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Hamilton energy, which reflects the energy variation of systems, is one of the crucial instruments used to analyze
the characteristics of dynamical systems. Here we propose a method to deduce Hamilton energy based on the existing
systems. This derivation process consists of three steps: step 1, decomposing the vector field; step 2, solving the Hamilton
energy function; and step 3, verifying uniqueness. In order to easily choose an appropriate decomposition method, we
propose a classification criterion based on the form of system state variables, i.e., type-I vector fields that can be directly
decomposed and type-II vector fields decomposed via exterior differentiation. Moreover, exterior differentiation is used to
represent the curl of low-high dimension vector fields in the process of decomposition. Finally, we exemplify the Hamilton
energy function of six classical systems and analyze the relationship between Hamilton energy and dynamic behavior. This
solution provides a new approach for deducing the Hamilton energy function, especially in high-dimensional systems.

Keywords: Hamilton energy, dynamical systems, vector field, exterior differentiation
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1. Introduction
Hamilton energy is a crucial quantitative profiler that is

frequently used in research of system dynamic behavior, in-
cluding chaos synchronization and control of orbits. An ap-
propriate energy function can help us measure the energy dis-
sipation and production of the dynamic system reasonably.

In recent decades, the most common application of
Hamilton energy has been to record the energy changes in
a dynamic system of neurons after external stimuli.[1–3] The
cognitive activity of the brain is accompanied by rich fir-
ing modes of neurons,[4] such as working memory and in-
formation processing in the central nervous system,[5] and
changes of firing mode are often related to the energy lev-
els of neurons.[6] The average energy consumption of the
Hindmarsh–Rose (HR) neuron model was calculated at vari-
ous external current values, and it was discovered that energy
consumption of the neuron during signaling activity is partic-
ularly sensitive to the different firing regimes.[7]

In addition, temperature is also an important variable in
the dynamic system. The regular conduct of biological phys-
iological activities is directly impacted by temperature, and
there is often an appropriate temperature range to optimum
energy efficiency.[8] The effect of temperature on the firing
pattern of neurons was investigated on a modified FitzHugh–
Nagumo model. The results show that the dynamic behav-
ior of neurons changes with the increase of temperature, and
the Hamilton energy appears in ordered distribution under the
temperature spatial gradient distribution.[9] Also covered was
the relationship between temperature-sensitive Chay neurons’
various burst kinetics and energy efficiency.[10] Analogously,

the energy function of the HR neuron model can determine
the values of the coupling intensity that might maximize the
ratio of mutual information to energy consumption,[11] there
by finding the appropriate coupling strength for interneuronal
communication through this discovery. The communication
between neurons is significantly impacted by the field cou-
pling intensity in the four-variable HR model, which takes into
account the electromagnetic field created by continuous ion
transport across membranes.[12]

The storage and release of neuron energy can also be de-
tected by energy function,[13] and it has been observed that
the bursting and chaotic states may aid in the rapid release
of energy within the neuron.[14] The patterns of energy dis-
sipation of five classical systems were compared using the
Hamilton energy function.[15] The Hamilton energy function
of chaotic systems with different types of attractors was deter-
mined, and energy modulation was used to control the chaotic
behaviors of these systems.[16] Another fascinating field of
research involves the qualitative analysis of dynamical sys-
tems through observing the behavior of the energy function in
phase space.[17] Through a phase diagram and energy analysis,
Huang et al.[18] observed the coexistence of different energy
orbits and equal energy orbits in a five-dimensional Hamilto-
nian conservative hyperchaotic system.

It is frequently discovered that the Hamilton energy is
connected to other indications. For instance, in a fractal pro-
cess, the energy of a multi-wing chaotic system is negatively
correlated with its number of wings,[19] and when examin-
ing the dynamical behavior of a five-dimension HR neuronal
model, it is discovered that the system’s Hamilton energy
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function and the Lyapunov function have a similar role,[20] etc.
Hamilton energy plays a vital role in dynamical systems.

