing microwaves moving in the z
direction and having their polarization plane in the y–z plane
are used in the system[2,36]

ℎ=

(
0

2h0 e i(ωt−β z)

)
. (5)

It may be divided into positive circularly polarized waves
and negative circularly polarized waves in the x–y plane,

ℎ=

(
ih0 e i(ωt−β z)

h0 e i(ωt−β z)

)
+

(
−ih0 e i(ωt−β z)

h0 e i(ωt−β z)

)
, (6)

where h0 and ω are the amplitude and frequency of the mi-
crowave, respectively. Looking against the propagation direc-
tion of the wave, the first term is a circularly polarized wave
with an anticlockwise rotation of the magnetic vector, which
is a microwave with positive circular polarization. The second
term is a negative circularly polarized microwave with a circu-
lar polarization and a magnetic vector that rotates clockwise.
Positive and negative circularly polarized microwaves within
magnetic bilayer films have distinct permeability, which re-
sults in distinct propagation phase constants. The Faraday ef-
fect is caused by the microwave’s polarization plane deviat-
ing from its original orientation as the propagation distance
increases. The angle at which the polarization plane of a lin-
early polarized wave synthesized by positive and negative cir-
cular polarization rotates at position z is different from that at
position z = 0. This angle is called the Faraday rotation angle
and can be expressed as

φ =
1
2
(β+−β−)z =

ω

2
√

ε0εrµ0
(√

µ+−
√

µ−
)
, (7)
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where β+ and β− are microwave propagation constants for
positive and negative circular polarizations, respectively, β± =

ω
√

ε0εrµ0µ±. In the given context, εr and ε0 denote the vac-
uum dielectric constant and relative dielectric coefficient, re-
spectively. µ± signifies the relative permeability of the mag-
netic bilayer films when subjected to positive and negative cir-
cularly polarized fields. The following formula is the correla-
tion with magnetic susceptibility χ±:

µ± = 1+χ±. (8)

Magnetic susceptibility of positive and negative circularly
polarized microwave in magnetic bilayer films is[2,37,38]

χ± =∓ 2
h0T1

∫ T1

0
m±x sinωt dt, (9)

where T1 is the period of the microwave, T1 = 2π/ω , and m±x is
the magnetization component in x direction of the bilayer films
under positive and negative circularly polarized microwave at
time t, which is able to be stated as

m±x =
M±x
ν0

, (10)

where ν0 is the spin’s volume within the bilayer films.
At finite temperature, a Gaussian random field ℎi(t)

should be introduced into the effective field (3) by using the
fluctuation dissipation theorem,[1] which is satisfactory,

〈ℎi〉= 0, (11a)

〈hiµ(t1)h jν(t2)〉= 2
αkBT

γgµ0µB
δi jδµν δ (t1− t2), (11b)

where µ and ν represent the cartesian components of x, y and
z. The temperature T determines the value of the random field
when the damping parameter stays constant.

In order to obtain the Faraday deflection angle of the
multilayer, the volume occupied by each spin is set as ν0 =

10−29 m3, and the nearest-neighbor interaction between two
spins is set as J0 = 10−21 J, which serves as the unit of en-
ergy reduction. Consequently, the exchange interactions J1,
J2, J12 and the anisotropy parameters D1 and D2 are all ex-
pressed in units of J0. The magnetic field is reduced in units
of Hk = J0/gµ0µB, frequency is reduced in units of ωk = γHk,
and the unit of time is 1/ωk. Temperature is reduced in units
of J0/kB. During simulation computation, the thickness of
the magnetic bilayer films is set as L = L1 +L2 = 6a, where
a = 0.22 nm represents the separation between the spinning
of nearest neighbors, periodic boundary conditions are used in
the x and y directions. The film with six spin layers has four
different structures, S1, S2, S3 and S4, corresponding to L1 = 0
and L2 = 6, L1 = 1 and L2 = 5, L1 = 2 and L2 = 4, L1 = 3
and L2 = 3, respectively. S1 represents a complete ferromag-
netic film, and the rest is a bilayer film formed with two fer-
romagnetic layers through antiferromagnetic interface interac-
tion. In addition, we take D1 = D2 = 0.5J0, J1/J0 = J2/J0 = 1,
J12/J0 =−1, g1/g = 1, g2/g = 1.3, α = 0.04, h0 = 0.01Hk