Unfortunately, it is hard to find a general method to deduce the
Hamilton energy function. In this work we find some common
rules that different systems follow in different decomposition
processes, and divide the systems into types I and II based on
the form of state variables. Therefore, based on the Helmholtz
theorem, a solution method for decomposing vector fields in
Hamilton energy is developed, and this method is still applica-
ble to high-dimensional systems.

The rest of this paper is organized as follows: In Sec-
tion 2, we describe the solution method and steps for solving
the Hamilton energy function and point out the differences in
the solution processes of different types of systems. In Sec-
tion 3, the time evolution of Hamilton energy for six classical
systems is calculated. In particular, we also investigate the de-
pendence of average energy of the HR neuronal system and
four-dimensional (4D) HR system receiving external forcing
current on the amplitude and the angular frequency. Lastly,
the summary and potential applications are provided in Sec-
tion 4.

2. Theoretical description and solution method
A solution method was proposed to deduce the Hamilton

energy function of systems: step 1, decomposition of the vec-
tor field; step 2, solving the energy function according to the
equation; and step 3, verifying the uniqueness.

Step 1: Decomposing the vector field According to the
Helmholtz theorem,[21] if the divergence, curl, and boundary
conditions of a vector field F(X) in space region V are known,
the vector field in space region can be identified uniquely and
can be expressed as a superposition of a vector field without
divergence (conservative field) fc(X) and a vector field with-
out curl (gradient field) fd(X), that is, F(X) = fc(X)+ fd(X).
The conservative field fc(X) contains the curl of the whole
system, and the gradient field fd(X) contains the divergence
of the whole system. The theorem shows that any vector field
consists of two parts: one is a vector field without divergence
excited by a vortex source, and the other is a vector field with-
out curl excited by the flux source, so only the flux source and
the vortex source can lead to generation of the vector field,
there are no other types of sources.

Type I: Directly decomposable vector fields Firstly, all
the terms related to divergence in the system need to be put
into the gradient field according to the divergence formula
∇ · F = (ex

∂

∂x ,ey
∂

∂y ,ez
∂

∂ z ) · (exFx,eyFy,ezFz), and all the re-
maining terms remain in the vector field without divergence.
Meanwhile, the terms containing divergence will not appear in
field fc(X). Finally, the constant terms can be set based on the
research purpose and previous conventions. Generally speak-
ing, after these steps, the terms related to curl and divergence

will be completely decomposed and are located in fc(X) and
fd(X), respectively.

There are many systems that can directly decompose vec-
tor fields, e.g., (I) Lorenz system:[22]ẋ

ẏ
ż

=

 σy−σx
ρx− y− xz

xy−β z

=

 σy
ρx− xz

xy

+
−σx
−y
−β z

 ,
(II) Chua system:[22]ẋ

ẏ
ż

=

αy−αx3−αcx
x+ z− y
−βy

=

 αy
x+ z
−βy

+
−αx3−αcx

−y
0

 ,
(III) Chen system:[15]ẋ

ẏ
ż

=

 ay−ax
(c−a)x+ cy− xz

xy−bz

=

 ay
(c−a)x− xz

xy

+
−αx

cy
−bz

 ,
(IV) Lü–Chen (Lü) system:[15]ẋ

ẏ
ż

=

ay−ax
cy− xz
xy−bz

=

 ay
−xz
xy

+
−ax

cy
−bz

 ,
(V) HR system:[7]ẋ

ẏ
ż

=

y−αx3 +bx2 + Iext− z
c−dx2− y

r[s(x− x0)− z]


=

 y− z
−dx2

rsx

+
−αx3 +bx2 + Iext

c− y
−rsx0− rz

 ,
(VI) the 4D HR model:[11]

ẋ
ẏ
ż
ω̇

=


ay+bx2− cx3−dz+ξ I

e− f x2− y−gω

m[−z+ s(x+h)]
n[−kω + r(y+ l)]