3. Results and discussion
3.1. The dependence of permeability and Faraday rotation

angle on frequency

Figures 2(a1)–2(a4) indicate the relative permeability of
bilayer films with different magnetic structures under both
negatively and positively circularly polarized fields at zero
temperature as a function of frequency. It is found that the
magnetic permeability of the system under a circularly polar-
ized field exhibits obvious resonance characteristics, and the
resonant frequencies are all around 1.0ωk. According to the
uniform inversion model,[39] for magnetic particles with the
anisotropic value of D, the resonance frequency is 2(D/J0)ωk.
In the present system D = 0.5J0, the resonant frequency of
1.0ωk is just consistent with the uniform inversion theory.
This phenomenon is similar to the resonance characteristics
of the nanowires under positive and negative circularly polar-
ized fields.[2] A minor peak in magnetic permeability occurs
at a comparatively high frequency upon the introduction of
the ferromagnetic layer L1. As the thickness of the L1 layer
increases, the peak shifts in the direction of high frequency,
indicating the presence of a high frequency formant induced
by the L1 layer. The effective field acting on the spins of the
L1 layer composed of anisotropic effective field and interfa-
cial exchange field induces the second formant, its position is
around 2ωk, and moves toward high frequency with the in-
crease of the thickness of the L1 layer. For the same reason,
the first formant position also moves slightly towards high fre-
quency. Under the negative circularly polarized field, as the L1

layer appears, a small resonance occurs on the magnetic per-
meability at a position about frequency of 2ωk [Fig. 2(a2)], as
the thickness of the L1 layer gradually increases, the resonance
becomes more obvious, and the position of the formant grad-
ually moves to the low-frequency direction until the thickness
of L1 is the same as that of L2, and coincides with the first
formant in positive circularly polarized field. Therefore, the
L2 ferromagnetic layer mainly affects the positive circularly
polarized field, while L1 mainly affects the negative circularly
polarized field. When two parts are equal in thickness, the for-
mant positions are the same. When the two layers in the film
are exactly the same, the permeability is symmetric.

Figures 2(b1)–2(b4) show the variation of permeability
with frequency of bilayer films with different magnetic struc-
tures under positive and negative circularly polarized fields
at finite temperature. The trend of variation resembles that
observed at zero temperature. As the temperature rises, the
density of the random field increases, resulting in a dimin-
ishing effective field acting on spins. Consequently, the res-
onance frequencies exhibit a modest reduction in comparison
to those observed at room temperature. The thermal fluctua-
tion of spins also causes the apparent fluctuation of magnetic
permeability.
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Fig. 2. The dependence of magnetic permeability on frequency of
magnetic bilayer films with different magnetic structures under posi-
tive and negative circularly polarized fields. (a1)–(a4) T = 0, (b1)–
(b4) T = 0.6J0/kB.

In the resonant region, electromagnetic waves are eas-
ily absorbed, so it is difficult to show the Faraday effect. As
the frequency increases, as shown in Figs. 2(a1)–2(a4), when
ω > 2.0ωk, the permeability of the magnetic double-layer film
in positive and negative circular polarization field gradually
tends to be constant, at which time the Faraday effect can
appear. Thus, we investigate the Faraday effect that occurs
in magnetic bilayer films over a frequency range greater than
2.0ωk.

Figure 3(a) depicts the Faraday rotation angle of bilayer
films in a microwave field with frequency ω > 2.0ωk. As fre-
quency increases, the Faraday rotation angle of bilayer films
with different magnetic structures decreases at zero tempera-
ture, as shown in Fig. 3(a). For a given frequency, the Faraday
rotation angle of the complete ferromagnetic layer S1 is the
greatest, and it decreases as the thickness of L1 and L2 ap-
proaches. Because the Faraday rotation angles are caused by
the propagation phase difference between positive and nega-
tive circularly polarized waves, the propagation in the L2 layer
is beneficial to the positive circularly polarized microwave and
the L2 layer is beneficial to the negative circularly polarized
microwave, so they tend to counteract the rotation of the mi-
crowave polarization plane. Therefore, as the thickness of the
two parts approaches, the Faraday rotation angle consequently
diminishes. When the two layers in the film are exactly the

same, the Faraday rotation angle is zero.

ω (ωk)
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0.002
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2
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-
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S
S

S1
S
S
S

Fig. 3. The Faraday rotation angle of magnetic bilayer films with differ-
ent magnetic structures as functions of microwave frequency. (a) T = 0,
(b) T = 0.6J0/kB.

At finite temperature, as shown in Fig. 3(b), the Faraday
rotation angle of bilayer films with different magnetic struc-
tures varying with frequency shows a similar trend as that at
zero temperature but is smaller than that at zero temperature
for a definite frequency. As the random field acting on the
spin at finite temperature becomes larger, the Faraday rotation
angle is disturbed randomly and shows some fluctuations.