=


ay−dz
− f x2−gω

msx
nry

+


bx2− cx3 +ξ I
e− y

msh−mz
nrl−nkω

 ,
(VII) the unified Lorenz system:[17]ẋ

ẏ
ż

=

 (25α +10)(y− x)
(28−35α)x+(29α−1)y− xz

xy− α+8
3 z


=

 (25α +10)y
(28−35α)x− xz

xy

+
−(25α +10)x

(29α−1)y
−α+8

3 z

 ,
(VIII) the generalized Lorenz system:[23]ẋ

ẏ
ż

=

−a(x− y)−byz
cx− y− xz

xy−dz

=

ay−byz
cx− xz

xy

+
−ax
−y
−dz

 ,
098702-2
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(IX) the B–G system:[24]ẋ
ṗ
q̇

=

 ωx− 1
2 (p+N)

−(µ +b)p+(µ−a− x)q− (µ−b)N
−(µ−a− x)p− (µ +b)q+(u+a+ x)N


=

 − 1
2 (p+N)

(µ−a− x)q
−(µ−a− x)p

+
 ωx
−(µ +b)p− (µ−b)N
−(µ +b)q+(u+a+ x)N

 .
In addition to the above-listed systems, there are many other
systems that can be decomposed in this way.[25–28]

Type II: Vector fields decomposed by exterior differ-
entiation However, some systems fail to follow the decom-
position procedure mentioned above. After putting the term
containing divergence into fd(X), the curl of fd(X) will not be
zero, so it is necessary to recheck the curl of fd(X).

Here is a method for checking the curl of a vector field:
exterior differentiation. For the exterior differentiation oper-
ator d, it satisfies the following conditions: (1) It is a linear
operator. (2) It becomes 0 after two actions, namely, d2 = 0.
(3) 0-form: function f (x,y,z) or f (u,v); 1-form: external dif-
ferential of 0-form, namely,

d f (u,v) =
∂ f
∂u

du+
∂ f
∂v

dv,

or

d f (x,y,z) =
∂ f
∂x

dx+
∂ f
∂y

dy+
∂ f
∂ z

dz. (1)

There is a 1-form f (x,y,z) = fx(x,y,z)dx+ fy(x,y,z)dy+
fz(x,y,z)dz, and its 2-form can be computed as

d f (x,y,z) = d[ fx(x,y,z)dx]+d[ fy(x,y,z)dy]+d[ fz(x,y,z)dz]

=
(

∂ fx

∂x
dx+

∂ fx

∂y
dy+

∂ fx

∂ z
dz
)

dx

+
(

∂ fy

∂x
dx+

∂ fy

∂y
dy+

∂ fy

∂ z
dz
)

dy

+
(

∂ fz

∂x
dx+

∂ fz

∂y
dy+

∂ fz

∂ z
dz)dz

=
∂ fx

∂y
dy∧dx+

∂ fx

∂ z
dz∧dx+

∂ fy

∂x
dx∧dy

+
∂ fy

∂ z
dz∧dy+

∂ fz

∂x
dx∧dz+

∂ fz

∂y
dy∧dz

=
(

∂ fz

∂y
−

∂ fy

∂ z

)
dy∧dz+

(
∂ fx

∂ z
− ∂ fz

∂x

)
dz∧dx

+
(

∂ fy

∂x
− ∂ fx

∂y

)
dx∧dy. (2)

Then the curl of 1-form is the coefficient in front of 2-form.
By checking the curl of the gradient field, the Rössler

system[22] has the above situation and needs to match fd(X).
(I) The Rössler system is

ẋ =−y− z, ẏ = x+ay,

ż = b+(x− c)z. (3)

According to the Helmholtz theorem and the decomposition
method mentioned above, we first put the terms related to di-
vergence in the gradient field according to the divergence cal-
culation formula ∇ · fc(X), and the remaining terms in the vec-
tor field without divergence. We can get

fc =

−y− z
x
b

 , fd =

 0
ay

(x− c)z

 . (4)

We check the curl of the gradient field, assuming the 1-form
to be

f = 0dx+aydy+[(x− c)z]dz (5)

and 2-form as

d f = d[0dx]+d[aydy]+d[(x− c)zdz]

= (0dx+0dy+0dz)dx+(0dx+ady+0dz)dy

+[zdx+0dy+(x− c)dz]dz

= zdz∧dx. (6)

After calculation, the curl of fd(X) is obviously nonzero, so
we need to match it. Therefore, we complement 1

2 z2 on the
first element, and we need to add its opposite on the first ele-
ment. Therefore, we can obtain

fc =

−y− z− 1
2 z2

x
b

 , fd =

 1
2 z2

ay
(x− c)z

 . (7)

At this time, the Helmholtz decomposition theorem can be fol-
lowed for div fc(X) = 0 and rot fd(X) = 0, and then the energy
function can be calculated using the fd(X) matched one. In
addition, we find that this situation also occurs in other sys-
tems that require Helmholtz decomposition after matching the
gradient field, e.g., (II) the motion equations of unconstrained
particles:[29]

ẋ
ẋ1
ẏ
ẏ1

=


x1

ax−bx2− cx1y
y1

ay−by2− cxy1

=


x1 +

1
2 cy2

1
ax−bx2

y1 +
1
2 cx2

1
ay−by2

+

− 1

2 cy2
1

−cx1y
− 1

2 cx2
1

−cxy1

 ,
(III) the four-wing chaotic system:[30] u̇

v̇
ẇ

=

 αw−8uv
11u2 +3v2 +w2 +βuw−3c2

−αu+2(1−b)vw−βuv


=

 αw
11u2 +w2 +βuw− (1−b)w2 +4u2

−αu−βuv


+

 −8uv
3v2−3c2 +(1−b)w2−4u2

2(1−b)vw

 ,
(IV) the financial chaotic system:[31]ẋ1

ẋ2
ẋ3

=
x3 +(x2−a)x1

1−bx2− x2
1

−x1− cx3

=
 x3

1−x2
1−

1
2 x2

1
−x1

+
 (x2−a)x1
−bx2+

1
2 x2

1
−cx3

 ,
098702-3
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(V) the dynamical system without equilibrium points:[16]ẋ
ẏ
ż

=

 y2− x+ zy
x− xz+a+ zy

zx−a− y

=

y2 + zy− 1
2 z2

x− xz+a
−a− y− 1

2 y2

+
−x+ 1

2 z2

zy
zx+ 1

2 y2

 ,
(VI) the Sprott D system:[32]ẋ

ẏ
ż

=

 −y
x+ z

xz+3y2

=

−y− 1
2 z2

x+ z
3y2

+
 1

2 z2

0
xz

 .
Step 2: Solving the Hamilton energy function Before

introducing the specific solution, we need to elaborate on the
concept of generalized Hamilton systems. In the state space
X = (x1,x2,x3, . . . ,xn)

T ∈ Rn, generalized Hamilton systems
can be described by

Ẋ = M(X)∇H +g(X)u(X , t), (8)

where H(X) is the Hamilton energy, ∇H =

(∂H(x)/∂x1,∂H(x)/∂x2, . . . ,∂H(x)/∂xn)
T is the gradient

vector of the smooth energy function, and g(X , t) is the input
vector, the g(X , t) is time-independent input. A generalized
Hamilton system can be decomposed into two symmetric ma-
trices R(X) and S(X), and one anti-symmetric matrix J(X).
The sum of R(X) and S(X) is also called the dissipative ma-
trix. Thus, Eq. (8) can be rewritten as

Ẋ = [J(X)−R(X)+S(X)]∇H(X)+g(X)u(X , t), (9)

where J(X) denotes the conservative part of energy, R(X) de-
notes the system’s energy dissipation, S(X) denotes the pro-
duced within the system, and g(X)u(X , t) denotes the input of
external energy. We make

fc(X) = J(X)∇H(X),

fd(X) = [−R(X)+S(X)]∇H(X). (10)

The system can be rewritten as

Ẋ = fc(X)+ fd(X)+g(X)u(X , t), (11)

M(X)∇H = fc(X)+ fd(X). (12)

The terms fc(X) and fd(X) satisfy the following equations:

∇HT(X) fc(X) = 0, (13)

∇HT(X) fd(X) =
dH(X)

dt
. (14)

The simple proof of Eq. (13) can be found in previ-
ous studies.[17] Since J(X) is an anti-symmetric matrix, that
is, J(X) = −J(X), it is easy to get ∇HT(X)J(X)H(X) = 0.
Putting fc(X) = J(X)∇H(X) into ∇HT(X)J(X)H(X) = 0 can
get ∇HT(X) fc(X) = 0.