3.2. Spontaneous magnetization and Faraday rotation an-
gle

In order to study the effect of temperature on the AC
permeability of randomly oriented magnetic bilayer films, the
spontaneous magnetization behavior of four kinds of magnetic
bilayer films was investigated as shown in Fig. 4(a). Fig-
ure 4(a) shows the spontaneous magnetization of bilayer films
with different magnetic structures. At the same temperature,
the magnetization of the complete ferromagnetic layer is the
largest, and the closer the thickness of L1 and L2 is, the smaller
the magnetization value is because the magnetizations of the
bilayers cancel each other. With the increase of temperature,
the density of the random field acting on spin increases, and
the thermal fluctuation of spin increases, so the magnetiza-
tions of bilayer films with different magnetic structures gradu-
ally decrease with the increase of temperature, and eventually
approaches zero as temperature gets to the transition tempera-
ture. It can be clearly seen that the magnetization of the mag-
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netic double-layer film decreases with increasing temperature,
and the transition temperature between paramagnetic and fer-
rimagnetic is T = 1.7J/kB, and T = 1.7J/kB is the Curie tem-
perature for the complete ferromagnetic layer (S1). Since fer-
romagnetic materials become paramagnetic above the Curie
temperature, we only study the relationship between perme-
ability and temperature in the Curie temperature range. The
transition temperatures of the four bilayer films with differ-
ent magnetic structures are about the same, which is about
T = 1.7J0/kB, which is consistent with the case of the lay-
ered quantum Heisenberg model system with different mag-
netic structures.[40]
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Fig. 4. (a) Temperature-dependent spontaneous magnetization of bi-
layer films with varied magnetic structures. (b) Faraday rotation angles
of bilayer films with different magnetic structures as functions of tem-
perature, ω = 6.28ωk.

Figure 4(b) shows the Faraday rotation angles of bilayer
films with different magnetic structures as functions of temper-
ature. The Faraday rotation angles of films with different mag-
netic structures with temperature have the same trend, and it
is the largest for the complete ferromagnetic layer (S1). When
the thickness of the L1 and L2 layers is equal, the rotation an-
gle is the smallest. The Faraday rotation angle exhibits a pro-
gressive decrease as the temperature rises, approaching zero
in proximity to the transition temperature. It can be found in
Fig. 4 that the Faraday rotation angle changes with tempera-
ture and the magnetization intensity changes with temperature
are similar, indicating that the spontaneous magnetization of
the magnetic bilayer film is similar to the Faraday rotation an-

gle behavior. The Faraday rotation angle is determined by the
microscopic magnetic structure of the film.

3.3. Hysteresis loop and Faraday rotation angle

Figures 5(a)–5(d) show the hysteresis loops of magnetic
bilayer films with different magnetic structures at zero tem-
perature and finite temperature. As shown in Fig. 5(a) for S1,
all spins of the system at zero temperature and zero magnetic
field are in the same direction. The hysteresis loop approaches
a rectangular configuration, signifying that the remanence is
equivalent to the magnetization at saturation. According to
the uniform inversion S-W model, the spins of the system can
only be reversed when the magnetic field in the opposite di-
rection gets to the anisotropic effective field 2D/J0(Hk). The
coercivity being about 1.0Hk in the figure just conforms to the
uniform inversion model.

As layer L1 with a spin layer is covered on the L2

layer through antiferromagnetic interaction, the hysteresis
loop shows a step [Fig. 5(b)]. As the external magnetic field
decreases to about 0.3Hk, the spin of the L1 layer begins
to reverse, and magnetization changes from the value of the
saturation state to the plateau of (1.3× 5− 1.0)/6(gµB) =

0.92(gµB). According to the uniform inversion theory, the
anisotropic effective field of L1 layer is 1.0Hk, and the interfa-
cial exchange interaction field is −1.0Hk. When the external
field is close to 0Hk, the spins of the L1 layer should reverse.
Near the critical field, the spin fluctuation increases, and some
spins in the L1 layer may reverse ahead, resulting in a slightly
higher switching field than that of uniform reversal theory. As
the magnetic field reverses and increases in the opposite direc-
tion to about−1.0Hk, the spins of the L2 layer begin to reverse.
After all the spins of the L2 layer reverse, the total magnetiza-
tion reaches a reverse saturation state of−1.25g(µB), forming
a stable plateau again.