Table 1. Vector fields directly decomposed (type I) and decomposed by exterior differentiation (type II).

Type I Type II

Name Model Name Model

Lorenz system


ẋ = σy−σx,
ẏ = ρx− y− xz,
ż = xy−β z.

Rössler system


ẋ =−y− z,
ẏ = x+ay,
ż = b+(x− c)z.

Chua system


ẋ = αy−αx3−αcx,
ẏ = x+ z− y,
ż =−βy.

the equations of motion of the unconstrained particle


ẋ = x1,

ẋ1 = ax−bx2− cx1y,
ẏ = y1,

ẏ1 = ay−by2− cxy1.

Chen system


ẋ = ay−ax,
ẏ = (c−a)x+ cy− xz,
ż = xy−bz.

four-wing chaotic system


u̇ = αw−8uv,
v̇ = 11u2 +3v2 +w2 +βuw−3c2,

ẇ =−αu+2(1−b)vw−βuv.

Lü system


ẋ = ay−ax,
ẏ = cy− xz,
ż = xy−bz.

dynamical system without equilibrium points


ẋ = y2− x+ zy,
ẏ = x− xz+a+ zy,
ż = zx−a− y.

HR system


ẋ = y−ax3 +bx2 + I− z,
ẏ = c−dx2− y,
ż = r[s(x− x0)− z].

financial chaotic system


ẋ1 = x3 +(x2−a)x1,

ẋ2 = 1−bx2− x2
1,

ẋ3 =−x1− cx3.

4D HR system


ẋ = ay+bx2− cx3−dz+ξ I,
ẏ = e− f x2− y−gw,
ż = m[−z+ s(x+h)],
ω̇ = n[−kw+ r(y+ l)].

Sprott D system


ẋ =−y,
ẏ = x+ z,
ż = xz+3y2.

Due to the fact that most physical systems have energy
storage, consumption, and production, as well as external en-
ergy input, it is easy to understand the energy changes within
the system if we put the system into a generalized Hamilton

form. According to the definition,[17] the conditions, under
which affine nonlinear dynamical systems can be converted to
generalized Hamilton systems, are such that F(X) can be de-
composed to fc(X)+ fd(X). Finding the system’s energy func-
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tion (usually unknown) is crucial for obtaining this form. It
can be achieved by solving the first-order linear homogeneous
partial differential equation, which is inferred by Eq. (13).
Here we introduce a method to solve this type of partial dif-
ferential equation (PDE): the characteristic curve method. The
key to this method is to convert PDE into a set of ordinary dif-
ferential equations (ODEs) to solve. We can derive the char-
acteristic equations related to PDE based on the characteristic
lines and solve the ordinary differential equations through the
first integral. We can get a first-order partial differential equa-
tion from Eq. (13):

n

∑
i=1

ai(x1,x2, . . . ,xn)
∂u
∂xi

= 0, (15)

where ai is a known function of the corresponding variable,
it is continuously differentiable in the region Ω ∈ Rn and the
partial derivatives with respect to each independent variable xi

are bounded.
Before elaborating on the characteristic curve method

for solving first-order linear homogeneous partial differen-
tial equations, it is necessary to introduce its geometrical sig-
nificance in three dimensions. Given a direction field 𝐹 =

[P(x,y,z)𝑖, Q(x,y,z)𝑗, R(x,y,z)𝑘], where P, Q, R are continu-
ous functions of x, y, z, and 𝑖,𝑗,𝑘 are unit vectors. If a curve
in space has a tangent vector at every point, and the direction
of the tangent vector is the same as the direction of the vec-
tor field 𝐹 , then such a curve is called a characteristic curve.
According to this character, we can get a symmetric form

dx
P(x,y,z)