As two spin layers are covered on the L2 layer through an-
tiferromagnetic interfacial interaction [Fig. 5(c)], the interfa-
cial antiferromagnetic exchange field for the overall inversion
of the L1 layer is relatively small, so the applied field decreases
to about 0.1Hk, the L1 layer starts to reverse, and the mag-
netization forms a stable plateau (1.3× 4− 1× 2)/6(gµB) =

0.53(gµB) when the applied field decreases to about −0.1Hk.
As the reverse magnetic field continues to increase to about
−1.1Hk, the spins of the L2 layer reverse, and the magne-
tization decreases again until the applied field gets to about
−1.2Hk, the magnetization reaches −1.20(gµB), forming a
second magnetization plateau. When the L1 layer and L2 layer
are equal in thickness, as shown in Fig. 5(d), the hysteresis
loop is obviously different from the previous two cases. As the
external field decreases to a negative value, the spins of the L2

layer begin to reverse first, while the spins of the L1 layer re-
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main in their original state, and the first magnetization plateau
at (1× 3− 1.3× 3)/6 = −0.15(gµB) appears. This happens
because the g factor of spin in the L2 layer is larger than the g
factor of spins in the L1 layer, thus the spins in the L2 layer are

subjected to a larger inverse field in the same external field. As
the reversing field continues to increase to about −1.6Hk, the
spins in the L1 layer reverse, and gradually reach the reverse
magnetization saturation state.
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Fig. 5. Hysteresis loops of magnetic bilayer films with different magnetic structures at T = 0 and T = 0.6J0/kB.
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The hysteresis behavior of the magnetic multilayer at fi-
nite temperature is similar to that at zero temperature. When
the temperature increases and the random field increases, the
thermal fluctuations of the spins increase, which leads to a de-
crease in the mean value of the spins, the remanence, and the
coercivity. This result is similar to that given by Wang[2] and
Wei et al.[41,42]

The Faraday rotation angle under different magnetic
fields in Figs. 6(a)–6(d) is similar to the variation trend of the
hysteresis loop given in Figs. 5(a)–5(d). At zero temperature,
the Faraday rotation angle likewise exhibits a similar change
when the spin direction changes from one state to another. The
Faraday rotation angle exhibits a concomitant plateau when
the system is in a state of stable magnetization. The Faraday
rotation angle variation trend at finite temperature is almost
similar to that at zero temperature; however, owing to the fluc-
tuation of spins, the corresponding value decreases. The vari-
ation of the pulled-rotation angle with the applied DC field is
similar to the behavior of the magnetization in the hysteresis
loop with the applied DC field. Therefore, the Faraday rota-
tion angle corresponds to one with the microscopic magnetic
structure of the system.[2]

4. Conclusion

In this paper, the LLG equation is employed to compute
the magnetization process, permeability, and Faraday rotation
angle of the system under positive and negative circularly po-
larized fields at zero and finite temperatures, as well as to sim-
ulate the spin state of magnetic bilayer films. The variation
trend of magnetic permeability with frequency is similar for
magnetic bilayer films with different magnetic structures un-
der a circularly polarized field. In the microwave field with
positive circular polarization, there is a format in the ferro-
magnetic film, and another formant at higher frequency oc-
curs as a ferromagnetic layer L1 covered to the original ferro-
magnetic layer L2 through antiferromagnetic exchange inter-
action appears, and it moves to the high frequency direction
as the thickness of L1 layer increases. In the microwave field
with negative circular polarization, there is no resonance phe-
nomenon in the ferromagnetic film, but a new formant in the
higher frequency direction relative the formant in ferromag-
netic film in positive circularly polarized field occurs as L1

layer appears. As the formant migrates in the direction of low
frequency, its amplitude continues to increase. The first for-
mant in the positive circularly polarized field and the one in the
negative circularly polarized field coincide when the thickness
of the two ferromagnetic layers is identical. In cases where the
microwave frequency is substantially higher than the resonant
frequency, an increase in frequency results in a decrease in the

Faraday rotation angle. The Faraday rotation angle of the fer-
romagnetic film is the maximum, and it is the minimum as the
two parts of the film get to the same thickness. At a fixed fre-
quency far from the resonant frequency, the Faraday rotation
angle of the bilayer films with different magnetic structures
changes with temperature similar to that of spontaneous mag-
netization. When the applied DC magnetic field is applied,
the Faraday rotation angle changing with the applied DC mag-
netic field has the same shape as the hysteresis loop. As a
result, the Faraday rotation angle corresponds to each micro-
scopic magnetic structure individually, enabling the Faraday
effect to be changed by modifying the microscopic magnetic
structure of the magnetic bilayer films or applying varied DC
magnetic fields.
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