=
dy

Q(x,y,z)
=

dz
R(x,y,z)

. (16)

The characteristic surface of the vector field 𝐹 means that the
normal vector 𝑁 of the surface is orthogonal to the direction
of the vector field 𝐹 at any point. Suppose that the equation
of the characteristic surface is u(x,y,z) = C (C is a constant),
then its normal vector is 𝑁 = ( ∂u

∂x 𝑖,
∂u
∂y𝑗,

∂u
∂ z𝑘). According to

the vertical relationship, we can obtain the equation

𝑁 ·𝐹 =
(

∂u
∂x

𝑖,
∂u
∂y

𝑗,
∂u
∂ z

𝑘
)
·[P(x,y,z)𝑖, Q(x,y,z)𝑗, R(x,y,z)𝑘]

= 0. (17)

That is to say, the left-hand side of the equation is essentially
the directional derivative of u in the direction of vector field
𝐹 . Equation (16) is a characteristic of Eq. (17), and the so-
lutions of Eq. (16) signify the characteristic curve. Therefore,
the problem of geometrically solving characteristic surfaces is
transformed into the problem of solving PDE.

The characteristic curve method is a widely used ap-
proach for solving first-order homogeneous linear partial dif-
ferential equation. For Eq. (15), its characteristic equations
can be written as

dx1

a1(x1,x2, . . . ,xn)
=

dx2

a2(x1,x2, . . . ,xn)

= · · ·= dxn

an(x1,x2, . . . ,xn)
. (18)

According to this set of ODEs, the n−1 first integrals can be
solved, and the Hamilton energy function is usually a combi-
nation of these first integrals.

Step 3: Verifying uniqueness According to the previ-
ous steps, we can obtain an infinite solution of ODEs. The
uniqueness of the Hamilton energy function still needs to be
tested, specifically to verify Eq. (14). The solution that satis-
fies uniqueness is the appropriate energy function,

dH(X)

dt
= ∇HT(X)Ẋ = ∇HT(X) fd(X). (19)

3. Numerical simulations
In this section, numerical simulations for the five sys-

tems mentioned above are carried out by using the fourth-order
Runge–Kutta algorithm with time steps of h = 0.01, transient
period about 30 time units. The initial values are selected to
be (−1.6, 0.5, 21) for Lorenz system, (0, 1, 0) for Chen sys-
tem, (5, −5, 5) for Lü system, and (−1.6, −0.5, 2) for Rössler
system. In order to investigate the energy evolution of Rössler
system more comprehensively, the transient period was sat as
300 time units. The simulation results are shown in Fig. 1.

In particular, the HR and 4D HR systems mentioned
above are discussed in more detail here. The variables x, y,
and z in the HR system represent the membrane potential, slow
current, and the recovery variable of adaptive current, respec-
tively. The remaining parameters are set as a = 1, b = 3, c = 1,
d = 5, s = 4, and r = 0.006. Because the electrophysiological
environment of real neurons is very complex, the variable w
describing slow calcium current is added to the 4D HR neu-
ron model in order to further analyze the dynamic behavior of
neurons. The remaining parameters are set as a = 1, b = 3,
c = 1, d = 0.99, ξ = 1, e = 1.01, f = 5.0128, g = 0.0278,
m = 0.00215, s = 3.966, h = 1.605, n = 0.0009, k = 0.9573,
r = 3.0, and l = 1.619. The initial values are selected to be (1,
−2, −2) and (0.5, 1, 2, 2), and the transient periods are sat as
3000 time units.

Due to the complexity of the electrophysiological envi-
ronment in which genuine neurons exist, even minor alter-
ations in external circumstances can result in neurons dis-
playing entirely distinct electrical activity patterns. This
manuscript applies periodic signals with both high and low
frequencies to the neuron model in an attempt to better mimic
the brain environment of real neurons. Apart from this stimu-
lation mode, it is also possible to investigate how noise and
other variables affect the neuron model’s firing style. The
change of membrane potential under the external forcing cur-
rent Iext = I +Acosωt +Bcos(Nωt +ϕ) is shown in Figs. 2
and 3, where I is a constant current, A and B represent the
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amplitude and ω represents the angular frequency of the peri-
odic forcing current, respectively.[33] It can be seen that both
systems exhibit regular spikes and cluster discharges when the
parameters of external signals are set appropriately. It can also
be found that the change trend of Hamilton energy function is
opposite to that of membrane potential, which may be related
to the energy consumption required for the generation of neu-
ron action potential. Furthermore, the interspike interval (ISI)

of HR system membrane potential under the change of the an-

gular frequency ω and amplitude A is shown in Fig. 4, and the

ISI of 4D HR system membrane potential under the change of

the angular frequency ω and amplitude B is shown in Fig. 5.

It can be seen from the ISI diagram that both the HR system

and the 4D HR system exhibit rich discharge modes with the

change of external signal parameters.
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variables and development of Hamilton energy. [(a2), (b2), (c2), (d2)] Phase portraits.
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The average energy of the system shows an increasing trend with the
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The dependence of average energy 〈H〉 of the HR sys-
tem on amplitude A and frequency ω is shown in Fig. 6, and
the dependence of average energy 〈H〉 of the 4D HR system on
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amplitude B and frequency ω is shown in Fig. 7. It can be
observed that the amplitude of an external signal has a greater
effect on the average energy of neurons than the angular fre-

quency. In addition, an interesting phenomenon can be ob-
served in Fig. 7(b). As the amplitude B increases, the average
energy of neurons first decreases and then increases, and there
is a minimum value within the range of parameter values. Fi-
nally, the synergistic effect of angular frequency and ampli-
tude on the average energy 〈H〉 is also shown in Fig. 8. It can
be found that the average energy of neurons can be kept low
by proper parameter settings in Fig. 8(b), which is consistent
with Fig. 7.

4. Discussion and conclusion
In previous research about dynamical systems, Hamilton

energy, as an important quantitative analysis tool, has been
widely used in processes of dynamical behavior analyses. The
steps to derive the energy function may not be same for differ-
ent systems, so it is necessary to find the common rules that
different systems follow in the derivation processes.

Based on the Helmholtz theorem, a solution method was
proposed to deduce the system’s Hamilton energy function.
We have summarized the three steps of this method, that
is, step 1, decomposing the vector field; step 2, solving the
Hamilton energy function according to the equation; and step
3, verifying uniqueness, respectively. In the step of decom-
posing vector fields, two different decomposition ideas were
proposed based on the form of state variables. Then, we drew
a table to illustrate some classical systems and divided them
into types I and II under the different decomposition meth-
ods. For example, the Lorenz system, the Chua system, etc.
that can be decomposed directly belong to type I. In addi-
tion, some systems, such as the Rössler system, simplified
financial chaotic system, chaotic system with hidden attrac-
tors, etc., need to be matched by exterior differentiation be-
fore decomposing belong to type II. In this way, we can ensure
div fc(X) = 0 and rot fd(X) = 0. In the step of solving the en-
ergy function according to the equation, a set of ODEs related
to the first-order partial differential equation is obtained by the
characteristic line method. For the obtained set of ODEs, the
energy function can be solved using the first integral or the
matching method based on the ratio theorem. Finally, we need
to verify the uniqueness of the energy function. At the end of
this manuscript, the Hamilton energy evolution of six classical
systems is shown.

In summary, this contribution proposes a common
method to deduce the Hamilton energy function that can be
used as a measurement instrument to estimate the cost to a
system of generating dynamic behaviors. Memristive systems
are an important component of nonlinear systems, and previ-
ous work has investigated memristive systems from an energy
perspective.[20,34–38] It is expected that the energy function of
the memristive system will be determined using this solution
method. This method also provides some ideas for choosing
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decomposition methods and dealing with high-dimensional
systems. We hope it can inspire scholars to study nonlinear
dynamics.
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